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Abstract

We consider the initial-boundary value problem of a system of reaction-diffusion equations with density-
dependent motility

ur = A(y()u) +auF(w) —0u, xe€, t>0,

v =DAv+u—wv, xe, t>0,

wr = Aw —uF(w), xe, t>0, (%)
%:33:%’5:0, x €0, t>0,
(u, v, w)(x,0) = (ug, vg, wo)(x), x €,

in a bounded domain € C R? with smooth boundary, o and 6 are non-negative constants and v denotes the

outward normal vector of d€2. The random motility function y (v) and functional response function F(w)
satisfy the following assumptions:

e y(v) €C3([0,00)), 0<y; <y () <y, Iy' (W) <nforallv=>0;
e F(w) e CL([0,00)), F(0) =0, F(w) > 0in (0, 00) and F'(w) > 0 on [0, 00)

for some positive constants y1, y» and 1. Based on the method of energy estimates and Moser iteration, we
prove that the problem () has a unique classical global solution uniformly bounded in time. Furthermore
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we show that if 6 > 0, the solution (u, v, w) will converge to (0, 0, wy) in L with some wy > 0 as time
tends to infinity, while if & = 0, the solution (u, v, w) will asymptotically converge to (i, ux, 0) in L>
with uy = |lﬁ|(””0”L1 + allwpll;1) if D > 0 is suitably large.

© 2020 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The reaction-diffusion models can generate a wide variety of exquisite spatio-temporal pat-
terns arising in embryogenesis and development due to the diffusion-driven (Turing) instability
[16,21]. In addition, colonies of bacteria and eukaryotes can also generate rich and complex
patterns driven by chemotaxis, which typically result from coordinated cell movement, growth
and differentiation that often involve the detection and processing of extracellular signals [5,6].
Many of these models invoke nonlinear diffusion which is enhanced by the local environment
condition because of population pressure (cf. [20]), volume exclusion (cf. [8,22]) or avoidance
of danger (cf. [21]) and so on. By employing a synthetic biology approach, the authors of
[17] introduced the so-called “self-trapping” mechanism into programmed bacterial Eeshcrichia
coli cells which excrete signalling molecules acyl-homoserine lactone (AHL) such that at low
AHL level, the bacteria undergo run-and-tumble random motion and are motile, while at high
AHL levels, the bacteria tumble incessantly and become immotile due to the vanishing macro-
scopic motility. As a result, Eeshcrichia coli cells formed the outward expanding stripe (wave)
patterns in the petri dish. To gain a quantitative understanding of the patterning process in
the experiment, the following three-component reaction-diffusion system has been proposed in
[17]:

2y

M1=A()/(v)u)+z‘)’f+k, xeQ, t>0,
vy=DAv+u—v, xe, t>0, (1.1)
w; =Aw — wlu xeR, t>0,

w241’

where u(x, 1), v(x, t), w(x, t) denote the bacterial cell density, concentration of acyl-homoserine
lactone (AHL) and nutrient density, respectively; «, A, D > 0 are constants and €2 is bounded do-
main in R"” (n > 2). The first equation of (1.1) describes the random motion of bacterial cells with
an AHL-dependent motility coefficient y (v), and a cell growth due to the nutrient intake. The
second equation of (1.1) describes the diffusion, production and turnover of AHL, while the third
equation provides the dynamics of diffusion and consumption for the nutrient. The prominent
feature of the system (1.1) is that the cell diffusion rate depends on a motility function y (v)
satisfying y’(v) < 0, which takes into account the repressive effect of AHL concentration on the
cell motility (cf. [17]).

Though the system (1.1) may numerically reproduce some key features of experimental
observations as illustrated in [17], the mathematical analysis remains open. Later an alterna-
tive simplified two-component so-called “density-suppressed motility” model was proposed in

[O]:
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{M1=A(7/(U)M)+,Uvu(l_u)» xeQ, 1>0, (12)

vy=DAv+u—v, xe, t>0,

where the reduced growth rate of cells at high density was used to approximate the nutrient deple-
tion effect in the system (1.1). One can expand the Laplacian term in the first equation of (1.2) to
obtain a chemotaxis model with signal-dependent motility. Hence the system (1.2) shares some
features similar to the Keller-Segel type chemotaxis model. However due to the cross-diffusion
and the density-suppressed motility (i.e., y’(v) < 0), even for the simplified system (1.2), there
are only few results obtained recently when the Neumann boundary conditions are imposed, as
summarized below.

(1) @ > 0: In this case, the first result on the global existence and large time behavior of so-
lutions was established in [12]. More precisely, it is shown in [12] that the system (1.2)
has a unique global classical solution in two dimensional spaces for the motility function
y (v) satisfying the assumptions: y (v) € C3([0, 00)), y(v) >0 and y’'(v) <0 on [0, 00),

lim y(v) =0 and lim YO oyigts. Moreover, the constant steady state (1, 1) of (1.2) is
V—>00 V—>00

Y (V)

proved to be globally asymptotically stable if & > % where Ko = max ”’;((—z))lz

0<v<oo
the global existence result has been extended to the higher dimensions (n > 3) for large © > 0
in [31]. On the other hand, for small u > 0, the existence/nonexistence of nonconstant steady
states of (1.2) was rigorously established under some constraints on the parameters in [19]
and the periodic pulsating wave is analytically obtained by the multi-scale analysis. When
y(v) is a constant step-wise function, the dynamics of discontinuity interface was studied
in [25].

(2) = 0: The existence of global classical solutions of (1.2) in any dimensions has been
established in [37] in the case of y(v) = co/vk(k > 0) for small ¢y > 0. The smallness
assumption on ¢y is removed lately for the parabolic-elliptic case with 0 < k < % in
[1]. Moreover, the global classical solution in two dimensions and global weak solution
in three dimensions of (1.2) with u = 0 are obtained in [30] under the following assump-
tions:

(H1) y(v) € C3([0,00)), and there exist y;,y>,7 > 0 such that 0 < y; < y(v) < y2,
|y’ (v)| < n forall v > 0.

Without the lower-upper bound hypotheses for y (v) as assumed in (H1), if y(v) decays

algebraically and 1 < n < 3, the global existence of weak solutions with large initial data

was established in [7]. Moreover, if y (v) decays to zero fastly like exponential decay, the

solution of (1.2) with © = 0 may blow up. For example, if y (v) = e~ %", by constructing a

Lyapunov functional, it is proved in [15] that there exists a critical mass m, = 47” such that

. Recently,

the solution of (1.2) with u = 0 exists globally with uniform-in-time bound if fQ updx <
m, while blows up if fQ uodx > my in two dimensions, where u( denotes the initial value
of u.

Except the above mentioned results on the simplified model (1.2), to our knowledge, there
are not any results available for the original three-component system (1.1) proposed in [17]. The
purpose of this paper is to develop some analytical results on the system (1.1). More generally
we shall consider the following initial-boundary value problem
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ur=A(yWu)+ouF(w) —0u, xe2, t>0,

v=DAv+u-—v, xe, t>0,
wy=Aw —uF(w), xeQ, t>0, (1.3)
u _ dv _ dw _ () xe€ed, t>0,

= v — av
(u, v, w)(x,0) = (up, vo, wo)(x), x €L,

where 6 > 0 accounts for the natural death rate. We assume that the motility function y (v)
satisfies the assumption (H1) as used in [30] and the intake rate function F(w) satisfies the
following conditions
(H2) F(w) € C([0,00)), F(0) =0, F(w) > 01in (0, 00) and F’(w) > 0 on [0, 00).

The conditions in (H2) can be satisfied by a wide class of functions such as

m

w
Fw)=w, Fw)=——, F(w)

Atw T atuwn

with constants A > 0 and m > 1, which are called the Holling type functional response functions
in the predator-prey system (cf. [13,14,35,36]). Therefore the system (1.1) is a special case of
the equations in (1.3) with 6 =0 and F(w) = M’i’% In the sequel, for brevity we shall drop
the differential element in the integrals without confusion, namely abbreviating fQ fdx as f of
and [j [ fdxdz as [y [ f. With the assumptions (H1)-(H2), we first prove the existence of

globally bounded solutions to the system (1.3) in two dimensions as follows.

Theorem 1.1 (Global boundedness). Let Q@ C R? be a bounded domain with smooth boundary,
and the assumptions (HI)-(H2) hold. Assume (ug, vy, wo) € [WL () with ug, vy, wo = 0.
Then for any 6 > 0, the problem (1.3) has a unique global classical solution (u, v, w) € [C(Q x
[0, 00)) N CZL( x (0, co)]? satisfying u, v, w 2 0 for all t > 0 and

luC, DllLe <M,
where M > 0 is s constant such that
13 L2 ca+a)ba+4)*
M:=Ci(1+a) (1+5) e? R (1.4)
with some constants C1, Co > 0 independent of D, « and t.

We remark that we precise the dependence of constant M on « in (1.4) so that the results
of Theorem 1.1 can be applied to the case « = 0. The explicit dependence of M on D will be
used later to derive the asymptotic stability of solutions when imposing some conditions on D as
shown in the next theorem.

Theorem 1.2 (Asymptotic stability of solutions). Let the assumptions in Theorem 1.1 hold and

(u, v, w) be the classical solution of (1.3) obtained in Theorem 1.1. Then the following asymp-
totic stability results hold.
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(1) If6 > O, then it holds that
lim (lu(, )l + v, Dl + lw(, 1) — wylze) =0,
1—00

where wy. > 0 is a constant determined by wy = |—§12‘ lwoll 1 — ﬁ Io" [quF (w).
(2) If6 =0, there exists a constant Dy > 0 such that if D > Dy, then

lim (flu(, 1) = usllLoe + 0, 1) — sl + lw(, D)llL=) =0,
1—>0o0

1
where us = 1o (luoll 1 + aflwo 1)

Remark 1.1. The results of Theorem 1.2 hold for any « > 0. In the case 6 =0 and o = 0, the
system (1.3) reduces to

ur = Ay (v)u), xeQ, t>0,
vy =DAv+u—v, xe, t>0, (1.5)
Ju=3v=0, x €0, t>0, '

(u,v)(x,0) = (ug, vo)(x), x €.

The global existence of classical solutions of (1.5) in two dimensions has been established in
[30], whereas the large time behavior of solution is left open. The result of Theorem 1.2(2)
solves this open question for large D > 0.

Sketch the proof. With the special structure of the first equation of (1.3), we shall use some
ideas in [12,30] to show the boundedness of solutions. More precisely, let A be a self-adjoint
realization of —A (see more details in [24]) defined on D(A) := {¢ € W>2(Q) N L*(Q)| [ ¢ =
0 and % = 0on d$2}. Let B denote the self-adjoint realization of —A + § under homogeneous

Neumann boundary conditions in L?(2) for some § > 0. We can use the first and third equations
of (1.3) to obtain

u+aw—u—aw) +Aly(Wu +aw —y@u —aw) =0, if 6 =0,

and
(u +aw); + By (w)u +aw) = Sy (v) —0)u + daw, if 6 > 0,

c1(1 4 a)? for some appropriately small 7 € (0, 1]. Using the smoothing properties of the second
equation of (1.3) we can obtain the boundedness of fQ |Vv|? and f;” fQ |Av|?. Then we use
the direct L? estimate of u as developed in [12] to find two positive constants ¢, c3 independent
of D and « such that

which enable us to find a constant ¢; > 0 independent of D and « such that ftH'T fQ u? <

lu(, Ol 2 < ca(l +a)ec3(1+°‘)6(1+%)4 forall ¢ € (0, Tay),
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see Lemma 3.3 for details. Then using the routine bootstrap argument and Moser-iteration
method, we derive that |[u(-, )] Lo < M with M satisfying (1.4).

To study the asymptotic behavior, we divide our proofs into two cases: 6 > 0 and 6 = 0.
When 6 > 0, we can obtain from the first equation of (1.3) that fooo Jo u < 0o, which combined
with the relative compactness of (u(:,#));~1 in C(2) (see Lemma 4.1) gives [u(-,t)|pe —
0 and hence ||v(:,?)||[Le — 0 as t — oo from the second equation of (1.3). Then using the
semigroup estimates and the decay property of u, from the third equation we can show that
lw(-, 1) — wy| Lo — 0 as t — oo for some w, > 0, where w, > 0 is proved by showing

/lnw(x,t) > —cy4, forallt >1
Q

for some constant ¢4 > 0, see Lemma 4.3 for details.
When 6 = 0, from the third equation of (1.3) we have

/qu(w)+f/|Vw|2<oo,
0 Q 0 Q

which, combined with [[ugll ;1 < [lu(-, £)|| 1, entails us that

lw(, t)]|pe — 0 as t — oo.

On the other hand, using the relations between M and D in (1.4), we can construct a L? energy
functional of (1, v) which along with suitable regularity of (u, v) finally leads to the convergence
of (u,v) as claimed. O
2. Local existence and Preliminaries

The existence and uniqueness of local solutions of (1.3) can be readily proved by the Amann’s
theorem [3,4] (cf. also [32, Lemma 2.6]) or the fixed point theorem along with the parabolic
regularity theory [12,29]. We omit the details of the proof for brevity.
Lemma 2.1 (Local existence). Let 2 C R? be a bounded domain with smooth boundary and the
assumptions (HI) and (H2) hold. Assume (ug, vo, wo) € [WL2 (13 with ug, vo, wo = 0. Then
there exists Tynax € (0, 00] such that the problem (1.3) has a unique classical solution (u, v, w) €
[C(2 x [0, Trax)) N c?!1 (22 x (0, Tm,m))]3 satisfying u, v, w > 0 for all t > 0. Moreover,

if Tnax <00, then |u(,t)llpe—>00 as t /" Tyax.

Lemma 2.2. The solution (u, v, w) of (1.3) satisfies

t
(Ol +eallw, Ol +9/ ()l = lluollpr +allwollpr, 7€ (0, Tinax),  (2.1)
0

and
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lw(-, t)|| L is decreasing in t. 2.2)
Moreover, for all (x,t) € Q x (0, Tmax), it follows that
F(w(x,1) < Cr = F(llwollze). (2.3)
Proof. We first multiply the third equation of (1.3) by « and add the resulting equation to the
first equation of (1.3). Then integrating the result over © x (0, 7), we have (2.1) directly. The
application of the maximum principle to the third equation of (1.3) gives (2.2). Furthermore,
since F/(w) > 0 for all w > 0, one has (2.3) by using (2.2). O
Next, we list some well-known estimates for the Neumann heat semigroup for later use.
Lemma 2.3 (/33]). Let (e’A),Zo be the Neumann heat semigroup in 2, and let A1 > O denote the
first nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then for all t > 0,

there exist some constants ki (i = 1, 2, 3) depending only on Q2 such that
(1) If1<q =< p <o, then

nel_ 1
le22llzr <k (141722 e 2] 1o 24)

for all z € L1(2) satisfying fQ z=0.
(ii) If 1 < g < p < 00, then

1 _nl_1
1V zllr <ka (14172727 ) M2 25)

forall z € LY(2).
(iii) If2 <q < p < oo, then

1 1
Ve 2l 1r < ks (1 +t‘7<rﬁ>) e M| V2| 1o (2.6)

forall ze WHP(Q).

The following lemma will be used to show the boundedness of solution, one can see [18,
Lemma 3.3] or [26, Lemma 3.4] for details.

Lemma24.Let T >0, 7t €(0,T), a >0 and b > 0. Suppose that y : [0, T) — [0, 00) is abso-
lutely continuous and fulfils

Y'(t) +ay@) <h(r), forallte(0,T),

with some nonnegative function h € L 110 ([0, T)) satisfying

t+1
/ h(s)ds <b, forallt€[0, T —1).

t
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Then

b
y(t) < max {y(O) +b, — + Zb} , forallt €(0,T).
art

3. Boundedness of solutions (Proof of Theorem 1.1)
In this section, we shall establish the boundedness of solution in two dimensions.

Lemma 3.1. Suppose the assumptions in Theorem 1.1 hold. For all 8 > 0, there exists a constant
K1 > 0 independent of D and o such that the solution to (1.3) satisfies

t+t
//u2§K1(1+a)2, forall 7 € (0, Thax), (3.1)
t Q

where
. 1 ~
T:= mln{L ETmax] and Tynax := Tpax — 7.

Proof. We divide the proof into two cases: 6 =0 and 6 > 0.
Case 1: 6 = 0. In this case, multiplying the third equation of (1.3) by « and adding the result to
the first equation of (1.3), one has

Uu+aw) =A(y(Vu + aw). (3.2)

Then integrating (3.2) with respect to x with the homogeneous Neumann boundary conditions,
one has

- _ 1 f 1 / - _
Uu+aow=-— [ up+o— | wo=ug+ awo, (3.3)
12| J 12| J

where f denotes the mean of f, namely f = ‘lﬁl fQ fdx. Let A be a self-adjoint realization of

—A defined on D(A) := {¢ € W>2(Q)NL*(Q)| [, ¢ =0and 3_43 =0 on 32}. Then using (3.3),
we can rewrite (3.2) as

u+ow—u—aw); =—A(y(W)u +aw — y(v)u —aw). (3.4

Multiplying (3.4) by A~! (u + aw — it — aw) and integrating the result by parts, we obtain
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2dt/|A 2(u+ozw—12—oui;)|2
—/A(y(v)wraw—y(v)u—auv) AT Ut aw — i — o)

——/(u+aw—ﬁ—ad))~(y(v)u+ozw—y(v)u—otu_))

Q
- [row-i-a /(w /(l—i-)/(v))(u—u)(w—w)
Q
~i [y a7 [ yo)w - ),
Q Q

which together with the facts 0 < y; < y(v) < y» and the nonnegativity of u, w, gives

2dt/|A 2(u+aw—i —aw)|? +y1/(u—u) +a /(w—w)

=—0t/(1+J/(v))(u—ﬁ)(w—i))—ﬁ/)/(v)(u—ﬁ)—otﬁ/y(v)(w—ID)

Q Q Q
5aw/(1+y(v))u+aa/(1 +y(v))w+(ﬁ2+aﬁw)/y(v)
Q Q Q

2a + 3ays V2
< lell Lo llwll 1 +_||M||i]’

- 19 |€2]

(3.5)

in which we have used the fact fQ (p—p)* < fQ @2 forall ¢ € L?(£2). We know from Lemma 2.2
that Jlullpr < lluollpr + ellwollpr < [R2[([[uollLe + allwollze) and w1 < [Qfwlze <

|2|||lwg|| oo . Therefore, (3.5) shows

d
E[IA_%(u—{—aw—ﬁ—och))|2—|—2y1f(u—ﬁ)2+2a2/(w—1i))2
Q Q Q

<ca(l+a)?,

(3.6)

where ¢ = 4(1 4+ 29)|Q|(luoll e + llwollL=)?. Because of fQ A*%(u +aw—u—aw)=0,
we can apply the Poincaré inequality with a positive constant ¢, and the fact ||w||po < ||wg| Lo

to obtain
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/|A*%(u+aw — i —aw)|?

502/ IVA_%(IrI—ocw — il —aw)|?
Q

=c‘2/|u+aw—ﬁ—au_)|2 (3.7)
5262/(u—12)2+262a2/(w—11))2
5262/0! — )% 4 2620719 wo .

Q

Substituting (3.7) into (3.6), and letting X (¢) := fQ IA*% (u+ow — i —aw)|?, one yields

X’(t)—i—2y—:2X(t)+y1/(u—12)2503(1—{-01)2, (3.8)

where c3 =c1 + y1|Q2| ||w0||%oo. Then applying the Gronwall’s inequality to (3.8), we first obtain

X(z)=/|A—%(u+aw—ﬁ—afu)|25c4(1+a)2, (3.9)

where ¢4 = 2‘%3 + 262122 (Jluoll L= + llwollz)?. Then integrating (3.8) over (¢,1 + ) with

T :=min { 1, %Tmax] and using (3.9), one has

t+t

//(u—ﬁ)zfm(l+a)2§m(l+a)2. (3.10)
Q

V1 V1
t

By the fact [ (u — i)> = [qu® — [ i?, it follows from (3.10) that

t+1 t+7 t+7

//u —/f(u—u)2 f/ Gate 4<1+ Y 4+ 2|0,

which yields (3.1) by using the fact iz < |lug| Lo + a||wo|l L.

Case 2: 6 > 0. In this case, we let B denote the self-adjoint realization of —A + § under
homogeneous Neumann boundary conditions in L>(£2), where 0 < § < £. Then there exists a
constant ¢s > 0 such that

1B ll2 <csllyll 2 forall yr € L3(Q) (3.11)
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and

B2 y)%, = f v By <cs|lyl7, forall y € L*(9Q), (3.12)
Q

one can see the details in [18]. From the system (1.3), we have
(u+aw) = Ay (Vu +ow) — Ou,
which can be rewritten as
(U +aw); + By Wu 4+ aw) =8(y (v)u +aw) —0u = 8y (v) — 0)u + Saw. (3.13)

With the fact 0 < § < % and the boundedness of w, we derive

By ) —u + Saw < (8y2 — O)u + Sa||lwoll Lo < co, (3.14)
where cg = 9”"’}/%. Hence, multiplying (3.13) by B~ +aw) >0, and using (3.14), one has
1d -1 2 -1
27 IB72(u+aw)|“+ | (y(Wu+aw)u+ow) <csa | B~ (u + aw),
Q Q Q
and hence

%/|Bf%(u+aw)|2+ZC7/(u+aw)2§2c6a/871(u+aw), (3.15)
Q Q Q

with ¢7 := min{yj, 1}. Using (3.11) and (3.12), we can derive that

2C—7/|B—%(u+aw)|2+2c6a/5—1(u+aw)
cs
Q Q

c7 2 i
< 3/(u+aw> +2esc60 |2 u + 0w 2 (3.16)
Q

2¢2c2|Q
<c7 /(u +otw)2 + 5—6||a2.
7
Q

Substituting (3.16) into (3.15), and defining Y (¢) := fQ |B_% (u + aw)|?, one has

2¢2¢21Q|
5%6 (x2,

/ 7 2
YO)+ —Y(@t)+c7 | u+oaw)” <
2cs
Q

c7

which combined with the Gronwall’s inequality gives
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2 4cs 5 2 2
Y (1) <ces|2f | (luolle + llwollze)” + 2 (I+a) :=cg(l+a)
¢7
and thus

+1 t+7

//u <ff(“+aw)2 ) 20§c6|§2|r @ <co(1+a)?
c7

2c566|§2\r

where cg = CS + , which gives (3.1). Then we complete the proof of this lemma. O

Lemma 3.2. Let the conditions in Theorem 1.1 hold. Then there exist two positive constants
K>, K3 independent of D, o and t such that

1
/|Vv|2 <Kx(1+a)? <1 + 5) for all 7 € (0, Tyax), (3.17)
and
t+t
1\? ~
/ /|Av|2 < K3(1+a)? (1 + 5) forall 7 € (0, Tax). (3.18)
t Q

Proof. We multiply the second equation of (1.3) by —Awv and integrate the result with Cauchy-
Schwarz inequality to get for all ¢ € (0, Tinax)

/|Vv| —D/|Av| —/uAv+/vAv
<——/|Av|+ u—fIVv|

which leads to

d 1
E/|Vv|2+D/|Av|2+2/|Vv|2§B/uz. (3.19)
Q Q Q Q

Letting y(t) = [, |Vv|* and h(t) = 5 [, u?, we have from (3.19) that
V(1) +2y(t) <h(t) forall 1€ (0, Tpax). (3.20)

Then applying Lemma 2.4 with the fact fttﬂ h(s)ds < %ﬂ‘)z fort € (0, fmax) to (3.20) gives
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Kil+a)? Ki(1+a)? N 2K (1 —|—a)2}

vol? < {v 2 ,
/| of? = max [ VuolZ, + =5 . =

Q
2K (1 4+ a)? N Ki(1+a)?

< IV 2
< IVulg: + — D

K 1
< <||wo||§2 + 2K + 2—5) (1 + 5) (1+a)? forall € (0, Tpax),

which yields (3.17) with K, = ||Vv0||i2 + 2K+ % On the other hand, integrating (3.19) over
(t, t+ 1) fort e (0, Tmax) and using (3.17), we can derive that

t+t | t+7
D//|Av|255//u2+/|Vv|2
rQ r Q Q

Kiwrr(1+ 1) a4
- D D
which implies (3.18) with K3 = K1+ K>. O

Lemma 3.3. Let the assumptions in Theorem 1.1 hold. Then there exist two positive constants
K4 and K5, which are independent of D and «, such that

MG, 02 < Ka(1+a)eK50H0° 0D forall 1 € (0, Tnax)- (3.21)

Proof. Multiplying the first equation of (1.3) by u and integrating the result with assumptions
(H1) and (2.3) gives

li/ﬁ:-/w-V(y(v)u)Jra/F(w)uz—e)/uz
2dt
Q

Q Q Q

S—/)/(v)lvmz—fy’(v)uVu~Vv+otCF/u2
Q

Q Q
5—)/1/|Vu|2+n/u|Vu||Vv|+an/u2
Q Q Q
7 n*
5——/|Vu|2+—/ 2|Vv|2+acpfu2,
2 2y
Q Q Q
which yields
d 2 2 N 2 2 2
—/u +V1/|Vu| 5—/u [Vu| +2aCF/u . (3.22)
dt Y1
Q Q Q Q
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Moreover, applying Gagliardo-Nirenberg inequality and Young inequality to the first term on the

right hand side of (3.22), we obtain a constant ¢ > 0 such that

n’ 2o Ty 2
[ wvor <L i v,
V1 V1
n
< (a2, ) (1Avl2 190l + 19012,

2
cin? an
<= Il 2 el 282 Vol + = Va2 el 2191

(3.23)

2
cin can
+—||u||iz||Av||Lz||Vv||Lz+7||u||Lz||Vv||L2
2 2
m can
— 2+ = 1Voll32 )l 1Vl
2y;

cin 1
( + 20 2)/2 ||VU||L2) lll2, 1 Av]12,.

<yllVul?, +

+— —
yi \4

Substituting (3.23) into (3.22), and using (3.17), we conclude
ity <o +ayt (14 2 21 Av|? 2
Tl <o+ (145 ) (A Avig) i,

(ZK + + M) + 2CF. On the other hand, using the facts (3.1)
Y

(3.24)

where ¢, =
and (3.18), then for any ¢ € (0, T,,,4x), We can find a ty > 0 satisfying 79 € (0, T;,4x) and ty €

((t — 7)™, t) such that
(3.25)

lu 101172 < e3(1+a)?,

and
(3.26)

o+t

1 2
//|Av|251<3(1+a>2<1+5) ,
Q

fo
K1 Then we integrate (3.24) over (fo, t), and use the facts (3.25), (3.26) and

with ¢3 = [|uo |2,
t <ty+ 7t <to+ 1toobtain
ecz(l+oz)4< ) St A+IAVC9)I2)ds

2
e D122 < - )12,
L ds+er (140 (144 )j,; IAvC.9)I2,ds

< luC, t0)||Lzecz(l+a)4( %)
2, c2(14) ( %)2+62K3(1+(x)°(1+%)

<c(l+a)e
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which yields (3.21) with K4 = ¢3 and K5 = ¢2(1 + K3). Then we finish the proof of this
lemma. 0O

Lemma 3.4. Suppose the conditions in Theorem 1.1 hold. Let (u, v, w) be the solution of the
system (1.3). Then it holds that

1 2
||u<-,t)||L45K6(1+a)3<1+5) K AED) forall 1€ (0, Tyar),  (3.27)

where K¢ > 0 is a constant independent of «, D and t.

Proof. With the fact that 0 < F(w) < Cf from (2.3) and the assumptions (H1), we multiply the
first equation of (1.3) with u> and integrate the result to have

Ld u4=—3/u2Vu-V(y(v)u)+oe/F(w)u4—9/u4

4dt
Q Q Q Q
5—3/y(v)u2|Vu|2—3/y/(v)u3Vu-Vv+aCF/u4
Q Q Q
5—3)/1/u2|Vu|2+3n/u3|Vu|IVv|+osz/u4
Q Q Q
3 3n?
< ﬁfﬁwmi/u4|W|2+achu4,
2 2y
Q Q Q
which yields that
d 3 61>
—/u4+ﬂ/|w2|25 i/u4|vv|2+4aCF/u4- (3.28)
dt 2 13!
Q Q Q Q

Using Gagliardo-Nirenberg inequality and Young’s inequality, along with the facts (3.33) and

||u2||L1 = ||u||iz, we can find a constant ¢; > 0 independent of « and D, such that

1
2
6n° 6n*
i/144|Vv|2§ 2 /us /|Vv|4
Y1 14!
Q Q

Q

1
2

67]2
= 7||u2||i4||w||i4

2
S67] cl

3 1
212 212 22 2
(IIVM 2l + llu I|L1> IVll7a

6n°ci

< a2, ull 2 1V 02 +

4 2
lull;21IVVll74
V1 L L
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<nlVi?3, + 2l Vol llullt (VIS + 1), (3.29)

1 ( 3 )3 <6n2c1 )4+ 6nci
ci=--— .
4 \4n Y1 Y1
Furthermore, using the Gagliardo-Nirenberg inequality and Young’s inequality again, we can
find a constant ¢3 > 0 independent of D and «, such that

where

(1+4aCr) / ut=1 —I—4aCF)||M2||%2

1
< c3(1 +4aCr) (uw ||L2||uz||2l + ||u2||21>
L2 L3 (3.30)

3
< c3(1+4aCr) (uwznzznunu + ||u||11)

V1
= JIVEIE + e+,

where ¢4 = ( J4CF + 1)4(
and (3.30) into (3.28), one has

= ) +c3(4CF + 1)) (luollz1 + llwoll1)*. Substituting (3.29)

d

dt
Q

u +fu < VOl (VOIS + 1) + ea(l + )8 331)

By the scaling 7 = D¢, and applying the variation-of-constants formula to the second equation of
(1.3), one has

f
3 - 1
v(-,t):e(A*%ﬁvoJrB/ A=) (.. 5)ds. (3.32)
0

Then using the semigroup estimates (2.5) and (2.6), we derive from (3.32)

IV, D)l s < [IVe A"”vouL4+— / Ve A=)y (. 5)[| ads

i
k » 3 -
ke Vgl + 35 [ (14 G=971) eI ut )l 2ds
0

ko K4
<killVoollps + —=—

o (1 + r(1/4),\4> (1 + a)eKsdHa’ 15",
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which gives

1
IVu(, D4 <cs(1+a) <1 + 5) Ksra U+ 5)t (3.33)

3
with cs =k ||Vvollp4 + sz“ <1 + F(1/4)Ai‘>. Then substituting (3.33) into (3.31), one can find

a constant cg := czl(ffc5 (c5 + 1) + ¢4 to obtain

d

1\® 6 14
el (1 12Ks(14@)°(14+4)*
dt u+/u c6(+a)<+D)e

This along with the Gronwall’s inequality yields a constant ¢7 = cg + |ug ||‘z4 independent of D
and « so that

1\% 6014 Ly4
lu G Oll7s < luolfa + co(1 +a)'? (1 + 5) e!2Ks(1Ha) (4 5)

1\8
<c7(1+ oz)12 <1 + 5) 612K5(1+a)6(1+%)4’

which yields (3.27). O

Lemma 3.5. Let the conditions in Lemma 3.4 hold. Suppose (u, v, w) is a solution of (1.3). Then
it follows that

1 12
||u(~,t)||Loo§K7(1+a)13<1+5) KSR forall 1€ (0, Tnar),  (3.34)

where the constant K7 > 0 is independent of D and o.

Proof. Using (2.5), (3.27) and the estimate ||Ve’~Avo||Loo < c1lvollwr.eo forall 7 > 0 (see [10]),
from (3.32) we have

- 1\7 1 1y,
IV, Dl < IVe™" D vg e + D / Ve A= D)=y (. 5)| o ds
0

k - 1 ~
<ol o+ [ (146 =97 )e a5yl ads

k2K 1\?
< cillwollyro + = (1 + F(1/4)A4> (1+a) (1 + ) AKs(U+e’(1+5)°

which implies
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1 3
IV, D)l < (14 a)? (1 + 5) SKsU+’(+5)" (3.35)

3
where ¢ 1= c1l|vo |10 + 2K6 (1 + F(1/4)kf>. With (2.3) and (3.35), we multiply the first

equation of (1.3) by u? ~1(p>2)and integrate the result to obtain

1 d
dt ul’——(p—l)/ P=2Vy - V(V(v)u)+<¥/F(w)“" /“p
p Q Q
5—(p—1)/y(v)up_2|Vu|2—(P—l)fy/(v)up_lvu'vv+“CF/”p
Q
S_yl(p_1)/,417*2|vu|2_|_;7(p— 1)/u1’*1|Vu||Vv|+ozCF/u1’
Q Q &

1 2
L _n )/Mp—2|w|2+’7_(p_1)fuP|W|2+aCF(p—1)/up
2 2y
Q 2 Q@
—1
< —73/1(112 )/up72|Vu|2+lCD(p— 1)/up, (3.36)

where Kp is independent of p and defined by

2,2 6
Kp=124c, A+a)(1+ 1 GOKs (4 (14 5)*
2y D

Then using the identity [, uP~2|Vu| = % Jo |VuZ|, from (3.36) one has

2 1
—/up+p(p—l)/ yl(p )/|V 2|2+(/CD+1)P(P_1)/ (3.37)

Using the interpolation inequality and Young’s inequality with ¢, then for all f € W'2(2), one
has

1£172 < €llVflI72 + e+ DIfII (3.38)
for any ¢ > 0, where c3 > 0 only depends on 2. Then letting f = u? ande = % in (3.38),
we can derive that
2
2y1(

—1 )4 ~ )4
(/CD+1)p<p—1>/uf’s”f)/|vm|2+icnp<p—l)<1+p2> /uf , (3.39)
Q Q

Q
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where

~ 14+2
ICD=C3( +2y1)
2y

2
2.2 12
_ai+2n) (" 2 i cr+ 1) (1 +a)? <1 + %) 12K (1) (1 +5)"

(Kp+1)?

2y 2y

Substituting (3.39) into (3.37) and using the fact 1 + p% < (1 + p)?, one has

2

d - 5 »

7 ul? +p(p—=1 | u? <Kpp(p—-1)(1+p) uz |,

Q Q Q
which gives

2

fup(x,r)gfug(x)+/'€1)(1+p)2 sup /ﬁ(x,t) . (3.40)

0<t=<Tnax

Q Q

Then using the Moser iteration [2] (see also the similar argument as in [27,28]), from (3.40) one
has

(. )l < 2°Kp(1+ 2D (1 + @) (luollL + lwollL),
which gives (3.34). O

Proof of Theorem 1.1. For any fixed D > 0 and « > 0, from Lemma 3.5, we can find a constant
C > 0 independent of ¢ such that

12
JuC, Dl < €1 +a)" <1 + %) S5,

which combined with the local existence results in Lemma 2.1 proves Theorem 1.1. O
4. Asymptotic behavior (Proof of Theorem 1.2)

In this section, we will derive the asymptotic behavior of solutions as shown in Theorem 1.2.
Before embarking on these details, we first use the standard parabolic property to improve the
regularity of u, v and w as follows.

Lemma 4.1. Let (u, v, w) be the nonnegative global classical solution of (1.3) obtained in The-
orem 1.1. Then there exist o € (0, 1) and C > 0 such that

luG, 1) <C forall t>1 “.1)

™ (Qx[tt+1]) =

and
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oG, Ol 240145 5. +lwll =C forall r>1. (4.2)

11411 2o+ (St 1+1])

Proof. Let A(x,t,u, Vu) =y (@)Vu + y'(v)uVv and B(x, t,u) = a F(w)u — Ou. Then we can
rewrite the first equation of (1.3) as follows

u;=V-A(x,t,u,Vu)+ B(x,t,u).

Noting that Theorem 1.1 gives two positive constants ¢ and ¢ satisfying ||z~ < c¢; and
lvllwiee + lwllyie < c2, we end up with
A(x,t,u,Vu)-Vu = (y(v)Vu + u)//(v)Vv) -Vu
<y)|Vul>+y' (v)uVu - Vv
/ 2
(' () 2|Vl (4.3)
2y (v)
c%c%nz
2y

< —V(;)|W|2+

V2 2
< =|Vul|*+
_2| ul

and
A, t,u, Vu)| = |y 0)Vu +y' (0)uV|
< lyIVul + |y )|llu]l e[| Vvl Lo (4.4)
< y2|Vul| +cieam.
Moreover, since (2.3) guarantees F(w) < Cr and hence
|B(x,t,u)| = |aF(w)u — Ou|
<alFw)[llullpe +OllullL= 4.5)
<c1(xCfr +6).

With (4.3)—(4.5) in hand, we obtain (4.1) by applying [23, Theorem 1.3]. Furthermore, the stan-
dard parabolic regularity combined with (4.1) infers (4.2) directly. O

4.1. Caseof0 >0

In this subsection, we are devoted to studying the large time behavior of solutions for the
case 6 > 0. Notice that fooo fQ u < oo and the relative compactness of (u(-,t));~1 in C(2) (see
Lemma 4.1) indicate some decay information for u and hence the decay properties of v from the

second equation of (1.3). Precisely, we have the following results.

Lemma 4.2. Let the conditions in Theorem 1.2 hold, and suppose 6 > 0 and (u, v, w) is the
solution of the system (1.3). Then it follows that

la(-, t)|[poe — 0 as t — o0, (4.6)
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and
lv(-,t)|lLe — 0 as t — oo. 4.7
Proof. First, we claim that
u(,1)— 0 in L'(Q) as t — oo. (4.8)

Indeed, defining A(1) := [qu > 0, we have [~ |[A(1)| = [;° [qu < oo from (2.1). Furthermore,
from the first equation of (1.3) and the fact w € L*°(2) (see Lemma 2.2), we can derive that

/|A/(r>|=f\f<aF<w>—e)u §C1//u<oo,
0 0 Q 0 Q

which together with the fact [ |A(1)| = [;° [ u < 0o gives A(1) — 0 as t — oo. This verifies
the claim (4.8).

With (4.8) in hand, we shall show (4.6) holds. In fact, if (4.6) is false, we can find a constant
¢z > 0 and a time sequence (#x)reN C (1, 00) satisfying # — 0o as k — oo such that

lu(-, tx) || Lo > cp for all k € N. 4.9)
On the other hand, using (4.1) in Lemma 4.1 and the Arzela-Ascoli theorem, we know that

(u(-, t));=1 is relatively compact in C(£2). Hence, we can extract a subsequence, still denoted by
(t)keN C (1, 00), such that

u(-, 1) = oo in L2(RQ) as k — oo,
which combined with (4.8) implies us, = 0. This however contradicts (4.9) and hence (4.6) is

proved.
Next, we show (4.7) holds. To this end, we consider the following system

vy +v=DAv+u, xeQ,t>0,

v =0, x€0Q,t>0, (4.10)
v(x,0) =vo(x), x € Q.

Let v*(¢) be solutions of the ODE problem

vi () + v () = [luC, DliLe, >0,

4.11
v (0) = llvoll L. R

By the comparison principle, we know that v*(¢) is a super-solution of (4.10) satisfying v(x, t) <
v*(t) for all x € ©, t > 0. Similarly, we can prove that v(x, t) > —v*(¢) for all x € 2, ¢t > 0.
Hence, one has

[v(x, )| <v*(z) forall xeQ, t>0. (4.12)
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On the other hand, from (4.11) and using the fact |u(-, )|~ — 0 as t — oo we have

v*(t) > 0 as t — oo,

which combined with (4.12) gives

lv(:, Dl <v*(@) — 0 as t — oo.
This yields (4.7) and completes the proof of Lemma 4.2. O

Lemma 4.3. Suppose the conditions in Lemma 4.2 hold. Let (u,v,w) be the solution of the
system (1.3). Then we have the following result

lw(:, 1) —wgllpe — 0 as t — oo, (4.13)

where wy > 0 is a constant determined by w, = ‘lﬁl lwollp1 — Ilﬁl fooo fQ uF (w).
Proof. Let w(t) = Ilﬁl fQ w= ﬁ |lwl| 71, then the third equation of (1.3) can be rewritten as

(w—w);=A(w—w) —uF(w)+uF(w). (4.14)
Then applying the variation-of-constants formula to (4.14), we get

t
w(e, 1) — () = e (w(-, 1/2) — (1/2)) — / =92 (uF(w) - uF(w)) ds,
%

which, together with the fact [|w(-, 1)L~ <c1 and (2.4), gives

lw(, 1) —w(@)|[Le=

t
<[le>® (w(-, 1/2)) — w(t/2)) Il + / e 2 uF (w) — uF (w))l|pods
%

t
A (4.15)
<kie= T |w(-,1/2) —w(t/2)|| L~ + ki Cr f e~ M 1y (., 5)|| poods
I3
2

ki C
§2k1c1e_%+ =F
Al

sup [lu(-, s)l L.
f<s<t

Then using the decay property of u in (4.6), from (4.15) one has

JAm fw(, 1) —w®)llze =0. (4.16)
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Next we define a number w,, by

1 o0
= — F .
w, = ool //u (w)
0 Q

4.17)
Then integrating the third equation of (1.3) over © x (0, ¢), we see that

1 o

w(t) = T F )

w(t) w*+|9|/fu (w)
rQ

which implies
[[w(t) — wy|| Lo <ﬁ/||u( ) p1ds — 0 as t — oo. (4.18)

Then combining (4.16) and (4.18), one has

lw(, 1) —willpee < [lw(, 1) —w(@)llre + W) — wyllpe — 0, as 1 — 00
which yields (4.13).

Next, we shall show w, > 0. Noting F(w) € C'([0, 00)) and F(0) =0 and using the bound-
edness of u and w, we can find & € (0, w) and K > 0 such that
uF(w) F(w)—F()

o = ” cu=F'u<|F'@)|rellullLe =K.

Let w(x, t) be the solution of the following system

W — Aw=—-Kw, xeQ,t>0,
%—13 0, x€d,t >0,
w(x,0) =wy(x), x € Q.

Clearly, w(x, t) is a sub-solution of w(x, t) by the comparison principle, and hence

w(x,t) > w(x,1).

4.19)
On the other hand, using [11, Lemma 3.1], we can find a constant I'g > O such that for all > 1

w(x, 1) = eilCteA'wo > e*’@rof wo,

Q
which combined with (4.19) gives
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qu)z(xqb/umJMWthl. (4.20)
Q

Multiplying the third equation of (1.3) by %, and integrating by parts with respect to x € €2, one

has
d Vuw|? F F
—/lnw(x,t):f| il —/ (w)uz—/ (w)u,
dt w? w w
Q Q Q

Q

which thus gives

t
/mwmnz/man—f/FfG. 4.21)
Q 1 Q

Q

Then using (4.20) and the fact fol fQ u < c7, from (4.21) we can find a constant cg > 0 such that

/lnw(x,t) > —cg, forallt > 1,
Q

which combined with the fact (4.13) implies wy > 0. O
In summary, we have the asymptotic behavior of solutions for the system (1.3) with 6 > 0.

Proposition 4.4. Let the conditions of Theorem 1.2 hold and 6 > 0, the solution of system (1.3)
satisfies

lim ([Ju(:, ) llzee + (-, DL + [[w(, 1) — wyllLe) =0,
11— 00

where w, > 0 defined by (4.17).

4.2. Caseof0 =0

In this subsection, we shall study the large time behavior of the system (1.3) with 6 = 0. We
first show the decay of w based on some ideas in [34].

Lemma 4.5. Assume the conditions in Theorem 1.2 hold. Let (u,v,w) be the solution of the
system (1.3) with 6 = 0. Then we have

//uF(w) <00 (4.22)
0 Q

and
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//|Vw|2<oo. (4.23)
0 Q

Proof. Integrating the third equation of (1.3) over 2 and using the homogeneous Neumann
boundary condition, one has

d
— F =0,
7 w—}—/u (w)
Q Q

which gives

t
//uF(w) 5/11)0, for all ¢t >0, (4.24)
0 Q

Q

and (4.22) is a direct result of (4.24). We multiply the third equation of (1.3) by w to obtain

1d 2 2

- T = — V - F . 4.2

; w /| w /uw (w) 4.25)
Q Q Q

Integrating (4.25) with respect to ¢ and using the nonnegativity of # and w, one can derive

t
1
//|Vw|255/w3,
0 Q Q

which gives (4.23). O

Lemma 4.6. Let the conditions in Lemma 4.5 hold. Then there exists a time sequence (ty)eN C
(0, 00) satisfying ty — 0o as k — 0o such that

tr+1

f/w—>0 as k — oo. (4.26)
I Q
Proof. From (4.22), we have
Jj+1
f qu(w) —0 as j— oo. 4.27)
j

Defining F(w) := \lﬁl Jo F(w), we have
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Jj+1 Jj+1 Jj+1

//MF(w) //M(F(w) F(w))+/qu(w)—11(1)+12(J) (4.28)
j

Using the Holder inequality, Poincare inequality and the boundedness of ||u(-, f)]|;2 in (3.21),
one has

Jj+1 2 j+1 2
OE // //|F(w>—F(w)|2
%
< ff|F(w)—F(w)|2
! 1 (4.29)
Jj+1 2
<a cszwnw)ﬁ
j
PN
<c3 /f|Vw|2 — 0, as j— oo,
j

where we have used (4.23) to derive the convergence. Then combining (4.27), (4.28) and (4.29),
one has I,(j) — O as j — oo.
On the other hand, using (2.1) and the fact |w(-, £)|| .1 < |lwoll .1, we have

luollpr +ellwoll 1 = llullpr +allwlipr < llullgr +allwollp1,
which implies
luollpr < llullpr < lluollpr +eflwoll - (4.30)
Hence, using (4.30) and the fact I5(j) — 0 as j — oo, one has

Jj+1 Jj+1 Jj+1

ﬁo//F(w>=||uo||L1 / F(w)flz(j)=//uﬁ(w)—>0, as j— o0,
iQ i@

J

which implies

j+1
/ /F(w) — 0, as j — oo. 4.31)
i

Q
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Next, we will show that (4.31) implies (4.26). In fact, if we define w;(x,s) ;= w(x, j +
s), (x,5) € 2 x (0,1), j € N, then (4.31) implies

1

//F(wj(x,s))—>0, as j — o0.
Q

0

Hence we can extract a subsequence (ji)reny C N such that jp — oo and F(wj,) — 0 almost
everywhere in Q2 x (0, 1) as k — oo. Because the function F is positive on (0, oo) and F(0) =
0, which requires that wj; — 0 almost everywhere in € x (0, 1) as k — 0o. Moreover, since
lw(-, )L < cq4 for all £ > 0, then the sequence (w; )ren — 0 in LYQ x (0, 1)) as k — oo.
Choosing # := ji, one has (4.26). Then the proof of this lemma is completed. O

Lemma 4.7. Suppose the conditions in Lemma 4.5 hold. Let (u, v, w) be the solution of the
system (1.3) with @ = 0. Then it holds that

lw(,t)|lLe—>0 as t— oo. (4.32)

Proof. Letting (fx)reny C (0, 00) be the sequence chosen in Lemma 4.6. Using the Gagliardo-
Nirenberg inequality, one can find a constant ¢; > 0 such that

4 1
lw(, Dl < ctlVwC Ol allwC Ol +erllw, Dl

=ullVw(, Dllps +c2llwC, Dl 1,

(4.33)

where u > 0 is an arbitrary constant, ¢ > 0 is a constant depending on w. Noting the uniform
boundedness of |[Vw(:, t)||;4 and the arbitrary of u, and using (4.26), from (4.33) we get

tr+1
[ lwC, )= —0, as k— oo,

13
which implies

liminf |w(-, )] 2o = 0. (4.34)
11— o0

The combination of (4.34) and the fact that t — ||w(-, )|z~ is monotone as shown in
Lemma 2.2, one obtains (4.32) and completes the proof of Lemma 4.7. O

Lemma 4.8. Let (u, v, w) be the solution of the system (1.3) with @ = 0. Then it follows that

/ 2
i/(u—u*)z—i-yl/|Vu|2§/Muzlvmz—f-aMz/F(w), (4.35)
dt y(v)

Q Q Q Q

where M > 0 is defined by (1.4) and u, = ug + awo.
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Proof. We rewrite the first equation of the system (1.3) as
u—u)r=Ayu) +ouF(w). (4.36)

Then multiplying (4.36) by u — u.., and integrating it by parts, we end up with

2dt/<u—u*)2 /y(v>|w|2

:—/y’(v)uVu-Vv—i—oe/uF(w)(u—u*)

Q Q
1 1 / 2
< —/y(v>|w|2+—/ 1Ol u2|vU|2+a/u2F<w>,
2 2 y(v)
Q Q Q

which, together with the facts ||u||po < M and y (v) > y1, gives

2
/(u—u*)2+y1/|V P IV ((”))' |Vv|2+aM2/F<w>,
Q

and hence (4.35) follows. O

Lemma 4.9. The solution (u, v, w) of the system (1.3) with 6 = 0 satisfies

%/(v—m%w/|Vv|2+/<v—u*)25/<u ). 37)
Q Q Q Q

Proof. Multiplying the second equation of the system (1.3) by v — u,, and integrating by parts,
we end up with

M/(v—uﬂa2 /(v—u*)[DAv+(u—u*)—(v—u*)]

=—Df|Vv| —f(v—u*)z /(v—u*xu—u*)

2 - _ 2 - _ 2

S—D/IVvl—zf(v u*>+2/<u )%,
Q Q Q

which yields (4.37). O

Lemma 4.10. Let (4, v, w) be the solution of the system (1.3) with 6 = 0. Then there exists a
positive constant Dy such that if D > Dy, it holds that

Am (€ ) =z + 00 1) — il o) = 0. (4.38)
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Proof. Applying the Poincaré inequality, we find a constant Cj, > 0 such that

f(u —a)? < c,,/ |Vul|>. (4.39)

Q Q

Then using the definition of u,, we know from (2.1) that u, = u + aw. Then it follows from

(4.39) that
/(u—u*)2§2/(u—ﬁ)2+2a2/zi)2
Q Q

Q

2
22
<2Cp/|Vu| +|Q| /w )
Q

which implies

l/(u—u*)2sy1/|vbt|2+ /w . (4.40)
2C,
Q Q Q

Applying (4.40) into (4.35), and using the facts ||u(-, 1)||L~ < M,0 <y <y (v) and |y’ (v)| <7,
we can derive that

d 2V / 2
T /(u us)” + 2C, (u — uy)
Q Q

|J//(v)|2 2 ) 2 052]/1
Q Q

2
/|Vv| +aM2/F(w)+C |);12| /w
Q Q

On the other hand, we multiply (4.37) by £ 4C , and use (4.41) to have

d
- f(u—u*)er%p/(v—u*)z +%p/(u—u*)2+4)%p/(v—u*)2
Q Q Q Q
2a42 2 2
M> D
5(" V1>/|W| +aM2/F( )4 /w
Y J Cpl2| J

Using the definition of M in (1.4), one can find two constants C, C> > 0 independent of D such
that

2

(4.42)
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12
M:=Ci(1+a) (1 + %) L2+ 4

Let D, be the positive constant uniquely determined by the following identity

2 2 24
D, = 2C_C1(1 + )2 <1 + ! ) 220+ 5 1+
V] Dy
where C),, y1 and n are independent of Dy. Then if D > D, one has rX M 2Dc_ypl <0, and hence

the estimate (4.42) becomes

% f(u—u*)2+%/(v—u*)2 +—/(u—u>,<)2 Cfp/(v—u*)2
Q Q Q

2
2
§¢)tM2/F(u))+O[Vl /w
CplL2| 2

Q

(4.43)

Define Z(1) = fo(u — un)? + A= [o (v —u.)? and G(1) 1= aM? [ F(w) + g e (Jow)’
Choosing ¢ := min{l, m}, we have from (4.43)

Z/®) +c1Z(t) < G(@). (4.44)

Since ||w(-, )] — 0 as t — oo (see Lemma 4.7), one has G(t) — 0 as t — oo. Then from
(4.44), we can derive that

Z({t)— 0 as t > oo.
This implies
(o t) —usllz2 + lv(,t) —usll2 = 0 as t — oo. (4.45)

Using the similar arguments as in Lemma 4.2 with (4.45), we obtain (4.38) directly. Then the
proof of Lemma 4.10 is completed. O

In summary, we have the following asymptotic results for the case 6 = 0.

Proposition 4.11. Suppose the conditions in Theorem 1.1 hold. Let (u, v, w) be the solution of
the system (1.3) with @ = 0. Then there exists constant D1 > 0 such that if D > Dy, it has

m (u (-, 1) — sl zoo + [[0G, 1) — llzoo + [[w (-, )| zoo) =0,
11— 00
where u, = g (luoll 1 + ellwoll1)-

Proof of Theorem 1.2. The proof of Theorem 1.2 is a direct consequence of Proposition 4.4 and
Proposition 4.11. O
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5. Simulations and discussions
5.1. Linear instability analysis

The results of Theorem 1.2 imply that the system (1.3) has no pattern formation if 6 > 0 or 6 =
0 and D is large. In this section, we will study the possible pattern arising from the system (1.3)
with & = 0 and small D. To this end, we note that (1.3) with 8 = 0 has three constant equilibria
(0,0,0), (0,0, ”a—*) and (uy, u4, 0) for given initial value (ug, vo, wo), where u, = g + a@wp. We
first consider the system (1.3) with & = 0O in the absence of spatial components, that is

u; =coulF(w),
vi=u-—u,

w; = —uF (w).

The linear stability/instability of each equilibrium is determined by the sign of the eigenvalues
(o1, P2, p3) defined by

(01 _150)7 at (09 070)9
(102,03 = 1 (0,1, aF(%)),  at (0,0,%),
(0, _17 —M*F/(O)), at (u*v Uy, 0)'

Since F (L“x—*) > 0 and F’(0) > 0, we know the non-trivial steady state (0, 0, fo—*) is linearly un-
stable, while (0, 0,0) and (u., ux, 0) are linearly stable. Hence we study the possible patterns
bifurcating from the constant equilibria (i, u.,0) where u, = 0 or u, = u,. To this end, we
linearize the system (1.3) at the equilibrium (i, u., 0) to obtain

O, =A1AD+ B1D, xe, t>0,
(v-V)® =0, x€d, >0, 5.1
®(x,0) = (1o — e, vo — e, wp), X €Q,

where 7 denotes the transpose and

U—Uc y(ue) J//(”c)uc 0
d=|v—u |, A= 0 D 0
w 0 0 1

as well as
0 0 «au.F'(0)
Bi=|1 -1 0
0 0 —uF (0

Noting that the linear system (5.1) has the solution of the form

D(x,1) = cheP'Wk(x), (5.2)
k>0
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where W (x) denotes the eigenfunction of the following eigenvalue problem:

OWe(x) _

AW (x) + kK> Wi(x) =0, :
v

0’

and the constants ¢y are determined by the Fourier expansion of the initial conditions in terms of
Wi (x) and p is the temporal eigenvalue. After some calculations, we know p is the eigenvalue
of the following matrix

—yUk®  —ucy'(u)k®>  aucF'(0)
My = 1 —Dk*>—1 0
0 0 —k* —u.F'(0)

Obviously, p(k?) = —k* —u, F'(0) is an eigenvalue, which is negative for all k # 0. Hence to get
the possible pattern formation, we only need to consider the other two eigenvalues of the matrix
M., which satisfy

p* + a1 (k*)p + ag(k*) =0,

where

a1k =14+ D+ yu)k* >0,

ap(k?) = Dy (u)k* + (v (ue) + ucy’ (ue)) k2.

One can check that if y (uc) + ucy’(ue) > 0 which is the case for u. = 0, then ao(k?) > 0 for
all k # 0, which implies the real part of the eigenvalues p (k?) are negative, and hence the steady
state (0, 0, 0) is linearly stable and no patterns will bifurcate from (0, 0, 0). Next we consider the
equilibrium (uy, us, 0). If y (uy) + usy’(us) < 0, the real part of the eigenvalues p (k%) can be
positive and hence the pattern formation may occur provided that the admissible wavenumber k
satisfies

v (us)  usy ()
Dy (uy)

0<k?< =:k. (5.3)

Note the allowable wave numbers k are discrete in a bounded domain, for instance if Q2 = (0, /)
then k = "% for n = 1,2, ---. Hence the condition (5.3) is only necessary because the interval
(0, k) may not contain any desired discrete number k2, for instance when D > 0 is sufficiently
large. Hence we have the following conclusion.

Lemma 5.1. Suppose y (v) satisfies the assumptions (H1). Then the homogeneous steady state
(4, us, 0) of the system (1.3) is linearly unstable if and only if y (uy) + uyy’ (uy) < 0 and there
is at least an allowable wavenumber k satisfying condition (5.3).
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5.2. Simulations and questions

In section 5.1, we identify the instability parameter regimes for the possible pattern formation.
But this linear instability result is not sufficient to conclude that there are non-constant stationary
(pattern) solutions. Now we want to numerically test in one dimension whether non-constant
stationary patterns exist for y (v) satisfying the conditions in Lemma 5.1. For definiteness in the
simulation, we assume 2 = (0, /) and consider

2

_ 4 _
y () =y1 +yoe ", F(w)—ler2

where yp,y1 and A are positive constants. Then the condition y (uy) + usy'(uy) = y1 +
yoe M+ (1 — Auy) < 0 in Lemma 5.1 amounts to

1
uy > — and ﬂe”‘* < Auy — 1. 5.4)
A Y0

Since k = %, then the condition (5.3) becomes

oy tuy' ) P oyitwe M~ P
14UM) (nm)? Y1+ yoe M (nm)?

D < (5.5

Therefore if we choose appropriate values of yy, y1, A, u, and [ so that the conditions (5.4)-(5.5)
hold for some positive integer n, the pattern formation is expected from the results of Lemma
5.1. Note that u, = g + awg. Hence for numerical simulations, we choose the initial value
(19, vo, wp) as a small random perturbation of the equilibrium (u, v, 0), and fix A =« = 1.
The system (1.3) is numerically solved by the MATLAB PDEPE solver. We choose [ =
20, (ux, vs,0) = (4,4,0), y0 = 10, y; = 0.1 and show the numerical simulations for D = 0.1
and D =0.01 in Fig. 1 where we do observe the aggregated stationary patterns. This indicates
for suitably small D > 0, the system (1.3) with appropriate motility function y (v) admits the
pattern formation, which complements the analytical results of Theorem 1.2. However the rig-
orous proof the existence of pattern (stationary) solutions leaves open in this paper and we shall
investigate this question in the future. Note that the assumption (H1) rules out the possible de-
generacy of motility function y (v), which plays a key role in proving the results of this paper.
Therefore another interesting open question is the global dynamics of (1.3) without assuming
that y (v) has a positive lower bound such as y (v) = (1 +v) ™ or y (v) = e~*¥ with A > 0. Such
motility function y (v) without positive lower bound has been used to study the global bounded-
ness/asymptotics of solutions and stationary solutions for the two-component density-suppressed
motility model (1.2) in [12,19], where the quadratic decay —uu? plays an essential role. How-
ever the three-component system (1.3) does not have such nice decay term and hence novel ideas
are anticipated to solve the above-mentioned open question.
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