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Abstract

We study the singularity formation of strong solutions to the two-dimensional (2D) compressible non-
isothermal nematic liquid crystal flows in a bounded domain. Under a geometric condition of the initial 
orientation field, we show that the strong solution exists globally if the temporal integral of the maximum 
norm of the divergence of the velocity is bounded. Our method relies on critical Sobolev inequalities of 
logarithmic type and delicate energy estimates.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Let � ⊂ Rn (n = 2, 3) be a domain, the motion of compressible nematic liquid crystal flows 
in � can be governed by the following simplified version of the Ericksen-Leslie equations (see 
[4,9]):
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⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) − μ�u − (λ + μ)∇ div u + ∇P = −div
(∇d � ∇d − 1

2 |∇d|2In

)
,

cν[(ρθ)t + div(ρuθ)] + P div u − κ�θ = 2μ|D(u)|2 + λ(div u)2 + |�d + |∇d|2d|2,
dt + (u · ∇)d = �d + |∇d|2d,

|d| = 1.

(1.1)

Here, t ≥ 0 is the time, x ∈ � is the spatial coordinate, and ρ, u, P = Rρθ (R > 0), θ, d are 
the density, velocity, pressure, absolute temperature, and the macroscopic average of the nematic 
liquid crystal orientation field, respectively; In is the identity matrix of order n and D(u) denotes 
the deformation tensor given by

D(u) = 1

2
(∇u + (∇u)tr ).

The constant viscosity coefficients μ and λ satisfy the physical restrictions

μ > 0, 2μ + nλ ≥ 0. (1.2)

Positive constants cν and κ are the heat capacity and the ratio of the heat conductivity coefficient 
over the heat capacity, respectively.

Liquid crystals can form and remain in an intermediate phase of matter between liquids and 
solids. When a solid melts, if the energy gain is enough to overcome the positional order but 
the shape of the molecules prevents the immediate collapse of orientational order, liquid crystals 
are formed. The nematic liquid crystals exhibit long—range ordering in the sense that their rigid 
rod-like molecules arrange themselves with their long axes parallel to each other. Their molecules 
float around as in a liquid, but have the tendency to align along a preferred direction due to their 
orientation. The continuum theory of the nematic liquid crystals was first developed by Ericksen 
[2] and Leslie [19] during the period of 1958 through 1968. For more results on the simplified 
Ericksen-Leslie system modeling incompressible liquid crystal flows, refer to [6,7,18,21–24,26]
and references therein.

Recently, there is an increasing interest in the theory of well-posedness of solutions to the 
Cauchy problem and the initial boundary value problem (IBVP) for the compressible nematic 
liquid crystal flows due to the physical importance, complexity, rich phenomena, and mathemati-
cal challenges, refer to [4,9,14–17,20,27,28,31,34] and references therein. Adapting the standard 
three-level approximation scheme and the weak convergence arguments used in the compressible 
Navier-Stokes equations [5,25], Jiang-Jiang-Wang [16,17] proved the global existence of weak 
solutions with finite energy for multi-dimensional compressible nematic liquid crystal flows. Li-
Xu-Zhang [20] established the unique global classical solutions to the Cauchy problem for the 
isentropic compressible nematic liquid crystal flows in 3D with smooth initial data which are 
of small energy but possibly large oscillations and vacuum, which is analogous to the result 
of compressible Navier-Stokes equations obtained by Huang-Li-Xin [11]. Later, Wang [31] ob-
tained the unique global strong solutions to the 2D compressible nematic liquid crystal flows 
provided that the smooth initial data were of small total energy. Very recently, for the 3D non-
isothermal nematic liquid crystal flows (1.1), the local well-posedness of strong solutions to the 
initial boundary value problem has been investigated by Fan-Li-Nakamura [4], while Guo-Xi-
Xie [9] proved the global existence of smooth solutions for the Cauchy problem provided that 
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the initial datum is close to a steady state. By delicate weighted energy estimates and a Hardy-
type inequality, Zhong [34] showed the local existence of strong solutions to the 2D Cauchy 
problem of the system (1.1) with κ = 0. It should be noted that the 2D case is different from 
the 3D case when the far field is vacuum. The main reason is that it seems impossible to control 
Lp(R2)-norm of the velocity field u in terms of ‖∇u‖L2(R2) only due to the criticality of the stan-
dard Sobolev embedding theorem in two dimensions, while if lim|x|→∞ u = 0 and ∇u ∈ L2(R2), 
then u ∈ L6(R3).

However, many physical important and mathematical fundamental problems are still unknown 
due to the lack of smoothing mechanism and the strong nonlinearity. Up to now, the regularity 
and uniqueness of weak solutions and the global well-posedness of the strong solutions to com-
pressible nematic liquid crystal flows for general initial data are still open and challenging even 
in two dimensions. Therefore, it is important to study the mechanism of blow-up and structure of 
possible singularities of strong (or classical) solutions to the compressible nematic liquid crystal 
flows.

For the Cauchy problem and IBVP of 3D compressible nematic liquid crystal flows, Huang-
Wang-Wen [14] obtained the following criterion

lim
T →T ∗

(‖ρ‖L∞(0,T ;L∞) + ‖∇d‖L3(0,T ;L∞)

) = ∞ (1.3)

under the assumption

7μ > 9λ. (1.4)

Without the artificial restriction (1.4), the authors [15] showed that

lim
T →T ∗

(‖D(u)‖L1(0,T ;L∞) + ‖∇d‖L2(0,T ;L∞)

) = ∞. (1.5)

Later on, Huang-Wang [12] established the following Serrin type criterion

lim
T →T ∗

(‖ρ‖L∞(0,T ;L∞) + ‖u‖Ls1 (0,T ;Lr1 ) + ‖∇d‖Ls2 (0,T ;Lr2 )

) = ∞ (1.6)

with si and ri satisfying

2

si
+ 3

ri
≤ 1, 3 < ri ≤ ∞, i = 1,2. (1.7)

Recently, for the Cauchy problem of 2D compressible nematic liquid crystal flows, Wang [32]
proved that

lim
T →T ∗

(‖ρ‖L∞(0,T ;L∞) + ‖∇d‖Ls(0,T ;Lr)

) = ∞ (1.8)

with s and r satisfying

2

s
+ 2

r
≤ 1, 2 < r ≤ ∞. (1.9)
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However, if the initial orientation d0 = (d01, d02, d03) satisfies a geometric condition

d03 ≥ ε0 (1.10)

for some positive constant ε0, Liu-Wang [27] extended (1.8) to a refiner form

lim
T →T ∗ ‖ρ‖L∞(0,T ;L∞) = ∞. (1.11)

Very recently, for two-dimensional case of the system (1.1) with κ = 0, the author [35,36] showed 
that

lim
T →T ∗

(‖ρ‖L∞(0,T ;L∞) + ‖P‖L∞(0,T ;L∞)

) = ∞, (1.12)

provided that (1.10) holds true. It is worth mentioning that the key idea in [36] is different from 
that of in [35]. Roughly speaking, weighted energy estimates and Hardy-type inequalities play a 
crucial role in [35], while the key ingredient of the analysis in [36] is critical Sobolev inequalities 
of logarithmic type. Our goal in this paper is to give a blow-up criterion of strong solutions to 
the two-dimensional IBVP of the system (1.1).

Let � ⊂R2 be a bounded smooth domain, and without loss of generality, we take cν = R = 1. 
Noting that

div(∇d � ∇d) = ∇d · �d + ∇
( |∇d|2

2

)
, (1.13)

the system (1.1) can be rewritten as⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) − μ�u − (λ + μ)∇ div u + ∇P = −∇d · �d,

(ρθ)t + div(ρuθ) + P div u − κ�θ = 2μ|D(u)|2 + λ(div u)2 + |�d + |∇d|2d|2,
dt + u · ∇d = �d + |∇d|2d,

|d| = 1,

(1.14)

and the constant viscosity coefficients μ and λ satisfy

μ > 0, μ + λ ≥ 0. (1.15)

The present paper aims at giving a blow-up criterion of strong solutions to the system (1.14) with 
the initial condition

(ρ,ρu, θ,d)(x,0) = (ρ0, ρ0u0, θ0,d0)(x), x ∈ �, (1.16)

and the boundary condition

u = 0,
∂θ

∂n
= 0, ∇d · n = 0, x ∈ ∂�, t > 0, (1.17)

where n is the unit outer normal vector of ∂�.
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Before stating our main result, we first explain the notations and conventions used throughout 
this paper. Set

∫
·dx �

∫
�

·dx.

For 1 ≤ p ≤ ∞ and integer k ≥ 0, the standard Sobolev spaces are denoted by:

Lp = Lp(�), Wk,p = Wk,p(�), Hk = Hk,2(�), H 1
0 = {u ∈ H 1 : u|∂� = 0}.

Now we define precisely what we mean by strong solutions to the problem (1.14)–(1.17).

Definition 1.1 (Strong solutions). (ρ ≥ 0, u, θ ≥ 0, d) is called a strong solution to (1.14)–(1.17)
in � × (0, T ) if for some q > 2,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ ∈ C([0, T ];W 1,q ), ρt ∈ C([0, T ];Lq),

∇u ∈ L∞(0, T ;H 1) ∩ L2(0, T ;W 1,q),√
ρu̇,

√
ρθ̇ ∈ L∞(0, T ;L2),

∇d ∈ C([0, T ];H 2) ∩ L2(0, T ;H 3),

dt ∈ C([0, T ];H 1) ∩ L2(0, T ;H 2),

θ ∈ C([0, T ];H 2) ∩ L2(0, T ;W 2,q),

and (ρ, u, θ, d) satisfies both (1.14) almost everywhere in � × (0, T ) and (1.16) almost every-
where in �. Here

v̇ � vt + u · ∇v

denotes the material derivative of v.

Our main result reads as follows:

Theorem 1.1. In addition to (1.10), let the initial data (ρ0 ≥ 0, u0, θ0 ≥ 0, d0) satisfy for any 
given q > 2,

{
ρ0 ∈ W 1,q , u0 ∈ H 1

0 ∩ H 2, θ0 ∈ H 2,
∂θ0
∂n |∂� = 0,

∇d0 ∈ H 2, ∇d0 · n|∂� = 0, |d0| = 1,
(1.18)

and the compatibility conditions

− μ�u0 − (λ + μ)∇ div u0 + ∇(ρ0θ0) + ∇d0 · �d0 = √
ρ0g1, (1.19)

− κ�θ0 − 2μ|D(u0)|2 − λ(div u0)
2 − |�d0 + |∇d0|2d0|2 = √

ρ0g2, (1.20)

for some g1, g2 ∈ L2(�). Let (ρ, u, θ, d) be a strong solution to the problem (1.14)–(1.17). If 
T ∗ < ∞ is the maximal time of existence for that solution, then we have
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lim
T →T ∗ ‖div u‖L1(0,T ;L∞) = ∞. (1.21)

Remark 1.1. The local existence of a strong solution with initial data as in Theorem 1.1 has been 
obtained in [4]. Hence, the maximal time T ∗ is well-defined. Moreover, it is worth mentioning 
that the condition (1.10) is not needed in establishing the local existence of strong solutions.

Remark 1.2. It should be noted that the blow up criterion (1.21) is somewhat surprising since it 
is independent of the orientation field d and is the same as that of the full compressible Navier-
Stokes equations [33].

Remark 1.3. The geometric condition (1.10) is introduced by Lei-Li-Zhang in [18], and recently 
it is proved in [26] that the 2D incompressible nonhomogeneous nematic liquid crystal flows has 
a unique global strong solution under the condition (1.10), so the result in our paper is reasonable 
from this point. The blow up criterion here shows that div u plays an important role in the fluid 
dynamics.

We now make some comments on the analysis of this paper. We mainly make use of continu-
ation arguments to prove Theorem 1.1. That is, suppose that (1.21) were false, i.e.,

lim
T →T ∗ ‖div u‖L1(0,T ;L∞) ≤ M0 < ∞.

We want to show that

sup
0≤t≤T ∗

(‖ρ‖W 1,q + ‖θ‖H 2 + ‖∇u‖H 1 + ‖∇d‖H 2

) ≤ C < +∞.

We first obtain (see Lemma 3.3) a control on the L∞
t L2

x -norm of ∇u and ∇2d. To this end, 
the key ingredient of the analysis is a logarithmic Sobolev inequality (see Lemma 2.5). The 
inequality implies the uniform estimate of ‖(u, ∇d)‖L2(0,T ;L∞) due to the a priori estimate of 
‖(u, ∇d)‖L2(0,T ;H 1) from the energy estimate (3.2). Then we derive the key a priori estimates 
on L∞(0, T ; Lq)-norm of ∇ρ by solving a logarithmic Gronwall inequality based on a Brézis-
Wainger type inequality (see Lemma 2.6) and the a priori estimates we have just derived.

The rest of this paper is organized as follows. In Section 2, we collect some elementary facts 
and inequalities that will be used later. Section 3 is devoted to the proof of Theorem 1.1.

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that will be used 
frequently later.

We begin with the following Gagliardo-Nirenberg inequality (see [8, Theorem 10.1, p. 27]).

Lemma 2.1 (Gagliardo-Nirenberg). Let � ⊂ R2 be a bounded smooth domain. Assume that 
1 ≤ q, r ≤ ∞, and j, m are arbitrary integers satisfying 0 ≤ j < m. If v ∈ Wm,r(�) ∩ Lq(�), 
then we have

‖Djv‖Lp ≤ C‖v‖1−a
q ‖v‖a

m,r ,
L W
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where

−j + 2

p
= (1 − a)

2

q
+ a

(
−m + 2

r

)
,

and

a ∈
{

[ j
m

,1), if m − j − 2
r

is a nonnegative integer,

[ j
m

,1], otherwise.

The constant C depends only on m, j, q, r, a, and �. In particular, we have

‖v‖4
L4 ≤ C‖v‖2

L2‖v‖2
H 1,

which will be used in the next section.

Next, the following useful result (see [18, Theorem 1.5]) will help us to get the estimate of 
‖∇2d‖L2(0,T ;L2) in terms of the basic energy inequality.

Lemma 2.2. Let 0 < ε1 < ∞ and 0 < ε2 ≤ 1 be any two given positive constants. Let � ⊂ R2

be a bounded smooth domain. Assume that d : � → S2 satisfies ∇d ∈ H 1(�) with ‖∇d‖L2 ≤ ε1
and d3 ≥ ε2. Then there exists a positive constant δ0 ∈ (0, 1) such that

‖∇d‖4
L4 ≤ (1 − δ0)‖∇2d‖2

L2, (2.1)

which particularly implies that

‖�d + |∇d|2d‖2
L2 ≥ δ0

2

(
‖�d‖2

L2 + ‖∇d‖4
L4

)
. (2.2)

Next, we give some regularity results of the following Lamé system with Dirichlet boundary 
condition, the proof can be found in [29, Proposition 2.1].

{
−μ�U − (μ + λ)∇ div U = F, x ∈ �,

U = 0, x ∈ ∂�.
(2.3)

Lemma 2.3. Let q ≥ 2 and U be a weak solution of (2.3). There exists a constant C depending 
only on q, μ, λ, and � such that the following estimates hold:

• If F ∈ Lq(�), then

‖U‖W 2,q ≤ C‖F‖Lq ;

• If F ∈ W−1,q (�) (i.e., F = div f with f = (fij )3×3, fij ∈ Lq(�)), then

‖U‖W 1,q ≤ C‖f‖Lq ;
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• If F ∈ W−1,q (�) (i.e., F = div f with f = (fij )3×3, fij ∈ L∞(�)), then

[∇U]BMO ≤ C‖f‖L∞ .

Here BMO(�) stands for the John-Nirenberg’s space of bounded mean oscillation whose 
norm is defined by

‖f ‖BMO = ‖f ‖L2 + [f ]BMO

with

[f ]BMO = sup
x∈�,r∈(0,d)

1

|�r(x)|
∫

�r(x)

|f (y) − f�r (x)|dy,

and

f�r (x) = 1

|�r(x)|
∫

�r(x)

f (y)dy,

where �r(x) = Br(x) ∩ �, Br(x) is the ball with center x and radius r , and d is the diameter of 
�. |�r(x)| denotes the Lebesgue measure of �r(x).

Next, we decompose the velocity field into two parts in order to overcome the difficulty caused 
by the boundary, namely u = v + w, where v is the solution to the Lamé system

{
μ�v + (μ + λ)∇ div v = ∇P, x ∈ �,

v = 0, x ∈ ∂�,
(2.4)

and w satisfies the following boundary value problem

{
μ�w + (μ + λ)∇ div w = ρu̇ + ∇d · �d, x ∈ �,

w = 0, x ∈ ∂�.
(2.5)

By virtue of Lemma 2.3, one has the following key estimates for v and w.

Lemma 2.4. Let v and w be a solution of (2.4) and (2.5) respectively. Then for any p ≥ 2, there 
is a constant C > 0 depending only on p, μ, λ, and � such that

‖v‖W 1,p ≤ C‖P‖Lp , (2.6)

and

‖w‖W 2,p ≤ C ‖ρu̇ + ∇d · �d‖Lp . (2.7)

Next, we state a critical Sobolev inequality of logarithmic type, which is originally due to 
Brézis-Wainger [1]. The reader can refer to [13, Section 2] for the proof.
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Lemma 2.5. Assume � is a bounded smooth domain in R2 and f ∈ L2(s, t; W 1,q (�)) with some 
q > 2 and 0 ≤ s < t ≤ ∞, then there is a constant C > 0 depending only on q and � such that

‖f ‖2
L2(s,t;L∞)

≤ C
(

1 + ‖f ‖2
L2(s,t;H 1)

log(e + ‖f ‖L2(s,t;W 1,q ))
)

. (2.8)

Finally, the following variant of the Brézis-Wainger inequality plays a crucial role in obtaining 
the estimate of ‖(∇ρ, ∇P)‖Lq . For its proof, please refer to [29, Lemma 2.3].

Lemma 2.6. Assume � is a bounded smooth domain in R2 and f ∈ W 1,q (�) with some q > 2, 
then there is a constant C > 0 depending only on q and � such that

‖f ‖L∞ ≤ C
(
1 + ‖f ‖BMO log(e + ‖f ‖W 1,q )

)
. (2.9)

3. Proof of Theorem 1.1

Let (ρ, u, θ, d) be a strong solution described in Theorem 1.1. Suppose that (1.21) were false, 
that is, there exists a constant M0 > 0 such that

lim
T →T ∗ ‖div u‖L1(0,T ;L∞) ≤ M0 < ∞. (3.1)

First of all, we have the following energy estimate.

Lemma 3.1. Under the condition (3.1), it holds that for any T ∈ [0, T ∗),

sup
0≤t≤T

(
‖ρ‖L∞ + ‖√ρu‖2

L2 + ‖ρθ‖L1 + ‖∇d‖2
L2

)
+

T∫
0

(
‖∇u‖2

L2 + ‖∇2d‖2
L2

)
dt ≤ C, (3.2)

where and in what follows, C, C1 stand for generic positive constant depending only on 
�, M0, κ, λ, μ, T ∗, and the initial data.

Proof. 1. We obtain from (1.14)1, (3.1), and [3, pp. 340–341] that the density ρ is non-negative 
and

sup
0≤t≤T

‖ρ‖L∞ ≤ C. (3.3)

2. Applying the standard maximum to (1.14)3 together with [5, pp. 43–44] (see also [3, p. 
341]) shows that

inf
x∈�

θ(x, t) ≥ 0. (3.4)

3. Multiplying (1.14)2 by u and (1.14)4 by −(�d + |∇d|2d), respectively, then adding the 
two resulting equations together, and integrating over �, we obtain after integrating by parts that
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1

2

d

dt

∫ (
ρ|u|2 + |∇d|2

)
dx +

∫ [
μ|∇u|2 + (λ + μ)(div u)2 + |�d + |∇d|2d|2

]
dx

=
∫

P div udx. (3.5)

Integrating (1.14)3 with respect to x and then adding the resulting equality to (3.5) give rise to

d

dt

∫ (
1

2
ρ|u|2 + 1

2
|∇d|2 + P

)
dx = 0, (3.6)

which combined with (1.18) leads to

sup
0≤t≤T

(
‖√ρu‖2

L2 + ‖∇d‖2
L2 + ‖ρθ‖L1

)
≤ C. (3.7)

This together with (3.5) and Cauchy-Schwarz inequality yields

sup
0≤t≤T

(
‖√ρu‖2

L2 + ‖∇d‖2
L2

)
+

T∫
0

(
‖∇u‖2

L2 + ‖�d + |∇d|2d‖2
L2

)
dt ≤ C. (3.8)

4. Applying the maximum principle to the equation of d3 (i.e., the third component of d, see 
[16]) together with the geometric condition (1.10) (see [17]) yields that for any t > 0,

inf
x∈�

d3(x, t) ≥ inf
x∈�

d03(x) ≥ ε0,

which along with Lemma 2.2 implies that for some σ0 > 0,

‖�d + |∇d|2d‖2
L2 ≥ σ0

(
‖�d‖2

L2 + ‖∇d‖4
L4

)
. (3.9)

So the desired (3.2) follows from (3.3), (3.7), (3.8), (3.9), and the following fact (see [30])

‖∇2d‖L2 = ‖∇(∇d)‖L2 ≤ C‖div(∇d)‖L2 + C‖ curl(∇d)‖L2 = C‖�d‖L2 . (3.10)

This completes the proof of Lemma 3.1. �
Based on (3.2) and (1.14)4, we have the following L∞

t L
q
x -norm of ∇d for any q ∈ [2, ∞), 

which plays a crucial role for the higher order estimates of solutions.

Lemma 3.2. Under the condition (3.1), it holds that for any q ∈ [2, ∞) and T ∈ [0, T ∗),

sup
0≤t≤T

‖∇d‖Lq +
T∫

0

∫
|∇d|q−2|∇2d|2dxdt ≤ C. (3.11)
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Proof. This estimate was proved by Huang et al. [15, Lemma 2.3] for three-dimensional case. 
For the convenience of the reader, we sketch it here. Applying ∇ to (1.14)4, we have

∇dt − �∇d = −∇(u · ∇d) + ∇(|∇d|2d). (3.12)

Multiplying (3.12) by q|∇d|q−2∇d (q ≥ 2) and integrating the resulting equation over �, we 
then obtain from Gagliardo-Nirenberg inequality and (3.2) that

d

dt

∫
|∇d|qdx +

∫ (
q|∇d|q−2|∇2d|2 + q(q − 2)|∇d|q−2|∇|∇d||2

)
dx

= −q

∫
∂iu · ∇dj ∂idj |∇d|q−2dx +

∫
div |∇d|qdx + q

∫
|∇d|q+2dx

≤ C
(
‖∇u‖L2 + ‖∇d‖2

L4

)
‖|∇d| q

2 ‖2
L4

≤ C
(‖∇u‖L2 + ‖∇d‖L2‖∇d‖H 1

)‖|∇d| q
2 ‖L2‖|∇d| q

2 ‖H 1

≤ ε‖∇|∇d| q
2 ‖2

L2 + C(ε)
(
‖∇u‖2

L2 + ‖∇2d‖2
L2 + 1

)
‖∇d‖q

Lq . (3.13)

Choosing ε suitably small in (3.13), we deduce (3.11) after using Gronwall’s inequality and 
(3.2). �
Lemma 3.3. Under the condition (3.1), it holds that for any T ∈ [0, T ∗),

sup
0≤t≤T

(
‖√ρθ‖2

L2 + ‖∇u‖2
L2 + ‖∇2d‖2

L2

)
+

T∫
0

(
‖∇θ‖2

L2 + ‖√ρu̇‖2
L2 + ‖∇3d‖2

L2

)
dt ≤ C.

(3.14)

Proof. 1. Multiplying (1.14)3 by θ and integrating the resulting equation over � yields

d

dt
‖√ρθ‖2

L2 + κ‖∇θ‖2
L2 ≤ C‖div u‖L∞‖√ρθ‖2

L2 +
∫

θ |�d + |∇d|2d|2dx + C

∫
θ |∇u|2dx.

(3.15)

Due to (3.1), we shall estimate the last two terms on the right hand side of (3.15). Integration by 
parts together with (1.14)5, (3.11), and Gagliardo-Nirenberg inequality implies for any ε ∈ (0, 1],

∫
θ |�d + |∇d|2d|2dx =

∫
θ(�d + |∇d|2d|) · (�d + |∇d|2d|)dx

≤ C

∫
θ |∇d||∇3d|dx + C

∫
|∇θ ||∇d||∇2d|dx

+ C

∫
θ |∇d|4dx + C

∫
θ |∇2d||∇d|2dx

≤ C‖θ‖L4‖∇d‖L4‖∇3d‖L2 + C‖∇θ‖L2‖∇d‖L4‖∇2d‖L4
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+ C‖θ‖L2‖∇d‖2
L8 + C‖θ‖L4‖∇2d‖L2‖∇d‖2

L8

≤ C
(
1 + ‖∇θ‖L2

)‖∇3d‖L2 + C‖∇θ‖L2‖∇2d‖
1
2
L2‖∇2d‖

1
2
H 1

+ C
(
1 + ‖∇θ‖L2

) + C
(
1 + ‖∇θ‖L2

)‖∇2d‖L2

≤ ε‖∇θ‖2
L2 + C‖∇3d‖2

L2 + C‖∇2d‖2
L2 + C, (3.16)

where in the third inequality we have used the following fact

‖θ‖Lr ≤ C
(
1 + ‖∇θ‖L2

)
, for any 1 ≤ r < ∞. (3.17)

Indeed, if we denote the average of θ by θ̄ = 1
|�|

∫
θdx, it follows from (3.2) that

θ̄

∫
ρdx ≤

∫
ρθdx +

∫
ρ|θ − θ̄ |dx ≤ C + C‖∇θ‖L2,

which along with Poincaré’s inequality leads to the desired (3.17). Next, in order to control 
the last term on the right hand side of (3.15), we borrow some idea from [10] (see also [33]). 
Multiplying (1.14)2 by uθ and integrating by parts yield

μ

∫
θ |∇u|2dx + (μ + λ)

∫
θ(div u)2dx

= −
∫

ρu̇ · uθdx − μ

∫
u · ∇u · ∇θdx − (μ + λ)

∫
(div u)u · ∇θdx

−
∫

∇P · uθdx −
∫

∇d · �d · uθdx �
5∑

i=1

Ji. (3.18)

By Hölder’s inequality and Young’s inequality, it holds that for any ε, δ ∈ (0, 1],
3∑

i=1

|Ji | ≤ ‖√ρu̇‖L2‖u‖L∞‖√ρθ‖L2 + C‖∇θ‖L2‖u‖L∞‖∇u‖L2

≤ ε‖∇θ‖2
L2 + δ‖√ρu̇‖2

L2 + C‖u‖2
L∞

(
‖√ρθ‖2

L2 + ‖∇u‖2
L2

)
. (3.19)

Integration by parts gives

J4 =
∫

ρθ2 div udx +
∫

ρθu · ∇θdx

≤ ‖div u‖L∞‖√ρθ‖2
L2 + ‖∇θ‖L2‖u‖L∞‖√ρθ‖L2‖ρ‖

1
2
L∞

≤ ε‖∇θ‖2
L2 + C

(
‖div u‖L∞ + ‖u‖2

L∞
)

‖√ρθ‖2
L2 . (3.20)

Moreover, we obtain from (3.11) and (3.17) that
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J5 ≤ ‖∇d‖L4‖∇2d‖L2‖θ‖L4‖u‖L∞

≤ C
(
1 + ‖∇θ‖L2

)‖u‖L∞‖∇2d‖L2

≤ ε‖∇θ‖2
L2 + C‖u‖2

L∞‖∇2d‖2
L2 + C. (3.21)

Substituting (3.19)–(3.21) into (3.18), we have

μ

∫
θ |∇u|2dx ≤ 3ε‖∇θ‖2

L2 + δ‖√ρu̇‖2
L2 + C‖div u‖L∞‖√ρθ‖2

L2

+ C‖u‖2
L∞

(
‖√ρθ‖2

L2 + ‖∇u‖2
L2 + ‖∇2d‖2

L2

)
+ C. (3.22)

Thus, inserting (3.16) and (3.22) into (3.15), we derive after choosing ε suitably small that

d

dt
‖√ρθ‖2

L2 + κ‖∇θ‖2
L2

≤ C
(

1 + ‖div u‖L∞ + ‖u‖2
L∞

)(
1 + ‖√ρθ‖2

L2 + ‖∇u‖2
L2 + ‖∇2d‖2

L2

)
+ δ‖√ρu̇‖2

L2 + C‖∇3d‖2
L2 . (3.23)

2. Multiplying (1.14)2 by ut and integrating the resulting equation over � give rise to

1

2

d

dt

∫ (
μ|∇u|2 + (μ + λ)(div u)2

)
dx +

∫
ρ|u̇|2dx

=
∫

ρu̇ · u · ∇udx +
∫

P div ut dx −
∫

ut · div(∇d � ∇d)dx + 1

2

∫
ut · ∇|∇d|2dx

�
4∑

i=1

Ki. (3.24)

It follows from Cauchy-Schwarz inequality and (3.3) that

K1 ≤ 1

4
‖√ρu̇‖2

L2 + C‖u‖2
L∞‖∇u‖2

L2 . (3.25)

To bound K2, we decompose u into u = v +w, where v and w satisfy (2.4) and (2.5), respectively. 
Then we have

K2 = d

dt

(∫
P div udx

)
−

∫
Pt div udx

= d

dt

(∫
P div udx

)
−

∫
Pt div vdx −

∫
Pt div wdx

= d

dt

(∫
P div udx

)
+

∫
∇Pt · vdx −

∫
Pt div wdx

= d
(∫

P div udx

)
+

∫
(μ�v + (μ + λ)∇v)t · vdx −

∫
Pt div wdx
dt
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= 1

2

d

dt

∫ (
2P div u − μ|∇v|2 − (μ + λ)(div v)2

)
dx −

∫
Pt div wdx. (3.26)

Denote

E � θ + 1

2
|u|2,

then we infer from (1.14) that E satisfies

(ρE)t + div(ρuE + P u) = 1

2
μ�|u|2 + μdiv(u · ∇u) + λdiv(u div u)

− ∇d · �d · u + |�d + |∇d|2d|2,

which combined with (3.3), (3.11), and Gagliardo-Nirenberg inequality gives

−
∫

Pt div wdx = −
∫

(ρE)t div wdx + 1

2

∫
(ρ|u|2)t div wdx

= −
∫

(ρEu + P u − μ∇u · u − μu · ∇u − λu div u) · ∇ div wdx

− 1

2

∫
div(ρu)|u|2 div wdx +

∫
ρu · ut div wdx

+
∫

∇d · �d · u div wdx −
∫

|�d + |∇d|2d|2 div wdx

= −
∫ (

2P u + 1

2
ρ|u|2u − μ∇u · u − μu · ∇u − λu div u

)
· ∇ div wdx

+ 1

2

∫
ρ|u|2u · ∇ div wdx +

∫
ρu̇ · u div wdx

+
∫

∇d · �d · u div wdx −
∫

|�d + |∇d|2d|2 div wdx

= −
∫

(2P u − μ∇u · u − μu · ∇u − λu div u) · ∇ div wdx

+
∫

ρu̇ · u div wdx +
∫

∇d · �d · u div wdx

−
∫ (

�d + |∇d|2d
)

·
(
�d + |∇d|2d

)
div wdx

≤ C‖u‖L∞
(

‖ρ‖
1
2
L∞‖√ρθ‖L2 + ‖∇u‖L2

)
‖∇2w‖L2

+ C‖u‖L∞‖ρu̇‖L2‖∇w‖L2

+ C‖u‖L∞‖∇d‖L4‖∇2d‖L4‖∇w‖L2 + C‖∇d‖L∞‖∇3d‖L2‖∇w‖L2

+ C‖∇d‖2
L8‖∇2d‖L4‖∇w‖L2 + C‖∇d‖L4‖∇2d‖L4‖∇2w‖L2

+ C‖∇d‖4
8‖∇w‖L2
L
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≤ C‖u‖L∞
(‖√ρθ‖L2 + ‖∇u‖L2

)(
‖√ρu̇‖L2 + ‖∇2d‖L4

)
+ C‖u‖L∞‖√ρu̇‖L2‖∇w‖L2 + C‖u‖L∞‖∇2d‖L4‖∇w‖L2

+ C‖∇d‖L∞‖∇3d‖L2‖∇w‖L2 + C‖∇2d‖L4‖∇w‖L2

+ C‖∇2d‖L4

(
‖√ρu̇‖L2 + ‖∇2d‖L4

)
+ C‖∇w‖L2

≤ 1

4
‖√ρu̇‖2

L2 + C
(

1 + ‖u‖2
L∞ + ‖∇d‖2

L∞
)

×
(

1 + ‖√ρθ‖2
L2 + ‖∇u‖2

L2 + ‖∇v‖2
L2

)
+ C‖∇3d‖2

L2 + C‖∇2d‖2
L2, (3.27)

where one has used the following

‖∇2w‖L2 ≤ C‖ρu̇‖L2 + C‖|∇d||�d|‖L2

≤ C‖ρ‖
1
2
L∞‖√ρu̇‖L2 + C‖∇d‖L4‖∇2d‖L4

≤ C‖√ρu̇‖L2 + C‖∇2d‖L4,

due to (2.7), (3.3), and (3.11). Thus, we get from (3.26) and (3.27) that

K2 ≤ 1

2

d

dt

∫ (
2P div u − μ|∇v|2 − (μ + λ)(div v)2

)
dx

+ C
(

1 + ‖u‖2
L∞ + ‖∇d‖2

L∞
)(

1 + ‖√ρθ‖2
L2 + ‖∇u‖2

L2 + ‖∇v‖2
L2 + ‖∇2d‖2

L2

)

+ C‖∇3d‖2
L2 + 1

4
‖√ρu̇‖2

L2 . (3.28)

Integration by parts and Cauchy-Schwarz inequality imply that for any δ1 ∈ (0, 1],

K3 =
∫

(∇d � ∇d) · ∇ut dx

= d

dt

∫
(∇d � ∇d) · ∇udx −

∫
(∇dt � ∇d) · ∇udx −

∫
(∇d � ∇dt ) · ∇udx

≤ d

dt

∫
(∇d � ∇d) · ∇udx + δ1‖∇dt‖2

L2 + C(δ1)‖∇d‖2
L∞‖∇u‖2

L2 . (3.29)

Similarly, one has

K4 ≤ 1

2

d

dt

∫
|∇d|2 div udx + δ1‖∇dt‖2

L2 + C(δ1)‖∇d‖2
L∞‖∇u‖2

L2 . (3.30)

Putting (3.25), (3.28), (3.29), and (3.30) into (3.24), we get
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B ′(t) + ‖√ρu̇‖2
L2

≤ C
(

1 + ‖u‖2
L∞ + ‖∇d‖2

L∞
)(

1 + ‖√ρθ‖2
L2 + ‖∇u‖2

L2 + ‖∇v‖2
L2 + ‖∇2d‖2

L2

)
+ C‖∇3d‖2

L2 + 4δ1‖∇dt‖2
L2, (3.31)

where

B(t) � μ

2
‖∇u‖2

L2 + λ + μ

2
‖div u‖2

L2 + μ

2
‖∇v‖2

L2 + λ + μ

2
‖div v‖2

L2

−
∫

P div udx + 1

2

∫
|∇d|2 div udx −

∫
(∇d � ∇d) · ∇udx (3.32)

satisfies

μ

4

(
‖∇u‖2

L2 + ‖∇v‖2
L2

)
+ ‖√ρθ‖2

L2 − C ≤ B(t) ≤ C
(
‖∇u‖2

L2 + ‖∇v‖2
L2

)
+ C‖√ρθ‖2

L2 + C,

(3.33)

due to (3.3) and (3.11). Then, adding (3.23) to (3.31) and choosing δ suitably small give rise to

d

dt

(
B(t) + ‖√ρθ‖2

L2

)
+ κ‖∇θ‖2

L2 + ‖√ρu̇‖2
L2

≤ C
(

1 + ‖div u‖L∞ + ‖u‖2
L∞ + ‖∇d‖2

L∞
)(

1 + ‖√ρθ‖2
L2 + ‖∇u‖2

L2 + ‖∇v‖2
L2 + ‖∇2d‖2

L2

)
+ C1‖∇3d‖2

L2 + Cδ1‖∇dt‖2
L2 . (3.34)

3. From (3.12) and (3.11), we have

d

dt

∫
|�d|2dx +

∫ (
|∇dt |2 + |∇�d|2

)
dx

=
∫

|∇dt − ∇�d|2dx

=
∫

| − ∇(u · ∇d) + ∇(|∇d|2d)|2dx

≤ C‖|∇d||∇2d|‖2
L2 + C‖∇d‖2

L∞‖∇u‖2
L2 + C‖u‖2

L∞‖∇2d‖2
L2 + C

≤ C
(
‖∇d‖2

L∞ + ‖u‖2
L∞

)(
‖∇u‖2

L2 + ‖∇2d‖2
L2

)
+ C. (3.35)

Adding (3.35) multiplied by C̃ large enough to (3.34) and choosing δ1 small enough, we derive 
that

d

dt

(
B(t) + ‖√ρθ‖2

L2 + C̃‖�d‖2
L2

)
+ ‖∇θ‖2

L2 + ‖√ρu̇‖2
L2 + ‖∇dt‖2

L2 + ‖∇3d‖2
L2

≤ C
(

1 + ‖div u‖L∞ + ‖∇d‖2
L∞ + ‖u‖2

L∞
)(

1 + ‖√ρθ‖2
L2 + ‖∇u‖2

L2 + ‖∇v‖2
L2 + ‖∇2d‖2

L2

)
.

(3.36)
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4. Let


(t) � 2 + sup
0≤τ≤t

(
2 + ‖√ρθ‖2

L2 + ‖∇u‖2
L2 + ‖∇v‖2

L2 + ‖∇2d‖2
L2

)

+
t∫

0

(
‖√ρu̇‖2

L2 + ‖∇dτ‖2
L2 + ‖∇3d‖2

L2

)
dτ. (3.37)

Then we obtain from (3.36), (3.33), (3.1), and Gronwall’s inequality that for every 0 ≤ s ≤
T < T ∗,


(T ) ≤ C
(s) exp

⎧⎨
⎩C

T∫
s

(
‖u‖2

L∞ + ‖∇d‖2
L∞

)
dτ

⎫⎬
⎭ . (3.38)

From Lemma 2.5, we get

‖u‖2
L2(s,T ;L∞)

+ ‖∇d‖2
L2(s,T ;L∞)

≤ C
[
1 +

(
‖u‖2

L2(s,T ;H 1)
+ ‖∇d‖2

L2(s,T ;H 1)

)
log

(
e + ‖u‖L2(s,T ;W 1,3) + ‖∇d‖L2(s,T ;W 1,3)

)]
≤ C2

[
1 +

(
‖∇u‖2

L2(s,T ;L2)
+ ‖∇2d‖2

L2(s,T ;L2)

)
log(C
(T ))

]
, (3.39)

where one has used the Poincaré inequality, (3.2), and the following facts

‖u‖2
W 1,3 ≤ ‖w‖2

W 1,3 + ‖v‖2
W 1,3

≤ C‖w‖2
W 2,2 + C‖P‖2

L3

≤ C
(

1 + ‖√ρu̇‖2
L2 + ‖|∇d||∇2d|‖2

L2

)
≤ C

(
1 + ‖√ρu̇‖2

L2 + ‖∇d‖2
L4‖∇2d‖2

L4

)
≤ C

(
1 + ‖√ρu̇‖2

L2 + ‖∇2d‖L2‖∇2d‖H 1

)
≤ C

(
1 + ‖√ρu̇‖2

L2 + ‖∇2d‖2
L2 + ‖∇3d‖2

L2

)
,

and

‖∇d‖2
W 1,3 ≤ C‖∇d‖2

W 2,2 ≤ C
(

1 + ‖∇2d‖2
L2 + ‖∇3d‖2

L2

)
.

The combination (3.38) and (3.39) gives rise to


(T ) ≤ C
(s)(C
(T ))
C2

(
‖∇u‖2

L2(s,T ;L2)
+‖∇2d‖2

L2(s,T ;L2)

)
. (3.40)

Recalling (3.2), one can choose s close enough to T ∗ such that
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lim
T →T ∗− C2

(
‖∇u‖2

L2(s,T ;L2)
+ ‖∇2d‖2

L2(s,T ;L2)

)
≤ 1

2
.

Hence, for s < T < T ∗, we have


(T ) ≤ C
2(s) < ∞.

This completes the proof of Lemma 3.3. �
Lemma 3.4. Under the condition (3.1), it holds that for any T ∈ [0, T ∗),

sup
0≤t≤T

(
‖√ρu̇‖2

L2 + ‖∇dt‖2
L2 + ‖∇θ‖2

L2

)
+

T∫
0

(
‖∇u̇‖2

L2 + ‖∇2dt‖2
L2 + ‖√ρθ̇‖2

L2

)
dt ≤ C,

(3.41)

and

sup
0≤t≤T

‖√ρθ̇‖2
L2 +

T∫
0

‖∇ θ̇‖2
L2dt ≤ C. (3.42)

Proof. 1. We first show (3.41). Operating ∂t + div(u·) to the j -th component of (1.14)2 and 
multiplying the resulting equation by u̇j , one gets by some calculations that

1

2

d

dt

∫
ρ|u̇|2dx = μ

∫
u̇j (∂t�uj + div(u�uj ))dx + (λ + μ)

∫
u̇j (∂t ∂j (div u)

+ div(u∂j (div u)))dx −
∫

u̇j (∂jPt + div(u∂jP ))dx

−
∫

u̇j
(
∂t (∇d · �dj ) + div(u · ∇d · �dj )

)
dx

�
4∑

i=1

Ji. (3.43)

Integration by parts leads to

J1 = −μ

∫
(∂i u̇

j ∂t ∂iu
j + �uj u · ∇u̇j )dx

= −μ

∫
(|∇u̇|2 − ∂i u̇

j uk∂k∂iu
j − ∂i u̇

j ∂iu
k∂ku

j + �uj u · ∇u̇j )dx

= −μ

∫
(|∇u̇|2 + ∂i u̇

j ∂ku
k∂iu

j − ∂i u̇
j ∂iu

k∂ku
j − ∂iu

j ∂iu
k∂ku̇

j )dx

≤ −3μ

4
‖∇u̇‖2

L2 + C‖∇u‖4
L4 . (3.44)
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Similarly, one has

J2 ≤ −λ + μ

2
‖div u̇‖2

L2 + C‖∇u‖4
L4 . (3.45)

It follows from integration by parts, (1.14)1, (3.3), (3.17), and Young’s inequality that

J3 =
∫

(∂j u̇
jPt + ∂jP u · ∇u̇j )dx

=
∫

∂j u̇
jPtdx −

∫
P∂j (u · ∇u̇j )dx

=
∫

∂j u̇
j [(ρθ)t + div(ρθu)]dx −

∫
ρθ∂j u · ∇u̇j dx

=
∫

∂j u̇
j ρθ̇dx −

∫
ρθ∂j u · ∇u̇j dx

≤ C‖∇u̇‖L2‖ρ‖
1
2
L∞‖√ρθ̇‖L2 + C‖ρ‖L∞‖θ‖L4‖∇u‖L4‖∇u̇‖L2

≤ μ

4
‖∇u̇‖2

L2 + C‖√ρθ̇‖2
L2 + C‖∇u‖4

L4 + C‖∇θ‖4
L2 + C. (3.46)

Integrating by parts and applying (3.11), (3.14), Sobolev’s inequality, and Gagliardo-Nirenberg 
inequality, we arrive at

|J4| ≤ C

∫
|∇u̇|

(
|∇d||∇dt | + |u||∇d||∇2d|

)
dx

≤ μ

8
‖∇u̇‖2

L2 + C‖∇d‖2
L4‖∇dt‖2

L4 + C‖u‖2
L6‖∇d‖2

L6‖∇2d‖2
L6

≤ μ

8
‖∇u̇‖2

L2 + C‖∇dt‖L2‖∇dt‖H 1 + C‖∇u‖2
L2‖∇2d‖2

H 1

≤ μ

8
‖∇u̇‖2

L2 + C‖∇dt‖2
L2 + ε‖∇2dt‖2

L2 + C‖∇3d‖2
L2 + C. (3.47)

Inserting (3.44)–(3.47) into (3.43) yields

d

dt
‖√ρu̇‖2

L2 + μ‖∇u̇‖2
L2 ≤ C‖√ρθ̇‖2

L2 + C‖∇u‖4
L4 + C‖∇θ‖4

L2

+ C‖∇dt‖2
L2 + ε‖∇2dt‖2

L2 + C‖∇3d‖2
L2 + C. (3.48)

2. Differentiation (3.12) with respect to t leads to

∇dt t − �∇dt = −∇(u · ∇d)t + ∇(|∇d|2d)t . (3.49)

Multiplying (3.49) by ∇dt and integrating the resulting equation over � gives
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1

2

d

dt

∫
|∇dt |2dx +

∫
|∇2dt |2dx

≤ C

∫
|∇d||∇ut ||∇dt |dx + C

∫
|ut ||∇2dt ||∇d|dx + C

∫
|∇dt |2|∇u|dx

+ C

∫
|∇d|2|dt ||∇2dt |dx + C

∫
|∇d||∇dt ||∇2dt |dx �

5∑
i=1

Si. (3.50)

By Hölder’s, Young’s, Sobolev’s, Gagliardo-Nirenberg inequalities, (3.11), and (3.14), one has

S1 + S2 ≤C

∫
|∇d||∇u̇||∇dt |dx + C

∫
|u̇||∇2dt ||∇d|dx

+ C

∫
|∇2d||u · ∇u||∇dt |dx + C

∫
|u · ∇u||∇2dt ||∇d|dx

≤C‖∇u̇‖L2‖∇d‖L4‖∇dt‖L4 + C‖∇2dt‖L2‖u̇‖L4‖∇d‖L4

+ C‖∇2d‖L6‖∇u‖L2‖u‖L12‖∇dt‖L4 + C‖∇2dt‖L2‖∇u‖L4‖∇d‖L6‖u‖L12

≤ δ

2
‖∇2dt‖2

L2 + C(δ)‖∇u̇‖2
L2 + C‖∇3d‖2

L2 + C‖∇u‖2
L4 + C‖∇dt‖2

L4

≤δ‖∇2dt‖2
L2 + C(δ)‖∇u̇‖2

L2 + C‖∇3d‖2
L2 + C‖∇u‖2

L4 + C‖∇dt‖2
L2;

S3 ≤C‖∇u‖L2‖∇dt‖2
L4 ≤ C‖∇dt‖L2‖∇dt‖H 1 ≤ δ‖∇2dt‖2

L2 + C‖∇dt‖2
L2;

S5 ≤C‖∇2dt‖L2‖∇dt‖L4‖∇d‖L4

≤ δ

2
‖∇2dt‖2

L2 + C‖∇dt‖L2‖∇dt‖H 1

≤δ‖∇2dt‖2
L2 + C‖∇dt‖2

L2 .

To bound S4, it follows from (1.14)4, Sobolev’s inequality, (3.11), and (3.14) that

‖dt‖L2 = ‖ − u · ∇d + |∇d|2d + �d‖L2

≤ C
(
‖u‖L6‖∇d‖L3 + ‖∇d‖2

L4 + ‖∇2d‖L2

)
≤ C‖∇u‖L2 + C

≤ C. (3.51)

Hence we deduce from Hölder’s, Young’s, (3.11), and (3.51) that

S4 ≤C‖∇2dt‖L2‖∇d‖2
L8‖dt‖L4

≤δ‖∇2dt‖2
L2 + C‖dt‖2

H 1

≤δ‖∇2dt‖2
L2 + C‖∇dt‖2

L2 + C.

Substituting the above estimates on Si (i = 1, · · · , 5) into (3.50), we obtain after choosing δ
suitably small that
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d

dt
‖∇dt‖2

L2 + ‖∇2dt‖2
L2 ≤ C‖∇dt‖2

L2 + C3‖∇u̇‖2
L2 + C‖∇3d‖2

L2 + C‖∇u‖2
L4 + C. (3.52)

Adding (3.48) multiplied by C3+1
μ

to (3.52) and choosing ε suitably small, one has

d

dt

(
μ−1(C3 + 1)‖√ρu̇‖2

L2 + ‖∇dt‖2
L2

)
+ ‖∇u̇‖2

L2 + ‖∇2dt‖2
L2

≤ C4‖√ρθ̇‖2
L2 + C‖∇u‖4

L4 + C‖∇θ‖4
L2 + C‖∇dt‖2

L2 + C‖∇3d‖2
L2 + C. (3.53)

It follows from Lemma 2.4, Gagliardo-Nirenberg inequality, (3.3), (3.17), (3.11), and (3.14) that

‖∇u‖4
L4 ≤ C‖∇v‖4

L4 + C‖∇w‖4
L4

≤ C‖ρθ‖4
L4 + C‖∇w‖2

L2‖∇w‖2
H 1

≤ C‖ρ‖4
L∞‖θ‖4

L4 + C(‖ρu̇‖L2 + ‖|∇d||�d|‖L2)
2

≤ C + C‖∇θ‖4
L2 + C‖√ρu̇‖2

L2 + C‖∇d‖2
L4‖∇2d‖2

L4

≤ C + C‖∇θ‖4
L2 + C‖√ρu̇‖2

L2 + C‖∇2d‖L2‖∇2d‖H 1

≤ C + C‖∇θ‖4
L2 + C‖√ρu̇‖2

L2 + C‖∇3d‖2
L2, (3.54)

which together with (3.53) implies that

d

dt

(
μ−1(C3 + 1)‖√ρu̇‖2

L2 + ‖∇dt‖2
L2

)
+ ‖∇u̇‖2

L2 + ‖∇2dt‖2
L2

≤ C4‖√ρθ̇‖2
L2 + C‖√ρu̇‖2

L2 + C‖∇θ‖4
L2 + C‖∇dt‖2

L2 + C‖∇3d‖2
L2 + C. (3.55)

3. Multiplying (1.14)3 by θ̇ and integrating the resulting equation by parts yield that

κ

2

d

dt

∫
|∇θ |2dx +

∫
ρ|θ̇ |2dx

= κ

∫
u · ∇θ�θdx −

∫
ρθ div uθ̇dx + λ

∫
(div u)2θ̇dx

+ 2μ

∫
|D(u)|2θ̇dx +

∫
|�d + |∇d|2d|2θ̇dx �

5∑
n=1

In. (3.56)

It follows from Sobolev’s inequality, Gagliardo-Nirenberg inequality, and (3.17) that for any 
ε ∈ (0, 1],

‖θ‖2
L∞ ≤ C‖θ‖2

W 1,4

≤ C‖θ‖2
L4 + C‖∇θ‖2

L4

≤ C‖∇θ‖2
L2 + C + C‖∇θ‖L2‖∇θ‖H 1

≤ ε‖∇2θ‖2
L2 + C‖∇θ‖2

L2 + C, (3.57)
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which together with (3.14), the standard W 2,2-estimate of (1.14)3, (3.3), (3.11), (3.17), and 
Gagliardo-Nirenberg inequality yields

‖θ‖2
H 2 ≤ C

∫
ρθ̇2dx + C

∫
ρ2θ2|∇u|2dx + C

∫
|∇u|4dx + C

∫
|�d + |∇d|2d|4dx + C‖θ‖2

L2

≤ C‖√ρθ̇‖2
L2 + C‖ρ‖2

L∞‖θ‖2
L∞‖∇u‖2

L2 + C‖∇u‖4
L4 + C‖∇3d‖2

L2 + C‖∇θ‖2
L2 + C

≤ C‖√ρθ̇‖2
L2 + Cε‖∇2θ‖2

L2 + C‖∇u‖4
L4 + C‖∇3d‖2

L2 + C‖∇θ‖2
L2 + C

≤ C‖√ρθ̇‖2
L2 + Cε‖∇2θ‖2

L2 + C‖∇u‖4
L4 + C‖∇3d‖2

L2 + C‖∇θ‖2
L2 + C.

Hence, we obtain after choosing ε small enough that

‖θ‖2
H 2 ≤ C‖√ρθ̇‖2

L2 + C‖∇u‖4
L4 + C‖∇3d‖2

L2 + C‖∇θ‖2
L2 + C. (3.58)

Thus, we obtain from Sobolev’s inequality, Gagliardo-Nirenberg inequality, (3.14), and (3.58)
that

|I1| ≤ C‖u‖L4‖∇θ‖L4‖∇2θ‖L2

≤ C‖∇u‖L2‖∇θ‖
1
2
L2‖∇θ‖

1
2
H 1‖∇2θ‖L2

≤ δ‖√ρθ̇‖2
L2 + C‖∇u‖4

L4 + C‖∇3d‖2
L2 + C‖∇θ‖2

L2 + C. (3.59)

From (3.3) and (3.17), we get

|I2| ≤ C‖ρ‖
1
2
L∞‖∇u‖L4‖θ‖L4‖√ρθ̇‖L2

≤ δ‖√ρθ̇‖2
L2 + C‖∇u‖4

L4 + C‖∇θ‖4
L2 + C. (3.60)

Integration by parts together with (3.17) leads to

I3 = λ

∫
(div u)2θtdx + λ

∫
(div u)2(u · ∇θ)dx

= λ
d

dt

∫
(div u)2θdx − 2λ

∫
θ div u div u̇dx + 2λ

∫
θ div u div(u · ∇θ)dx

+ λ

∫
(div u)2(u · ∇θ)dx

= λ
d

dt

∫
(div u)2θdx − 2λ

∫
θ div u div u̇dx + 2λ

∫
θ div u∂iu

j ∂ju
idx

+ λ

∫
u · ∇(θ(div u)2)dx

= λ
d

dt

∫
(div u)2θdx − 2λ

∫
θ div u div u̇dx + 2λ

∫
θ div u∂iu

j ∂ju
idx − λ

∫
θ(div u)3dx

≤ λ
d

∫
(div u)2θdx + C‖θ‖L4‖∇u‖L4‖∇u̇‖L2 + C‖θ‖L4‖∇u‖3

L4

dt
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≤ λ
d

dt

∫
(div u)2θdx + η‖∇u̇‖2

L2 + C‖∇u‖4
L4 + C‖∇θ‖4

L2 + C. (3.61)

Similarly to (3.61), one has for any η ∈ (0, 1],

I4 ≤ 2μ
d

dt

∫
|D(u)|2θdx + η‖∇u̇‖2

L2 + C‖∇u‖4
L4 + C‖∇θ‖4

L2 + C. (3.62)

For the term I5, we deduce from Gagliardo-Nirenberg inequality, Sobolev’s inequality, (3.11), 
(3.14), (3.58), and (3.51) that

I5 =
∫

|�d + |∇d|2d|2θtdx +
∫

|�d + |∇d|2d|2(u · ∇θ)dx

= d

dt

∫
|�d + |∇d|2d|2θdx −

∫
(|�d + |∇d|2d|2)t θdx +

∫
|�d + |∇d|2d|2(u · ∇θ)dx

≤ d

dt

∫
|�d + |∇d|2d|2θdx + C‖θ‖L∞

(
‖∇2d‖L2 + ‖∇d‖2

L4

)
×

(
‖∇2dt‖L2 + ‖∇d‖2

L8‖dt‖L4 + ‖∇d‖L4‖∇dt‖L4

)
+ C(‖∇2d‖2

L4 + ‖∇d‖4
L8)‖u‖L4‖∇θ‖L4

≤ d

dt

∫
|�d + |∇d|2d|2θdx + C‖θ‖L∞

(
‖∇2dt‖L2 + ‖dt‖

1
2
L2‖dt‖

1
2
H 1 + ‖∇dt‖

1
2
L2‖∇dt‖

1
2
H 1

)

+ C(‖∇2d‖L2‖∇2d‖H 1 + 1)‖∇u‖L2‖∇θ‖
1
2
L2‖∇θ‖

1
2
H 1

≤ d

dt

∫
|�d + |∇d|2d|2θdx + C‖θ‖L∞

(
‖∇2dt‖L2 + ‖∇dt‖

1
2
L2 + ‖∇dt‖

1
2
L2‖∇dt‖

1
2
H 1

)

+ C(‖∇3d‖L2 + 1)‖∇θ‖
1
2
L2‖∇θ‖

1
2
H 1

≤ d

dt

∫
|�d + |∇d|2d|2θdx + C‖∇2dt‖2

L2 + C‖∇dt‖2
L2

+ δ‖√ρθ̇‖2
L2 + C‖∇u‖4

L4 + C‖∇3d‖2
L2 + C‖∇θ‖2

L2 + C. (3.63)

Inserting (3.59)–(3.63) into (3.56) and choosing δ suitably small, we get

d

dt

(
κ‖∇θ‖2

L2 − �(t)
)

+ ‖√ρθ̇‖2
L2

≤ η‖∇u̇‖2
L2 + C‖∇u‖4

L4 + C‖∇θ‖4
L2 + C‖∇2dt‖2

L2 + C‖∇dt‖2
L2

+ C‖∇3d‖2
L2 + C, (3.64)

where

�(t) � 2λ

∫
(div u)2θdx + 4μ

∫
|D(u)|2θdx + 2

∫
|�d + |∇d|2d|2θdx (3.65)

satisfies
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�(t) ≤ C‖θ‖L6

(
‖∇u‖2

L
12
5

+ ‖∇2d‖2

L
12
5

+ ‖∇d‖4

L
24
5

)

≤ C
(
1 + ‖∇θ‖L2

)(
‖∇u‖

4
3
L2‖∇u‖

2
3
L4 + ‖∇2d‖

4
3
L2‖∇2d‖

2
3
L4 + 1

)

≤ κ

4
‖∇θ‖2

L2 + C‖∇u‖
4
3
L4 + C‖∇2d‖

2
3
L2‖∇2d‖

2
3
H 1 + C

≤ κ

4
‖∇θ‖2

L2 + C‖∇θ‖
4
3
L2 + C‖√ρu̇‖

1
2
L2 + C‖∇3d‖

1
2
L2 + C‖∇3d‖

2
3
L2 + C

≤ κ

2
‖∇θ‖2

L2 + 1

2μ(C4 + 1)
‖√ρu̇‖2

L2 + 1

2(C4 + 1)
‖∇dt‖2

L2 + C, (3.66)

owing to (3.54), (3.14), and the following fact

‖∇3d‖L2 ≤ C‖∇dt‖L2 + C‖∇(u · ∇d)‖L2 + C‖∇(|∇d|2d)‖L2

≤ C‖∇dt‖L2 + C‖∇u‖L4‖∇d‖L4 + C‖|u||∇2d|‖L2 + C‖∇d‖3
L6 + C‖|∇d||∇2d|‖L2

≤ C‖∇dt‖L2 + C‖∇θ‖L2 + C‖√ρu̇‖
1
2
L2 + C‖∇3d‖

1
2
L2 + C

+ C‖u‖L4‖∇2d‖L4 + C‖∇d‖L4‖∇2d‖L4

≤ C‖∇dt‖L2 + C‖∇θ‖L2 + C‖√ρu̇‖
1
2
L2 + C‖∇3d‖

1
2
L2 + C

+ C‖∇u‖L2‖∇2d‖
1
4
L2‖∇2d‖

3
4
L6 + C‖∇2d‖

1
4
L2‖∇2d‖

3
4
L6

≤ 1

2
‖∇3d‖L2 + C‖∇dt‖L2 + C‖∇θ‖L2 + C‖√ρu̇‖

1
2
L2 + C. (3.67)

Consequently, adding (3.64) multiplied by C4 + 1 to (3.55) and choosing η small enough, we 
obtain that

d

dt
�̄(t) + ‖∇ θ̇‖2

L2 + ‖∇u̇‖2
L2 + ‖∇2dt‖2

L2

≤ C‖√ρu̇‖2
L2 + C‖∇θ‖4

L2 + C‖∇dt‖2
L2 + C, (3.68)

where

�̄(t) � μ−1(C3 + 1)‖√ρu̇‖2
L2 + ‖∇dt‖2

L2 + κ(C4 + 1)‖∇θ‖2
L2 − (C4 + 1)�(t)

satisfies

μ−1
(

C3 + 1

2

)
‖√ρu̇‖2

L2 + 1

2
‖∇dt‖2

L2 + κ(C4 + 1)

2
‖∇θ‖2

L2 − C

≤ �̄(t) ≤ C‖√ρu̇‖2
L2 + C‖∇dt‖2

L2 + C‖∇θ‖2
L2 + C (3.69)

due to (3.66). Then the desired (3.41) follows from (3.68), Gronwall’s inequality, and (3.14).
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4. We now turn to the proof of (3.42). Operating ∂t + div(u·) to (1.14)3 gives rise to

ρ(θ̇ + u · ∇ θ̇ ) = κ�θ̇ + κ[div u�θ − ∂i(∂iu · ∇θ) − ∂iu · ∇∂iθ ] − ρθ̇ div u − ρθ div u̇

+ ρθ∂ku
l∂lu

k + (λ(div u)2 + 2μ|D(u)|2)div u + 2λ(div u̇ − ∂ku
l∂lu

k)div u

+ μ(∂iu
j + ∂ju

i)(∂i u̇
j + ∂j u̇

i − ∂iu
k∂ku

j − ∂ju
k∂ku

i)

+ ∂t |�d + |∇d|2d|2 + div(|�d + |∇d|2d|2u). (3.70)

Then multiplying (3.70) by θ̇ and integration by parts lead to

1

2

d

dt

∫
ρ|θ̇ |2dx + κ

∫
|∇ θ̇ |2dx

≤ C

∫
|∇u|(|∇2θ ||θ̇ | + |∇θ ||∇ θ̇ |)dx + C

∫
|∇u|2|θ̇ |(|∇u| + θ)dx

+ C

∫
ρ|θ̇ |2|∇u|dx + C

∫
ρθ |∇u̇||θ̇ |dx + C

∫
|∇u||∇u̇||θ̇ |dx

+
∫

θ̇∂t |�d + |∇d|2d|2dx +
∫

θ̇ div(|�d + |∇d|2d|2u)dx �
7∑

n=1

Kn. (3.71)

It follows from (3.58), (3.54), (3.67), and (3.41) that

‖θ‖H 2 ≤ C‖√ρθ̇‖L2 + C. (3.72)

Moreover, by the similar arguments as (3.17), we have

‖θ̇‖Lr ≤ C‖√ρθ̇‖L2 + C‖∇ θ̇‖L2, for any 1 ≤ r < ∞. (3.73)

Thus, by virtue of Hölder’s, Young’s, Sobolev’s, Gagliardo-Nirenberg inequalities, (3.54), (3.67), 
(3.41), (3.72), (3.73), (3.11), (3.51), and (3.14), we can bound each term Kn as follows

K1 ≤C‖∇u‖L4‖∇2θ‖L2‖θ̇‖L4 + C‖∇u‖L4‖∇θ‖L4‖∇ θ̇‖L2 ≤ κ

12
‖∇ θ̇‖2

L2

+ C‖√ρθ̇‖2
L2 + C;

K2 ≤C‖∇u‖3
L4‖θ̇‖L4 + C‖∇u‖2

L4‖θ‖L4‖θ̇‖L4 ≤ κ

12
‖∇ θ̇‖2

L2 + C‖√ρθ̇‖2
L2 + C;

K3 ≤C‖∇u‖L4‖θ̇‖L4‖√ρθ̇‖L2 ≤ κ

12
‖∇ θ̇‖2

L2 + C‖√ρθ̇‖2
L2;

K4 + K5 ≤C‖∇u̇‖L2‖θ̇‖L4‖θ‖L4 + C‖∇u̇‖L2‖θ̇‖L4‖∇u‖L4 ≤ κ

12
‖∇ θ̇‖2

L2

+ C‖√ρθ̇‖2
L2 + ‖∇u̇‖2

L2;
K6 ≤C‖∇2d‖L4‖∇2dt‖L2‖θ̇‖L4 + C‖∇2d‖L4‖∇d‖L4‖∇dt‖L4‖θ̇‖L4

+ C‖∇d‖2
8‖∇2dt‖L2‖θ̇‖L4 + C‖∇d‖4

16‖dt‖L2‖θ̇‖L4

L L
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+ C‖∇d‖3
L12‖∇dt‖L2‖θ̇‖L4 + C‖∇2d‖L6‖∇d‖2

L24‖dt‖L2‖θ̇‖L4

≤ κ

12
‖∇ θ̇‖2

L2 + C‖√ρθ̇‖2
L2 + C‖∇2dt‖2

L2;

K7 ≤C‖u‖L6‖∇ θ̇‖L2

(
‖∇2d‖2

L6 + ‖∇d‖4
L12

)
≤C‖∇u‖L2‖∇ θ̇‖L2

(
‖∇2d‖2

H 1 + 1
)

≤C‖∇ θ̇‖L2 ≤ κ

12
‖∇ θ̇‖2

L2 + C.

Substituting the above estimates on Kn (n = 1, 2, · · · , 7) into (3.71) yields that

d

dt
‖√ρθ̇‖2

L2 + κ‖∇ θ̇‖2
L2 ≤ C‖√ρθ̇‖2

L2 + C‖∇u̇‖2
L2 + C‖∇2dt‖2

L2 + C,

which together with Gronwall’s inequality and (3.41) leads to the desired (3.42). This finishes 
the proof of Lemma 3.4. �

The following lemma will treat the higher order derivatives of the solutions which are needed 
to guarantee the extension of local strong solution to be a global one.

Lemma 3.5. Under the condition (3.1), and let q > 2 be as in Theorem 1.1, then it holds that for 
any T ∈ [0, T ∗),

sup
0≤t≤T

(‖ρ‖W 1,q + ‖∇u‖H 1 + ‖∇d‖H 2 + ‖θ‖H 2

) ≤ C. (3.74)

Proof. 1. It follows from (3.67) and (3.41) that

sup
0≤t≤T

‖∇3d‖L2 ≤ C,

which combined with (3.2) and (3.14) gives rise to

sup
0≤t≤T

‖∇d‖H 2 ≤ C. (3.75)

2. We derive from (3.72) and (3.42) that

sup
0≤t≤T

‖θ‖H 2 ≤ C. (3.76)

3. For q > 2, it follows from the mass equation (1.14)1 that ∇ρ satisfies

d

dt
‖∇ρ‖Lq ≤ C(q)(1 + ‖∇u‖L∞)‖∇ρ‖Lq + C(q)‖∇2u‖Lq

≤ C(1 + ‖∇w‖L∞ + ‖∇v‖L∞)‖∇ρ‖Lq + C
(
‖∇2w‖Lq + ‖∇2v‖Lq

)
≤ C(1 + ‖∇w‖L∞ + ‖∇v‖L∞)‖∇ρ‖Lq + C‖∇2w‖Lq + C (3.77)
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due to the following fact

‖∇2v‖Lq ≤ C‖∇P‖Lq ≤ C‖∇ρ‖Lq ‖θ‖L∞ + C‖∇θ‖Lq ‖ρ‖L∞ ≤ C‖∇ρ‖Lq + C,

which follows from the standard Lq -estimate for the following elliptic system

{
μ�v + (λ + μ)∇ div v = ∇P, x ∈ �,

v = 0, x ∈ ∂�,

(3.76), and (3.2). From Lemma 2.6 and (2.6), one gets

‖∇v‖L∞ ≤ C
(
1 + ‖∇v‖BMO log(e + ‖∇v‖W 1,q )

)
≤ C

(
1 + (‖ρθ‖L2 + ‖ρθ‖L∞) log(e + ‖∇v‖W 1,q )

)
≤ C (1 + log(e + ‖∇ρ‖Lq )) . (3.78)

By virtue of Sobolev’s embedding theorem, (2.7), (3.2), and (3.75), one deduces that

‖∇w‖L∞ ≤ ‖w‖W 2,q

≤ C‖ρu̇‖Lq + C‖|∇d||�d|‖Lq

≤ C‖u̇‖Lq + C‖∇d‖2
H 2

≤ C‖∇u̇‖L2 + C. (3.79)

Moreover, we have

‖∇2w‖Lq ≤ ‖w‖W 2,q ≤ C‖∇u̇‖L2 + C. (3.80)

Substituting (3.78)–(3.80) into (3.77), we derive that

d

dt
‖∇ρ‖Lq ≤ C

(
1 + ‖∇u̇‖L2 + log(e + ‖∇ρ‖Lq )

)‖∇ρ‖Lq + C‖∇u̇‖L2 + C. (3.81)

Thus, we get from Gronwall’s inequality and (3.41) that

sup
0≤t≤T

‖∇ρ‖Lq ≤ C,

which together with (3.2) and the boundedness of � yields

sup
0≤t≤T

‖ρ‖W 1,q ≤ C. (3.82)

4. We infer from (2.6), (2.7), and (3.1) that

‖∇2u‖L2 ≤ ‖∇2v‖L2 + ‖∇2w‖L2 ≤ C‖∇(ρθ)‖L2 + C‖√ρu̇‖L2 + C‖|∇d||�d|‖L2,
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which combined with (3.82), Hölder’s inequality, (3.41), (3.76), and (3.75) implies that

sup
0≤t≤T

‖∇2u‖L2 ≤ C. (3.83)

Thus the desired (3.74) follows from (3.75), (3.76), (3.82), (3.83), and (3.14). The proof of 
Lemma 3.5 is finished. �

With Lemmas 3.1–3.5 at hand, we are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We argue by contradiction. Suppose that (1.21) were false, that is, (3.1)
holds. Note that the general constant C in Lemmas 3.1–3.5 is independent of t < T ∗, that is, all 
the a priori estimates obtained in Lemmas 3.1–3.5 are uniformly bounded for any t < T ∗. Hence, 
the function

(ρ,u, θ,d)(x, T ∗) � lim
t→T ∗(ρ,u, θ,d)(x, t)

satisfy the initial condition (1.18) at t = T ∗.
Furthermore, standard arguments yield that ρu̇, ρθ̇ ∈ C([0, T ]; L2), which implies

(ρu̇, ρθ̇)(x, T ∗) = lim
t→T ∗(ρu̇, ρθ̇) ∈ L2.

Hence,

−μ�u − (λ + μ)∇divu + ∇(ρθ) + ∇d · �d|t=T ∗ = √
ρ(x,T ∗)g1(x),

−κ�θ − 2μ|D(u)|2 − λ(div u)2 − |�d + |∇d|2d|2|t=T ∗ = √
ρ(x,T ∗)g2(x),

with

g1(x) �
{

ρ−1/2(x, T ∗)(ρu̇)(x, T ∗), for x ∈ {x|ρ(x,T ∗) > 0},
0, for x ∈ {x|ρ(x,T ∗) = 0},

and

g2(x) �
{

ρ−1/2(x, T ∗)(ρθ̇ + ρθ div u)(x, T ∗), for x ∈ {x|ρ(x,T ∗) > 0},
0, for x ∈ {x|ρ(x,T ∗) = 0},

satisfying g1, g2 ∈ L2 due to (3.74). Therefore, one can take (ρ, u, θ, d)(x, T ∗) as the initial data 
and extend the local strong solution beyond T ∗. This contradicts the assumption on T ∗. Thus we 
finish the proof of Theorem 1.1. �
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