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Abstract

We investigate an abstract wave equation with a time-dependent propagation speed, and we consider
both the non-dissipative case, and the case with a strong damping that depends on a power of the elastic
operator. Previous results show that, depending on the values of the parameters and on the time regularity
of the propagation speed, this equation exhibits either well-posedness in Sobolev spaces, or well-posedness
in Gevrey spaces, or ill-posedness with severe derivative loss.

In this paper we examine some critical cases that were left open by the previous literature, and we show
that they fall into the pathological regime. The construction of the counterexamples requires a redesign
from scratch of the basic ingredients, and a suitable application of Baire category theorem in place of the
usual iteration scheme.
© 2020 Elsevier Inc. All rights reserved.

MSC: 351L.90; 35L.20; 35B30; 35B65

Keywords: Wave equation; Strong damping; Derivative loss; Gevrey spaces; Baire category; Residual set

* Corresponding author.
E-mail addresses: marina.ghisi@unipi.it (M. Ghisi), massimo.gobbino@unipi.it (M. Gobbino).

https://doi.org/10.1016/j.jde.2020.08.044
0022-0396/© 2020 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2020.08.044&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2020.08.044
http://www.elsevier.com/locate/jde
mailto:marina.ghisi@unipi.it
mailto:massimo.gobbino@unipi.it
https://doi.org/10.1016/j.jde.2020.08.044

M. Ghisi and M. Gobbino Journal of Differential Equations 269 (2020) 11435-11460

1. Introduction

Let H be a Hilbert space, and let A be a linear nonnegative self-adjoint operator on H. We
consider the evolution equation

u”(t) +28A%u' () + c(t)Au(t) =0, (1.1)
with initial data
u(0) = ug, u' (0) =uy. (1.2)

Here 6 > 0 and o > 0 are real numbers, and c : [0, +00) — [0, +00) is a given function
that we call “propagation speed” in analogy with the wave equation. We always assume that the
propagation speed satisfies the strict hyperbolicity condition

O<upr<ct)yspmr V20, (1.3)
and the Holder continuity condition
le(t) —c()| < Hlt =5 V¥(t,5) €[0,400)?, (1.4)

for suitable real constants @1, ua, H, and o € (0,1). Many papers have been devoted to
equations of this type (see for example the classical references [4,7] or the more recent
ones [1-3,5,6,8-10,12,13,15,16]). Let us briefly discuss the previous results that are more rel-
evant to our presentation.

The non-dissipative case The case § = 0 was addressed in the seminal paper [4]. The general
philosophy is that higher space regularity of initial data compensates lower regularity of the
propagation speed. We refer to section 2 for precise definitions and statements, but the situation
can be roughly described as follows (see also the figures in section 3).

e If c(¢) is Lipschitz continuous, or more generally has locally bounded variation, then prob-
lem (1.1)—(1.2) is well-posed in D(A'?) x H, or more generally in Sobolev spaces of the
form D(APH1/2) x D(AP).

e If c(¢) is Holder continuous of order «, then problem (1.1)—(1.2) is
— globally well-posed in Gevrey spaces of order s < (1 —a)™!,

— locally well-posed in Gevrey spaces of order s = (1 — )™,

— ill-posed in Gevrey spaces of order s > (1 — &)~!. More precisely, there exist a prop-
agation speed c(¢) that is Holder continuous of order «, and a pair of initial conditions
(1o, u1) that are in the Gevrey class of order s for every s > (1 — «) ™!, such that the cor-
responding solution to (1.1)—(1.2) (which always exists in a very weak sense) is not even a
distribution for all positive times. We call (DGCS)-phenomenon this instantaneous severe
derivative loss.

We stress that in the critical case s = (1 — a) ™! the well-posedness result of [4] is just local-
in-time, meaning that the solution is guaranteed to remain regular only in a finite time interval

[0, t0].
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A first result of this paper addresses this critical case. Indeed, we show an example (and
actually a residual set of examples) where the solution exhibits the (DGCS)-phenomenon after a
finite time interval, thus proving the optimality of the local result in [4].

The dissipative case The case § > 0 was addressed in [12]. The general philosophy is that there
is a competition between the strong damping and the potential low regularity of the propagation
speed. If o > 1/2 the dissipation always wins, even if c¢(¢) is just continuous (independently
of the continuity modulus). In this regime the equation behaves as in the case of a constant
propagation speed, which means well-posedness in several classes of Sobolev spaces (see [14,
12]). So the competition is more interesting when o < 1/2, where we have three possibilities.

e If c(¢) is Holder continuous of order & > 1 — 20, then the dissipation prevails, and again the
problem behaves as in the case of a constant propagation speed, namely it is well-posed in
Sobolev spaces such as D(AY2) x H or D(APTV2) x D(AP).

e If c(¢) is Holder continuous of order o« < 1 — 20, then the dissipation can be neglected, and
the behavior is the same as in the non-dissipative case, meaning
— global well-posedness in Gevrey spaces of order s < (1 —a)~!,

— local well-posedness in Gevrey spaces of order s = (1 —a)~!,
— possibility of (DGCS)-phenomenon in Gevrey spaces of order s > (1 —a)~!.

e If c(¢) is Holder continuous of order « = 1 — 20, and § is large enough, then again the
damping prevails, and one obtains well-posedness in Sobolev spaces.

Two cases were left open.

(1) The case where & < 1 — 20 and s = (I — «)~!. In this paper (see Theorem 3.2) we show
that solutions can exhibit the (DGCS)-phenomenon after a finite time, meaning that the local
well-posedness result is optimal and can not be improved to global well-posedness. Our
examples cover also to the non-dissipative case § = 0.

(2) The case where « = 1 — 20 and § is small enough. Also in this case we show (see Theo-
rem 3.3) that the (DGCS)-phenomenon is possible, exactly as in the non-dissipative case.

Overview of the technique From the technical point of view, the spectral theorem reduces the
problem to estimating the growth of solutions to the family of ordinary differential equations

] (6) 4 2822 u) (1) + A2 c(t)u; (1) =0, (1.5)
with initial data
1;(0) = ug,x, uy (0) =uy ;.
Now we give a brief heuristic presentation of the main ideas behind the previous and present
results. For the sake of clarity, at the risk of cheating a little bit from time to time, we do not
quote the exact estimates with all technical details, for which the interested reader is referred to

the original papers.
Let us consider the usual energy

E (1) == |l (1) 1> + A% |un () 1%
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If c(¢) is Holder continuous of order «, the approximated energy estimates introduced in [4],
and then extended in [12] to the dissipative case, yield inequalities of the form

E;.(t) < ¢1 Ex(0) exp (czkl_“t - C38A2"t) Vi >0,

where c1, c2, c3 are positive constants that depend on p1, pz, and on the Holder constant of
c(t), but are independent of § and A. Estimates of this kind are the core of all the well-posedness
results quoted above. They also explain the competition between 1 — « and 20, and why the size
of § becomes relevant if and only if 1 —a =20

On the contrary, the (DGCS)-phenomenon originates from estimates on the opposite side.
More precisely, it was shown (in [4] in the case § = 0, and in [12] when § > 0) that for every A
there exists a propagation speed c; (), Holder continuous of order « with a constant that does not
depend on A, such that equation (1.5) with ¢(¢) := ¢, (¢) admits a nontrivial solution that satisfies

Es(t) > caEx(0) exp (cskl_“t - cés,\z“t) Vi >0,

where again the constants c4, c5, cg are positive and do not depend on § and A. In this case we say
that c; (¢) “activates” the frequency A. Roughly speaking, this is possible because of a resonance
effect between the oscillations of ¢, (¢), and the “natural” oscillations of solutions to the same
equation with constant propagation speed. The big problem is that in this construction c; (t) does
depend on \.

In order to overcome this difficulty, a very clever iterative procedure was devised in [4], and
then exploited so far in the literature. In a nutshell, one chooses a sequence of frequencies {Ax}
that grows fast enough, and a decreasing sequence {t;} of positive times that goes to 0 fast
enough. Then one defines a propagation speed c(t) that coincides in [fx41, #x] with the propaga-
tion speed c;, (¢) that activates the frequency A. If all the parameters are chosen in a clever way,
the resulting propagation speed is Holder continuous of order «, and for every positive integer k
equation (1.5) with A := A; admits a nontrivial solution such that

l—o

E;, (1) > c7E;, (0 Tk
() = 71 Ep ( )eXp(cglog(l+Ak)

r— c@ki”t) vt >0,

where again the constants do not depend on § and A.

In other words, now c(¢) does not depend on the frequency Ak, but we had to pay a little in
the growth rate (actually the log(1 + Ax) can be replaced by any given unbounded function). The
payment comes from the fact that c(¢) has to activate infinitely many frequencies, and it activates
them one-by-one in time intervals of (necessarily) vanishing lengths.

This construction opens the door to all the instances of the (DGCS)-phenomenon that we
mentioned above. On the other hand, it is clear that it can not help for critical values of the
parameters. In order to address these cases, we need a propagation speed c(¢), independent of A,
such that equation (1.5) with A := A; admits a nontrivial solution such that

E;, (1) = c10Es, (0) exp (c“x,i—“r - clzax,%%) Vi > 0.

This is the main technical contribution of this paper, namely a propagation speed c(¢) that
activates an unbounded set of frequencies in the same time.
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Our construction has two main steps.

e In the first step (see section 4.2) we show that any propagation speed co(¢) that is smooth
enough can be modified in order to obtain a propagation speed ¢, (¢) that activates a large
enough frequency A. We can also assume that ¢) — cp is as small as we want in the uniform
norm, and that the Holder constant of ¢, is as close as we want to the Holder constant of
co. Note that the Holder constant of ¢; — cp is not necessarily small, and actually it is of the
same order as the Holder constant of cq. In other words, in this example the Holder constant
of the sum of two functions is the maximum, and not the sum, of the Holder constants of the
two terms. This sounds somewhat counterintuitive, and it is possible because the two terms
“oscillate at different frequencies” (see Lemma 4.1).

o In the second step (see section 4.3) we apply Baire category theorem in order to show that the
set of propagation speeds that activate countably many frequences in the same time is resid-
ual in the set of all admissible propagation speeds. In this way we avoid the technicalities of
the iteration scheme, and we leave all the dirty work to the abstract result.

The conclusion is not the construction of a single counterexample, resulting from a sum of
lucky circumstances and clever choices, but a proof that the (DGCS)-phenomenon is the typical
behavior when the assumptions of the classical well-posedness results are not satisfied. In [11]
we observed the same issue in the non-critical cases, and in different examples from geometric
measure theory and transport equations.

In this paper we focused on Holder continuous propagation speeds, but we are confident that
these techniques could be useful in the construction of counterexamples also when the propaga-
tion speed satisfies different regularity conditions (see for example [1,2,6,15]).

Structure of the paper In section 2 we introduce the functional setting, and we review the pre-
vious results that are relevant to this paper. In section 3 we state our two main contributions, and
we show how they complete the picture of regularity results for solutions to (1.1). In section 4
we show the existence of a residual set of “universal activators”, namely admissible propaga-
tion speeds that activate countably many frequencies, and we use these propagation speeds in
order to prove our main results. Finally, in the appendix we present a heuristic motivation of the
(otherwise somewhat mysterious) construction that we made.

2. Notations and previous work

Functional spaces Let H be a Hilbert space, and let A be a linear nonnegative self-adjoint
operator on . Just for simplicity, we always make the following assumption.

Definition 2.1 (Nonnegative discrete multiplication operator). Let A be a linear continuous op-
erator on a Hilbert space H. We say that A is a nonnegative discrete multiplication operator if

there exist an orthonormal basis {e;} of H, and a nondecreasing sequence {);} of nonnegative
real numbers such that

Ae;=2%¢;  VieN.
In addition, we say that the operator is unbounded if A; — +00 asi — +o0.
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As explained in [12,13], there is almost no loss of generality in this assumption, because the
spectral theorem in its general form states that every self-adjoint continuous operator in a Hilbert
space behaves as a multiplication operator in some L? space with respect to some (not necessarily
discrete) metric space.

Thanks to the orthonormal basis, we can identify every element u € H with the sequence
{u;} € €% of its “Fourier” components. This identification can be extended in order to define
Sobolev spaces, Gevrey spaces and (hyper)distributions. Several choices are possible (see [12,
13]). Here we recall the definitions that are needed in the sequel.

Definition 2.2. Let u be a sequence {u;} of real numbers.

e Sobolev spaces and distributions. Let B be a real number. We say that u € D(A®) if

]

Il 5 = D uP(1+ A ¥ < +oo.
i=0

e Gevrey spaces. Let B be a real number, and let s and r be positive real numbers. We say that
ue€Gsrp(A)if

e ¢]

1
HMHZQT,Kﬁ(A) = Zuiz(l + 1) exp <2rki/s> < 4o00.
i=0

e Gevrey ultradistributions. Let B be a real number, and let S and R be positive real numbers.
We say that u € G_g g g(A) if

o
1/S
Nl o pay =D u2 (1L +2)* exp (—2in/ ) < +oo.

i=0

We refer to [12, Remark 2.2 and Remark 2.3] for further comments on these spaces, and for
consistency with the classical setting. In the case of Gevrey spaces and ultradistributions, we refer
to s and S as “the order”, and we refer to r and R as “the radius”. The parameter 8 represents
some sort of further Sobolev regularity.

Admissible propagation speeds In this paper we restrict to the following class of admissible
propagation speeds.

Definition 2.3 (Admissible propagation speeds). Let 11, 2, a, H be real numbers such that
0<pur < o, ae(0,1), H>0. 2.1
The set of admissible propagations speeds is the set PS(i1, n2, o, H) of all functions c :
[0, +00) — [0, +00) satisfying the strict hyperbolicity condition (1.3) and the Holder continuity

condition (1.4).

We observe that PS(u1, o, o, H) is a complete metric space with respect to the distance
induced by the uniform norm.
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Very weak solutions When A is a nonnegative multiplication operator, one can reduce problem
(1.1)—(1.2) to the following (uncoupled) infinite system of ordinary differential equations

W (t) 4+ 28277 ul(t) + c(OA2u; (1) =0 VieN, Vr>0,

with initial data
u;i(0) =uo,, w;(0) =uy,;.
A very weak solution to (1.1)—(1.2) is a sequence {u;(¢)} of solutions to this system, and for
trivial reasons it exists and is unique for every choice of the sequences of initial data {u¢ ;} and

{u1,;}. The main point is understanding the regularity of the sequence {u;(¢)} in terms of the
regularity of initial data.

Previous results The first result concerns “regularity” in a huge space of hyperdistributions,
both for the dissipative and for the non-dissipative equation. From the point of view of coun-
terexamples, this represents some sort of “bound from below”, namely a minimal regularity that
cannot be lost during the evolution.

Theorem A (Well-posedness in Gevrey hyperdistributions, see [4, Theorem 3]). Let us consider
problem (1.1)—(1.2) under the following assumptions:

e A is a nonnegative discrete multiplication operator on a Hilbert space H,
o c € PS(uu1, u2, o, H) for suitable values of the parameters satisfying (2.1),

e 6> 0and o > 0 are real numbers,
o there exist real numbers Ry > 0and 0 < S < (1 — a) ™! such that

(1o, u1) € G_5,Ry,1/2(A) X G_5 Ry,0(A).
Then there exists R > 0 such that the unique solution u satisfies
u € C°([0, +:00), G5, Ry+Rr,1/2(A)) N C* ([0, +00), G5 Ry+R1,0(A)) - 2.2)
Condition (2.2), with the range space increasing with time, simply means that
ue C”([0, 7], G-s,Ry+Re12(A) N C' (10, T1. G5, Ry RT0(A) V>0,

The second result concerns well-posedness in Gevrey spaces of suitable order, both for the
dissipative and for the non-dissipative equation.

Theorem B (Well-posedness in Gevrey spaces, see [4, Theorem 2]). Let us consider problem
(1.1)—(1.2) under the following assumptions:

e A is a nonnegative discrete multiplication operator on a Hilbert space H,
e c e PS(uy, u2, a, H) for suitable values of the parameters satisfying (2.1),

e § >0 and o > 0 are real numbers,
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o there exist real numbers ro >0 and 0 < s < (1 — )~ such that

(1o, u1) € G, rg,172(A) X Gg ry.0(A).
Then the following statements hold true.

(1) (Global-in-time regularity) In the case 0 < s < (1 —)™', the unique solution u to the prob-
lem satisfies

ueC?([0, T1, Gy ry,12(A)) NC ([0, T, Gy r 0(A)) VT >0, Vry<ro.

(2) (Local-in-time regularity) In the case s = (1 — a)~!, there exist real numbers to > 0 and
r > 0, with r independent of rq, such that rty < ro and the unique solution u to the problem
satisfies

u € C°([0, 101, Gy rg—rr,12(A)) N C (10, 201, Gs.ro—re,0(A)) - (2.3)

We observe that also in Theorem B above the range space in (2.3) is increasing with time.
More important, in the critical case s = (1 — a)~ !, this is a local well-posedness result because
after a finite time the solution might have lost all its initial radius r¢ (and this actually happens,
as we are going to show in this paper).

In the next result the strong damping comes into play for the first time, providing well-
posedness in Sobolev spaces if the propagation speed in “enough Holder continuous”.

Theorem C (Well-posedness in Sobolev spaces, see [ 12, Theorem 3.2]). Let us consider problem
(1.1)—(1.2) under the following assumptions:

e A is a nonnegative discrete multiplication operator on a Hilbert space H,

e c e PS(uy, 2, a, H) for suitable values of the parameters satisfying (2.1),

e 8 and o are real numbers such that either 20 > 1 — o and § >0, or 20 =1 —« and § is
large enough.

e (ug,u1) € D(AV?) x H.

Then the unique solution u to the problem satisfies
ue (10, +00), D(A')) N C* (10, +00), H).

Finally, the last result is the counterpart of Theorem C. It shows that the (DGCS)-phenomenon
can happen, despite the strong damping, if the propagation speed is not “enough Hoélder contin-
uous”. We point out that the derivative loss is as severe as allowed by Theorem A.

Theorem D (Severe derivative loss, see [12]). Let H be a Hilbert space, and let A be a nonneg-

ative discrete multiplication operator that we assume to be unbounded. Let |11, |12, @, H be real
numbers satisfying (2.1). Let 6 and o be real numbers such that

§>0 20 <1 —a.
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Then there exist a propagation speed ¢ € PS(ju1, w2, o, H), and a very weak solution u to
equation (1.1), such that

1
(u(0), u'(0)) € Gs,r.1/2(A) X Gs r.0(A) Vs > 1—a’ Vr >0,
but
1
(u(@),u' (1)) ¢ G—s,r,1/2(A) X G_s R,0(A) VS > 1o VR>0, Vt>0.

3. Statement of our results

In order to state our results in a more compact way, we introduce two variants of Gevrey
spaces and hyperdistributions.

Definition 3.1. Let u be a sequence {u;} of real numbers.

e Let 8 and s be real numbers, with s > 0. We say that u € G jog,5(A) if

lullg '—iu?a (2] <o
G log g (A) "~ g i ! p log(2 + A;) .

e Let B and S be real numbers, with S > 0. We say that u € G_g 10g, g (A) if

||u||2 ._iu2(1+)“4)4ﬁex _i <+OO
G-saop () = 21 D PN T o2+ )

The following two implications are the key property of these spaces:

U €Gslog p(A) =Vs'>5, Vr >0, Vy €R u€eGy,,(A), 3.1)
UG s100p(A) =>VS' > S, YR>0, ¥y €R u¢G_g g, (A). 3.2)

We note that the same properties hold true if the logarithm is replaced by any function that
tends to +00 as A; — +o00.

Our first result concerns the local nature of Theorem B, both in the non-dissipative and in the
dissipative case. We show that an initial condition, with finite radius in a Gevrey space of critical
order, can undergo, during the evolution, a degradation of its radius and become a hyperdistribu-
tion (and nothing more) after a finite time.

Theorem 3.2 (Severe derivative loss for large times for critical Gevrey index). Let H be a Hilbert
space, and let A be a nonnegative discrete multiplication operator that we assume to be un-
bounded. Let |11, (2, o, H be real numbers satisfying (2.1). Let 6, o, s, S, ro be real numbers
such that

5§ >0, 20 <1 —a, s=8=

, ro > 0.
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Let us set

32M§1+a)/2

) ;= ——— - 1p.
0 H 0

Then the set of propagation speeds ¢ € PS(u1, n2, a, H) for which equation (1.1) admits a
solution satisfying

(u(0), u'(0)) € Gs,ry.1/2(A) X Gy, ry.0(A)
and
(u(®), u' (1)) & G—s.10g,1/2(A) X G_5.10g,0(A) Vi > 1y (3.3)
is residual in PS(uy, wa, a, H) (with respect to the L™ distance).

We point out that, due to (3.2), a derivative loss of the form (3.3) implies a derivative loss of
the form

1
(u(®),u' (1)) € G_g r.12(A) X G_g r0(A) VS > o VR >0, Vt>u,

which is the largest possible derivative loss compatible with Theorem A.

Our second result concerns the dissipative equation, and addresses the critical case where
a =1 —20 and § is small enough. In this regime, if initial data are “not enough Gevrey regular”,
solutions can undergo an instantaneous derivative loss, as severe as allowed by Theorem A.

We recall that, with the same values of « and o, but large enough §, Theorem C shows well-
posedness in Sobolev spaces.

Theorem 3.3 (Instantaneous severe derivative loss for small critical damping). Let H be a
Hilbert space, and let A be a nonnegative discrete multiplication operator that we assume to
be unbounded. Let |11, (13, o, H be real numbers satisfying (2.1). Let 8, o, s, S be real numbers
such that

H 1

0<d<——F—, 20=1—aq, s=8= .
32M(21+a)/2 1 — o

Then the set of propagation speeds ¢ € PS(u1, u2, o, H) for which equation (1.1) admits a
solution satisfying

(u(0), u’(0)) € Gs log,1/2(A) X Gy 1og,0(A) (3.4)
and
(u(), ’4/([)) ¢ g—S,log,l/2(A) X g—S,log,O(A) vt >0 (3.5)
is residual in PS(u1, w2, a, H) (with respect to the L™ distance).
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We point out that, due to (3.1), condition (3.4) implies that initial data are as close as possible
to the Gevrey space that would guarantee regularity of solutions according to Theorem B.

Remark 3.4. When (1.1) has a solution with some derivative loss, then there is actually a resid-
ual set of solutions with the same derivative loss. More precisely, let us assume that, for some
propagation speed c(¢), equation (1.1) admits a solution satisfying (3.4) and (3.5). Then the set
of initial data for which the solutions satisfy (3.5) is residual in the space that appears in (3.4).
This is again an application of the Baire category theorem (see section 4.5). An analogous remark
applies to Theorem 3.2.

Remark 3.5. In the statements of all our results concerning derivative loss, we have always
assumed that § > 0. This is just because we are focusing on equations either without dissipation,
or with a “true” dissipation. On the other hand, those results hold true a fortiori if § < 0, namely
when the “dissipation” has the wrong sign.

The results of this paper should cover all the cases that were left open in previous literature,
at least in the strictly hyperbolic case with Holder continuous propagation speed. The following
pictures summarize the final state of the art. In the horizontal axis we represent the time-regularity
of ¢(t). With some abuse of notation, values « € (0, 1) mean that c(¢) is a-Holder continuous,
o = 1 means that it is Lipschitz continuous, o > 1 means further regularity. In the vertical axis
we represent the space-regularity of initial data, where the value s stands for Gevrey spaces of
order s (so that higher values of s mean lower regularity). The curve is s = (1 — o)l

| Well-posedness is Sobolev spaces
Well-posedness in Gevrey spaces | (DGCS)-phenomenon

1—-20 o
§>0

In the non-dissipative case 6 = 0 we have well-posedness in Sobolev spaces if @ > 1 (this is a
classical result), while for & € (0, 1) Theorem B provides global well-posedness in Gevrey spaces
of order s < (1 — )~ ! and local well-posedness if s = (1 — «)~!, and Theorem D provides the
(DGCS)-phenomenon for s > (1 — o)L Finally, Theorem 3.2 of this paper shows that in the
critical case s = (1 — a)~! the solution can lose as many derivatives as possible after a finite
time.
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In the dissipative case § > 0, the strong damping moves to the left the vertical line that rep-
resents the boundary of the region with Sobolev well-posedness. More precisely, Theorem C
provides well-posedness in Sobolev spaces if @ > 1 — 20, while for « < 1 — 20 we have the
same picture as in the non-dissipative case, again provided by Theorems A, B, D, and by Theo-
rem 3.2 of this paper. Finally, in the critical case « = 1 — 20, Theorem C provides well-posedness
in Sobolev spaces if § is large enough, while for § small enough Theorem 3.3 shows that the
(DGCS)-phenomenon is again possible, with instantaneous loss of as many derivatives as possi-
ble.

4. Proofs
4.1. Asymptotic behavior of Holder constants

In this subsection we prove a simple, but somewhat counterintuitive, result. The idea is that,
under suitable assumptions, the Holder constant of the sum of two functions is not the sum of the

Holder constants, but the maximum. The result holds true for functions between metric spaces,
but we state it just in the setting of propagation speeds. In the sequel,

lc(@) —c@)

Hold, (¢) := sup{ T

(t,5) € [0, +00)2, t;ﬁs}

denotes the Holder constant of a propagation speed c(#).
Lemma 4.1 (Asymptotic Holder constant of a sum). Let f, : [0, +00) = R and g, : [0, +00) —
R be two sequences of functions, and let o € (0, 1) be a real number.
Let us assume that
e f, and g, are Holder continuous of order o for everyn € N,

e g, — O uniformly in [0, 4-00),
e there exists a real number L such that

|fu(t)) = fu@) <Lty =] VneN, V(1) e[0,+00)% (4.1)

Then it turns out that

limsupHold,, (f, + g,) < max {hm sup Hold, (f;,), lim sup Hold, (g5,) } .

n—+00 n—+o00 n——+00

Proof. For every real number ¢ > 0, let us choose real numbers A > 0 and n > 0 such that
LA™ <g, 2n <eA?, 4.2)
and let ng € N be such that

lgn(l=n  V1=0, Vn=no. (4.3)
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We claim that

[(fn + 8n)(11) — (fn + gn) (22)] < (max {HOlda(fn)v HOlda(gn)} +8) Ity —12]* (4.4)

for every n > ng, and every pair (#1, t2) of nonnegative real numbers. To this end, we distinguish
two cases according to the size of 1] — 1,.

e If |t — o] < A, then from (4.1) and the first relation in (4.2) we obtain that

|(fn 4 8n) (1) — (fn + ) @) < | fn (1) = [ (@) + 18n (1) — gn(22)]
< L|ti — 12| + Holda (gn) |11 — 12|*
= (LIn = 2"~ + Holdu (g0)) 111 = 12°
< (¢ + Holdy(gn)) It — 12|*,

which implies (4.4) in this first case.
e If |t] — 12| = A, then from (4.3) and the second relation in (4.2) we obtain that

[(fn+8n) (1) — (fu + &) @) < 1 fu) — fu@)| + 180 (t)] + |8n(22)]
<Holdy (fu)|t1 — 2| + 21
< (Holdg (fy) + &) |11 — 12|*,

which implies (4.4) also in this second case.
Since ¢ is arbitrary, the conclusion follows from (4.4). O

4.2. The basic ingredient

This subsection is the technical core of the paper. We show that every given smooth propaga-
tion speed can be slightly modified, with a negligible effect on its upper/lower bounds and on its
Holder constant, in order to produce a resonance effect with a large enough frequency A.

Let cg : [0, +00) — (0, +00) be a positive function of class C2%. Let§>0and o € (0,1/2)
be two real numbers. For every (g, A, t) € (0, +00) x (0, 400) x [0, +00), let us consider the
functions

t

a(r,t) :=A/co(s)1/2ds, (4.5)
0
t
ek [sin*(a(n,s)) 1. o) -
b(E,)\.,l‘) —wads—zlog CO(O) —8X t, (46)
0
_ , 2sin(a(h ) 5 1 [eh)]
]/(8, )\., [) = CO([) — 8Sln(2(l()\., t)) — ZT — Eﬁ [%]
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g0 52
402 co(t)  A24o

e cy(®)
2A co(t)3/2

sin?(a(h, 1)) + .7

We observe that, in the special case where co(f) = m?is a positive constant, we obtain the

same functions that were used in [13, section 6]. If in addition m = 1 and § = 0, we obtain the
functions that were originally introduced in [4].
With a long but elementary computation, one can check that the function

w(e, A, t) :=sin(a(r, 1)) exp(b(e, 1, 1)) 4.8)

satisfies

92 9
a—;)(e, a1+ 25x208—’f(5, 1)+ A2y (e h, Dw(e, Ay 1) =0

for every admissible value of the variables.

Admittedly, at a first glance it might be not so intuitive why this should be true and therefore,
for the convenience of the reader, in appendix A we show a heuristic argument that leads to these
definitions.

Our goal is showing that, for suitable values of ¢ and A, the energy of the solution w grows
exponentially with time. To this end, we start by estimating from below the growth of b(e, A, 7).

Lemma 4.2. Let ¢ : [0, +00) — (0, +00) be a function that satisfies the strict hyperbolicity
assumption (1.3). Let us assume in addition that cq is of class C ! and there exists a constant Ly
such that |c(’)(t)| < Lg foreveryt > 0. Let b(e, A, t) be the function defined in (4.6).

Then it turns out that

e Ly 1 ) € [
b(e, A, t) > 1— — )= ———  — _log™= (4.9)
4l ( 43" k) 8(uip2)'?2 4%

for every (g, A, t) € (0, +00) x (0, +00) x [0, +00).
Proof. From the strict hyperbolicity assumption (1.3) we deduce that
t

EA .2 1
b(e, 1) > — 75 | sin (a(r,s))ds — —log
20l 4
122 0

2

B2 _ 5320,
i

Moreover, by elementary trigonometry we know that

t t
t

/sinz(a(,\,s))ds =5- %/COS(Zu(A,s))ds.

0 0
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Therefore, it remains to show that

t

/cos(Za(A, s)ds| <

0

1 Ly t

4 o (4.10)
1/2 3/2
2“‘1/ A 4/‘1‘1/ A

In order to estimate this oscillating integral, we integrate by parts in the usual way, and we
obtain that (here primes denote derivatives with respect to the variable s)

t 1

/cos(2a(k, $))ds = / 2a’ (A, s)cosa(r, s)) - m ds
0 0
t
. 2 )\‘, s=t 1 1 )\‘,
= 78111( a2, 5)) + — / sin2a(X, s)) - a .5 @, $) s.
2a’(A,s)  i—o 2 a'(h,s)?
0
Now we recall that a(A, s) is defined by (4.5), and therefore
t
sinQRa(r, 1) 1 ()

t
/cos(Za(A, s))ds = ——+ — f sin(2a(A, s)) -

2hco®)12 T 4 aco(s)32
0 0

Exploiting again the strict hyperbolicity (1.3), and the uniform bound on c{(¢), we obtain
(4.10). O

Let {)\,,} and {g, } be two sequences of positive real numbers such that A, — 400 and ¢, — 0
as n — +o0. For every positive integer n, let us define

cn(@) =y (en, An,t) vt > 0. “4.11)
Let w, (#) denote the solution to the problem
wyy (1) + 2807 w), (1) + Acn (Dwy (1) =0,
with initial data
w, (0) =0, w) (0)=1.
The key properties of ¢, (¢) and w, (¢) are stated in the following result.
Proposition 4.3 (Activation of large enough frequencies). Let § > 0 and o € (0, 1/2) be two

real numbers. Let ¢ : [0, +00) — (0, 400) be a function that satisfies the strict hyperbolicity
assumption (1.3). Let us assume in addition that c is of class C 3 with

sup {1ch ()] + 1cg (0] + leg ()] : 1 = 0} < +o0. 4.12)
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Let {1} and {e,} be two sequences of positive real numbers such that \,, — +o00 and &, — 0
as n — +o0o, and

limsup(e,Ayy) < 400. (4.13)

n——+00

Let us define c,,(t) and w, (t) as above, and let us set

prminfl, pp} 1
W3 =7, 4= — 5. (4.14)
2u3 4,

Then the following statements hold true.
e (Uniform convergence) It turns out that
cn — co  uniformly in [0, +00), (4.15)

o (Asymptotic behavior of Holder constant) It turns out that

lim sup Holdg (¢,,) < max {Holda (co), 215" limsup (,1%) } . (4.16)

n—+00 n—-+00

e (Exponential growth of the solution) For every n large enough it turns out that
w! ()2 + 22 wa (1)]> > p3exp <u4enkn ‘- 23A§”r) Vi > 0. 4.17)
Proof. Since A, — +00 and ¢, — 0 as n — 400, and since 2 — 40 > 0, the uniform conver-
gence follows from the strict hyperbolicity (1.3), and from the uniform bounds on co(¢) in the
C? norm.
In the sequel we set for simplicity

an(t) :==a(k,, ), by (1) :=b(en, An, 1),

Asymptotic behavior of Holder constants The idea is to apply Lemma 4.1 with

Su (@) :=co(t) —

5[0, 1 g
1622 | co(r) 432 co(r)’

and

e2sin*(a, (1)) & @)

2 2
T o) 2, e S @),

gn(t) == —g,sin(2a, (1)) —

To begin with, we observe that a function that is bounded and Lipschitz continuous is also
Holder continuous. Due to the strict hyperbolicity (1.3), and to the bound (4.12) on the derivatives
of co up to order three, this implies that the four functions
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[wr (@) 1 ch (1)
co() ]’ co(r)’ co(®)’ co(1)3/?

are both Lipschitz continuous and Holder continuous of order «, and their Lipschitz and Holder
constants can be estimated in terms of «, @1, w2, and the supremum in (4.12). Recalling that
An — 0 as n — 400, this is enough to conclude that the sequence {f,} satisfies the equi-
Lipschitz assumption (4.1) of Lemma 4.1, and

lim sup Hold,, (f,) = Hold(cy). (4.18)

n——+00

Now let g1,,(t), 82..(t), g3,,(¢) denote the three terms in the definition of g,(¢). In order to
estimate g; ,(¢), from (4.5) we deduce that

jaGu. 1)) —a(h, )| <auy’ln —nl ¥, 1) €0, +00)%. 4.19)
Then we observe that
|sin(2y) —sin(2x)| < 2|y — x| V(x,y) € R2. (4.20)

Indeed, if |y — x| <1 this inequality follows from the Lipschitz continuity (with constant 2)
of the function sin(2x), because

Isin(2y) —sin(2x)| < 2|y — x| < 2|y — x|,
while if |y — x| > 1 the same inequality follows from the boundedness, because
|sin(2y) —sin(2x)| <2 <2|y — x|*.
From (4.19) and (4.20) it follows that
. . 2
[sin(2ay (t1)) — sin(a, (t2))| < 2|a, (t1) — an(12)|* < zﬂg/ )‘thl — |,
which implies that
Holdg (g1.,) <2u3%6,0%  VneN.
An analogous argument shows that
. . 2
|sin (@, (1)) — sin (@, ()] < Hiu 210 = 0],
where Hj is the Holder constant of the function sin* x. Now we recall that the product of two
functions that are bounded and Holder continuous of order « is again Holder continuous of order
o, with a constant that depends on the two bounds and on the two Holder constants. It follows
that
Holdy(g2.,) < Hae2(A% +1)  VneN, 4.21)
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where H> depends only on Hi, o, i1, 2, and the supremum in (4.12). In an analogous way, we
deduce also that

Holdg(g3.0) < Hy3 (5 + 1) VneN 22)
n

for a suitable constant Hj.
Due to (4.13), the right-hand sides of (4.21) and (4.22) tend to 0 as n — +00, and therefore

lim sup Holdy (g,) = lim sup Hold, (g1,,) < 2¢5’* lim sup (£,1%) . (4.23)

n— 400 n—-+00 n——+00

At this point, the conclusion follows from (4.18), (4.23), and Lemma 4.1.

Exponential growth of w,(t) To begin with, we observe that we have an explicit formula for
wy (), namely

1
wn(t)=Ww(8n,)»ml) vt >0,

where w(e, A, t) is the function defined in (4.8). This implies that

w),(t) = {a, (1) cos(an (1)) + b, (t) sin(an (1)) } exp(by (1)),

1
Anco(0)1/2
and therefore

[w) (1)1 + A2 |w, (1) * = Ry (1) exp(2b, (1)) V>0, (4.24)

where (for the sake of shortness we do not write explicitly the dependence on ¢ in the terms of
the right-hand side)

Ry (1) :

= 2 {(a;l)2 cos?a, + (b))% sin® a, + 12 sin® a, + 24 b/, cosa, sina,,} .
n

1/2

Now we recall that a; (t) = A,co(t)'/=, and therefore

co(t) 2 .2 26()(1‘)1/2 |
R,(t) > t 1) — ———1|b (t
n (1) > w0 cos”(ay (1)) + ) sin(ay, (1)) 0 MI ()]
. 172
1 2 1
zmm{ 1) 21y Lo,
n2 K1 Ay
Now we recall that
b (6) = A e_nsinz(an(t)) 3 1 ¢y(®) B 8

2 o2 Arpco() AT
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Since A, — +oco and &, — 0 as n — +00, and since 1 — 20 > 0, from the strict hyperbolicity
condition (1.3) and the bounds on ¢((¢) in the C! norm, it follows that 6], (£)|/An — O uniformly
in [0, +00), and therefore

min {1, p1}

R,(t) > ——— vVt >0, (4.25)
2u
provided that » is sufficiently large.
Moreover, from (4.9) it follows that
A
Db (1) = ~22 21— 28321 —log K2 yiso, (4.26)
4#2 231

again when n is sufficiently large (because we absorbed the third term in the right-hand side of
(4.9) by changing the coefficient of the logarithm).
Plugging (4.25) and (4.26) into (4.24), we obtain (4.17). O

4.3. Universal activators

In this subsection the Baire category theorem discloses all its power. In Proposition 4.3 we
used the basic ingredients in order to cook up a propagation speed that activates a large enough
frequency. As far as we know, that propagation speed might activate just that special frequency.
Now we produce, or better we let the Baire category theorem produce, a residual set of propa-
gation speeds that activate infinitely many frequencies in the same time. We call them universal
activators. The formal definition is the following.

Definition 4.4 (Universal activators). Let {);} be a sequence of positive real numbers, and let t3
and us5 be two positive real numbers.

A continuous function c : [0, +00) — R is called a universal activator for the sequence {A,}
with order (u3, us) if the sequence {w; (¢)} of solutions to equation

w] (1) + 28227 wl (1) + A c()wi(t) =0 (4.27)
with initial data
w; (0) =0, wi(0)=1 (4.28)
satisfies the exponential growth condition

lim sup (|w; O + 22 |w; (r)|2) exp (—MS,\}—% n 23)\5%) >us  Vi=0. (4.29)

i—400

The following result is the key tool in the proof of our main results, but it could also provide
alternative and shorter proofs of Theorem D.

Theorem 4.5 (Existence of universal activators). Let w1, (2, o, H be real numbers satisfying
(2.1). Let us define u3 and 4 as in (4.14), and let us set
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Hpg H
M5 = = .
4Mgz/z 16“;1%)/2

Let {A;} be a sequence of positive real numbers such that .; — +00 as i — +00.
Then the set of all propagation speeds ¢ € PS(u1, no, a, H) that are universal activators for
the sequence {A,} with order (43, s) is residual.

Proof. Let us consider the set C of “non universal activators”, namely the set of all propagation
speeds ¢ € PS(u1, ua, a, H) for which (4.29) is false, and therefore

>0  limsup (|w;(1)|2 + 32wy (r)|2) exp (—M5A}‘“t + 2&\?%) < 3,

i—400

or equivalently
>0 dn>0 3FjeN Vix>j
|wi ()1 + A7 1wi (D < (us — n) exp (Ms?»}_“t — m%’r) . (430)

Quantitative non-activators In order to make the previous statement more quantitative, we in-
troduce the set Cy of all admissible propagation speeds such that

1
Je[0.k] Vizk  |[wiOP+ 2w 0P < (m - %) exp (,u5kl.1_at - 25A$"z) .

In words, now ¢ is confined in the compact interval [0, k], and we have chosen n = 1/k and
J =k in (4.30). It turns out that the set C is the union of all C’s. Indeed, if some propagation
speed satisfies (4.30), then the same propagation speed belongs to Cj provided that k satisfies

<n, k>j.

x| =

k>t,

The proof is complete if we show that Cy is a closed set with empty interior for every positive
integer k.

The set Cy is closed  Let k be a fixed positive integer. Let {c,} C C; be any sequence, and let us
assume that ¢, (f) = ¢oo(t) uniformly in [0, 400). We claim that ¢ € Cy.

For every positive integer i, let w; ,(t) denote the solution to (4.27)—(4.28) with ¢ := ¢,,, and
let w; o denote the solution with ¢ := c. From the definition of C; we know that, for every
n € N, there exists ¢, € [0, k] such that

: ! . .
0] ) P+ 37 010 )P < (m - ;) exp (ush/ ™t —26000)  Vizk  (431)

Up to subsequences (not relabeled), we can always assume that #, — 5, € [0, k]. Moreover,
we know that solutions to (4.27)—(4.28) depend is a continuous way on the propagation speed, in
the sense that
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Cn— Coo uniformly in [0,7] = wj;, — Wi inC'([0,T])
for every T > 0. This implies in particular that
W), (D1 + A wi (D) — (W] oo (O + A7 [wioe()]*  uniformly in [0, £],

which in turn implies that we can pass to the limit in (4.31) and deduce that

1 _ .
W] o (too) > + A7 Wi 00 (foo) > < <M3 - ;) exp (Ms)\} oo — 25A%“roo) Vi >k,
which proves that ¢y € Ck.
The set Cy has empty interior Let us assume by contradiction that there exist an integer kg > 1,
an admissible propagation speed cp, and a real number g9 > 0 such that Bps(co, €9) < Ci,,

where Bpgs(co, £9) denotes the open ball in PS (w1, no, @, H) with center in ¢ and radius &g.

Regularization of the center Up to a small modification of ¢, and a small reduction of the
radius &g, we can assume that cq has the following further properties.

e Itis of class C? and satisfies (4.12).
e It does not saturate the inequalities in (1.3) and (1.4), namely there exists ¢1 > 0 such that

w1t+e1 <co(t) <ur—e1 Yt >0, 4.32)
and
lco(t) —co()| < (1 —e)H|t —s|* V(t,s) € [0, +00)”. (4.33)

Use of rescaled basic ingredient For every positive integer n, let us set

— —1 (4.34)
&y = -—, .
" 4,ug/2 Ay

and let us consider the corresponding sequence of propagation speeds ¢, () defined as in (4.11)
starting from the modified version of cy. We claim that, for n sufficiently large, ¢, € Bps(co, €0)
but ¢, ¢ Ci,. This would give a contradiction.

Final contradiction: ¢, € Bps(co, €0) for n large enough Since 1, — +o00 and ¢, — O,
from (4.15) it follows that ¢, — cg uniformly in [0, +00). Due to (4.32), this implies that ¢, (¢)
satisfies the strict hyperbolicity condition (1.3) when r is large enough. Finally, from (4.16),
(4.33) and (4.34) it follows that

H H
lim sup Hold,, (¢;;) < max {Holda(co), 7} < max {(1 —&1)H, ?} .

n——+00

Since the latter is strictly less than H, the propagation speed c, satisfies (1.4) for n large
enough.
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In conclusion, we have proved that ¢, € PS(u1, 2, o, H) when n is sufficiently large, and
¢n — ¢o uniformly in [0, 400), and this implies that ¢, € Bps(co, &9) when n is large enough.

Final contradiction: ¢, ¢ Cy, for n large enough Let us consider the solution w, , to

(4.27)-(4.28) with i :=n and ¢ := ¢,. From (4.17) we know that, for every n large enough,
it turns out that

W, (O + 22w 0 ()% > 3 exp (/L48nknt — 23x,§%) — u3exp (MS,\},—% - 25x§“;)
for every t > 0, which contradicts the definition of Cy, as soonasn > kg. O
4.4. Proof of Theorem 3.2 and Theorem 3.3

Let {X;} be the sequence of (the square roots of) the eigenvalues of A, and let {e;} be the
corresponding orthonormal basis of H. Up to extracting a subsequence, we can also assume that

o 1
Y 5 <+oo. (4.35)
i=0 %

Let ¢ € PS(u1, u2,a, H) be a universal activator for the sequence {A;} with some order
(3, us) according to Definition 4.4. Given a sequence {a;} of real numbers, we consider the
solution to (1.1) with initial data

o0
u(0) =0, u’ (0) =Za,~ei.
i=0
The solution is

o0
u(t) = Zaiwi(t)ei,
i=0
where {w; (1)} is the sequence of solutions to (4.27)—(4.28). We observe that
o0
(0,4 ) € Goy,1/2(A) X Grrpo(A) = Y atexp (204" ) <+o0,  (436)
i=0
and similarly

> o
(u(0), u’(0)) € Gy log,1/2(A) X Gy log,0(A) Zaf exp (M) < +oo, (4.37)
i=0 !

while (u(1), u'(1)) ¢ G_5.10g,1/2(A) X G_5.10g.0(A) if and only if

2 / 2 2 2 i
a <|wi(t)| + 32wy ()] )exp <—7> = +oo. (4.38)
= log(2 + i)
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In the case of Theorem 3.2 we choose

1
a; ;= " exp (—ro)»l.l/s> Viel.

1

In this case the convergence of the series in (4.36) reduces to (4.35). As for (4.38), we observe
that the general term of the series can be rewritten as ®;(#)W; (¢), where

;1) = (JwjOF + 32wy () ) exp (—push =1 +282271) (4.39)

and

1 . /s
W (t) = P exp —2r0)»i /s + I.LS)\-il_at — 28kl20l — m .
i l

1

From the definition of universal activator it turns out that

limsup ®; () > u3 >0 vVt > 0. (4.40)

i—+400

Since | —a=1/s=1/S > 20, it turns out that

lim W (f) = +00 4.41)

i—+00

for every t > 2rg/us =: ty. This proves that the series in (4.38) diverges for every ¢ > ty.
In the case of Theorem 3.3 we choose

1 P
aj:=—exp|——>F—|.
Ai log(2 + A;)

As before the convergence of the series in (4.37) reduces to (4.35), while the general term of
the series in (4.38) can be written as ®; (1) W; (), with ®; (¢) defined by (4.39), and

2.1/ 2w.1/8
Clog(2+A) log2+ ) )

1 :
W (1) == 2 exp ( — 4 usk}‘“t — 28Al-2”t d
i

Again the definition of universal activator implies (4.40), while the fact that | —a¢ =1/s =
1/S = 20, and 2§ < us, implies (4.41) for every ¢t > 0. This proves that the series in (4.38)
diverges for every ¢ > 0 if 2§ < us.
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4.5. Proof of Remark 3.4

For the sake of shortness, let X denote the complete metric space G jog,1/2(A) X Gy 10g,0(A).
Let C denote the set of elements of X that are initial data of solutions to (1.1) that do not sat-
isfy (3.5), so that

2 2
>0 ”u,(t)”g—s,log,O(A) + ||M(t)||g—s.log,l/2(A) < +oo.

We make this statement more quantitative by introducing the set Cy, of all initial data in X that
originate solutions to (1.1) satisfying

Iell/kkl W OG0 + 10OIG a0 <k

It is possible to show that C is the union of all Cy’s, and that Cy, is a closed subset of X for every
positive integer k (this requires only that Fourier components of solutions depend continuously
on initial data, and that the norm in the spaces G_ g jog, 5 (A) is lower semicontinuous with respect
to component-wise convergence).

It remains to show that C; has empty interior for every positive integer k. Let us assume by
contradiction that some C, contains the open ball in X with center in some (vo, v;) € X and
radius ¢g > 0. Up to a small reduction of the radius, we can assume that the center (vg, v1) has
only a finite number of Fourier components different from zero, and therefore the corresponding
solution v(¢) satisfies

W OG g goen FIVOIG o pay < Mo V1 €10 ko]

for a suitable constant M.

By assumption, we know that equation (1.1) has a solution u(#), with suitable initial data
(uo, u1) € X, that satisfies (3.5). Due to the linearity of the equation, the solution with initial data
(vo + euo, v1 + guy) is v(t) + eu(t), and therefore (vo + cug, vi + suy) ¢ Cy, for every & # 0.

On the other hand, (vo + ug, v1 + eu1) belongs to the ball if |¢| is small enough, and this
provides the required contradiction.
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Appendix A. Heuristics for the basic ingredient

Let ¢g € PS(u1, 12, o, H) be a given smooth function. Suppose we want to find a function
¢y, which is close enough to ¢ in the uniform norm, and has Holder constant close to the Holder
constant of ¢y, such that equation

w” (1) +260%°w' (1) + A2 (Hw(t) =0 (A.1)

has a solution that grows exponentially with time. To this end, it seems reasonable to look for a
solution of the form
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w(t) = sin(a(t)) exp(b(1)), (A.2)

for suitable functions a(¢) and b(¢). Plugging (A.2) into (A.1), with some computations we find
that (for the sake of shortness, we do not write explicitly the dependence on )

{—(a’)2 F B (D)2 + 283271 + )ﬂck} sing + {a” +2d'b + 26A2“a/} cosa=0. (A3)

In order to simplify the coefficient of cosa, it seems reasonable to consider functions b(t) of
the form

b(t) = B(t) — 821,

so that (A.3) reduces to
{—(a/)2 48"+ () —82a% 4 ,\%A} sina + {a” + 24’} cosa =0. (A4)

At this point it would be useful to factor out a sina from the coefficient of cosa. Thus we
make the ansatz that

a" +2d' B’ = er*sin’a, (A.5)

where the square gives us some hope that 8’ could be positive, which means 8 increasing.
Now we recall that ¢, (¢) should hopefully be close to co(¢), and this leads us to a second
ansatz that

a'(t) = rco(t) /2.
If this is the case, then a(¢) is given by (4.5). At this point from (A.5) we obtain that

exlsin’a —a”
p=""""""
2a’ ’
from which we compute B(¢) and therefore also b(¢). In this way we obtain (4.6). Finally, from
(A.4) we can compute ¢, (t), and we obtain exactly (4.7).
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