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Abstract

We consider the Brezis—Niremberg problem:

—Au=uPYu+eu inQ,
(Pg)
u=20 on 0€2,

where € is a smooth bounded domain in R",n =4,5,6, p+ 1= nZ%z is the critical Sobolev exponent and
¢ is a positive parameter. The main result of the paper generalizes the result of A. lacopetti and F. Pacella
[10]. Precisely we show that there are no low energy sign-changing solutions u, with maxue/ minuz; — 0
or —oo as & goes to zero.
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1. Introduction

In this paper, we study the following semi-linear elliptic problem:
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—Au=ulPYu+eu inQ, (a)

(Pe) (D
u=0 on 32, (b)

where €2 is a smooth bounded domainin R*, n >3, p+ 1= ,,ZTHQ is the critical Sobolev exponent

for the embedding of H(; () into LPT1(Q) and ¢ is a real positive parameter.

The problem is known as “the Brezis—Nirenberg problem” because the first fundamental re-
sults about the existence of positive solutions were obtained by H. Brezis and L. Nirenberg in
1983. The authors explain in [7] that dimension plays a crucial role in the study of (P.). They
proved that if n > 4 there exists a positive solution of (P;) for every € € (0, A1(£2)), A1(2) be-
ing the first eigenvalue of —A in € with Dirichlet boundary conditions. While for n = 3, there
are positive solutions only for ¢ € (A*, A1), where A* := A*(2) is a positive constant dependent
on .

Concerning the case of sign-changing solutions, the existence results hold for n > 4 both for
g€ (0,A1(R2)) and & > 11(2) as shown in [1], [8] and [9]. Furthermore, in [13], the authors
proved that, if 2 is symmetric and n =4, 5, there exists a sign-changing solution whose positive
part concentrates and blows-up at the center of symmetry of the domain, while the negative part
vanishes, as ¢ — A1(€2). Note that the small dimensions n =4, 5, 6 are specific to this problem.
Indeed, Atkinson, Brezis and Peletier show in [2] that if €2 is a ball, then there exists A= X(n)
so there are no radial sign-changing solutions of (P;) for ¢ € (0, 3:). While, in [11], the authors
gave asymptotic profile of the positive and negative part of radial solution u, in dimensions
n=73,4,5,6 as ¢ tends to some limit value.

However, for n > 7, Schechter and Zou have shown in [15] that in any bounded smooth
domain, there is an infinity of sign-changing solutions for any ¢ > 0.

Concerning the low energy sign-changing solutions of (P;), a study has been carried out in
[6] concerning the solutions u, satisfying

1 max ug
—<-———=c1. (2

c1~  minug

The authors were able to prove the axial symmetry results for the same kinds of solutions in a
ball. Next, A. Iacopetti and G. Vaira built in [12] solutions in the form of:

Ug =084, — 84,2, + Ve With A1 /A7 — 0 or + 00, 3)

where

2 (n=2)/2
YA+ 22x —ap)e-2/2

3(x) =8, 3(x)=c A>0, aeR",

co:=nmn— 2))'14;2, describe all regular positive solutions of the Yamabe problem

()

nt2
—Au=un2 inR".

This result has been proved only for large dimensions n > 7. Note that the size n > 7 is optimal,
since in [10], A. Iacopetti and F. Pacella showed that, in dimension n =4, 5, 6 the sign-changing
solutions of the form (3) do not exist in any bounded smooth domain.

Please cite this article in press as: Y. Dammak, A non-existence result for low energy sign-changing solutions of the
Brezis—Nirenberg problem in dimensions 4, 5 and 6, J. Differential Equations (2017),
http://dx.doi.org/10.1016/j.jde.2017.08.020




YJDEQ:8951

Y. Dammak / J. Differential Equations eee (eeee) eee—see 3

In [10], the authors have imposed a; = a3, this choice of points is compulsory for their ar-
gument based on the Pohazaev identity. In this paper, we have considered a general case of low
energy sign-changing solutions whose the positive and the negative parts blow-up with different
speeds. This kind of solutions u, have to satisfy

luee 1? 1=/|Vug|2—>2S'11/2, and )
Q

maxug/ minu, — Qor —oo, ase— 0,

where S is the best Sobolev constant for the embedding of HO1 (Q) into LPT1(Q), that is,

2

1

Sy :=inf > ue H)(Q),u#0

”M ||L2n/(n72)(Q)

Note that, according to [6], if there exists a sign-changing solutions u, of (P,) satisfying (4),
then there exist two points a; ¢’s, two reals A; . ’s and a function v, such that

Ug i= PSQIY&)\LE — P8a2£’)\2'8 + ve with (5)
lvell = 0, Ajed(aie, 92) — +o00 and (Pdq, , 2, ,» Péay,2,,) —> 0ase—0.
Hence, Egs. (4) and (5) are equivalent.

Observe that, by using the blow-up analysis, we can assume that one of the concentration
points is the global extremum point of |u.|, for example |u, (a2 )| = max |u.|. In addition, the
corresponding speed A ¢ can be taken equal to Ay ¢ = (Jus(az,¢)|/ c0)% =2 Moreover, accord-
ing to [6], if (2) holds then we get A| /A2 is bounded below and above. Furthermore, an
easy computation implies that, if A; /A2 . is bounded then, there exists b € B(aj ¢, 1/ 1,¢) such
that u.(b) > c)\iil;z)/ % which gives that maxu, > ck(l'?; 2/ 2, and therefore — maxu./ minu, is
bounded.

Our argument is carried out by contradiction. It is based on the analysis of Euler functional
gradient related to this problem (). The main difficulty of our proof comes from the v,. Follow-
ing the ideas introduced by A. Bahri and Xu in [4], we managed to decompose this function v,
into two parts vg 1= vf + vg. Some accurate estimates shown on these two functions, allowed us
to improve the remaining of certain formulas. This improvement led to a contradiction justifying
the non-existence of such a family of solutions.

To state precisely our result, we denote by P§ := P§, , the projection of 8, , onto HO1 (),
ie.

_APS=8"3 inQ., PS=0 ondS.

We also denote by G the Green’s function of the Laplacian with Dirichlet boundary condition
on 2 and by H its regular part i.e., for x € €2,

~AG(x,)=cy8;y inQ, G(x,.)=0 on 4%,

H(x1,x2) = |x1 — 02" — G(x1,%2), Y(x1,x2)€ Q.
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To simplify the presentation, we denote by: H;; := H(a;,a;), by G;j := G(a;,a;) and d; :=
d(aj, 02).
Now, we state our results.

Theorem 1.1. Let n = 5, there are no sign-changing solutions u. of (P.) in the form (5) such
that Ay ¢ /A2 — 0or +00ase— 0.

For n = 6, Theorem 1.1 holds true if we assume that the concentration points satisfy
la1,e — aa.¢| is small. In the general case, we need a geometric assumption on the domain €2.

Theorem 1.2. Let n = 6, there are no sign-changing solutions of (P.) in the form (5) such that
(@) Aie/r2e—>0o0r +00 and (ii) l|aje—azel— 0.
Furthermore, if Q verifies the following hypothesis:

For each critical point y of the function x — R(x) := H(x, x) and for each

critical point 7 of the function x — G (¥, x) we have: G(¥,z) # H(y,7),
then we can cancel the assumption (ii).
Concerning n = 4, we need to assume that the concentration points are in a compact set of 2.

Theorem 1.3. Let n = 4, there are no sign-changing solutions of (P.) in the form (5) such that
AMe/A2e—>0o0r +00andd(aj,02) >c>0,i=1,2.

The remainder of this paper is organized as follows. In Sections 2 and 3 we collect estimates
of some necessary integrals following our work. The main result of Section 4 is to prove that
if n =5, 6, the concentration point a; . is not close to the boundary of Q2. However, Section 5
is devoted to studying the v¢-part. We decompose it into two functions vy and vy .. We find
a punctual estimate of v; ., then we deduce the estimate of ||vy ¢||. In Section 6, we prove that
if n =5, 6, the concentration point ay . is not close to the boundary of €2. Finally, Section 7 is
devoted to the proofs of the main theorems.

Note, in all this paper, for sake of simplicity, we will omit the index & of the points a; ¢, A; ¢
and v,. Furthermore, without loss of the generality, we will assume that A1/A» — O (since if u,
is a solution then —u, is too).

2. Some a priori estimates
In this section, we collect estimates of some necessary integrals following our work. Most of
these integrals have already been evaluated (of instance in [3], [4], [6] and [14]), but we need to

improve some of them in order to get the adequate estimates to our situation.

Lemma 2.1. [ /4, pp. 29-30] Let n > 3. We have the following estimates

20 1 2n
(a) f(Sa"”f =S+0 ((kd)”) , where S = /56‘32,
Q

Rn
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n+% 1
(b) /3;)» Qa L= <W> , where 9,4’)» = aa,)» — PS,L)\,
Q
(c) / P8 =8S+0 !
C ()\d)n—Z .
Q

Lemma 2.2. Let n > 3 and let 8, 5, and 84, 5, be such that max(A1 /A2, Aa/A1, AiA2|a) — a2|2)
is very large. The following estimates hold

= = s A A 5
n—2 n=2 _ n=2 e 1 2 2
(@) | 8" 62= 82 81 =cenn+ O(g, "), where g1 := )L—+)L—+A]AZ|G] —az|
2 1

(b) /(3152%%2 =0 <8122 In(e, )) , (o) f5152 =0 (¢12), (d) /8a5§ _ ( Iln2111(a ﬁ))
Rn

for all positive real numbers o and B checking oo # B and o + B = nzTnz

(In this lemma, we do not require that A1 /A, — 0. It is a general result under the hypothesis
&12 which is very small and A; very large.)

Proof. The affirmations (a) and (b) are extracted from [3, Estimate 1,2, p. 4]. As for (d), it
is estimated in [3, Estimate 3, p. 4], but the presence of the term ln(el_zl) annoys us in some
steps. Therefore, we have pushed the calculation to eliminate it. As for the (c), by using Holder
inequality and the affirmation (b), it is easily estimated, but in the presence of ln(el_zl).

(d) Without loss of the generality, we assume « < 8. Three cases may occur.

Al A2 2 A2 . .
The first case: If max I MMar —az|” ) = v In this case, it is easy to check that
2 Al 1

Elp=¢ ()»1/)»2)("_2)/2. Also, we have

nEZ /3 n;Z o +00

2 2 A n—1
I::/8“8ﬂ<ckza/ 5 2 zuﬁdxfc niuﬂ/ rzﬂﬂdr'
Q g (I A30x —aa]?) 2 70 (A

which implies that %= 2,3 > Z. So the last integral is convergent.

n— 20[

- 2,2 ) 2
Note that, n — 252 = n — 252 (2% — o) = 2524 Then, I<C(A‘) <cs%.

Since a < 8, then g > 1,

A A A
The second case: If max ()\—1, )\—2,)»1)L2|a1 —a2|2> = v In this case we have g1 >
2 Al 2

c (kz/k1)<"_2)/2 and Ay << A1. We define the set

2 1
Q= {er:Azsl”22M|x—a1|2<3—2} (6)

This set is introduced for the first time by A. Bahri in [3]. We split I in two parts.
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. . 2 2 —2/(n-2) .
We notice that, if x € 2\ 2y, then A{|x —a1|= > c(A1/A2)e|, . Consequently, we obtain:

1 A _
<220

A2 2/(n—2)>("_2)/2
1+K%|X—Cll|2_ Al 12 2 .

and §1(x)<c (Xzel

Hence, we get:

n—2
I = / 8‘1"85 §A22 as‘l"Z/(S’zS <cef,. 7
2\Q R"
Concerning the second integral, we have:
b :=/5;*3§
Q
n=2, n=2
NER VR 1 I
= — — — dy’
My P (1+1 |2)"TZ°‘ L 32)21y12 — 2(k2)21 Tp
! g, L+l (1+220P - 23221 0@ - a)
where y =1 —i—k%la] —a2|2 and
~ | S
Q =1yl <—="e,"1. 8
1 {y [yl <32)\2 12 } ®)

By replacing y by its value and by using the fact that y € |, we obtain:

‘1<A2>2| 22221000 )>‘<(1 + <1>)+ 2_ (14 o(l)) < =
—(= —2(=) =y, Ma—a)| <= +o — o(1)) < —-.
y o oy 32 /32 2
Hence,
n—2 n
Ao Th dy Mm\2 1 a—-ts
IZSC(A—> /7ﬂa 56()»— —uﬂslz z
1Y P (1+|y|2) ) 1 y 2

(2—n)/2
‘We also notice that in this case we have: g12 =~ (Al/kz + AiAzla) — a2|2>

that f/g — 1), then

, (f ~ g means

hey' <c (k— e <c (143 - aP) <c ©

n —(n—2
Az)z L =t
1

since B > n/(n — 2), which implies that “~%-2£ < ¢,
(7) and (9) complete the proof in this case.
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AA
The third case: If max (A_l’ A_z’ AMA2lar — a2|2) =AA2]a; — a2|2. The proof is the same as
2 Al

the proof of the second case by using the fact that £15 >~ (Alkz lay —ap |2)(2_n)/ 2. This completes
the proof in this case.
The proof of claim (c) is similar to the proof of claim (d). O

Lemma 2.3. We assume that €1 is very small. For all v € H& (2), we have

O (llvller2) ifn=4,5
0 (||v||8121n2/3(81_21)) ifn=6.

/ - 0 (IvIPeine))  ifn=4

_4
(a) Jo P8I P8y 0| = {

(b) P8P8} 20 =
J 0 (||u||2g§§3) ifn=>5.
) 0( ||v||_2> ifn=d.5
(c) [ s 0=
0 | —= (In(xd))*? ifn=6,
2 (@ (000 ) ifn

where d :=d(a, 0R2).

Proof. (a) and (b) follow from Lemma 2.2 by using Holder’s inequality. Concerning claim (¢),
we decompose the integral on the ball B := B, 4) and on 2\ B.
On B, we use the fact that [0, ) lco < cACm2g2=m then we apply the Holder’s inequality.
On @\ B, we increase 6, , by 8,4, then we apply the Holder’s inequality. 0O

oPs 10PS§ 10Ps |
Lemma 2.4. [14, p. 34] For n =4,5,6 and for all v € (P§,\——, ———, ..., ——— )~ we
h oA " A dal A dan
ave:

a2 vl 2
P82y = 1+ (In(xd))*?) |,
/ 0 V= | a2 QAT
Q if n=6

where d :=d(a, 02).

Lemma 2.5. Forn =4,5,6 and for all v € H(} (2), we have:

EY 2
(a) fa;;jf P1olf = 0 (1011P) for all real B verifying 0 < p < ——
Q

n—2
N lvll 2/3
(b) | arlvl=0 | ==+ Anr)7~)
A2 S——
Q if n=6

Proof. The proof follows immediately from Holder’s inequality. O
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Standard computation implies that

Lemma 2.6. We have:
2 1 . 5 1 ,
86{,)\:0 ﬁln)\. l‘fl/l=4 s Sa‘A.ZO p lj‘n:5,6
Q Q

Lemma 2.7. /3, Proposition 3.1, p. 64] Let n > 3. There exists By > 0 such that for each v € F*

we have:
2
» n+2 4/n-2 2 2
10l — S5 [ P8 = paloly,
z=IQ
oPS§; 1 0P6 1 0P$6 oP& 1 0P6S 1 0P6
where F := (Pél,kl—l aa ! 2, A 2 & 2 .

Ir A aall TN aail ’ 2 A A 8a% T Bag

The proof of the following Lemmas 2.8-2.10 are inspired from [4] where the authors deal with
the case of sphere S3. Some additional difficulties emerge in our case. The first stems from the
boundary of Q2. As for the second the authors in [4] assume that €17 behaves as m,
but in our case, this assumption is deleted. The third difficulty that we came across in the dimen-
sion n =4, 5, 6, where certain integrals present a good behavior for n = 3, but this behavior is

not adequate for the dimensions n =4, 5, 6.

Lemma 2.8. For n =4, 5, 6, and for all y € Q we have:

/ 80 ()G (X, Y)dx < Bas(y).
Q

Proof. Let y € Q2. We split two cases.
The first case: if |y — a| > C, where C is a large constant. Let ¢ be such that 0 < ¢ < 1, and
let B := B(y zy—a|)- Observe that, for x € B, we deduce that:

/ dx 2
S0r(¥) < Ban(y) and | —  <cly—al. (10)
’ lx — y|—2
B
Hence,
/ 80 ()G (X, Y)dx < Bar (). (11
B

For x € Q\ B, we have: |x — y|>™" < |y —a|*™", which implies

[ suaGuyins —Sm [ swars o <am. a2
ly —al*~ AT |y —aln?
Q\B B, Rr)

. C n—2 n—2 2 2\ (=272
since we have |y — a| > C, which implies that A"~ “|y — a| zc(l + A%y —al ) .
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(11) and (12) prove the lemma in this case.
The second case: if L]y —a| < C. In this case, it is easy to see that §, 1 (y) > cA=2/2 and
therefore, for all x in 2, we have 8, 5 (x) < ¢/8,.4(y). Hence:

I < cbar () / Wd < cBar ().

Lemma 2.8 follows. 0O

Lemma 2.9. Let n =4,5,6. For all y € Q and for all o € (%, 1), there exists a positive

constant cy such that

/ B (D00 (IGO0, VMY = b (),
Q

where d :=d(a, 02).
Proof.

1:=/ 577 (x)0 (1) G (x, y)dx < 0]l / 572 ()G (x, y)dx. (13)
Q Q

We split two cases.
The first case: if |y —a| > C, where C is a large constant. Arguing exactly as the proof of
the analogous case of the proof of Lemma 2.8, we derive that

l- =~ ;
I =clfllog 0w 8ax(y) = )T 8a,2(¥).

The second case: if |y — a| < C. Observe that

/ ST ()G (x, y)dx
Q
n=2 IS 4 4y 1
<ch 2 48(y) 8727 (x)dx + c67=27(y) ——dx,
|x — y|n=2
Ax—y|=C AMx—yl=C

where we have used the fact that |x — y|>™" < A" 2/28(y) if A|lx — y| > C and §(x) < ¢8()
since Aly — a| < C. Thus the result follows by using standard computations and the estimate
of [fllec. O

Lemma 2.10. For n =4, 5, 6, and for all y € Q, we have:

f(S” T ()72 G (x, y)dx < cl|v]| F280,5.(7)-
Q
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Proof. We split two cases.

The first case: if M|y — a| > C, where C is a large constant. We divide the integral into two
parts. For the first one, observe that for |x — y| < 1/(21), we have |x — y| < |y — a|/2, and
therefore 8 (x) < ¢8(y). Hence

2
lv(x)[ 2

/ 572 (1)) 72 G x, y)dx < ed72(y) / dx < ed(y)l|] 72,
lx —y|=2

1 1
lx=yl=5 [x—=yI<53

(14)

by using Holder’s inequality and the fact 8(y) < coA"~2/2. Concerning the second integral, we
have |x — y| > 1/(21). In this region, we get
1 An—2

— <c <enmI2s 5 (x),
lx — yI" (14+22x—y

| )(n 2)/2

which implies that

/ 57 |v| G < AT 5“5M|v|nz<cx ||u||nz<[5;A"-5;_‘>

lx— y‘_z)L

Note that 1|y — a| is very large, so the hypotheses of Lemma 2.2 are satisfied. Hence Lemma 2.2
implies that:

2 =22
§72|v["2G =ch T |lv]|"2E,

[x—y|> 5
~ 2 2\ 2—m/2 2 2\ @—m)/2
whereelg::(l+1+k|y—a|) Sc(l+k|y—a|> . Hence
n_ 2 2
/ dnZlv[=2G < cd(y) v 2. (15)

1
[x—yl= 55

(14) and (15) prove the lemma in this case.
The second case: if 1|y —a| < C. Note that, in this case we have 8,5 > cA"=2/2, We divide
the integral into two parts. For the first one, we have

n_ 2 n/2 Iv(x)l -
872 (x)[v(0) "2 G (x, y)dx < ci ﬁdx = 05(y)||v|| =2, (16)
x—

2C 3C

[x—al<5 [x=yl=5=

by using Holder’s inequality. Concerning the second integral, we have |x — a| > 2C/A which
implies that |[x — y| > |x — a|/2. Hence
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2
/ 572 (1) |0 (1) |72 G (x, y)dx < ¢ f S @I

|x —a|"—2

>2€
A

2C
[x—al|> >

[x—al>

Since A|lx — a| > 2C, then |x — alz_” < e =2D/25(x). Now, by using Holder’s inequality, we
obtain

/ 572 (1)) 72 G x, y)dx < cx'T [u]| 72 < cd(y) ]|, (17)

[x— a|>2C

(16) and (17) prove the lemma in this case. O

Lemma 2.11. /5, Lemmas A5 and A6, pp. 571-572] For n =4, 5, 6, we have:

w5, 0P§; dPs; In(ih:d;
(a) /P(S-'H)\i ‘ =2<P5i,)\i—l>+0<n( : ’)),

! ar; A (Aidi)"
Q
dP§; — 2. Hj In(A;d;
() (ot M2 T o (Iid))
N 2\ (Aidi)"

where d :=d(a, dQ) and ¢ := 2n/n sz
(1+]x? )

The following three lemmas correspond to the lemmas A7-A9 of [5]. The rest of the terms
presented in [5] are inadequate in our case. We do not like the term (A1d) to appear by itself
in the rest, where d; := d(a;, 0R2). Therefore, we repeat the proofs to present the rest in another
way.

Lemma 2.12. We have:

1
n @) 7812) l_fn=4, 51
/ 5"+%)L 0P (5, 8P8 ) n (Aid;)n=2D/2
J OA; 3 0] )vd‘glz if n==6
(At
Proof. Note that P§; = §; — 6; and 6; < §;, then we have
2 - 9P 2 - 9P 2
P§" " hj o = |8 Aj—— 3 10 8/ 0;4;
Q Tog Q
For n =4, 5, it stems from the Holder’s inequality that:
n+42
4 4 o\ ¢
/ 57205 | <161 20 / Tl I
Ln=2 ()\’ d) -

Q Q
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by using Lemma 2.2 and the fact that ||6;|| n < c(Aidi)(z_")/2. This proves the lemma in this
L~

case.
For n = 6, it stems from Lemma 2.2 that

13 1 6
[31'9,'5/ < /9i25i23j <16l /3,- 5| = Aidislz'
Q Q Q

Hence the lemma is proved. O

Lemma 2.13. Forn =4,5,6, and i # j, we have:

4 aps; n—2 IPs; o InGhidy)
P8 P 2Ia; — — Pihi— Iy 0" Pin(e)) + 2187 )
/ U J 3)\/’ I’l+2( n 3)»./' )+ 12 n(812)+ ()»jdj)"

Q

Proof. Note that P§; <§; and |A;06;/0X;| < c§;, then

Q
1) a0 4
_ n—2 v n=24y 7] en=2n.
_fP818] Jax] /PSléj Aj e 0] /8,8]. 0;1]- (18)
Q Q Q
For the first integral of (18), observe that we have:
%
3(3;7 ) d(—APS;) 0P 0P
Aj Péi= | Aj————P&i= | A (=AP§)=(Pd;, j ).
3)»]' 3)\,]‘ BAJ- BAj
Q Q

Concerning the second integral of (18), for n = 4,5, by Holder’s inequality and Lemma 2.2

we get
" 2/n
o 90; 26; |* o4 a2
P8,-5j }Ljﬁ < A]W 8j erp(lng, ) » . (19)
Q ’ Q /
We notice that Bj := Bg; 4;), We have:
36; |2 61 396, |2 [ o1 2 In(hjd;
/ ]_] 8;722 < )"]_j \/5;722 + / 6}172 <c ( J ./n). (20)
J 0A; 04 |l 0 (Ajd))

J J

(19)—(20) imply that:
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2/n
(ln(kjdj)) 1 n=2 ln(A/d/) . 1
<c~—"  epn(ne;, ) n <c—2L 4 ce" P e, .
! ] 8)\, ()"jd])z 12 ()\de)n 12 12
For n = 6, by Holder’s inequality and Lemma 2.2 we get:
90, P e i ¢
/PBS ol < |a; /(58) <2l o +eel? Ine,
oA 8/\ (/\jdj)2 (Ajdj)"
Q

This completes the estimate of the second integral of (18).
The third integral of (18) is dealt with in the same way as the previous one. Thus the proof of

Lemma 2.13 follows. O

Lemma 2.14. Forn =4, 5, 6, if dy - 0, then we have:

dPdy - de;p n—2 Hipp 5 In(Apdp) £12
=c|Ar (0] 1 _— — ).
)=c¢ ( + ) + (812 n(ep,) + Gad? 2t 2 )

2 P
N2 2 (ap)'T

Proof. Recall that P§; = 81 — 0;, then there holds

IPS, 9 [ 12\ n42 i85
— (P81, 5 5072 ) — 518]7 %
(P, ho= ) = /128A<2> n—2/ 2on,
Rn RMN\Q

2 ‘s 2 35
_nt / 018] Fap 02 T /915" 7,22
n—2 I ) oAp

Q\ By B>

=l — L — 13— 14.

By using [3, F16, p. 23], we have:

0582 Z“ 08y . 0€12 /(n—2) 1
:/81(—A) <A2W> _/51 hp—= 250 cx28—/\2+ 0(8?2’1 In(e], )), 1)
Rn

Rn

where ¢ is defined in Lemma 2.11.
For I, note that, since d; - 0 then for all x € R" \ 2, we have: §;(x) < ckgz ")/2, hence

L) < — 50 < _© / =3 - (22)
TR R TR ] T Gt R Gad)

n C
RM\Q B(az-dz)

For I3, there holds
12 c
<16 8” 23
[13] < 161 ]loo / (M)Lz)(n D/2(hydy)? (23)
Q\ B>
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For 14, using the fact that 6; is a harmonic function and the evenness of §, and its derivative,
we get

n+2 n2 2 ml
Iy = 91 (@) [ & )»2— + O | sup |D“6, (y)‘ 3 x — a2|
YEB
2 4 b 4 06 In(Ard
- ”+291(a2) /3" Ly paict f 8] 7= +0 (—n(n_ﬁ 2) )
" g e S Ton (1132)"F (hada)?
n—2 H 1 In(Ard
=—Cn2 —2 40 0 i3 +0(%>‘ (24)
AMA) 7 A2 Ay’ (M122) 2 (hadr)?

By (21)—(24) and the fact that (A;A2) /2 = O(e12), the proof of Lemma 2.14 follows. O

Lemma 2.15. /5, Lemmas A10 and All, p. 572] For n =4, 5, 6, there hold:

2 1 gP§ 1 0P§ 1
(a) /Paz" S L% o ips, L 2>+o< )

Ao dan A2 daz (Aodp)"
Q
1 0P$§ 1 ¢ 0H(a, 1
(b) 2, _ L ¢ (@.a) | .
)»2 dan 2)]21_1 dan (Aodo)"

Lemma 2.16. /6, 3.33, p. 785] For n =4,5, 6, we have
1 0P65; 1
P& — =0(——).
a2 day (Aadp) !
Q

The following two lemmas correspond to the ones A14 and A12 of [5]. The remaining pre-
sented in [5] are inadequate in our case, therefore, we repeat the proofs to present the rest
differently.

Lemma 2.17. For n =4, 5, 6, we have

n+2 1 0P8, 1 9P, 1
PoIPS] 7 — S = (Poy, — = 2) 4 O [ ———en ( (Ineir)) "
n—2 )»2 day Ay dap (Mada) T

Q

Wity

=)
Proof. Recall that P&, = 8, — 6;, then we have

2 1 9P 2 1 98 2 25100
=n+2/P81P8"2 22 i/mla“ g2 _n+ /P(s]a;”——z

n— Ao 8a2 n—2 Moday n-—2 Ay dan
Q Q Q
o=n ] 352 o=n 1 96,
(0] 818, =20 o 8180720, ——=
+ / 1 ZA 8a2 + / 10y 2)¥2 9y
Q Q
=+ DL+ O03)+ O(y). (25)
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The first integral of the right hand side of (25),

n+2

19G7) 1 3(—APSy) 1 9P,
I = /Pal— [ Py PR sy D02 (26)
A2 Odan Ao dan Ay dap
Q Q

Concerning the second integral of the right hand side, by using Holder’s inequality and
Lemma 2.2 we deduce that:

n+2
L) < f(a )itz LWl R gpehyEy 27)
n ne .
2 ! My || 2 T (adyyr? T2
if n=6

For the third integral, using Lemma 2.2, Holder’s inequality and the fact that: |(1/A2)(982/0a2)|
< ¢dy, we obtain,

4 4 %
4 A o cen
|5 §c/8152”‘292§c||92|| A /(515;—2)n+2 < ﬁ(1+(1m;12)3). (28)
J =) R
if n=6

Finally, 14 is handled in the same way as I>. Thus the proof of Lemma 2.17 follows. O

Lemma 2.18. Forn =4,5,6, ifd| :==d(a;, 02) - 0 then

1 0P6y ¢ (012 1 oH
<P813_2 >:_ (Cl],a2)

Ay dap dar ()\1)\2)(” 272 9b
1 ntl 1
n=2
+O0 | ——— tMla—ale)y,” + 5
(M122) 7 (hadr)? AT Ay

Proof. Let us denote by Bé := B(a,,d,/2)- There holds

n+2

195,72 1 9(8772 2 138
1;/})5 g_/(gl_@_i/&% 002
Ay dan Ay Odap n—2 )»2 3612

Q R RM\Q

2 41 96 2 1 98
_f’l+ /05n_2——2—n+ / 9152,,2 2
n—2 )uzaaz

1
2 M oay n-—2
B, o\B,

=l —DL—-—1—14.

By using [3, (2.206), p. 58], we have:

1 —C oen + O | Ala; — a2 Zzé 229)
ay —arle .
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For I, note that d; - 0O then for all x € R" \ ©, we have: §;(x) < ck?i")/z, then:

c n+2 c n+2 c
|12|s—/5"-25— f 557 < . G0)
)\Yz—Z)ﬂRn\Q 2 )Lin—Z)/2 2 ()»1)»2)(”_2)/2()»2612)2

¢
B(a2 ,dy)

For I3, let: 0 := 6, — coH (a1, .)/Aﬁn_%/z, then

L= n+2 C() /H(al,x)é"42( )L 1 962(x) +n+2/01( )5"42( )L 1 962(x)
B/

n— Ay dap n—2 Ay dap
B

n+4

)\ 2 n H —
—(n 42 uf Zgb , . (x —a2)
)\‘ 2

1 B i=1 (1+)L2|x_a2| ) 2

1 1
+0 ( n=2 ) + 0 nt2 n ’ (31)
(r122) 7 (hada)? A7 Aidy

where we have used Taylor expansions of H (aj, x) and 51 (x) and the evenness of §, and the

oddness of 38, /da;. Note that the integral in (31) is a vector. To calculate its jth component, we
need to estimate the following integral

" OH —@);
/ (ZE(GI,GZ)(X—@)) (x = a2);

4
» Ni=l (1+A3|x —az]?) 2
2

OH )[ (x —a2);

=—(a1, a2 -

db; U+ 2 — )T
2

1 9H ne (L
)Ln+2 b, 35, @1 a2) (m + ((Azd2)2>> .

Then:
I E—l o ( )+0<—1 )+0 _ (32)
3= Cll Cl2 n—=2 n+2 n—=2 °
A2 (Ah2)” 2 9b (M122) T (had)? AI%AZT
Finally
% +2 c
e [0l el [ o= 33)
B, R\, (AMA2) T (Aodo)

(29), (30), (32) and (33) prove the lemma. O
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Lemma 2.19. Forall v € HOl (2) we have:

/ o

Proof. It follows immediately from the Holder’s inequality by using the fact that d P§>/day =
082/0ay 4+ 062 /0ay. O

C||;1H (In X2)3/4 + ()?2!1222 ifn=4

C||UH Cllv] L
3 t Gy 72 ifn=3,6.

0P
<
dap

3. Some known results

To show the main theorem, we reason by the contradiction. We assume that there exists a
family of solutions under the form

Ug := PSQI’)\I — Paaz,xz + ve.
Noting that, according to A. Bahri, the solution u, can be written as:
Ug ;=01 P8y 5, —aaPdyyp, +v (34)

where a; is close to 1 and v satisfies: ||v]| ;1 — 0, v € FL, where F is defined in Lemma 2.7.
0
In this section, we propose presenting some estimates concerning the variables v, «;, A; and a;.

Proposition 3.1. /6, Lemma 3.3, p. 778] For n = 4,5, 6, the function v defined in (34) satisfies
the following estimate:

2
1 _ —
Il <e) ) G (L (nhed)™?) + Z W(l + (023 +ep(nep) 272,
k=1 if n=6 ifn=6

Proposition 3.2. Fori = 1,2 and for n =4, 5, 6, we have:

4 1
Aj=1-— ai"’z =0 (W + e+ lv)* + Ri) , where
|| [ 23 In(%;d;) —1,2/3
Ri = <1+1A)+s (1+ (n2)*3) + vl +[lvllera(n &)
2 WP —— (idi)* ?
lfn 4 i if n=6

ifn=6

Proof. We prove the proposition for i = 1. Let u, be a solution for (P¢), we multiply the equa-
tion (1)(a) by P§1, and we integrate it on 2, we get:
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[—A(a1P51 —ar P& +v)Pé 2/ ey PS| — ap P&y +U|% (1 P61 — a2 Py +v)Péy
Q

+ea1/P8]2—8a2/P81P82+8/P81v. (35)
Q Q Q

Lemmas 2.1 and 2.2 imply that the left hand side of (35) is equal to

2n +2 n+2 1
n—2 n— n—2 _
d1f81 —0[1/5 91+0[2f32 P51—d15+0(W)+0(812). (36)
Q Q Q

The first integral of the right hand side of (35) is equal to:

2
I :=/ loeg P&y —052P<32|"472 (1 P61 —aaPS2)Pé1 + n—+2/|(¥1P51 —012P32|$ vPd
n—

+ 0 /|Ol1P51 —Ol2P82|” Iy P51(lf n=451+0 /|v|n 2 P&y

142 20 n+2 n+2 4
—a Z/P(Sl”’z +0 /81’1’282+82’1’281 ; / = v+0 /81"’282|v|
Q Q Q
A 4 6-n n+2
+0 /5182’"2|v| +0 /81”_21)24-8182”_21)2 +0 /|u|mP51 ) (37)
Q Q Q

Lemmas 2.1-2.5 imply that:

= ! ol Wi ip )
I =[S+ 0 <(Md1)”—2> +0 () +0 ((Aldl)H <(ln(/\1d1)) (if n= 6))
+0 (Ivllerz (e (it n =6))) + 0 (I0]2) + 0 (0177 (38)

By using (35)—(38) and Lemmas 2.2, 2.5 and 2.6, the proof of Proposition 3.2 follows. O

Proposition 3.3. /6, Proposition 3.5, p. 781] Fori = 1,2 and for n =4, 5, 6, we have:

ol gz;liiz —~< ii;l? + 2 ;2 - I;I;nzz> —elli = O0(Ry),
i 142
where C is defined in Lemma 2.11,
2 ln(kkdk) s & g2 5.
Ry, = z}: AL +ep; ln(el2 )+ een + Gad =2 + X?fz((ln)‘i) ifn==06), and
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aP§;
Fi = O[iP(Si)\,'—.
oA

i
Q

C 1 n—2, x| —1
Ifl’l=5,6, then F[ = )\‘—124- O<W>,Where C2= ) CO/ (1+|x|2)("+2)/2 >0
R~

and if n =4, assuming that d; > ¢ > 0 for i = 1, 2, then I'; satisfies:

r Czl(k)+0<1>
i = 5 A R
PE PE

Proposition 3.4. [6, Proposition 3.6, p. 784] Fori = 1,2, and for n =5, 6, we have:

1 0H(a;,a;) + 2 3812 1
Al da; da; ()»1)»2) o=

1

oH

— (a1, az)) = O(Ry),
2 da;
where

2
= - e
Z O )n + 8122 1n(812 )+ W 812(]11812 ) o

k=1
2 n+l
+an 5 (k) ifn=06) +Ajlar —arlefs” (j #1).
k=1"k

2 n+1
€
Note that the two terms k—((lnk D?ifn=6) and Ajla; — azle];”

j
[6, Proposition 3.6, p. 784], because if the A;’s are comparable, then 82/)»'1_2 ~ 82/)»?_2 and

Ajlay — agle(”ﬂ)/(n 2 = 0(¢g,; n/(n 2)) (f ~ g means that f/g is bounded).

(j #1) do not appear in

4. The concentration point a;

Let u, be a solution of (P;) in the form: u, = a1 P84, 3, — a2 P84y, + v where A1 /A7 — 0,
vl — 0 and v € F*. The main objective of this section is to prove that if n = 5, 6, the con-
centration point a; (associated with the least concentrated bubble) is not close to the boundary
of Q.

Lemma 4.1. For n =5, 6, we have: Ad| < Aydy, (this means that Ady/(Aydy) — 0).

Proof. Suppose the contrary, there exists a constant m > 1 such that Apdy < mA1d;. Note that
A1 K A2, then we deduce that dy < d;. Therefore d) — 0 and |a; — az| > cdy > cd>. Hence

1
612~ — (39)
(MiAzlar —az)?) 2

Also we have
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der n—2 Aj 2/(n 2)
Ai =— 2 . 40
2Py 5 e ( (40)
Thus,
0 -2 _
ail; —=en (140 (e177)) . (since 21 < 22) @1)
012 n—2 .
MaT =—— e12(1+o(1)), (since |a; — az| > cdy > cdp). 42)
1

Proposition 3.3 (for n =5, 6), (39) and the fact that G = — Hjp imply that:

lai — az|"=2

~n—2 Hy | ~n=2__ G
5= ,]11,‘2+C" 7‘2’1_2—6'2;—% ((Ad)"2+812+ ) ()

(43)
~sn—=2 Hyp ~n-2 Gp _ ~ & _
¢ 2 A;*Z—i_c 2 (}L]AZ)"%Z CZ)\%_0<(Ad)n2+812+ ) (b)
2m" 2272 x (43)(a) — (43)(b) gives
n— oy H. H n IR G
> m—2on=2 n2_22 _ n1_12 n Q"= _ 1) 12n_2 +C—
A5 Al 2 (Mr2)—3 M
= L rent
(Gadyy=2 1252
Note that d» — 0, then Hyp =~ 2’1_21? and Hj; < #, hence
2 1
oyh—2on=2 H»>) Hiy - 2m"—2 _ 1 - m"2
A2 k’l‘_z T (had)"? (Md)"? T (hadp)"
Thus
m" =2 c G2 e 1 e
+ St =0l ——=tent+ 5, 44
(a2 SRR ((kzdzw-z 2 x%) @
which gives a contradiction, since by (39) we have
G+ H12 G2 1
2= ( n_2> 45)
1A T )T (A2d2)

Hence Lemma 4.1 follows. O
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Lemma 4.2. For n =5, 6, we have

n—2 Hj e

1
. OE i e |
O 2= e 0((xld1)"—2>

where € is defined in Lemma 2.11 and C; is defined in Proposition 3.3.

Proof. By using (41) and Proposition 3.3 (for i = 2), we deduce that

n—2 Hpy +~n—2 Hyp C £ 1 + + & (46)
¢ ¢ tp———5 |- C=0 ——— +¢ — 1.
2 w22 P a2 P T\ Gnanp 2 T2

Note that Hjp < c/df_z, and Hy < c/dg_z. Using the fact that 1] < Ay and A1d] K dads
(according to Lemma 4.1), we get

Hy) 1 Hi, 1
-2 =0(ﬁ) and 2 =0< nz>- “47)
A5 (A1dr) (AMA2) 2 (AM1d1)

(46)—(47) imply that

1 )
epn=0——+-5]. 48)
((Mdl)” 2 k%)

Now, it is easy to get from (40) that [A1de12/0A1| < ce1z and therefore Proposition 3.3 (for
i=1),(47) and (48) imply that

n—2 Hpy c e 1 n e (49)
c ——C—==0—+ .
2 X2 7 a2 TR

This completes the proof of claim (i) of the lemma.
The second claim follows immediately from (48) and (49). O

—o <;> .
Gy

Lemma 4.3. For n =5, 6, we have

1

Al

dern

3(11

Proof. We split two cases.
a—a
The first case: if |ldiz| — 0.
1
Note that in this case we have d| ~ d; and |a; — az| K dy, hence |a; — az| KL dj.
Then easy computations imply the following affirmations

H
2 =o(e1), () —2—=o(n), (© %20(812), (50)

(@) — -
A (A1A2) 2 2

where we have used the estimate of ¢ given by Lemma 4.2 for (¢).
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Now, we need to estimate €12. Proposition 3.3 (for i =2), (41) and (50) imply that

2

_ In(Ardy) £ £ 2o _ 1
e12=0 ;; Gdo)” + God)—2 + Ag_z ((ln)uz) ifn _6>) =0 <—()»1d1)"_1> . (3D

Finally, note that

1

Al

— A — -2
n=2pslar—al =D (s

= 1
Mk — a2 — 1 —
o+ 2+ rnlar —a o —a +Alar —a

dern

daj

(51) and (52) prove the lemma in this case.

.. lar—az . .
The second case: if g - 0. In this case, there exists a constant ¢ > 0 such that
1

|lay — ap| = cd;. Then

1

Al

(n —2)Azla; — az| c

de1p
S P €12 = €12 =
A—;+H+)&l)\,2|al_a2| )"1|al _a2| )"ldl

. 53
2a; e12 (53)

Lemma 4.2 and (53) prove the lemma in this case. O
Lemma 4.4. For n =5, 6, we have
dy - 0.
Proof. We argue by contradiction, we assume that d; — 0. It is easy to get that

oH 1 1 1
—(a,a1) i~ ——— and ——(aj,az) v — =0< ) (54)
day 2n=igi=! A day (M) T (adpn!

Now, combining Proposition 3.4 (for i = 1), Lemmas 4.2-4.3, we get a contradiction. Hence our
result follows. O

5. Study of the v-part

Before stating this section, we are going to explain the reasons why we are going to conduct
an elaborate study of the function v. We notice that in the Proposition 3.3 (for i = 1), every term
of the remaining is small with respect to the main terms of the proposition. In contrast, the term
In(A1d1)/(X1d1)" of the same proposition (for i = 2) is not small with respect to the main terms
of the proposition. So this proposition such as the one written is not very important. This term
comes mainly from ||v||, therefore, we have thought about decomposing the function v in sums
of two functions v; and v; such that the function v contains all the disturbing terms and v, has
a good estimate. The main objective of this section is to find a punctual estimate of vy, then we
deduce the estimate of ||v;]|.

Let u, be a solution of (P,) under the form (34), then we have: u, := a; P61 — ap P8y + v.
It holds that
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nt2 nt2 4
—Av=f:= —a181’”2 +a252"’2 + lug| "2 ugs + eug. (55)
Let
ni2 4
fi(w) = —a181"_2 + a1 P&y + w|"2 (a1 P8y + w) + e PS; + ew, and let (56)
. 0P8 1 0P6; 1 0P6;
R be an orthonormal basis of E| := (PSj, A\|—, ———., ., ., — .
(@1, -, Pny2) 1:= (P31, 2 oh M 9l r 0d
(57)
We define the function vy by
n+2
—Avy = fi ((inf(jv1], 181))sign(vr) + Y f fi (Gnf(Jvi], 481))sign (i) gx | Apy in Q
k=1 [ o
v =0 on 0%2,
(58)

where p is a small positive constant.
The idea of introducing v; in this form is inspired from [4] where the authors use equations
of the type (58) in order to get punctual estimates of some functions similar to our function v.
We start by the following result.

Proposition 5.1. For n =4, 5, 6, the function vy satisfies

&
@ vieEr and (b) |lull=0 | ——— 1+ (n(d)??) + — (1 + (Inr)*?)
(h1dy)" —_— 5 —
if n=6 1 if n=6

Proof. (a) To simplify the presentation, we denote by vy := inf(|v;], u81))sign(vy). Let
(o1, ..., Pn+2) be an orthonormal basis of Eq and let j € {1, ..., n + 2}, it holds

n+2

(v, @) =/—Av1<ﬂj=/f1<ﬂj—z /fl(pi (@i, 0j) iy =0.
Q =1\

Q
(b) We multiply (58) by vy, then we integrate it on €2, we obtain

nt2 n+2 4
o1l = [ @Popi o+ 25 [ @psnrnid
Q Q

4 _4_
+(cu+cum)f8f_2|v1|2+cs/81|v1|. (59)
Q Q

(59) and Lemmas 2.3, 2.5 imply that
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4 4
||v1||H1 - —/(P51) 207 < (ep+epi? +clAiD|vl?

e ‘9”,3“2” At a2 + e 4 anguan)??).
—_——— ()‘*ldl)n —_—

)‘l if n=6 if n=6

Note that v{ € E f‘, Lemma 2.4 implies that there exists By > 0 such that
. 2
(Bo — e —cpn=2 —clArD vl

ﬁ(l + (n(nd))?) + —o

od £+ a3 | ol

—2
T
if n=6 )“1 if n=6

We choose u such that cu + c,u% +clAq| < ‘30 , the proof of Proposition 5.1 follows. O

—4
Proposition 5.2. Let n =4, 5, 6. For all y in Q and for all « satisfying n_2 <o < 1, we have:
n—

lvi(¥)| = CA181(y), where A11=|A1|+8+W~

Proof. Note that v; satisfies (58), then

()] < / Filsign(uy)inf(ui], 161)G(x, y)dx

n+2

+ /fl(Slg”(Ul)lnf(|Ul| ud1)) @i (x)dx | (—@r(y)) (60)
k=1

=[N|+ |1l

Moreover, note that for all i € {1, ...,n + 2}, we have ¢; = Z;‘j C;9;, where @; is one of the

functions P§1, A0 P81 /oA, (1/%1)(8P81/8a{‘); k € {1, ...,n}. Hence easy computation implies
that |gx(y)| < ¢d1(y). Thus

n+2
|[I2| <cK&1(y), where K:= /fl(szgn(vl)mf(lml ud)er(x)dx ||. (61)
k=1
Also we have:
n+2 4
[fi(w)| < a1|A1]8)~ =2 +cthé)” w2 +cd)” 2|w| +c|w|n = + &1 + e|w]. (62)

(62), Lemmas 2.1 and 2.6 imply that
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K§a1|A1|/31’"2 +c/9151"*2 +c/51'1’2|v1|+08/512
Q Q Q Q
< clA1]+ ———— +clluill + (1 + Ink;) (63)
C P EE———— C||V — n .
=TT G2 : A3 =
if n=4

(61), (63) and Proposition 5.1 implies that:

1 e
bl <c|lAll+ ——= 0 +In(id) + —= A+ Inky) | §: (). (64)
(Ard)" —_— 2= ——
if n=6 )‘1 if n=6

We now estimate /1. By (62) we have

nt2 4
111 S/mIAlIS{“z(x)G(x,y)dx+C/91(X)31"’2 ()G (x, y)dx
Q Q

n—4

+cum/Sfﬁ(x)|v1(x)|%G(x,y)dx+cs/81(x)G(x,y)dx.
Q Q

Lemmas 2.8-2.10 and Proposition 5.1 imply that

|11I§C<|A1|+8+ (65)

1
(A1dy) =20 - > o)

(64) and (65) prove Proposition 5.2. O

Note that A, defined in Proposition 5.2 is a very small constant. Then we deduce that
lv1(y)| < ud1(y) for all y € 2, hence we obtain

Corollary 5.3. The function v, defined in (58), satisfies

= vy = fito) = T (Jo ionge) (—Ag0)  in
{vl =0 on 082.
Let
vy =v —vy. (66)
The fact that v € E7, v € E, |lv]l = o(1) and ||v1]| = o(1), implies that:
vy € E{  and ||vz]| = o(1). (67)
The following proposition is crucial in our proof. In fact, it is an estimate of ||vz|| in which

we stipulate that A; does not appear alone. This piece of information will be very vital in the
Propositions 6.1 and 6.3.

Please cite this article in press as: Y. Dammak, A non-existence result for low energy sign-changing solutions of the
Brezis—Nirenberg problem in dimensions 4, 5 and 6, J. Differential Equations (2017),
http://dx.doi.org/10.1016/j.jde.2017.08.020




YJDEQ:8951

26 Y. Dammak / J. Differential Equations eee (eeee) eee—see

Proposition 5.4. For n =4, 5, 6 there holds

o2l < cera(l + (nep)>?) + ——— (1 + In(hada) + —5 (1 + (In22)*?) + ¢|Aal.
— 2 (Gudyn — =
if n=6 if n=6 2 if n=6

Proof. The idea of the proof is the following: At the beginning, we introduce the equation that
verifies vy (see (68)). Then, by multiplying the obtained equation by v, and by integrating it
on 2, we get a piece of information on ||v2]| (see (71)). As v; is not necessarily in F L we need
to decompose it into two functions: vy =V, +v,, so that vy € F 4 and what follows, the obtained
quadratic form in (71) becomes defined positive. Concerning v,, we prove that its norm is very
small with respect to certain well chosen terms.

From (55), Corollary 5.3 and (66) some computations imply that

I\)

+

—Avp —0{2 (azPSz)” 5 +

(Otz Péy) = V2

+2 4
2(0611"51)"—2vz~|—

4 6:1 6 ﬁn

4
—eapPéy+evy+ O 81" 52—{-518"2—{-8” |U1U2|+ B 2|U2|+518" [va|

if n=4,5
6—n n+2
co oty sl Uz+\/515 2] +lua 2 +Z /ﬁ(vl)wk (—Dgr).
—_—
if n=4,5 lfn 6

(68)

We multiply (68) by v,, and we integrate it on €2, by Proposition 5.2 and the fact that v, € E &

we get
+2 A, n+2 A
_2/‘P8l 2v2—n_2/P82 ‘v3
Q

Q

2
l[vall” =

_4_ _4 _4
< 2| A2| (P82, v2) +c|A1|/81"’2 v3 +c|Az|f85*2v§ +0 fe 8572 va
Q

4

_4 _4
+08/P82v2+8||02||2+0 /81"_252|1)2|+/5152"_2|v2|

Q Q Q
2n_
F el +cf\/6182v§
‘_\/_/
if n=6
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4 6-—n 6—n 6—n
+0 A1/8]’"21)%+/8f‘282v§+/815;‘2 §+/5" 2wy +/82"_2|v2|3

Q Q Q Q Q
if n=4,5
(69)
Observe that
(P82, v2)| = [{P&2,v) — (P2, v1)| = /A(P52)v1 < Ajen. (70)
Q
(69), (70), Lemmas 2.3 and 2.5 imply that
, h+2 A, n+2 2, clluall 2
vz lI* — — / P8 vy — — P83 < W(l + (In(2d2)5)
Q Q if n=6
elalaien + 0211 anand) 4 cennlual (14 anep) ) 4o (Jall?).
)\' %/_J
2 if n=6 if n=6
(71)
Let
V2 :=v,+7v; where v,e€Fandv;e Ft. (72)

Before keeping on proving the proposition, we introduce the following lemma (its proof will be
presented at the end of this section).

Lemma 5.5. The function v, defined in (72), satisfies
vl = O (Ar€12),
where A1 is defined in Proposition 5.2.

By Holder’s inequality we have

4 _4
/pai"%g:/m,. 2(v2+v2+2v2v2)_/P8" 25 +0(||v2|| +||v2||||v2||) (73)

Q Q Q

(71) and (73) imply that

_ n+2 A, n+2 — _ _
I5211” ~ P67 ——— | PS; 2v2+o(||vz||2)sy1||vz||+yz, where (74)
n—2 n—2

Q Q
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Y1 —C||Uz||+;2(1+((ln()\2d2))3)+ = (1+(1n/\2)3)+6812(1+(ln812)3)
()L d )n — —— ——

if n=6 )‘ ) if n=6 if n=6
clluall 2
yoi=c (1A2lAren + oyl ) + == 2 (1 + ((nGada)) )
(A2dp)" —_—
if n=6
CSII_zll
(1+(lnk2)3)+6812||vz||(1+(1n8 )3)-|-c||v2||
)”2 2 if n=6 if n=6

Note that v, € F L. then Lemma 2.7 implies that there exists By > 0 such that

(Bo + o) 02117 < nilB2ll + 2. (75)
Hence, we obtain
T2l < eyt + ey - (76)

Lemma 5.5 and the fact that ||v2|| < |[v2]| + [lv, ]| complete the proof of Proposition 5.4. O

We notice that A, appears in the estimate of ||v2||. But the estimate of A;, proved in Proposi-
tion 3.2, is a defect. In what follows, we suggest improving this estimate by using the information
already found.

Proposition 5.6. For n =4, 5, 6, the variable Ay :=1 — ag/ ®=2) satisfies
|[Ax| = O + ! (1 + Iniy)
= E I ———— n
? 2t ey Tt Ak
tfn 4

Proof. Note that, Equations (35)—(37) hold true by permuting 1 and 2. Now we need to replace
v by v 4 v2 and use the fact that |v1| < ¢é1. We get

n+2

1 n+
n—2 n—2 n—2
I '=—0o, S+ 0 <4()»2d2)"2 +812> + . 20[2 P82 [15)

n+2
+ 0 /518" 2|U2|+/ 8 |va| + /8” 23 1)2 /5"_ U2 /52|02|m

Q Q

Observe that, we have

+2 4
/Pa” vz_(PSQ,vz)—l—O(/Bz"26’2|v2|>. (77)

The result follows from Lemmas 2.3, 2.5, 2.6 and Proposition 5.4. O
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Proof of Lemma 5.5. Let (¢, ..., p,42) and (Y1, ..., ¥, 42) two orthonormal bases of E| and E»

. . . o 3PS, 1 3PS, 1 3Ps,
respectively, where E; is defined in (57) and E5 := (Pd2, Lo D20 %2 pal 2 Ra 0 ). Thus
the function v, can be written as

n+2 n+2
vy = kawk + ZMkI/fk-
k=1 k=1
Note that, for all k € {1, ..., n 4+ 2}, we claim that
@ m=0Wie), and () w=0(Aieh). (78)
In fact, on the one hand, for all ¥ € E,, we have
(Vo) ={¥,v—v1)=—(¥, v1>=/A1ﬁv1- (79)
Q

Moreover, for g € {Pdy, 120 P82/0)2, (1/)»2)(882/851’2‘)}, we have |Ag| < CS§"+2)/('172) and
therefore by using Proposition 5.2 and Lemma 2.2 we obtain

nt2
/Agvl 561\1/3152"72 <cAiepp.
Q

Thus, on the other hand, for all k € {1, ...,n 4+ 2}, we have (Y, v2) = O(A1€12), note that
vy € Fl, then

n+2

(Y, v2) = (Yk, ) = i + D vilepi, ¥ik),

i=1
which implies that

n+2 n+2
==Y vilgi, ¥x) + O(Are1n) = Y O(viena) + O(A1£1). (80)

i=1 i=1
Since v € ElL and vp € F~L, then for all k € {1, ...,n+ 2} we have

n+2 n+2 n+2

0= (pr, v2) = D _vilgi, ok) + D i (Wi, o) =i+ Y O(e12pts). (81)

i=1 i=1 i=1
From (80) and (81), we deduce that for all k € {1, ..., n 4+ 2} we have

n+2

=y o)+ O(Aren). (82)
j=1
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Thus, we obtain the following linear system: AX = B on the variables i, ..., 4y4+2, where
A= (mif), i japsn mii = 1+ 0o(1), mij = o(l) fori # j, X 1= (i1, ..., ttn42)" and B :=

(O(A1£12), ..., O(A1€12))". Thus for all k € {1, ...,n + 2}, we have ux = O (A1£12), by (81),
we deduce that vy = O (Als%z) and our claim follows.
Finally (78) implies that
n+2 n+2
loalP =D vE+e D ud+e D vimlej i) = 0 (Adedy).
k=1 k=1 J.k
The proof of the lemma follows. 0O
6. Improvement of Propositions 3.3 and 3.4
Since the remaining of Propositions 3.3 and 3.4 are inadequate to our situation, we aim to use,
in this section, the results already acquired in order to improve them. These new propositions
will serve us, at the end of this section, to show that, for n =5, 6, the point a; is not close to the

boundary of €.

Proposition 6.1. We assume that d :== d(a;,02) > ¢ > 0. Forn =4,5, 6 we have

n—2_Hy _ N 3812+I’l—2 Hip r 1 + e LR
€2 e\ = | —th=ol\ st ,
2 922 2 a7 (d)" =2 23

where € is defined in Lemma 2.14, Ty is defined in Proposition 3.3 and R = o(g12).
Besides, when |a; — ap| > ¢ > 0, we can improve the estimate of R and obtain:

2e=D) 1 In(Aod e12d ed
R = O 812” (1 + 1n81_21) + n+2 n-2 + (nfi 2) + 13722 + 21172
_"‘.f g L (AMA2) Z (Aad)? A (A1A2) 2
I n=

The proof of Proposition 6.1 requires the introduction of the following lemma whose proof
will be presented at the end of this section.

Lemma 6.2. We assume that dy :=d(a1,dR) >c>0et |[aj —ar| >c > 0. Forn=4,5,6 we
have:

c n—+2
<

1
SaP(Szf(dz—I— ) —, V1i<a< .
f[ ! ()de)z (A1r2) 52 n—2

aPs
Proof of Proposition 6.1. We multiply the equation (1)(a) by ¢ := Ap o 2, and we integrate
2

it on €2, and by using the fact that v is orthogonal to ¢;, we get:
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4
ay (P31, ¢2) —az (Pd2, ¢2) :/ loey P8y — aa P& +v|n=2 (a1 POy — aa P +v) g
Q

~|—8a1/P(S]QDz—S(Xz/P(Sz@z—G—S/U(Dz. (83)
Q Q Q

First we introduce the following claims which follow from the maximum principle and some
proprieties of the harmonic functions.
Let t be a positive constant, we have

d 1
n—2 + n—2
Az Az (Ad)?

‘)MBP&M

<cPé;)on2 and Pd,(x)=0 ( ) on Q\B,r) (84)

n42

o H(a, x)
Oup(x)=—=H(a,x)+ O S and
d

< 29 where 6,3 := 84,3 — Pda,x.

A2 A2 a
(85)
The first integral of the right hand side of (83) is equal to
I:=/|a1P81 — P8 + V|72 (a1 PS) — s P83 + v)gn
Q
42 nt2 n+2 4
= | (@1 Pé1)2¢2— (012P32)"*2<ﬂ2+m a1 Pdy (2 P82) 2 ¢
Q Q Q
4 . n+2 4
+ 0 / 8%52”72 + 61"726% + _2/(011P51)n*2 017753
1582 326 Q
n+2 4 & i
+n_2/(a2P82)%2 v + O / 51'"25%|v|+ / 8152"‘2|v|
Q 281 31=82
6-n 4 n+2
+0 f(Sl”’282|v|2+/52”’2|v|2+/|v|m82
Q Q Q
=h—h+L4+0Us+ 1)+ 1le+174+0Ug+ 1o+ I1o+ 111 + 112). (86)
For I} we have:
”—f% 0P8 %2
I =a] " (Pd1, A2 ) Y+ O 8/ 701P& . &7)
2

Q

Note that [|0] [|co < c/)»&"_z)/z because (d; > ¢ > 0) then we get
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)"12 9 )\’12

4 4
f 5720, Poy < —— / 5725, < 12 (88)
Q

Furthermore |a; — az| > ¢ > 0, by Lemma 6.2, we can be more precise and then we get:

n% n% c CEL2
/31 201 P&y = ||91||oo/51 PH < —mdent 5. (89)
Q Q . A (hadr)?

By using Lemmas 2.11 and 2.13 respectively, it is easy to estimate /> and /3.
Lemma 2.2 implies that

I < /(5132)"/("—” =0(e};” Iney,), fork =4,5. (90)
Q

Note that v := v; + vy (refer to (60)). Lemmas 2.2, 2.3, Propositions 5.2, 5.4 and 5.6 imply that

_4
Is Scfaf*mzum +02]) < cA1{P81, P8) + cllvallenn(l 4 (ne,)?3).  (91)
e e’

if n=6

Q

2 A o4 3PS 4
p="% a2"_2/52”_zvk2—2+0 /82”_292|v|
Q

Q

4
vo [a 7).
Q

by using the fact that v € F*. Thus,

4 90 4 4 a0
h =o<1>/818;* 6+ 12| ) + 0 /3;*292|v2| +0 /3;*2 32 221 1oy
BIY) BIY)
Q Q Q
=o(J1)+ 1+ J3.
Note that, by using Holder’s inequality and (d) of Lemma 2.2, we get
n+2
c FENCAN c
hs——% / (515;2> <cer(1+ (Inepy )P + ———.
(Madr) "2 —_—  (dy)
if n=6
1 n—
pze2l__o <7_1 Tl 5 “)  fork=2,3.
(A‘zdz)T ()‘-2d2)n
Thus
5 1 2(—1)
I1=o0 812+W +0(|Iv2|| n ) 92)
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Concerning the other integrals, and by using Hdélder’s inequality, Lemmas 2.2, 2.5, Proposi-
tions 5.2, 5.4 and 5.6 we deduce that

6—n 6-n _n_ n+2 2”
Iy < / 81283 v | + / 5;—25§|v2|=0(e;’2—2(lnel—21) 4 valleyy ) (93)

82=6 82=6
i = T (1 =1y 1
s [ 0wl [ 858 i =o (el (ner) T +guf). 04
81=8 81=<82
6—n 6—n
nos 5 nlul+ [ 6 0P <eadipa. Pa+ 0 (lalely).  ©9)
Q Q
! 2 2 ! 2
1115/52" joi /8"2|v2| —o(e (Inepy (ifn = )>+0(||v2|| ). ©0
42 n+2
ho< [ slul# +/52|v2|" G <eaf oy, P 40 (). D)
Q

(86)—(97) imply that

nt2 4 IPS n+2
I:( " z—i—oqa 2>(P31,)L2 8A2>—2a2”*2(P82,
2

) 4 o(1)(P81, PS)
2

1 2 drenn 2 2n=1)
W+ 12 (11’1812 1f}’l—4) +O<W+812 1n812 +||U2|| n .
ifn=4,5 !
(98)
On the other hand we have
0Pd>
sar | Pihs =o0(e12), (99)
oAy
Q
0Pd> 0Pdy / 0Pdy 1 e
A = A —— A——= = — 4+ — 100
S/U 2 e 8/1}1 2 o +¢e [ vrp o7 olen+ Gady) =2 +)\% ( )
Q Q Q

and if we have |a; — az| > ¢ > 0, then we get:

oPs d
eou/PSl)»z MZ < /ealPaz =0( e St ) (101)
2
Q Q

(MA2) =22 (hady)?
/ N 0Pdy / N 0Pdy n / N 0Pdy
& v =& v e & v
2 oAy 172 I 242 I
Q Q Q

edr £eln 1 2)
=0 + + + v ll7 ). (102)
-2)/2 2 )

((MM)“ /2 (had) A5
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(98)—(102) imply that:

Py P&
) +ax(1 —2A2)(Pé, A2
2 A

a1(Ar+ Az — D(Pér, ) —el

2

1 4fn—207 1. €
=o(1><P51,P62>+o<—_2 +ep" (e ifn=4)+
(hady)" 23

dre1n S 2n-1) eds
+O<W+812 11'1812 +||U2|| n +W . (103)

(83)—(103), Lemmas 2.11, 2.14 and Proposition 5.4 complete the proof. O

Proposition 6.3. Let n = 6 and u; = a1 P81 — ap PSy + v be a solution of (Pg) satisfying
lay —az| > ¢ >0, dy :=d(ay, dR) > ¢ > 0. Then, we have

1 0H 1 3G I vl
—— (@, @) + ————(a,a) = (512 111812)‘|F0 +

,\5 ab A2 (AAo)2 b (M2d2)®  (hadn)?
2/3
812(111812) Aod> £12 edy gllvzl
0 +- —I—||v2|| +—= teen+ .
( (A2d2)? (r122)* A203 A3

The proof of Proposition 6.3 requires the introduction of the following lemma whose proof
will be presented at the end of this section.

Lemma 6.4. Forn =6, if |ay —ax| > ¢ > 0, dy :=d(a1, 90R2) > ¢ > 0. Then we have:

1 9P8 1 9P$ 1 £
/P(S%——2=<P51,— 2>+0 T—F% .
Ay daz Ay day AAsy o Ai(had)

Q

1 9PS

Proof of Proposition 6.3. We multiply the equation (1)(a) by ¥ := = 8—2, and we integrate
2 042

it on 2, we obtain

/—A(Ot1P31 —aaPér+v)yYn =/ |y P81 — o P&y + v|(a) P&y —aa Péy + )y
Q

+80[1fP511ﬂ2—8a2/P521ﬂ2+&‘/U1ﬁ2. (104)

Q Q Q
The integral of the left hand side of (104) is equal to:

1 P85 1 9P5

_ 8, —
Ay dap ) — (P Ay Odaz

(105)

Lemmas 6.4, 2.15 and 2.17 imply that the first integral of the right hand side of (104) is equal to
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1:=/|a1P31—azP52|(a1P81—azPsz)wz+2/|a1P81—a2P82|vm+0 /|v|21/f2
Q Q Q
=1, + 25 + O(I3). (106)

LetQi:={x e Q:a1Pé(x) >arPr(x)} and 2 :={x € Q: a2 Pd2(x) > a1 P51(x)}, then

h=a? [ Potv 2% [ Ptin—ad [ i3y,

Q Qo Q
+2Ol§/P8§1ﬁ2+20{1a2/P51P82$2—40[10(2/P81P82¢2
Q Q Q

Lemmas 2.15, 2.17 and 6.4 imply that

I =03 (P81, v2) — 203 (P82, Y2) + 12 (Pé1, ¥2) + O (&1 Iner) )

bol 4 o1 (107)
o\ ——= —_ 1.
2203 A(had)

The second integral of the right hand side of (106) is equal to

122/011’511)1#2—fa2P52v¢2+fa2P52vlﬁ2—fa1P31vW2

Q4 Q1 Q) 197]

_ /ozzPSzvlﬁz +o /P51|v||1ﬁ2|

Q Q
= Ji +O(). (108)
Note that
1 98> 1 06, 1 98, 1 00,
Ji= [ asov—22 — | arsrv— 22— [ anrv— 22 brv— 2. (109
1 /062 2UA2 ™ /042 211)\2 P /012 2UA2 . +/062 2UA2 P (109)
Q Q Q Q

On the other hand we have

198, 1 10Ps

fazu——2=—<u,— 2y = . (110)
M day 2 Ay dan

Q

By Lemmas 2.2 and 2.5, since |v1| < ¢§1, we deduce that:
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1 06, h 1 96,
Sv—-2 < | Syluy] |— == — =
/2vkzaa2 _/ 2|v1] 2 3 +/ 82 |va 2 3
Q Q Q
c ( —11\2/3
< —— (ena(neir))* +1e2ll). (a1
Gadays (F2(n12)
_1\2/3
f 73— <cl6alls era(ine Y + e sl s fval
Q
c ( —1\2/3
= 5 (e2(ne) + fual)) (112)
(Af2d2)2 ( 12)
1 06, 1
bhv———|<c|6 e v[|=ol ——— ). 113
‘/ y T P I (dez)s) (113)
(110)=(113) imply that:
2/3
1 v gr2llne
Ji=o . | 2”2+ ( 122) . (114)
(A2d?) (A2dr) (A2d>)
For J,, Proposition 5.2 implies that:
1 882 1 862
hl<ch; | 87— 82| — /53 . 115
|2l <c 1/ a9 / 290 +c | §182|va] (115)
Q Q Q

Let By := B(y,,4,), then we have

1 96 A|x — lolx —
A1/52 L% _ /66 2|;€ @l 4, / 525, 2|;C a|
A2 dap 1+ A51x —az|? 1+ A31x —az|?
Q B> Q\By
cA Mlx—a cA
LM z|2 2l e / 525,
( + A50x —w|?)3  hda
2 Q\By
Aod
:0( 2 24+ €12 > (116)
(MA2)*  Aady
1 06 1
Alfaf 2l cen— [ 28 =0( 22 ). (117)
Ao 8a2 Aody Aodp
Q Q
By Holder’s inequality we deduce that:
1\2/3
/6152|v2|5c812(lnel;) Pl (118)

Q

(116)—(118) prove that:
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Ad £12 _1\2/3
J2=0< 4+ —— +e¢12(lne vl ) - (119)
(M)t hady (Ine1)

(114) and (119) imply that:

—17\2/3

1 [lv2|] 512(1n€121) Aod> e12 —1\2/3

h=o + + + + +e12(Ine lvall ) -
((/\2012)5 (hadn)? (hadn)? Gt iy o)

(120)

The third integral of the right hand side of (106) is equal to:

Aado €12 2
= |v1|21/f2+/|v2|21/f2=0< + —— + vl ) (121)
sz/ J MA)*  Aady

where we have used Proposition 5.2 and (116)—(117).
This achieves the estimate of / defined in (106).
Arguing as in the proof of (116) and (117) we deduce that

/ 51— / s [22] 1 / 51—
& _ _ _
1)\2 1 1
Q Q Q
Finally, since |v1| < ¢§1, (122) and Lemma 2.19 imply that
1 8P82 1
€ |Ul|
)»2 dan
Q

elluall | ellvall
=0 |een+ + . 123
( 12 2 Oada)? (123)

8P52
das

062

dan

26,

dan

edy ge12
=0|—=—=+—]. 122
(mz*m) "

8P82
a

| 2|—

1 ‘BP(SQ

dan

The result follows from (104)—(105), (120)—(123), Lemmas 2.15, 2.16, 2.18 and the fact
lay —az| >c. O

Corollary 6.5. Letn = 6 and uy = a1 P§1 —ap Py +v be a solution of (P.) satisfying |ay —az| >
c>0,d:=d(a;,0) > c>0and dy :=d(ap, 02) — 0. Then, we have:

1 8H( )= 1 n 1
a,a .
AS b (M)’ A2 (AA2)?

Proof. The proof is based on the estimates of the variables ¢ and 1. For this part, we start by
the following claim. For n =4, 5, 6, we have

G12 ’\'Cdz. (124)

In fact, it is easy to see that this relation is an evidence if d» - 0 since |a] — az| > ¢ > 0. If
d, — 0, there exists 7y € (0, 1) and ag = fgaz + (1 — fg)ar where a; denotes the orthogonal
projection of a; on 92 such that
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G 0G
G(a,a2) = %(al yap)(ax —az) = —%(al ,ao) - Vg, da.

0G oG
Note that, %(al,ao) = %(m, as) + O(lap — az]), which implies that

G _
Gio=———(a1,@)ds + 0(d3).

Thus, (124) follows from Hopf Lemma and the fact that €2 is a compact set and |a; — az| > c.
Proposition 6.1 for n = 6 implies that:

~Hx» ~< de1n Hpp ) € 1 €
w2 (240 —CO—=0o|——4en+—].
A ohy | (hr)? 227 "\ Gad* TP 22

Note that |a; — ay| > ¢ > 0, then (39), (41) and (42) hold true and therefore

C CG12 & 1 + 1 n & (125)
—Cr— =0 —= .
(ad)*  (MA2)? A3 (lad2)*  (MmA2)? A3
From another part, since €12 < )L%*", Proposition 3.3 (with i = 1) implies
n—27¢ Hn
= — 1+ o(1)). 126
5 cle—“( o(1)) (126)
Observe that, for n = 6, by (124) and (126) if d» — 0, we get that
G
2__o(5). (127)
(A1A2) A5

1 c
Thus, (125)—(127) imply that - (1 + o(1)), thus A; ~ Aad2.
PY R ad)® = Gam)? 2

Finally, by using the estimates of A1, ¢ and €12, it is easy to prove that the remaining terms in
Proposition 6.3 are less than those in the Corollary. O

Proposition 6.6. For n =5, 6, we have: d> := d(as, 92) -+ 0.

Proof. Suppose the contrary, which is d» — 0. Since d; - 0, then |a; — az| > ¢ > 0.
Observe that forn =6, 0 H/db(az, az) =~ ca’21 " and therefore Corollary gives a contradiction.
For n =5, Proposition 6.1, (39), (41)—(42) and (126) imply that:

c L G _
(A2dn)? (A1r2)3%2 A

1
1 1)),
1k%( +o(1))

which implies that

1 1 Gp 1
—— <—— and <
(2d2)® = nA3 (A122)32 7 (M122)?

thus, A < k2d23 and Azdzz < A1, hence )»2d22 < )deg, this is a contradiction because d, — 0. O
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Proof of Lemma 6.2. Let Tt = %min{dl , la1 — az|}, then we have:

/5?1’32: / S?P(Sz—i- / 8?P52:=Il~|—12.

Q\B(al,r) B(ul,r)

Q

Concerning /1, using (84), we obtain

c d> 1
a2 P(Sz = 0 n=2 + n=2 N (128)
4 2 (Ai22) T (MA2) T (hada)?

C
I < — f52 +
Az A
1 1 Q\ B

Concerning />, note that By, -y C £\B(,, ) then (84) implies that:

n-2
2

d d 1
<2+ 55 /5f(x)dx=0< 24 - ) (129)
)\2 }\22 ()‘25[2)2 Q

n—2 n—2
MA2) T (MA2) T (hadp)?
(128) and (129) prove the lemma. O

Proof of Lemma 6.4.

/P82 1 9P8y /( gy L 0Ps

1)»2 day Ay dan
Q Q
_(ps, L3Py L /a g | L 2P% (130)
l’k dan B )»2 dan
Note that, using (85) we have
/80 1 0P6y <1611 f(S 1882+f8 1882+/8 19
11)»2 a |~ Hiee 1)»282 Ay 0ap )»zdzz
Q ' B¢ Q
- A2 G Mlx —ay e12
—)\fng] (14+23|x —ar»)? xj‘( . (I+M3Ix —ax?)? A3 (hada)
ap,
1 €12
=0|—5—=+—-—"-]. (131)
(mg A3 (hads) )

the proof of the lemma follows. O
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7. Proof of the main theorems

The main objective of this section is to show the main theorems. Arguing by contradiction,
we assume that there exists a solution u, of (P.) under the form (34) with A1/X> — 0.

Note that d; :=d(a;, 92) > ¢ > 0 (according to Lemma 4.4 and Proposition 6.6 forn =5, 6
and according to the hypothesis of Theorem 1.3 for n = 4). This piece of information implies
that the quantities Hy; and Hj, are bounded. We then distinguish three cases and in each one,
we end up with a contradiction.

The first case: there exists M > 0 such that A1|a; — a>| < M. In this case we have:

1
——— =o0(e12) and 3 =o(e12). (132)
(AMAr2) 2 )

On the other hand, the fact that X1|a; — az| is bounded implies that, there exists ¢ > 0 such that

& C an n 1 =4)=o0(e .

Note that A; < Ap, then, we have:

dejp n—2 A o2\ n-—2 2/n-2

By injecting this information into Proposition 6.1, we get €12 = o (¢12), which presents a contra-
diction by justifying that this case does not appear.

The second case: |a; — ap| — 0 and Aq|la; — ap| — oo. In this case (133) is satisfied,
G2 — +oo and we have:

1+o0(1) G2
g1 = 7 = =¢12(l+o(1)) and
(MAzlay —az|?) 2 (A1A2) 2
M2 =2 el (135)
—A— = e o(1)).
1 o ;i
Which implies that:
delp n—2  Hpp n—2 1 Hip
_)\'i + 2 n—=2 = 2 - n—2 + n—2 +0(812)
i (Ma2)' T (Mazlar —a2)T (Ma)'T
n—-2 G
=— —12n_2 + o(e12). (136)
2 (ur)'T

Proposition 3.3, Proposition 6.1 and (135)—(136) imply that:

cHu L 3G Goeg 1 £
Ereaat il —0(”_2 T +812) (a) .

~Hy | ~Gip Cree  _ 1 e
CT§+CW_¥&_O(F+E+812)’ (b)
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where & = %5 if n =5, 6 and & = In}; if n = 4. (137)(a)~(137)(b) imply that:

¢ 1 Hy )»2812
CE n 4(1+0(1))+ (?) (138)

Now, by (138), (132) and (135), (137)(b) becomes:

~ Gnp ~€2 H11 1+o(1)
—————(1+o0(l))=c= . 139
RS A TV B -
The last equation is equivalent to
£ (Mry)22
G12=—H11W(1+0(1)), (140)
&1 M0

which presents a contradiction since G2 — oo (because |a; —az| — 0) and the term on the right
hand is close to 0 if n =4, 5 and it is bounded for n = 6. Thus the second case does not appear.
The third case: |a; — az| > ¢ > 0. In this case, we have 0 < ¢’ < G2 < ¢’ and

e AT g e T2 iy, 4D

(Midalar —az?) T i 2

Thus, (137)(a) and (137)(b) are satisfied in this case. By (137)(a) we get:

¢ 1
e=——

cg4

L(c+o(D)). (142)

By (142) and (137)(b) we obtain:

_ & Hi (a2
a3

(14 0(1)). (143)

For n = 4,5 (143) presents a contradiction since the term on the right is close to 0 and G1> >
¢ > 0 (since these points a; and ap are far from the boundary). Thus the third case does not
appear for n =4, 5. This complete the proof of Theorems 1.1 and 1.3.

For n = 6, Proposition 3.4 (i = 1), (141) and (142) imply that

tom .2 1 G (1 (4
al, ,a <]
Pl I PR P S LI T PF

oH
hence, E(m, ay) =o(l).
So a; — y which is fixed, a critical point of the function R : x > H(x, x).

oG oG
Proposition 6.3 and (138) imply that: 5 —(ay, ap) = o(1), thus E(y az) = o(1), hence
ap — 7 which is fixed, a critical point of the function x — G (7, x).
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(143) implies that:
Gi2(I+o(1)) = Hii(1+o(1)),

note that a; — y and a» — Z, then we deduce that G(y,z) = H(y,y). This equality contradicts
the hypothesis introduced in Theorem 1.2. Thus the third case does not appear. Which completes
the proof of Theorem 1.2. O
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