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Abstract

We study the singularity formation of strong solutions to the two-dimensional (2D) compressible non-
isothermal nematic liquid crystal flows in a bounded domain. Under a geometric condition of the initial
orientation field, we show that the strong solution exists globally if the temporal integral of the maximum
norm of the divergence of the velocity is bounded. Our method relies on critical Sobolev inequalities of
logarithmic type and delicate energy estimates.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Let Q C R” (n =2, 3) be a domain, the motion of compressible nematic liquid crystal flows
in © can be governed by the following simplified version of the Ericksen-Leslie equations (see
[4,9]):
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pr +div(pu) =0,
(pw); +div(ipu®u) — uAu— (A + n)Vdiva+ VP = —div (Vd o Vd - %|Vd|2]ln) ,
co[(p8); + div(pud)] + Pdivu — k AO = 2u|D(u) |2 + A(divu)? + |Ad + |Vd|>d|?,
d, + (u-V)d=Ad + |Vd|*d,
|d|=1.
(1.1)

Here, t > 0 is the time, x € Q is the spatial coordinate, and p,u, P = Rp8 (R > 0),6,d are
the density, velocity, pressure, absolute temperature, and the macroscopic average of the nematic
liquid crystal orientation field, respectively; I, is the identity matrix of order n and ® (u) denotes
the deformation tensor given by

1
D(u) = E(Vu + (Vu)'").
The constant viscosity coefficients p and A satisfy the physical restrictions

u>0,2u+nr>0. (1.2)

Positive constants ¢, and k are the heat capacity and the ratio of the heat conductivity coefficient
over the heat capacity, respectively.

Liquid crystals can form and remain in an intermediate phase of matter between liquids and
solids. When a solid melts, if the energy gain is enough to overcome the positional order but
the shape of the molecules prevents the immediate collapse of orientational order, liquid crystals
are formed. The nematic liquid crystals exhibit long—range ordering in the sense that their rigid
rod-like molecules arrange themselves with their long axes parallel to each other. Their molecules
float around as in a liquid, but have the tendency to align along a preferred direction due to their
orientation. The continuum theory of the nematic liquid crystals was first developed by Ericksen
[2] and Leslie [19] during the period of 1958 through 1968. For more results on the simplified
Ericksen-Leslie system modeling incompressible liquid crystal flows, refer to [6,7,18,21-24,26]
and references therein.

Recently, there is an increasing interest in the theory of well-posedness of solutions to the
Cauchy problem and the initial boundary value problem (IBVP) for the compressible nematic
liquid crystal flows due to the physical importance, complexity, rich phenomena, and mathemati-
cal challenges, refer to [4,9,14-17,20,27,28,31,34] and references therein. Adapting the standard
three-level approximation scheme and the weak convergence arguments used in the compressible
Navier-Stokes equations [5,25], Jiang-Jiang-Wang [16,17] proved the global existence of weak
solutions with finite energy for multi-dimensional compressible nematic liquid crystal flows. Li-
Xu-Zhang [20] established the unique global classical solutions to the Cauchy problem for the
isentropic compressible nematic liquid crystal flows in 3D with smooth initial data which are
of small energy but possibly large oscillations and vacuum, which is analogous to the result
of compressible Navier-Stokes equations obtained by Huang-Li-Xin [11]. Later, Wang [31] ob-
tained the unique global strong solutions to the 2D compressible nematic liquid crystal flows
provided that the smooth initial data were of small total energy. Very recently, for the 3D non-
isothermal nematic liquid crystal flows (1.1), the local well-posedness of strong solutions to the
initial boundary value problem has been investigated by Fan-Li-Nakamura [4], while Guo-Xi-
Xie [9] proved the global existence of smooth solutions for the Cauchy problem provided that



X. Zhong / J. Differential Equations 267 (2019) 3797-3826 3799

the initial datum is close to a steady state. By delicate weighted energy estimates and a Hardy-
type inequality, Zhong [34] showed the local existence of strong solutions to the 2D Cauchy
problem of the system (1.1) with k = 0. It should be noted that the 2D case is different from
the 3D case when the far field is vacuum. The main reason is that it seems impossible to control
L?(R?)-norm of the velocity field win terms of || Vul| 2r2) only due to the criticality of the stan-
dard Sobolev embedding theorem in two dimensions, while if lim|y| .o u=0and Vu e L?(R?),
then u € LO(R?).

However, many physical important and mathematical fundamental problems are still unknown
due to the lack of smoothing mechanism and the strong nonlinearity. Up to now, the regularity
and uniqueness of weak solutions and the global well-posedness of the strong solutions to com-
pressible nematic liquid crystal flows for general initial data are still open and challenging even
in two dimensions. Therefore, it is important to study the mechanism of blow-up and structure of
possible singularities of strong (or classical) solutions to the compressible nematic liquid crystal
flows.

For the Cauchy problem and IBVP of 3D compressible nematic liquid crystal flows, Huang-
Wang-Wen [14] obtained the following criterion

lim o0 ] vd||; .[ooy) = 00 1.3
TLT*(”'O”L ©.7:2%) + IVl 30, 7:1.)) (1.3)

under the assumption

Tu > 9. (1.4)

Without the artificial restriction (1.4), the authors [15] showed that
TILII%* (||@(u)||L1 (0,T;L>®) + ||Vd||L2(O,T;L°O)) = Q. (15)
Later on, Huang-Wang [12] established the following Serrin type criterion

TILH}* (Lol oo, 722y + Il s 0,7: 271y + VAl £520,7:272)) = 00 (1.6)

with s; and r; satisfying

2 3

—4+—<1,3<ri<o00,i=1,2. (1.7)
Si ri

Recently, for the Cauchy problem of 2D compressible nematic liquid crystal flows, Wang [32]

proved that

TLH}*(II,OIIL ©.7:2%) + IVdllzs0,7:1r)) = 00 (1.8)

with s and r satisfying

2 2
- +-<1,2<r<o0. (1.9)
s r
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However, if the initial orientation dg = (do1, do2, do3) satisfies a geometric condition

doz > & (1.10)

for some positive constant &g, Liu-Wang [27] extended (1.8) to a refiner form
lim 9 700y = OQ. 1.11
Am llpllizeo.r:ee) (1.11)

Very recently, for two-dimensional case of the system (1.1) with x = 0, the author [35,36] showed
that

Tll)ﬁ}* (Lol oo, 7: L2y + 1Pl oo 0,7:1)) = 00, (1.12)
provided that (1.10) holds true. It is worth mentioning that the key idea in [36] is different from
that of in [35]. Roughly speaking, weighted energy estimates and Hardy-type inequalities play a
crucial role in [35], while the key ingredient of the analysis in [36] is critical Sobolev inequalities
of logarithmic type. Our goal in this paper is to give a blow-up criterion of strong solutions to
the two-dimensional IBVP of the system (1.1).

Let © c R? be a bounded smooth domain, and without loss of generality, we take ¢, = R = 1.
Noting that

. |vVd|?
div(Vd © Vd) = Vd - Ad+V (). (1.13)

the system (1.1) can be rewritten as

pr + div(pu) =0,

(pu); +div(ipu®u) — pAu— (A + pn)Vdiva+ VP = -Vd - Ad,

(p0); + div(pud) + Pdivu — k AG =2u|D(u)|> + A(divu)® + |Ad + |Vd|?d|?,  (1.14)
d, +u-Vd=Ad+|Vd|*d,

ld| =1,

and the constant viscosity coefficients p and A satisfy
uw>0, u+1=>0. (1.15)

The present paper aims at giving a blow-up criterion of strong solutions to the system (1.14) with
the initial condition

(p, pu, 0, d)(x,0) = (po, pouo, bo, do)(x), x € €2, (1.16)
and the boundary condition

a0
u=0,5=0, Vd-n=0, xe€dQ, t>0, 1.17)

where n is the unit outer normal vector of 9€2.
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Before stating our main result, we first explain the notations and conventions used throughout

this paper. Set
/odxé/odx.

Q

For 1 < p < oo and integer k > 0, the standard Sobolev spaces are denoted by:
LP = LP(Q), WP =whkr(Q), H* = H*2(Q), H} ={u e H' : u|yq = 0}.
Now we define precisely what we mean by strong solutions to the problem (1.14)—(1.17).

Definition 1.1 (Strong solutions). (p > 0,u, 0 > 0, d) is called a strong solution to (1.14)—(1.17)
in Q x (0, T) if for some g > 2,

peC(0,T]; W), p, € C([0, T]; L),
Vue L®0,T; H)YN L0, T; wh),
Jpu, /ph € L®(0,T; L?),

Vde C([0,T]; H) NL*0, T; H?),

d, € C(0,T]; H)YN L0, T; H>),

0 eC(0,T]; H>)NL*0, T; W),

and (p, u, 8, d) satisfies both (1.14) almost everywhere in €2 x (0, T') and (1.16) almost every-
where in 2. Here

VEv +u-Vo
denotes the material derivative of v.
Our main result reads as follows:

Theorem 1.1. In addition to (1.10), let the initial data (pg > 0,ug, 6y > 0, dg) satisfy for any
given q > 2,

' om (1.18)

po€ Whi, wge Hy NH?, 6y € H?, 32|y =0,
Vdy € H2, Vdo -n|se =0, |do| =1,

and the compatibility conditions

— uAug — (A + w)Vdivug + V(ppbp) + Vdg - Adg = /pog1, (1.19)
— kAfy — 211D (o) I* — A(divug)? — [Ady + [Vdo|*do|* = \/pog2, (1.20)

for some g1,8> € L*(Q). Let (p,u,0,d) be a strong solution to the problem (1.14)—(1.17). If
T* < o0 is the maximal time of existence for that solution, then we have
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lim | diva|;iq 7. = 00. 1.21
lim [ divullo 7. (121)

Remark 1.1. The local existence of a strong solution with initial data as in Theorem 1.1 has been
obtained in [4]. Hence, the maximal time T* is well-defined. Moreover, it is worth mentioning
that the condition (1.10) is not needed in establishing the local existence of strong solutions.

Remark 1.2. It should be noted that the blow up criterion (1.21) is somewhat surprising since it
is independent of the orientation field d and is the same as that of the full compressible Navier-
Stokes equations [33].

Remark 1.3. The geometric condition (1.10) is introduced by Lei-Li-Zhang in [18], and recently
it is proved in [26] that the 2D incompressible nonhomogeneous nematic liquid crystal flows has
a unique global strong solution under the condition (1.10), so the result in our paper is reasonable
from this point. The blow up criterion here shows that divu plays an important role in the fluid
dynamics.

We now make some comments on the analysis of this paper. We mainly make use of continu-
ation arguments to prove Theorem 1.1. That is, suppose that (1.21) were false, i.e.,

lim divul;1 100y < Mp < 00.
" ” ||L (0,T;L>) 0
We want to show that

sup (llollwra + 101 g2 + IVl g1 + VAl 2) < C < +oo.

0<t<T*

We first obtain (see Lemma 3.3) a control on the L;’OL}z{—norm of Vu and V2d. To this end,
the key ingredient of the analysis is a logarithmic Sobolev inequality (see Lemma 2.5). The
inequality implies the uniform estimate of [|(u, Vd)||;2( 7.100) due to the a priori estimate of
[ (a, V)20, 7.1y from the energy estimate (3.2). Then we derive the key a priori estimates
on L°°(0, T; L7)-norm of Vp by solving a logarithmic Gronwall inequality based on a Brézis-
Wainger type inequality (see Lemma 2.6) and the a priori estimates we have just derived.

The rest of this paper is organized as follows. In Section 2, we collect some elementary facts
and inequalities that will be used later. Section 3 is devoted to the proof of Theorem 1.1.

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that will be used
frequently later.

We begin with the following Gagliardo-Nirenberg inequality (see [8, Theorem 10.1, p. 27]).
Lemma 2.1 (Gagliardo-Nirenberg). Let Q C R? be a bounded smooth domain. Assume that

1 <gq,r <00, and j,m are arbitrary integers satisfying 0 < j <m. If ve W™ (Q) N L1(Q),
then we have

. -
IDvllr < Clloll g lllym.r,
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where
.2 2 2
—j+—=U0—-a)—4a|l-m+-]),
p q r
and

![%, ), ifm—j— % is a nonnegative integer,

[%, 11, otherwise.
The constant C depends only on m, j, q,r,a, and Q2. In particular, we have
4 2 2
lolits < Clvl2s N,
which will be used in the next section.

Next, the following useful result (see [18, Theorem 1.5]) will help us to get the estimate of
| V2d|| £2(0.7: 12 in terms of the basic energy inequality.

Lemma 2.2. Let 0 < &1 < 00 and 0 < &5 < 1 be any two given positive constants. Let Q C R?
be a bounded smooth domain. Assume that d : Q@ — S? satisfies Vd € H'(Q) with (IVdl;2 <ep
and d3 > €. Then there exists a positive constant §y € (0, 1) such that

IVa[}, < (1—80)lIV3d7,. (2.1)
which particularly implies that
80
|ad+ VaPdi?, = 3 (1adI: + 1Vl ). (2.2)

Next, we give some regularity results of the following Lamé system with Dirichlet boundary
condition, the proof can be found in [29, Proposition 2.1].

(2.3)

—uAU — (u+A1)VdivU=F, xeQ,
U=0, xe0.

Lemma 2.3. Let g > 2 and U be a weak solution of (2.3). There exists a constant C depending
only on q, i, A, and 2 such that the following estimates hold:
e IfF € L1(R2), then
IUlly24 < ClIFllLa;

o IfF e W h4(Q) (ie, F=divf with f = (f;j)3x3, fij € L1(RQ)), then

1Ullw1e < Clifllza:
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o IFF e W-9(Q) (ie. F = divEwith £ = (fi))3x3. fij € L¥(), then
[VUlgmo < Cllfllp.

Here BM O(K2) stands for the John-Nirenberg’s space of bounded mean oscillation whose
norm is defined by

I fllsmo = fllL2+[flBmo

with
1
= _ dy.
[flamo xesz?epio,d)mr(xﬂ / L f(y) — fa,®)|dy
Q2 (x)
and
fo,(x) = ! /f( )d
SN RNToRESY ey
Qr(x)

where 2, (x) = B,(x) N 2, B, (x) is the ball with center x and radius r, and d is the diameter of
Q. |2, (x)| denotes the Lebesgue measure of 2, (x).

Next, we decompose the velocity field into two parts in order to overcome the difficulty caused
by the boundary, namely u = v 4+ w, where v is the solution to the Lamé system

UAV+ (L +A)Vdive=VP, xeQ, 2.4)
v=0, x €9, '
and w satisfies the following boundary value problem
UAW+ (u+A)Vdivw=pu+Vd-Ad, x € Q,
(2.5)
w=0, xec0dQ.

By virtue of Lemma 2.3, one has the following key estimates for v and w.

Lemma 2.4. Let v and w be a solution of (2.4) and (2.5) respectively. Then for any p > 2, there
is a constant C > 0 depending only on p, i, A, and 2 such that

Ivllwir < CIPILr, (2.6)
and
IWllw2r <Cllpa+Vd-Ad|p. 2.7

Next, we state a critical Sobolev inequality of logarithmic type, which is originally due to
Brézis-Wainger [1]. The reader can refer to [13, Section 2] for the proof.
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Lemma 2.5. Assume Q is a bounded smooth domain in R? and f € L*(s, t; W4 ()) with some
q >2and0<s <t <00, then there is a constant C > 0 depending only on q and 2 such that

111720100y <€ (1 1172 a1y log(e + ||f||Lz(s,,;W1,q)>) : (2.8)

Finally, the following variant of the Brézis-Wainger inequality plays a crucial role in obtaining
the estimate of ||(Vp, VP)| r«. For its proof, please refer to [29, Lemma 2.3].

Lemma 2.6. Assume Q is a bounded smooth domain in R*> and f € Wh9(Q) with some q > 2,
then there is a constant C > 0 depending only on q and Q2 such that

Ifllzee < C (1411 fllsmologle + 1 fllwra)) - 2.9)

3. Proof of Theorem 1.1

Let (p,u, 6, d) be a strong solution described in Theorem 1.1. Suppose that (1.21) were false,
that is, there exists a constant Mg > 0 such that

lim | diva ooy < My < 00. 3.1
Am l lz10,7:200) = Mo (3.1)

First of all, we have the following energy estimate.
Lemma 3.1. Under the condition (3.1), it holds that for any T € [0, T™*),

T
sup (Il + Al + 106l + 1VAIE:) + [ (1VulE, + 1vaE; ) ar ¢, 32
0

0<t<T

where and in what follows, C,Cy stand for generic positive constant depending only on
Q, My, k, ), i, T*, and the initial data.

Proof. 1. We obtain from (1.14)1, (3.1), and [3, pp. 340-341] that the density p is non-negative
and

sup [[pllLe = C. (3.3)

0<t<T

2. Applying the standard maximum to (1.14)3 together with [5, pp. 43-44] (see also [3, p.
341]) shows that

inf 6(x,) > 0. (3.4)
xe

3. Multiplying (1.14); by u and (1.14)4 by —(Ad + |Vd|?d), respectively, then adding the
two resulting equations together, and integrating over €2, we obtain after integrating by parts that
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1d .
2ar ) (of +1VaF)dx -+ / [V + G+ ) (iv)? + |ad + [VdPdP | dx
=/Pdivudx. 3.5)

Integrating (1.14)3 with respect to x and then adding the resulting equality to (3.5) give rise to

d

Lo+ S vaR 4 p)dx =0 (3.6)
R — u —_— = N .
ar | \2” 2 *

which combined with (1.18) leads to

sup_(Ilv/pull3s + Va2, + 10011 ) < C. (3.7)

0<t<T

This together with (3.5) and Cauchy-Schwarz inequality yields

0<t<T

T
sup_(Ilv/pul2, + Va3, ) + f (IVul2, + 1ad+VaPdI3, ) dr <C. (38)
0

4. Applying the maximum principle to the equation of d3 (i.e., the third component of d, see
[16]) together with the geometric condition (1.10) (see [17]) yields that for any ¢ > 0,

inf d3(x,1) > inf do3(x) > o,
xXeQ xXeQ
which along with Lemma 2.2 implies that for some o > 0,
|Ad +[VaPdIZ = o0 (A2, + V. ). (3.9)
So the desired (3.2) follows from (3.3), (3.7), (3.8), (3.9), and the following fact (see [30])
IV2d| 2 = IV(VA) || 2 < Clldiv(Vd) || .2 + C|lcurl(VA) || ;2 = Cl|Ad || ;2. (3.10)
This completes the proof of Lemma 3.1. O

Based on (3.2) and (1.14)4, we have the following L;’oLz—norm of Vd for any ¢ € [2, 00),
which plays a crucial role for the higher order estimates of solutions.

Lemma 3.2. Under the condition (3.1), it holds that for any q € [2, 00) and T € [0, T*),

T
sup ||Vd||Lq+//|Vd|q_2|V2d|2dxdt§C. (3.11)
0

0<t<T
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Proof. This estimate was proved by Huang et al. [15, Lemma 2.3] for three-dimensional case.
For the convenience of the reader, we sketch it here. Applying V to (1.14)4, we have

Vd, — AVd = —V(u- Vd) + V(|Vd|*d). (3.12)

Multiplying (3.12) by ¢|Vd|9~2Vd (¢ > 2) and integrating the resulting equation over 2, we
then obtain from Gagliardo-Nirenberg inequality and (3.2) that

d

E/|Vd|‘fdx+/(q|Vd|‘1*2|v2d|2+q(q—2)|Vd|‘1*2|V|Vd||2) dx

:_qfa,-u.Vdja,»d,-|Vd|q*2dx+/div|Vd|de+q/|Vd|q+2dx
q

<C (||Vu||Lz + ||Vd||i4) vz,

q q
<C(IVull2 + 1VA]l 211Vl 1) VA2 [ 211V 2 o

q
<ellV|Vd|2||7, + C(e) (||Vu||iz + V2|7, + 1) Ivaj,. (3.13)

Choosing ¢ suitably small in (3.13), we deduce (3.11) after using Gronwall’s inequality and
3.2). O

Lemma 3.3. Under the condition (3.1), it holds that for any T € [0, T*),

0<t<

T
sup (wmniz +[Vul7, + ||v2d||’iz) +/ (||ve||iz + I/pull?, + ||V3d||iz) dt < C.
r 0
(3.14)

Proof. 1. Multiplying (1.14)3 by 6 and integrating the resulting equation over €2 yields

d .
En\/ﬁeuiz +&[IVO7, < Clldivul L=l /p0113, +/9|Ad+ |Vd|>d|*dx +C/9|Vu|2dx.
(3.15)

Due to (3.1), we shall estimate the last two terms on the right hand side of (3.15). Integration by
parts together with (1.14)s, (3.11), and Gagliardo-Nirenberg inequality implies for any ¢ € (0, 1],

/0|Ad+ |Vd|2d|2dx=f9(Ad+ |Vd|’d]) - (Ad + |Vd|*d|)dx
§C/9|Vd||V3d|dx+C/|V6||Vd||V2d|dx

+C/9|Vd|4dx+C/9|V2d||Vd|2dx

< ClO11IVall 4Vl 2 + CIVO 2 VAl L+ V2]l 14
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+ ClON L2 IVAIZ g + CllOI L+ VIl 21 V]

1

1 1
< C(1+1V0ll.2) IVdll 2 + CIVO 2 IV2dIl L, 1Vl 7,
+C(1+11VO2) +C (1 + VOl 2) V2]l 2
<ellVO|7, + CIV3d|7, + CIIV3d||7, + C, (3.16)
where in the third inequality we have used the following fact
101l < C (14 VO] 2), forany 1 <r < oo. (3.17)

Indeed, if we denote the average of 6 by § = Ilvl [ 6dx, it follows from (3.2) that

Q_f,odxS/pé?dx—i-/pI@—9_|dx§C+C||V0||Lz,

which along with Poincaré’s inequality leads to the desired (3.17). Next, in order to control
the last term on the right hand side of (3.15), we borrow some idea from [10] (see also [33]).
Multiplying (1.14), by uf and integrating by parts yield

u/@qulzdx+(/L+)»)/9(divu)2dx

:—/pl'l-u@dx—,u/u~Vu~V9dx—(,u+k)/(divu)u~V9dx

5
—/vp.uedx—/Vd-Ad-uedxéZJi. (3.18)

i=1
By Hélder’s inequality and Young’s inequality, it holds that for any ¢, é € (0, 1],
3
ol < llvpull 2l e 1/p01 2 + CIVO | 2 llull oo | Vall 2
i=1
<e||VOll7, +8ll/pul7, + Clullfe (nﬁeniz + ||Vu||iz). (3.19)
Integration by parts gives
Ji= f 067 divudx + / pbu - VOdx

1
<l divullL=ll/p0 1172 + IVOll 2 lull L[| /POl 2 01 7o

=l VOI3, + C (Idivals + ulf ) 15011 (3.20)

Moreover, we obtain from (3.11) and (3.17) that
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Js <1Vl L+ [V2d]| 2110]] .+ [lul L
<C(1+V0l2) lull L VZdl| 2
<e||VOIl7, + Cllul{« I V?d]7, + C. (3.21)

Substituting (3.19)—(3.21) into (3.18), we have
u/e|Vu|2dx <3¢|VO|7, +8ll/pull7, + Clldivull L= | /o017,
+Clulf~ (V6013 + IVl + IV2dI2) +C. (3:22)
Thus, inserting (3.16) and (3.22) into (3.15), we derive after choosing ¢ suitably small that
d 2 2
T IVPOIIL: + VO,
= (1+ldivales + i) (14 1Vp812, + IVul?, + V22 )
+8l/pull7, + CIVd|7. (3.23)

2. Multiplying (1.14), by u, and integrating the resulting equation over €2 give rise to

1d

S [ (ival + G+ v )dx+/p|ﬁ|2dx

1
=/,oﬁ.u-Vudx+/Pdivuldx—/u,.div(VdQVd)derE/u,.V|Vd|2dx

4
23 K. (3.24)

i=1

It follows from Cauchy-Schwarz inequality and (3.3) that

I
< JIVPaIZ + Cllull e VU7, (3.25)

To bound K>, we decompose u into u = v+ w, where v and w satisfy (2.4) and (2.5), respectively.

Then we have
d . .
o / Pdivudx ) — / P;divudx

/ P divudx

Pdlvudx) +/VP, -de—/Pt divwdx

(MLAV A+ (L +2)VV); - vdx — f P; divwdx

&
I

P; divvdx—/Pt divwdx

Sl & B &
N N N
—_— —

+
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1d
e <2Pdivu—u|VV|2—(M+A)(divv)2>dx—fP,divwdx.

Denote
E20+ Lup?
S
then we infer from (1.14) that E satisfies
1
(pE); + div(puE + Pu) = EMA|u|2 + pdiv(a - Vu) + A div(udivu)
—Vd-Ad-u+|Ad+ |Vd[*d|?,
which combined with (3.3), (3.11), and Gagliardo-Nirenberg inequality gives
. . 1 2
— | Pdivwdx =— | (pE),divwdx + 3 (plul?), divwdx
=— / (pEu+ Pu— puVu-u— pu-Vu — Audivu) - Vdivwdx
1 . 2 .. .
—5 div(pu)|u|“divwdx + [ pu-u,divwdx

+/Vd-Ad~udivwdx—/|Ad+|Vd|2d|2divwdx

(3.26)

1
=—/ <2Pu+§p|u|2u—uVu-u—,uu~Vu—)Ludivu) - Vdivwdx

+%/p|u|2u-Vdivwdx+/pi1~udivwdx
+/Vd~Ad-udivwdx—/|Ad+|Vd|2d|2divwdx

=—/(2Pu—uVu~u—uu~Vu—Audivu)~Vdivwdx
+/,0l'1.udivwdx+/‘Vd~Ad-udivwdx

_ / (Ad n |vd|2d) : (Ad + |Vd|2d) div wdx

1
< Cllul|ge (IlpllimllﬁGIILz + IIVu||L2> V2wl 2

+ Cllul[z [ pall 2 VWl 2

+ Cllull= V] 4 [ V2dll 4 VW 2 + CII VA oo [ VAl 2] VW2

+ CIIVA|F s [V2d]| 4[| VW 2 + ClIVA] 4 | V2] L4 VW 2
+CIV|l VWl 2
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= Cllullz (I/A0l2 + 1 Vall2) (158l 2 + 1Vl )

+ Cllull o |l /pull 2 I VW 2 + Cllullzo [ V2d] | VW] 2
+ CIVA| o VAl 2 VW 2 + CIVA] 4 VW] 2

+CIVAdl s (/P2 + 192l s ) + Vw2
Lo
< IVpulg. +C (1 +lulze + ||Vd||ioo)

x (14 I/A0I3: + IVl +1VvI2,)

+CV3d|37, + C V3|7, (3.27)
where one has used the following

IV?wll 2 < Clipill 2 + CllIVAl Ad]] 2

1
< Cllpll;ollv/Pull 2 + ClIVAl 12| V2] 14
< Cllypull 2 + ClIV2d| 4.

due to (2.7), (3.3), and (3.11). Thus, we get from (3.26) and (3.27) that
1d . 2 .0
Ky<-2 <2P divu — |V — (u + 2 (divy) )dx
2dt
+C (14 Il + 1VlE ) (14 1601, + 1 VulZ: + 19VIE + 1V2dI}: )
L> L> P2 L2 12 L2
1 .
+CIVdIg: + VPl (3.28)
Integration by parts and Cauchy-Schwarz inequality imply that for any §; € (0, 1],
K3 = /(Vd O Vd) - Vu,dx
d
=2 /(Vd O Vd) - Vudx — /(Vd, O Vd) - Vudx — /(Vd O Vd;) - Vudx
d
< Ef(Vd © Vd) - Vudx +81[Vd, |7, + CEDIIVAIl7 [ Vul 7. (3.29)
Similarly, one has
li 2 4; 2 2 2
Ka=5— IVd|“divudx + 81V |7, + CEDIVAll 7 | Vully,. (3.30)

Putting (3.25), (3.28), (3.29), and (3.30) into (3.24), we get
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B'(t) + | /pul%,

<C (1 + llullfe + ||Vd||ioo) (1 + /P01 + IVul7, + VY7, + ||v2d||iz)

+CIV3|3, +451(1Vd, |12, (3.31)
where
alyio o AFp s W AF s
B(1) = ZIVul;, + ——lldivull;, + SIIVVii. + —— I divvll;,
2 2 2 2
1
—/Pdivudx~|—§/|Vd|2divudx—/(Vd@Vd)-Vudx (3.32)
satisfies

u
L (vl +1VvI2:) +1vp6 1% — € < By = € (1ValZ + 19VIE2 ) + CllVp8 12 +C.
(3.33)

due to (3.3) and (3.11). Then, adding (3.23) to (3.31) and choosing § suitably small give rise to

d .
- (B(t) + ||ﬁ9||iz) +&[IVOI7, + I/pul?,
: 2 2 2 2 2 23112
<C (1 + [l divull e + [[uf« + ||Vd||Loo) (1 +IV/P0172 + IVull7, + VYT + IV d||Lz)
+CiIV3IZ, + €81 Vd, |12, (3.34)

3. From (3.12) and (3.11), we have
%/|Ad|2dx+/<|th|2+|VAd|2) dx
:/|Vd,—VAd|2dx
=/|—V(u-Vd)+V(|Vd|2d)|2dx
< C[IVA[|V3d||3, 4+ C[IVA| ]« Vul7, + Cllul < V?d]}, + C
= € (IValf~ + i~ ) (1Vul}: +1v2d12,) +C. (3.35)

Adding (3.35) multiplied by C large enough to (3.34) and choosing §; small enough, we derive
that

d ~ .
o (B(r) + VP03, + C||Ad||iz) HIVOIZ, + IV/pull7, + Va7, + [Vd])3,

<C (1 + [[divul|ze + | VA[ 7~ + ||u||%oo) (1 + VPO 172 + IVull7, + VY72 + ||V2d||iz) :
(3.36)
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4. Let

O 22+ sup (2+1VA01% + 1VulZ, +1V¥I2 + 1922, )

0<t<t

t

+ / (I/pulZs + 1V 12, + 1V3dI2, ) de. (3.37)
0

Then we obtain from (3.36), (3.33), (3.1), and Gronwall’s inequality that for every 0 < s <
T <T*,

T
®(T) < CD(s) exp c/(uun%oo n ||Vd||%m)dz . (3.38)

N

From Lemma 2.5, we get

017 7 ey F 1972 7o)

= C [V (10132 7oy + IVAB 2 gy ) 108 (€ N0l 2 oy + 1 VAl 2 )

= Co 14 (IVUl2s(, oo+ 1V g2y ) lo(CO(T) ] (3.39)
where one has used the Poincaré inequality, (3.2), and the following facts

2 2 2
lally s < Wi s + 1VI0s

<ClIWl3,2 + CIIPIZ,
= (1+1/pul, + 11VaV2d])2, )

<C

L+ [[/pull7, + ||Vd||i4||v2d||i4)

IA

<C

C (14 I/pulZ, + 197l 21Vl 1)
(1 + IV/pul?, + 11V3d|)7, + ||v3d||iz) ,
and
IVA[3,.; < CIVA|[}.. <C (1 + V3|2, + ||v3d||iz).
The combination (3.38) and (3.39) gives rise to

2 24112
(”V“”L2<s,T;L2>+W d”Lz(s,T;ﬂ))

(T) < CPH(s)(CD(T) " . (3.40)

Recalling (3.2), one can choose s close enough to 7* such that
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1
. 2 23112
TEI;I** C2 <||Vu||L2(S,T;L2) + ”V d||L2(S,T;L2)) E E

Hence, for s < T < T*, we have
O(T) < CP(s) < 0.
This completes the proof of Lemma 3.3. O

Lemma 3.4. Under the condition (3.1), it holds that for any T € [0, T*),

0<t<T

T
sup (wmniz +1vd 17, + ||V9||iz) + / (||Vﬁ||iz + V2113, + ||Jﬁé||iz) dt<C,
0
(3.41)

and

O=r=

T
sup [l/p011%, + f IVO]2,dr < C. (3.42)
T
0

Proof. 1. We first show (3.41). Operat'ing 0; + div(u-) to the j-th component of (1.14), and
multiplying the resulting equation by u/, one gets by some calculations that

o ,0|l'1|2dx=,u/12j(8tAu-/ —I—div(uAuj))dx+(A+M)/dj(8t8j(divu)
+ div(ud; (divu)))dx — / i/ (3) P + div(ud; P))dx

- / i/ (3,(Vd - Adj) + div(u- Vd - Ad;)) dx

4
23" (3.43)
i=1
Integration by parts leads to
Ji = —M/(a,-ufataiuf + Aulu- Vi) )dx
= —u/(wmz — i uF o du’ — 3! djukdpu’ + Audu - Vi ydx
= —,u/(|V1'1|2 + 0;u! Qg 0;u! — 907 0;u* e’ — Bju’ 3;uF i) Ydx

3u o
< == IVallZ, + ClIVullz,. (3.44)
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Similarly, one has
A+ -
5 < =" dival2, + | val.. (3.45)
2
It follows from integration by parts, (1.14)1, (3.3), (3.17), and Young’s inequality that
J3 = f(a,-ufp, +d;Pu- Vi) )dx
= / dju! Prdx — / Pdj(u-Vil)dx
= / 3! [(00); + div(pOu)]dx — / p0du- Vi dx
= / Bjitjpédx — / pfoju- Vil dx

1 . .
= ClIVill2 Mol VP02 + CllollLe 0] 4 | Vall g+ |Vl .2

JZ— .
= ZIValZ: + ClIVAOIE: + ClIVulza + ClIVOIZ, + C. (3.46)

Integrating by parts and applying (3.11), (3.14), Sobolev’s inequality, and Gagliardo-Nirenberg
inequality, we arrive at

s =€ [ 190 (19194, -+ ullVa V)

IA

IV, + CIIVAIZ, 1V, 174 + Cllul? s VAl [ V>d[3 6

IA
™| T o|T o0&

IVil?, + ClIVAll 2V, || g1 + ClI Va7, V27,

IA

IVil?, + ClIIVA I3, + [ VZd, )17, + CIIVd|[, + C. (3.47)
Inserting (3.44)—(3.47) into (3.43) yields
i||fﬁ||2 +ullVal?, < Cllvpbliz, + CliVulj, + ClIVO;
df p L2 /L LZ = 10 L2 L4 L2
+CIVA |17, + e V2|7, + CV3A|, +C. (348)
2. Differentiation (3.12) with respect to ¢ leads to
Vd,, — AVd, = —V(u- Vd), + V(|Vd|*d),. (3.49)

Multiplying (3.49) by Vd; and integrating the resulting equation over 2 gives
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1d
EE/|th|2dx+/|v2d,|2dx

§C/|Vd||Vu,||Vd[|dx+C/|u,||V2d,||Vd|dx+C/|Vd,|2|Vu|dx

5
+C/|Vd|2|dt||V2dt|dx+C/|Vd||Vd,||V2dt|dxéZSi. (3.50)

i=1

By Holder’s, Young’s, Sobolev’s, Gagliardo-Nirenberg inequalities, (3.11), and (3.14), one has
S1+ 95 §C/ |Vd||Va||Vd,|dx + C/ |1'1||V2dt||Vd|dx

+Cf|V2d||u-Vu||Vd,|dx+Cf|u~Vu||V2dt||Vd|dx

<C|Vall 2 VAl 4]Vl 4 + CIV>d, [l 2 [l 41 VAl 4
+CIV2d] [ Vull p2llull L2 [ Vel s + CIVde [ 2] Vull 24 VAl sl 12

) .
<SIV?dilI52 + CEIVlg, + CIVAdIZ, + ClIVulZ + IV 7,

<8IV, |17, + C®)Vill, + CIV3A|7, + C|[Vull?, + C[Vd, |7
<C[Vull 2V, |[74 < CIVd; || 2|V | g1 <8IV, ]I, + ClIVA, |72

<C|IV2d |l 21V, | 41 V]l 14

S
S

(98]

wn

<2UV2d 12, + CIVe 21 Vel
<8IV, |I7, + CIIVd 13
To bound S4, it follows from (1.14)4, Sobolev’s inequality, (3.11), and (3.14) that
Idill,2 =1 —u-Vd+|Vd’d+ Ad| ;2
= C (Il sl Vel + VA + V2d] 2)

< C||Vull 2 +C
<c. (3.51)

Hence we deduce from Holder’s, Young’s, (3.11), and (3.51) that

S4 <CIV2dy |21 VA 1d, ] s
<8|IV2d, 117, + Clld, I3,
<8IIV2d, |7, + ClIVa/ll, + C.

Substituting the above estimates on S; (i = 1,---,5) into (3.50), we obtain after choosing §
suitably small that
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d .
IV + V27, < CIVAIL: + C3IValL, + CIIVYdIE, + ClIVulg, + €. (3.52)

Adding (3.48) multiplied by % to (3.52) and choosing ¢ suitably small, one has

d _ . .

(SR DIlvpul?, + ||Vd,||iz) +IVal3, + V213,

< Callv/PO13, + ClIVull}, + CIIVOIT, + CIVA |17, + CIVd||7, +C.  (3.53)
It follows from Lemma 2.4, Gagliardo-Nirenberg inequality, (3.3), (3.17), (3.11), and (3.14) that

IVulls < ClIVYIjs+ ClIVWIG.
<Clpdll}s + CIVWIL VWIS,
< Clpl=lloll}s + Clpitl 2 + V|| Ad]] 12)?
<C+C|VO|}, +Cllypul;, + ClIVa|7. V3|7,
<C+C|VO|}, + Cllypul7, + CIVZdl| 21| V2d] 1
<C+C|VO}, + Cllv/pil:, + CIIVd||7,, (3.54)

which together with (3.53) implies that

d _ . .
(17N Cs + DIVAUIT + VA2 ) + VAl + V24,1
< Call/POII72 + Cll/pill 3, + CIVO| S, + IV, |17, + CV3d[7, + . (3.55)

3. Multiplying (1.14)3 by 6 and integrating the resulting equation by parts yield that

d .
§5/|V9|2dx+/,0|0|2dx

=K / u-VOAOdx — [ 00 divuddx + A / (divu)®6dx

5
+2u/|©(u)|2édx+f|Ad+ |Vd|2d|29'dxéZIn. (3.56)

n=1
It follows from Sobolev’s inequality, Gagliardo-Nirenberg inequality, and (3.17) that for any
e€(0,1],

16117 < ClIOIZ, 14
<Cllol34+ CIVOIl3,
< CIVO|3, +C + CIIVOI| 21 V8] 1

<e| V0|7, + CIIVO|;, +C. (3.57)
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which together with (3.14), the standard W22 estimate of (1.14)3, (3.3), (3.11), (3.17), and
Gagliardo-Nirenberg inequality yields

o3, < c/pé2dx +C / 0202 |Vul*dx + C/|Vu|4dx +C /|Ad +|Vd*d|*dx + Cll6]]3

< ClIVPOI72 + Clipli= 0l IVull7, + ClIVulj, + CIVd]|, + CIVO|7, + C
< CIVpbl7, + Cell V0|7, + ClIVull}, + CIV?d|7, + CIVO|7, + C
< CllVPbl7, + CellV3017, + ClIVul}. + CIIVd|;, + CIIVO|3, + C.

Hence, we obtain after choosing ¢ small enough that
1613,2 < Cllv/PBII32 + ClIVull}, + CIIVd|l3, + C[VO]7, + C. (3.58)

Thus, we obtain from Sobolev’s inequality, Gagliardo-Nirenberg inequality, (3.14), and (3.58)
that

11| < Cllull 4 [VOl 4 V6] 2

1 1
< ClIVull 2IVO[ 2, VO, 11V301 12
<8llv/Pb1%, + ClIVul}, + CIIV3d|2, + CIIVO|2, + C. (3.59)

From (3.3) and (3.17), we get

1 .
\Ll < Cllpl I VullallO1 2 /POl 2
<8)/0ll72 + ClIVulj, + C[IVO}, + C. (3.60)

Integration by parts together with (3.17) leads to
=X f (divu)?6,dx + A / (divu)*(u - VO)dx
d ) . .. . .
= AE (divu)“8dx — 21 | 6divudivadx 4+ 21 | Odivadiv(u- VO)dx
+ A / (divu)’(u - VO)dx
d . 2 . . . j i
:AE (divu)“0dx —2x | 6divadiviadx + 21 [ O divad;u’d;u'dx
+ A/u - V(0 (divu)?)dx
d . 2 . L . i i . 3
= AE (diva)“Odx — 21 | Odivadivadx +21 | 6 dlvua,-ujaju dx — A | 6(diva)’dx

d . .
<A /(dlvu)29dx +Cl10] 4 Vull 14| Vit 2 + Cl10] 4[| Vull; 4
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d . .
<A / (divu)*0dx + n[|Va|?, + C||Vul}, + C[ VO], + C. (3.61)

Similarly to (3.61), one has for any n € (0, 1],

d .
la =2 f D WI*0dx + )| Va7, + ClVull}, + CIVOI, +C. (3.62)

For the term I5, we deduce from Gagliardo-Nirenberg inequality, Sobolev’s inequality, (3.11),
(3.14), (3.58), and (3.51) that

15=/|Ad+|Vd|2d|29,dx+f|Ad+|Vd|2d|2(u~V0)dx

d

i 24,2 2 2
= o [ 1ad+|vdPdPodx + Cloll~ (11V7dl 2 + [ V7
x (192112 + 1 VAl s sl + [Vl 4| Ve 2
+CUIVAAIT, + VAl o)l 4 VO] 4
d g2 2 b g, b iva,}
= [ 18d+|VdPdPodx + Cloll ( 1Vl 2 + Idi 1 e 7+ IVl 2 Ve,
1 1
+ C(IVAl 2Vl g+ DIVl 21V 2, 1V0112,
d 1 1 1
= / |Ad + |Vd|*d[*0dx + C||6] <||V2dt 2 + 1V 12, + ||th||z2||Vd,||;,l)
1 1
+CUIV3dll2 + DIVOLZ VO,
i 24,2 23 112 2
= o | 1Ad+|VdPdPodx + CIIVAd: |1 + ClI V17
+801/00113, + ClIVulj, + CIIVA|7, + ClIVO|3, + C. (3.63)
Inserting (3.59)—(3.63) into (3.56) and choosing § suitably small, we get

d 2 12
= (k1vOI: — ) + 1o017

<nlIVal?, + ClIVull}, + CIVOI . + CIVA 7, + ClIVd |17,
+CIVd|;, +C. (3.64)

where
W(r) 222 / (divu)®6dx + 4pu / 1D (w)|>0dx + 2 f |Ad + |Vd|*d|*6dx (3.65)

satisfies



3820 X. Zhong / J. Differential Equations 267 (2019) 3797-3826
2 24112 4
V() <Cllol s (IIVUII n HIVAIT  + V|l 24)
LS5 L5 L3
4 2 ) 4 2 2
<C(1+V0],2) <||Vu||zz||Vu||z4 +Iv2al vl + 1)

4 2 2
IVOII7, + ClIVull}, + CIIVZdIl}, 1 V2d] ], + C

IA

4 1 1 2
VoI, + cuvenzz +Clly/pul 2, + CIV3d||Z, + C V7| }, + C

IA

IA

RIx AR AR

V012, + ————— Il /pul2, + Iva, |2, +C, (3.66)

1
2(C+1) 2(C4+ 1)

owing to (3.54), (3.14), and the following fact

IV3d|l;2 < ClIVd, )l 2 + ClIV(- V)| 2 + CIV(IVA]*d) | .2
< C|IVd;|lz2 4+ CVull 4[| Vdl| 2+ + Cll[u||Vd][| .2 + C[|VAI} s + C[l| V|| V][] 2

1 1
< CVd,ll 2 + CIVO 2 + Clly/pul 2, + CIIV3A|2, + C
+ Cllull 4 IV?d 4 + CIVA] 14 V2| 14

1 1
< CVd,ll 2 + CIVO 2 + Clly/pul 2, + CIIV3A|2, + C
1 3 1 3
+ ClIVull 2| VI 5, IIV2I S + CIIVAI L V2]
1
znv djl;2 + ClIVd,|l;2 + C VO 2 +C||fu|| (3.67)

Consequently, adding (3.64) multiplied by C4 4 1 to (3.55) and choosing 1 small enough, we
obtain that

d - ) )
YO HIVOIE + Va7, + 1V, 7,
<Cllypul7, + CIVO|], + ClIVall7, + C, (3.68)
where
() £ 1 N(C3+ DIPul7, + 1VA 12, + 6 (Ca + DIIVO|7, — (Ca+ DW()
satisfies

k(Cs+1)
<03 + ) B + 5 1va 1%+ A D v,

<U() < Clly/pull7, + CIIVA 7, + VO3, + C (3.69)

due to (3.66). Then the desired (3.41) follows from (3.68), Gronwall’s inequality, and (3.14).
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4. We now turn to the proof of (3.42). Operating 9; + div(u-) to (1.14)3 gives rise to

(6 +u-VO) =kAb + «k[divaAd — 9; (dju - VO) — d;u- V9;0] — pf divu — p6 diva
+ pOogu! u* + (A(divu)® 4+ 2u|D ) |?) divu + 24 (diva — du' du’) diva
+ pw(@ud + ;u’y (B + 80" — dju du’ — 8juFdu’)
+ 8;|Ad + [Vd)*d|*> + div(|Ad + |Vd|*d|?u). (3.70)

Then multiplying (3.70) by 6 and integration by parts lead to

1d

512 512
—— + \Y
> ar pl0“dx K/| 0|“dx

5C/|Vu|(|V29||é|+|V0||V9|)dx+C/|Vu|2|é|(|Vu|+0)dx

+C/p|é|2|Vu|dx+C/p6’|Vl'1||é|dx+C/|Vu||Vl'1||é|dx

7
+/9’a,|Ad+|Vd|2d|2dx+/édiv(|Ad+|Vd|2d|2u)dxéZK,,. (3.71)

n=1
It follows from (3.58), (3.54), (3.67), and (3.41) that
16112 < /P01l 2 + C. (3.72)

Moreover, by the similar arguments as (3.17), we have

101z < Cll/pBI 12 + C|IVE]| 2, forany 1 <r < oo. (3.73)

Thus, by virtue of Holder’s, Young’s, Sobolev’s, Gagliardo-Nirenberg inequalities, (3.54), (3.67),
(3.41),(3.72), (3.73), (3.11), (3.51), and (3.14), we can bound each term K,, as follows

Ky <C|\Vull 4 V201l 2181 4 + ClIVull 4 | VOl L4 VO] 12 < %uvéuiz
+ Cllypbl7 + C;
Ky <CIIVull3, 18] 4 + CIVull? 1011 4161l 1+ < %”Vé”iz + Clly/pbl7 + C;
K3 <C||Vul| 141161 14 11/P0 12 < 1"—2||vé||iz + CllV/P0l172;
Ka+ K5 <C[[Val 12011 141101l .+ + C IVl 2161 4l Vul s < %nvéniz

+ ClIVPOl7: + Vil
Ko <CIIV2d| 1[I V2de| 211011 15 + CIVA] 4l VA 4l Ve ] 41161 14
+ CIVAlF V2 2211611 + ClIVAI 6l [ 221611 24
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+ CIVAI IV 2161 o + CUVA L6 VAN 201y 1] 2116 4
K . .
=13 IVOIL: + CIVPOIZ: + CIIVZd: I 7;
K7 <Cllulls[VO] 12 (||v2d||iﬁ + ||Vd||112)
<CIVull2 V6] 2 (VI +1)
. K -
<CIIVéllz2 = 5 IVOIZ +C.

Substituting the above estimates on K,, (n =1,2,---,7) into (3.71) yields that

d . . : .
Enﬁeniz +&[|VO[I7, < ClIvPOI3 2 + ClIVi|2, + C V2, |17, + C.

which together with Gronwall’s inequality and (3.41) leads to the desired (3.42). This finishes
the proof of Lemma 3.4. O

The following lemma will treat the higher order derivatives of the solutions which are needed
to guarantee the extension of local strong solution to be a global one.

Lemma 3.5. Under the condition (3.1), and let ¢ > 2 be as in Theorem 1.1, then it holds that for
any T €[0,T*),

sup (Lo llwra + IVl g1 + VAl 2 + 101l 2) < C. (3.74)
0<t<T

Proof. 1.1t follows from (3.67) and (3.41) that

sup |[V3d|2 <C,
0<t<T

which combined with (3.2) and (3.14) gives rise to

sup [|[Vd| 42 <C. (3.75)

0<t<T

2. We derive from (3.72) and (3.42) that

sup [|0]lp2 <C. (3.76)

0<t<T
3. For g > 2, it follows from the mass equation (1.14); that V p satisfies
d 2
E”VP”L‘I =C(@ + IVullL)l[Vplize + C(@)IIV-ull L

= C(1+1VWllz + 199122V plls + € (IV2Wllzo + V2Vl )

< C(+ (VW= + | VVII) IVl e + C VWL +C (3.77)
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due to the following fact

IV?¥lie < CIVPLe < ClIVplLallfllLx + CIVO| LallpllLe < ClIVpllLa + C.

which follows from the standard L?-estimate for the following elliptic system

UAV+ A+ pn)Vdivy=VP, xeQ,
v=0, x €09,

(3.76), and (3.2). From Lemma 2.6 and (2.6), one gets

IVVliee < C(1+[IVVligmologle + [ VViy1q))
< C(L+ ez + 11081 L) logle + I VVIIy1q))
= C(l+logle+VpliLa)).

By virtue of Sobolev’s embedding theorem, (2.7), (3.2), and (3.75), one deduces that

VWL < [[Wlly2q
< ClipillLe + Cll|Vd||Ad]|| o
< ClifLe +C| V|3,
< C| Vi 2+ C.

Moreover, we have

IV*WliLe < [Wlly2e < ClIVAll2 +C.

Substituting (3.78)—(3.80) into (3.77), we derive that

d . .
E”VP”LQ < C(1+ IVl 2 +logle + IVollLa)) IV ollze + ClIVill 2 + C.

Thus, we get from Gronwall’s inequality and (3.41) that

sup [VpllLe = C,
0<t<T

which together with (3.2) and the boundedness of €2 yields

sup [lpllwiqg <C.
0<t<T

4. We infer from (2.6), (2.7), and (3.1) that

IV2ull 2 < V2Vl 2 + V2wl 2 < CIV(pO)Il,2 + Clly/pull 2 + ClIVAIAd]]] 2,

3823

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)
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which combined with (3.82), Holder’s inequality, (3.41), (3.76), and (3.75) implies that

sup [|V2ul ;2 <C. (3.83)

0<t<T

Thus the desired (3.74) follows from (3.75), (3.76), (3.82), (3.83), and (3.14). The proof of
Lemma 3.5 is finished. O

With Lemmas 3.1-3.5 at hand, we are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We argue by contradiction. Suppose that (1.21) were false, that is, (3.1)
holds. Note that the general constant C in Lemmas 3.1-3.5 is independent of r < T*, that is, all
the a priori estimates obtained in Lemmas 3.1-3.5 are uniformly bounded for any # < 7*. Hence,
the function

(p,u,0,d)(x, T*) = lim (p,u, 0, d)(x, 1)
t—>T*

satisfy the initial condition (1.18) at t = T*.
Furthermore, standard arguments yield that pu, p6 € C([0, T]; Lz), which implies

(o, pf)(x, T*) = lim (pi, 06) € L2
t—T*

Hence,
—pAu— (A + p)Vdiva + V(pf) + Vd - Ad|,=7+ = /p(x, T*) g1 (x),
—c A0 = 2u[D (W) * — A(divw)* — |Ad + |VAPdP =7+ = /P (x, T*)g2(x),
with
) & P2 (x, T*)(pi)(x, T*), for x € {x|p(x,T*) >0},
1X) =
8 0, for x € {x|p(x, T*) =0},
and
() & o~ V2(x, T*)(p6 + pb diva)(x, T*), for x € {x|p(x, T*) > 0},
2(x) =
8 0, for x € {x|p(x, T*) =0},

satisfying g1, g2 € L? due to (3.74). Therefore, one can take (o, u, 6, d)(x, T*) as the initial data
and extend the local strong solution beyond 7*. This contradicts the assumption on 7*. Thus we
finish the proof of Theorem 1.1. O
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