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Abstract

Based on the notion of paracontrolled distributions, we provide existence and uniqueness results for
rough Volterra equations of convolution type with potentially singular kernels and driven by the newly
introduced class of convolutional rough paths. The existence of such rough paths above a wide class of
stochastic processes including the fractional Brownian motion is shown. As applications we consider var-
ious types of rough and stochastic (partial) differential equations such as rough differential equations with
delay, stochastic Volterra equations driven by Gaussian processes and moving average equations driven by
Lévy processes.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Stochastic Volterra equations serve as mathematical models for numerous random phenomena
appearing in various areas such as biology, physics and mathematical finance. In the present work
we consider Volterra equations of convolution type, which in their simplest form are given by
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u(t)=u0+/go(t—s)a(u(s))dz?(s), teR, (1.1)

—00

where ¢: R — R is a (random) input signal, e.g., an m-dimensional (fractional) Brownian
motion, ug € R”, ¢: R — R is the so-called kernel and o : R” — L(R™,R") is a vector field.
Since the pioneering works of Berger and Mizel [8,9], stochastic Volterra equations have been
studied in different settings and generality by a vast number of authors, see e.g. [42,40,13,48].

This wide class of equations covers many stochastic differential and integral equations as
special cases such as ordinary stochastic differential equations, classical stochastic Volterra inte-
gral equations, stochastic equations involving fractional derivatives (noting that singular kernels
correspond to Fourier multipliers) and moving average equations driven by Lévy processes.
Recently, Volterra equations attracted additional attention from the mathematical finance com-
munity because stochastic Volterra equations with singular kernels ¢ constitute very suitable
models for the unpredictable and rough behaviour of volatility in financial markets, cf. [1,32,18].

Rough path theory initiated by Lyons [35] provides an innovative approach to the theory of
stochastic differential equations leading to many novel insights. One of the fundamental results of
rough path theory is the continuity of the solution map ¥ — u, known as the It6-Lyons map, for
controlled differential equations driven by rough paths. This continuity statement had significant
impact over the past decades and found many applications, see [36,22].

The main goal of this article is to develop a pathwise approach to and a solution theory for
Volterra equations driven by rough paths, which allow for regular as well as singular kernels. In
particular, we prove the local Lipschitz continuity of the Itd6-Lyons map for Volterra equations
generalising (in some directions) the above mentioned fundamental result. Many implications of
the rough path theory seem thus to be feasible for Volterra equations.

For this purpose we first establish the existence of a unique solution to the Volterra equa-
tion (1.1) driven by signals ¢ with sufficient regularity, based on Littlewood-Paley theory and
Bony’s paraproduct. In order to extend the existence and uniqueness results to a rough path set-
ting, we rely on the notion of paracontrolled distributions, which was introduced by Gubinelli
et al. [25]. The paracontrolled distribution approach is particularly suitable for the pathwise anal-
ysis of Volterra equations of convolution type because of the following two key observations:
Firstly, the convolution operator appearing in (1.1) fits nicely together with the underlying Fourier
and Littlewood-Paley analysis since the convolution operator is, for instance, a local operation
in the Fourier domain. The second advantage of paracontrolled distributions is that the driving
rough path ¥ (or the underlying model using the language of regularity structures [28]) can be
chosen adapted to the specific equation which turns out to be essential for the solution theory
involving singular kernels.

Volterra equations driven by rough paths have so far only been studied by Deya and Tin-
del [15,16]. They have demonstrated that classical rough path theory can be utilised to handle
Volterra equations driven by rough paths. The approach in [15,16] requires a deep and heavy anal-
ysis leading to strong regularity assumptions on the kernel ¢, namely ¢ € C3, and thus excluding
singular kernels. This is mainly caused by relying on the classical space of (geometric) rough
paths, which have been designed to treat ordinary rough differential equations. Adapting the clas-
sical notion of rough paths, Gubinelli and Tindel [27] dealt with the mild formulation of rough
evolution equations associated to analytic semigroups, which corresponds to infinite dimensional
Volterra equations with kernels given by the semigroups. More recently, Bayer et al. [7] showed
the existence of a solution to a specific rough Volterra equation modelling the ‘rough’ volatility

223



D.J. Promel and M. Trabs Journal of Differential Equations 302 (2021) 222-272

appearing on financial markets, using Hairer’s theory of regularity structures [28]. After the com-
pletion of the present work, Harang, Tindel and Wang (2019, 2021) [30,31] developed a novel
rough path based approach to Volterra equations also allowing for singular kernels.

Using the flexibility of the paracontrolled distribution approach, we introduce the notion of
convolutional rough paths by including the convolution kernel ¢ in the definition of the so-
called resonant term. The later notion can be seen as the analogue to geometric rough paths
in the paracontrolled distribution setting. We prove that the Itd6-Lyons map has a locally Lips-
chitz continuous extension from the space of smooth paths to the space of convolutional rough
paths. Hence, the Volterra equation (1.1) driven by a level-2 convolutional rough path possesses a
unique solution. This ansatz leads to rather weak regularity assumptions on the kernel ¢ requiring
less than Lipschitz continuity and thus allowing especially for singular kernels.

In addition to the above mentioned modelling, there is a particular interest in singular kernels,
e.g. [13,14,47], because of their links to stochastic differential equations with fractional deriva-
tives [34] and to a large class of semilinear stochastic partial differential equations [48]. The here
developed paracontrolled distribution approach to Volterra equations can thus also be viewed as
a step towards these applications. However, exploiting these directions more comprehensively
would require extensions based on higher order paracontrolled calculus, see [4], or to infinite
dimensional spaces, cf. [37], which is beyond the scope of the present article.

While it is necessary for singular kernels to be included in the definition of the rough path, in
the case of regular kernels, say ¢ is at least Lipschitz continuous, the existence of the convolu-
tional rough path can be reduced to the existence of a generic rough path, i.e., independent of the
specific kernel. Moreover, considering the regularity of the driving signal in Besov spaces, our
analysis builds on [41] and interestingly the continuity results hold for some Volterra equations
driven by convolutional rough paths with jumps, contributing to the recent extension of rough
path theory to cadlag paths, cf. [12,23].

In order to apply the pathwise solution theory for Volterra equations driven by convolutional
rough paths to stochastic Volterra equations, we construct convolutional rough paths for a large
class of stochastic processes satisfying a hypercontractivity property. Examples include many
Gaussian processes such as fractional Brownian motion with Hurst index H > 1/3. As a conse-
quence, we obtain unique solutions to stochastic Volterra equations driven by Gaussian processes,
extending most literature which focuses on driving signals given by semi-martingales. Further-
more, the approach developed here based on paracontrolled distributions constitutes a solution
theory of stochastic differential equations in the sense of Stratonovich integration. This comple-
ments the related literature about stochastic Volterra equations, which focuses on (generalisation
of) Itd integration, except, of course, the works [15,16,27] relying on rough path theory. An-
other advantage of the pathwise approach is that it can immediately deal with stochastic Volterra
equations with anticipating coefficients, cf. the seminal work of [40].

Plan of the paper: In Section 2 the functional analytic foundation is provided. Section 3
establishes the existence and uniqueness results for Volterra equations. The connection to the
classical rough path theory and the probabilistic construction of the resonant term for suitable
stochastic processes can be found in Section 4. Applications of the pathwise results to various
types of stochastic Volterra equations are presented in Section 5. Appendix A collects several
auxiliary lemmas concerning Besov spaces.
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1.1. Setting up the Volterra equation
In the rest of the paper, we study the following class of Volterra equations of convolution type
u(t) = up(t) + (91 % (@1 ED) (1) + (g2 % (@2W)E)) (1), 1 €R, (12)
where

e the convolution operator * is defined by

(f*2)») :=/f(y—X)g(x)dx, yeR,
R

with the usual generalisation for distributions f and g,

ug: R — R" is the initial condition,

¢j: R — R are the kernels (or kernel functions) for j =1, 2,

oj: R" = L(R™,R") are vector fields for j =1, 2,

£ R— R"™and &: R — R is a possibly rough and smoother signal, respectively.

Comparing (1.1) and (1.2), the signal &; corresponds to the (distributional) derivative of ¥ and
the integral boundaries (—oo, ¢] are included via kernel functions of the form ¢1 = 1jp,00)¢.
Throughout the paper we refer to ¢ * (o1(1#)&1) as the rough term and to ¢y * (02(u)€2) as
the drift term, making for simplicity the assumption that also ¢, &1 are less regular than ¢, &,
respectively. Let us remark that distinguishing between a rough and a drift term allows for sharper
regularity conditions on the respective vector fields o7 and o, cf. the notion of (p, g)-rough
paths [33]. Our main existence and uniqueness result for Volterra equations (1.2) can be found in
Theorem 3.10, see also Proposition 3.1 dealing with the case of regular driving signals.

2. Bony’s paraproduct and Besov spaces

Let us briefly set up the functional analytic framework. We begin by recalling the notion of
Besov spaces in terms of the Littlewood-Paley decomposition. For a more general introduction
we refer to Bahouri et al. [2], Sawano [45] and Triebel [46].

For the sake of clarification let us mention that L” (R?, R”*") denotes the space of Lebesgue
p-integrable functions with norm || - ||z» for p € [1, 00) and L (R4, R”*") denotes the space
of bounded functions with corresponding norm || - ||. The space of Schwartz functions on R¢
is denoted by S(R?) := S(R?, R”*") and its dual by &' (R9) := S’(R?, R”*"), which is the
space of tempered distributions.

For a function f € L! (]Rd, R™>*™) the Fourier transform and its inverse are defined by

Ff) :=/e—i<Z~X>f(x)dx and F'f(2):=Qn) 4 Ff(-2).
Rd

If f €S (R?), then the usual generalisation of the Fourier transform is considered.
The Littlewood-Paley theory is based on a localisation in the frequency domain by a dyadic
partition of unity (x, p), thatis, x and p are non-negative infinitely differentiable radial functions
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on R¥ such that supp x € B and supp p € A for a ball B C R? and an annulus A € R?, x(z) +
ijo p(277z)=1forall z e R, supp(x) Nsupp(p(277/-)) =@ for j > 1, and supp(p(2~-)) N
supp(p(277/-)) =@ for |i — j| > 1. We set throughout

p-1:=x and p; =p277) for j > 0.
Given a dyadic partition of unity (x, p), the Littlewood-Paley blocks are defined by
A_if=F (o1 Ff) and Ajf:=F Yp;Ff) forj=>0.

Note that A f is a smooth function for every j > —1 and for every f € &’ (R?) one has f =
ij_l Ajf.ForaeRand p,q €1, co] the Besov space Bg,q(Rd, R™>*™) is given by

By JRER™M) = {f € S'RER™) 2 || fllapg < 00}

with | fllapg o= | 27085 Fller)

7a

Although the norm || - ||, p,; depends on the dyadic partition (x, p), different dyadic parti-
tions of unity lead to equivalent norms (see [2, Corollary 2.70]). Whenever the dimension of
the image space is clear from the context, we write Bg,q (R?) := B;",’q(Rd, R™>") and B;",’q =
Bg,q (R, R™*") and analogous abbreviations for L?”(R?, R”*"). The special case of Holder-
Zygmund spaces is denoted by C* := Bg, ,, with corresponding norms || - [|ce := || - [l¢, 00,00 for
a > 0. In the following we will frequently apply embedding results for Besov spaces, which can
be found for example in [46, Proposition 2.5.7 and Theorem 2.7.1].

Let us fix the notation Ay < By, for a generic parameter ¢, meaning that Ay < C By for some
constant C > 0 independent of ©. We write Ay ~ By if Ay < By and By < Ay. For integers
Jo. ko € Z we write jy < ky if there is some N € N such that jy < ky + N, and jy ~ ky if
Jo Sky and ky < g

Given f e B% (R%) and g € Bgz,qz (R%), we can formally decompose the product fg in

pLYL
terms of Littlewood-Paley blocks as

f8=2 Y AifAjg=Trg+Tof +7(f.8) @.1)

j=—li=—1
where
Trgi= Y ( > Aif>Ajg and m(f.g):= Y AifAjg.
j=—1 ti<j=2 li—jl=1

This decomposition was originally introduced by Bony [10] and 7 (f, g) is usually called reso-
nant term. The following paraproduct estimates verify the importance of Bony’s decomposition.
For the proof of this lemma, we refer to [2, Theorem 2.82 and 2.85] and [41, Lemma 2.1].

Lemma 2.1 (Bony’s paraproduct estimates). Let o, B € R and p1, p2,q1,q2 € [1, o0] and sup-
pose that
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(i) If (f, ) € LP'(RY) x Bh, ,(RY), then | Tsglip.pq < I flLrligls, oy
(ii) Ifa <Oand (f.g) € B, , (RY) x By, 4, (RY), then ||ng||a+,3 g SN lepra 18116 pr.go-

(iii) If « + B >0 and (f,8) € By , (RY) x B, xR, then | (f, @)lla+ppg S
IS ller,progi 118118, p2.go-

In order to analyse the smoothing property of the convolution operator * appearing in the
Volterra equation (1.2), we provide the following Young inequality and its proof since the authors
are not aware of a reference for this result in the stated generality.

Lemma 2.2 (Generalised Young’s inequality). Let o, B € R, d € N and py, p2,q1,q2 € [1, 00]
satisfying

1 1 1 1 1 1
0<—-=—+—-1<1 and 0<—:=—+—<1.
p P1 p2 q q1 q2

Then, forany f € B , (R%) and g € B,,2 5 (RY) we have f * g € Byt P(R?) with

P11
IS *glla+p.p.g SN flle,progi 181, pago-
Proof. The Littlewood-Paley blocks of the convolution satisfy
Aj(f ) =F o, FfFel=F o Ff1x F N p /" Fal. = -1
Using Young’s inequality for L?-spaces, we bound
21NN (f % )ler < RFNF 1o} 2 F Flllm) 21 F 1o} 2 Felllirn).

Hence, by the Cauchy-Schwarz inequality it suffices to show

[P NF 1} 2F Fer) iyl S F lepran 22)

(and consequently the analogous estimate holds true for g). To verify (2.2), we decompose f =
> jAjf. Due to the compact support of p; and the classical Young inequality, we obtain

2N F p PF fllln <2 | F ol 2 F1Ay £1]]
j/

<2 N NF Pl A e
Li=Jj'I<1

<SS @A GG - D) (@TNA ) flm).-

j/
Again by Young’s inequality (applied to £4') we conclude
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[ o Vv 172 PR PR [t VERWVIE)) JRY 1Y 4 P

<+l flapra- O

In order to quantify the regularity of the vector fields appearing in the Volterra equation (1.2)
we follow the convention by Stein (cf. [20, Definition 3.1]): For operator-valued functions
F:R™ — L(R",R™) we write F € C* for k € N, if F is bounded, continuous and k-times
differentiable with bounded and continuous derivatives. The first and second derivative are de-
noted by F’ and F”, respectively, and higher derivatives by F®. The space C¥ is equipped with
the norms

k
IFlloo := sup |F)Il and [[Flct:=Flloo+ Y IF oo,

xeRm j=1

where || - || denotes the corresponding operator norms.

3. Existence and uniqueness results for Volterra equations

Let us briefly recall the Volterra equation (1.2), which was given by

u(t) =uo(t) + (@1 * (01 (WEN) (1) + (g2 * (2(W)€2)) (1), 1 €R,

for an initial condition ug: R — R", vector fields o;: R" — L(R™,R"), kernel functions
@j: R — R and driving signals §;: R — R™, for j = 1, 2. While the convolution is always well-
defined for any function or distribution in a Besov space (cf. Lemma 2.2), the product o (u)&;
requires sufficient Besov regularity of the involved functions (cf. Lemma 2.1). This statement
will be made precise in the next subsection.

3.1. Regular driving signals

To analyse the product o (u)&; more carefully, we suppose that the driving signals satisfy

£ € Bﬁf;,l with B; > 0 and p > 2, for j = 1,2. We further assume that the corresponding
solution u of the Volterra equation (1.2) fulfills u € B}, ., for some regularity o > L n this case

Bony’s decomposition (2.1), the paraproduct estimates (Lemma 2.1) and the Besov embedding
Ol+ﬂ_,‘—1 ﬁj—l

B p2eo S B!~ applied to the problematic product yields
i~ .
0j(w)é;j =To;w)éj +7(0oj),§j)+Te05(u) € Bﬁ{oo ifa+B;>1,p=2. 3.1)
—— \—f_ld N———
LS A

Notice that the Young type condition o + B; > 1 is crucial for the regularity estimate of the
resonant term 7w (o (u),§;). If ¢; € Bi’foo for some y; > 0, then Young’s inequality (Lemma 2.2)
combined with (3.1) yields

0 % (0;W)E;) e Bz~
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In view of the Volterra equation (1.2) we obtain the relationship

a=min{f1+y1 -1, B+ —1}.

In the following we associate the “rougher” signal with the first convolution term and thus assume
B1 < B2 and y1 < 2. The Young type condition a + B; > 1 is then equivalent to 281 + y; > 2.

Applying a fixed point argument, we first prove the existence of a unique solution to the
Volterra equation (1.2) in this Young setting. Afterwards we will relax the regularity assumptions
allowing for a more irregular driving signal &1 in (1.2), see Subsection 3.2.

Proposition 3.1. Let p > 2, 0 < 1 < B2 and 0 < y1 <y, such that
a:=81+y1—1e/p,1] and 281+ y; >?2.

Suppose ug € B, o, & € Bp 0 goj € Bl wandaoj € c2. Ifmax;—1 s llojllc2 is sufficiently small
depending on max ;=12 |¢jlly; 1,00, Max;=1,2 ||§]||,3]_1 p.oo and |luglle, p,co, then the Volterra
equation (1.2) has a unique solution u € B P00

Let us remark that the assumption o > % in Proposition 3.1 is only used for the embedding
B‘;,oo C L. If we separately control the norms || - [|«, p.co @and || - [0 of the solution u, we may

allow for u € B,l,{ .. This implies that the solution u of the Volterra equation (1.2) may have
jumps but these jumps can only come from the initial condition u#¢. This observation leads to the
next proposition.

Proposition 3.2. Let p > 2, 0 < 81 < B2, 0 < y1 < y» such that

Bi+y—-1el/p,1] and p1+1/p>1.

i—1 i .
Suppose ug € B},{é’o NL*® & e Bgfoo , Q) € Bi/”oo and oj € C2, for j = 1,2. Denote aj(.)(.) =
0j(-) —0j0), j=1,2. If max—1 ||UJ(-)||C2 is sufficiently small depending on ||M0||1,p o T
luolloo, maxj=1,21¢;lly; 1,00 and maxj=1,211§;llg;~1,p,c0, then the Volterra equation (1.2) has

a unique solution u € B}/é’o N L.
Let us remark that Proposition 3.1 is not a corollary of Proposition 3.2. However, since the
corresponding proofs work analogously, we present here only the proof of Proposition 3.2 in

order to avoid redundancy.

Proof of Proposition 3.2. We study the solution map

1 1
D: By oo NL® = B o NL®, v u:i=ug+ @1 * (01(0)&) + @2 * (02(v)&).

If @ is a well-defined map and a contraction, then the assertion follows from Banach’s fixed point
theorem. Without loss of generality we may assume that o (0) = 02(0) = 0 since
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u:=uo+ @1 * (01(0)&1) + @2 * (02(v)62)
=ug + @1 * (01(0)&1) + @2 * (02(0)&2) + @1 * ((01(v) — 01(0)&1) + 2 * ((02(v) — 02(0))&2)
=10 + ¢1 * ((61(v) — 01(0)&1) + 2 * ((02(v) — 02(0))&2)

with

o := o + g1 * (01(0)1) + g2 % (02(0)2) € By/L N L™,

Step 1: The map ® is well-defined. Indeed, by Young’s inequality (Lemma 2.2), the Besov em-

beddings B,y o'~ € By Byad” "' € By/% and By/% "' € L for j = 1,2 and Bony’s

decomposition we have
[O@I1 00 + 190l

Sluols oo+ lolloo + 3 195ly;.1.0019 (V& l1g;-1.p.0c
j=1.2

Sluolls oo+ lolloo + 3 (1To;Eillg—1p.00 + 17 (@5 (0 EDN 1 g 1 o 0o
j=12

+ ||Téjgj(v)”%ﬂgj,]’p/z)oo)“(ﬂj”yj,l,oo-
The paraproduct estimates (Lemma 2.1) and Lemma A.3 yield
CIOIFNE LI

S0l 1 oo+ 000+ Y 191,100 (157 W11 o0 + 105 @1 18115, -1.p.00
j=1.2

S0l o0+ H0lloo + (10111, o0 + 101loo) 2132 1€511y,.1.00 0107 01 18518, ~1.p.oc-
j=1
3.2)
1 1
Hence, ®(v) € Bj oo N L for every v € B oo N L™,
Step 2: Invariance of a ball by ®. We now verify that ® maps the ball

1 1
Bk :={vel31’,"ooﬂL°° : ||v||1poo+||v||oo§2K2} CB)oNL®
L.

into itself for some suitable constant K € R. Due to (3.2), there exists some K > 1 such that
IIMOIIIL),,,,oo + lluolloe < K and

@) 1

= &)
5P

+ 1P W)]loo

< K(Iluoll 1 poo Fllolloo + (10111, oo+ 10llac) D 1jlly; 100l llcr 118 ||ﬁ,-_1,p,oo).
j=1.2
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If max;j—12llojll ¢ is sufficiently small such that

1
max il gillcill§illg:— <—
j=1’2||(ﬂ]||y,,l,oo” illctl&illg, Lpoo =

then for any v € Bx we obtain ||®(v)|| 1 poo T [®W)]loo < K%+ K2 <2K2.
oD

Step 3: @ is a contraction. To deduce the Lipschitz continuity of ® on Bk, let vi, vy € Bg.
By Young’s inequality (Lemma 2.2) and the auxiliary Lemmas A.2 and A.3 we deduce

@) — q>(v2)||%,p,OO + 1P (1) — P(v2) oo

S 2 19l reo(loi @) = 0@l |, o + 10501 = 7@ lloo) 1€115;1.p.00
j=1.2

S (X 1021051100187 1,100 ) (14 011110 + 0t lloo + 102111 o0+ 021l00)
j=12

x (llvi —v2ll 1 poo TNV —02llo0)
L.ps

2
S max g2 (D 19l .0018718,-1,p.00 ) (1 +H4KD (01 = vall 1, o0 + 101 = vallc).
J=1 . ’
j=12

In conclusion, ®: Bg — Bk is Lipschitz continuous and it is a contraction for suffi-
ciently small max;—; > |loj|c2 depending on ”MOllll],p,oo + lluolloo, maxj—p ||<,oj||yj,1,Oo and

max ;=12 [1§jllg;—1,p.cc- O

Remark 3.3. One can bypass the flatness condition on the vector fields o7 and o3, that is,
max ;-1 ||ojllc2 was assumed to be sufficiently small, by assuming that the kernel functions
¢1, 2 as well as the driving signals &1, & are supported on the positive real line, cf. Subsec-
tion 3.4.

3.2. Rough driving signals

The regularity assumptions on the driving signals proposed in Proposition 3.1, for obtaining
a unique solution to the Volterra equation (1.2), are usually too strong for applications in prob-
ability theory. Namely, we have imposed the smoothness condition « + 81 > 1, which means
B1 > Z_Ty‘ For instance, for ordinary differential equations we have y; = 1 and thus 8] > %
excluding stochastic differential equations driven by the Brownian motion. In the sequel we will
generalise this condition for the first convolution term in (1.2) to 2« 4 81 > 1 being equivalent to
B1 > 3_32” . In the case y; = 1 we then require 1 > % which is in line with the classical rough
path theory with one iterated integral. This paves the way for a wide range of applications of our
results to, e.g., fractional Brownian motion, martingales and Lévy processes, see Section 5.

As discussed before, under the weaker regularity condition 81 > 3732 "1 one main difficulty is
to give a rigorous meaning to the product o1 (#)&1, cf. (3.1). To overcome this issue, we adapt the
paracontrolled approach introduced by Gubinelli et al. [25]. In order to profit from the smoothing
effect of the convolution with ¢, we choose a paracontrolled ansatz that reflects the convolution
structure of equation (1.2).
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Abbreviating the regular terms by ug 2 1= ug + ¢2 * (02(u)§2) and using Bony’s decomposi-
tion (2.1), we may write

u=uo2+ @1 * (Towé1 + 7 (01(0), §1) + Tz 01(0)).

Since the term ¢ * Ty, ()€1 is the least regular one, we choose the ansatz:

u=uo2+ @1 * Ty, wé +u*

with remainder

u* =g % (mw(o1(), &) + Tr 01 (), (3.3)
which is of regularity o + 81 — 1 4+ y1 = 2« assuming everything is well-defined. However,
this is a priori not true due to the resonant term m(oq(u), &1). To analyse this term, we use a

linearisation of o (u) (see [41, Proposition 4.1]) and again the ansatz for u to decompose the
critical term 7 (o1 (1), &) into

(o1 (w), &) = o] W) (u, &) + Mo, (u, &) o
= o () (7 (o2, &) + (@1 * Ty &1, &) + 7w, ED) + Moy u, &),

where
Mo, (u. £1) =701 (). £1) — o] )7 (. &1) € By bl (3.5)

At this point the resonant term 7 (¢ * T, ()€1, £1) is not yet well-defined. In order to continue
our analysis, we need to compare

(@1 % Toywyé1.61)  and - 7w (@ * &1, €1),
which is indeed possible thanks to the following lemma.

Lemma 3.4. Suppose there exists a constant r € R such that for some y > 0
+1
@E B)l/,oo and (-—r)pe Bfoo.

If f eB? andgeBgz,oo with o € (0,1), B € R and py, p2 € [1, 00] such that%:: +

P1,00
1
ERpd
27 S 1, then

1
P1

Ry(f,8) =oxTrg—Tr._r(pxg) e Bﬁfo’gﬂ/
with
1R (fe ) o pry proe < (1€1ly 1,00 +1C+PI@N 411,00 L f e oo 1811 ..o
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Applying Lemma 3.4, we can write the “undefined” resonant term 77 (@1 * T, 1)&1, §1) in (3.4)
as
(@1 * T 61, 61)
=7 (T (u(-—r)) (@1 * 1), §1) + T (Ry, (01 (), §1), §1)
=o1(-—r))m(p1*&1,81) + Clo1(u(- —r1)), o1 *&1,81) + T (Ry, (o1(u), §1), 1),

(3.6)
for some r; € R and where we used the commutator
C(f.8.h)=n(Trg.h)— fr(g.h), f.gheS®),
satisfying
IC(f. & Wllatbe.pzg SN fllap.ocligls,p.ocllBlle,p,oos 3.7

forp>3,a€(0,1)and b, c € R witha+b+c > 0and b+ ¢ < 0, see the so-called commutator
lemma [41, Lemma 4.4]. We thus have reduced the critical term 77 (o1 (1), &1) to the resonant term
(@1 * &1, &1). The latter one does not depend on the particular equation (1.2) in the sense that it
neither depends on u nor on o1, but only on the signal & and the convolution kernel ¢;.

Proof of Lemma 3.4. We will assume that f € Bor 2. ", Since B3 2, is a dense subset
of B}, . the result follows by continuity. We will use the notation S; f := 3, _;_; A; f for

f € 8’'(R). Noting that

Ajlpxg)=F 'pjxgpxg=gpx(A)g), (3.8)
and since ) j A j(g*g) converges ity ;A jg converges by Lemma 2.2, we have
@ * Trg(x) = Tre—n(p*g)(xX) = Y Rj(x)
jz=1
with
Rj(x) =@ (Sj—1fAjg)(x) — Sj—1 f(x —r)(p* Ajg)(x)

=/<P(x —)(Sj-1f @) = Sj—1f(x =1))Ajg(2)dz

R (3.9
1

=//(z—x+r)<ﬂ(x—Z)Sj—lf/(x—r+t(z—x+r))Ajg(z)dzdt
0 R

where we apply Fubini’s theorem in the last line using that f’ is bounded. Since (y — r)¢(y) €

L'(R) C B%’ ~» the Fourier transform of R; is well-defined and we have
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1
FRI©) = [ [0 x4t = e 1 f = 1 x4 1) 9(2) dedrdr
0 R2

1
= —f/-eigx(x — r)(p(x)eiéZSj,If’(x +z—r—tx+tr))Ajg(z)dzdxds
0 R2
1

—_ f / 55 (x — PCOFLS 1 (f 4+ (1 — D) (x — ) A, g]€) dr dr.
R

0

Since F[A;gS;—1(f'(- + (1 —)(x — r)))] is supported on an annulus with radius of order 2/
(uniformly in ¢ and x), we conclude that Ay R; = 0if |k — j| 2 1. Consequently,

g * Tyg(x) = Ty (9 % @)X llatpy.pooo S sup 2XCHIIN AR ||o.  (3.10)
k>—1 X

Let us introduce ¢y := F ! pi * ¢ and recall the operator [Ay, flg := Ax(fg) — f Arg. We have

ARy =i * (Sj—1fAj8) — A(Sj—1 f(-=r)(pxAjg))
=@k (Si—1fAj8) = Simi fC—r) (o xAjg) — [Ak, Sj—1 (=@ xAjg).

(3.11)
For the third term in the above display [41, Lemma 4.3], (3.8) and Lemma 2.2 yield
Y oAk S fC=mlg* a9,
j~k
<D 278 fllaproo | A (9 % @)L
J~k (3.12)
S 275 fllapr .02 TP N0 gllg 4y prco
i~k

< 27k(oc+ﬂ+1/)||¢||y’1,oo||f||a,p1,oo||8||/3,p2»0<>'

Exactly as in (3.9) the first two terms in (3.11) can be written as

ok x (Sji—1fAjg)(x) — Sj—1 f(x —r)(gr * Ajg)(x)
1

- / /(z ) — A1 f (1 —x) + (= D) dedr.
0 R

Abbreviating @ (x) = (x — r)gg (x), Holder’s inequality gives
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o 5 (Sj—1 FAj8)(x) = Sj—1 f(x — r)(gx % Aj)(x)]
1

<f/|¢‘k(x—z)|‘*‘“’|¢‘k(x—z)|‘/1’|S,-_1f’(x+t(z—x>+(r—1)r)Ajg<z>|dzdz
0 R
1

o _ , 1/
< ||§0k||lL1l/p/</|<Pk(x—Z)||Sj—1f (x+1G@ =2+t = Dr) A8 de) "ar.
0 R

Using that @ — 1 < 0 and [2, Proposition 2.79], we obtain by

lox* (Sj-1/A;8) = Si—1 f @ Aj9)]| 1
1

~ 1 ~ / 1/
17 ([ [ Beeol]a 8@ otz = x - o) axazar)

OIRZ (3.13)
~ 1= ~ 1/p
<Gkl ””(/ / G CIATIL 1)1 117, dxdr)
0 R
S277 e lg ool F lla=1,p1,002? TG )1 1
Since || £ lla—1.py.00 S I1f la py.co» it suffices to show [|Fi 1 = |(x — r)gr(x)]| 1 < 27K@+D,
Note that
x=rerx) = /(x —z24z2-NF lo(x — 2)p(z)dz
R
= /(x —2)F L pe(x — 2)p(z) dz +ff—1pk<x —2)(z—r)ep(z)dz
R R
=(OF o)) % @) ) + (F Lor x (v = () (x)
= —i(F ol # 0)(x) + Ak (v = M) (x)
=—i Y F ol * Ajp(x) + Ar((y = 1e()) (),
j~k
which by Young’s inequality implies
1 =Pl <Y IF ol 1Al + 1Ak ((r = M)l
j~k
=Y IF 1@ iAol + 1A (5 = o))l (3.14)
j~k

_ 27/(()/4’1) ”]:*1 [p/]”Ll ||(,0||y,1,oo + 27k(y+1) - — V)ﬁ””y—t—l,l,oo'

Finally, we combine the estimates (3.12), (3.13) and (3.14) to get
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D AR e 275 (gl 100 + 1C = )@y +1.1.00) 1L F ler ool g 11 8. oo
j~k

In view of (3.10) we have proven the asserted bound for || Ry(f. 8) ||
Ry(f,g)e By L™ o

wtfty oo and in particular

Remark 3.5. Lemma 3.4 can be seen as a counterpart to the integration by parts formula as
used in the context of classical rough differential equations of the form Du = F(u)é with the
differential operator D and a signal & € Bg;é, see for example [25,41]. Defining the integration
operator I := D~ to be the inverse of D and denoting by ¢ the solution of D9 = £, one has

Truw? =1(DTrw?) =I1Trwé +ITpruw?,

where the second term is of regularity 2«. Heuristically speaking, for Volterra equations we
replace the integration operator /: f +— I(f) by the convolution operator f — ¢ * f and set

V=@ xE.

The resonant term 7 (¢ * &1, £1) appearing in (3.6) turns out to be the necessary “additional
information” one needs to postulate in order to give a meaning to the Volterra equation (1.2)
with rough driving signals &;. It corresponds to the iterated integrals in rough path theory (cf.
[35,36,22]) or the models in Hairer’s theory of regularity structures (cf. [28,29]). For a detailed
discussion of the relation to classical rough path theory and the construction of 7 (¢ % £, &1) for
certain stochastic processes we refer to Section 4.

In the present context we introduce the notion of convolutional rough paths.

Definition 3.6. Let 8,y > 0, p € [2, oc] and set o :=  + ¥y — 1. The space of smooth functions
£: R — R" with compact support is denoted by C2°. Given a function ¢ € ij’ o> the closure of
the set

((E.r(p#t.8) : & eC®) Bt x B!

with respect to the norm 1§ [lg—1,p.cc + 179 % & &) llasp1,p/2.00 is denoted by By () and
&, pne Bg’y () is called convolutional rough path.

Assuming 7 (¢ * &1, £) is well-defined, by the previous analysis we know that u* from (3.3)
is also well-defined. Hence, Bony’s decomposition and Lemma 3.4 allow to rewrite the rough
term @1 * (o1(u)é€1) as

o1 % (01(Wé1) = @1 * (Tr )€1 + 7 (01(u), &) + Tz, 01 (1))
= Tou(—r) (@1 % E1) +u™ + Ry, (o1 (1), &1) .

20
€820

For the more regular drift term ¢, * (02(1)§>) we observe (using similar calculations as in the
Young setting and Lemma 3.4) a control structure with respect to ¢ * &:
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@2 % (02()€2) = @2 % Toyy€2 + 2 * (7 (02(u), &) + T, (02(u)) )

a+py—1
Bp/Z.gO
= Toy(u(-—r)) (@2 % £2) + @2 % (w(02(u), &2) + Tty (02(u))) + Ry, (02(u), £2),
6812)72 o

for some r, € R. Therefore, the ansatz for a solution u to the Volterra equation (1.2) leads to the
following “paracontrolled” structure:

Definition 3.7.Let p > 1 and @ > 1/p. A function v € B¢

wi, wy € Bp’oo if there are vV, v® ¢ Bg,oo

.00 18 called paracontrolled by

such that v* 1= v — T,ow; — Tyows € Bp/2 0o
The space of all such triples (v, vV, v?) e (B‘;‘,’OO)3 where v paracontrolled by wi, wy € Bp’oo

is denoted by D} (w1, w2) equipped with the norm

v, p,oo T+ 0Pl p.oo F IV —=Tmwr — Tyewall2a, p/2,00-

Remark 3.8. Note that for any v @ wi,w € Bg oo and vt e Bz"‘ the function v :

T,ywi — Tyeywr + v is paracontrolled by wy, wy and, in particular, v is an element of 5% .00
Indeed, Lemma 2.1 and the embeddings 52% 200 S B} o € L imply

# i #
Wllap.oo S D 1Ty w)llapioo + 10 lap.oo S D 109 Nl proollwjilla,p.oo + 10* 120, p/2.00-
j=12 j=1.2

It is natural to require the same paracontrolled structure for the initial condition ug as for the
solution for u. In other words, uq is assumed to be of the form

uo=T,m (@1 %61) +T,0 (92 % 6) + uly forsome u, ul? € BY

poo,uoeB

p/2,00°

Remark 3.9. A similar requirement for initial conditions u( appears in the context of delay
differential equations driven by rough paths where u is usually a path and not only a constant,
cf. Neuenkirch et al. [39, Theorem 1.1]. Hence, in order to ensure that the rough path integral is

well-defined, Neuenkirch et al. [39] suppose the initial condition to be a controlled path in the
sense of Gubinelli [24].

To sum up, the ansatz reads as

u=Tn (@1 =80 +T,0 rz))(fﬂz*éz)-i-u# (3.15)

+o1(u(-—r1)) +oa (u(-

with

Z # (0 (), &) + Tz 05 () + Ry (0 (). §))) € By oo (3.16)
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Note that, imposing the Young type condition @ + 82 > 1 on the regularity of the drift term
@2 * (02(u)&2) ensures especially that the cross terms 7 (¢ * &1, &2) and (@2 * &2, &1) are well-
defined.

Postulating the paracontrolled structure for the initial condition, we show in the following that
the It0-Lyons map S:= §¢1 . given by

S: (ZS’;OO)2 X 812,72’00 X Bg"yl (1) X Bg?oo — B oos B17)

1 2
" ul, ul, €1, 0), &) > u,

where u is the solution to the Volterra equation (1.2) given the initial condition ug := Tu(l) (p1 *
0

EN+T o (p2%)+ ug and the inputs (£1, ), &>, has indeed a unique locally Lipschitz continu-
0

ous extension from smooth driving signals (§1, w (@1 &1, &1)) to the space of convolutional rough
paths (&1, n). For fixed signals ((§1, 1), &2) the ansatz from above and the proof of the following
theorem reveals that the [t6-Lyons maps, more precisely, D% (¢1 * &1, @2 x &) into itself.

Theorem 3.10. Let p€[3,00], 0<B1 <P <landO<y <y satisfya:=p1+y1 —1¢€
(3. 1,20+ B > land o + B2 > 1. For

(i) o1€C? 0p € C*and o) (-) :=a;(-) — 0;(0),
(ii) @; € Bi/’joo such that there exists rj € R with |(- —rj)@jlly;+1,1,00 <00, for j =1,2,

(iii) (&1, 10) € By ™" (@1) and & € B,
. 1 2
(iv) () ug ul) € (BY )? < B,

the Volterra equation (1.2) with initial condition ug = Tu(<)1> (p1 % &1) + Tu(<)2> (p2 % &2) + ug has a

unique solution if A := ||010||C3 lo1lly,1,00 + ||U§||C2 lo2lly,,1,00 is sufficiently small depending

on ((u(()l), u(()z), ug), (&1, 1), &) and @1, 2. Moreover, the Ito-Lyons map §fr0m (3.17) is locally

Lipschitz continuous around ((u(()l), u(()z), ug), &1, ), &).

Remark 3.11. Theorem 3.10 provides the local Lipschitz continuity of the It6-Lyons map S
on the rough path space Bgl’y‘ (¢1), which contains (convolutional) geometric rough paths with
jumps. Indeed, considering y; > 1 and p = 3, the parameter assumptions in Theorem 3.10 only
require

2 1
,81>1—§y1 and ,31>§+1—y1.

Hence, we can choose 1 < 1/p, which implies that Bg"yl (¢1) contains discontinuous paths,
and Theorem 3.10 is still applicable.

The existence of a continuous extension of the Itd6-Lyons map from the space of smooth
paths to a space of geometric rough paths containing discontinuous paths seems to be due to
the smoothing property of the kernel function ¢; € Bi’"oo for y; > 1, cf. [4], Remark 5.11]. Note
that even if the driving rough path may possess jumps, the solution of the Volterra equation is still
a continuous functions as we require « > 1/3. In order to obtain a continuous extension of the
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1t6-Lyons map acting on smooth paths to discontinuous rough paths in the case of classical rough
differential equations (corresponding to y; = 1) requires to consider the rough paths enhanced
with an additional information given by the so-called path functionals, see the work of Chevyrev
and Friz [12].

3.3. Proof of Theorem 3.10

Most objects appearing the paracontrolled approach to the Volterra equation (1.2) come only
with local Lipschitz estimates of their Besov norms. Therefore, as a first step towards a proof of
Theorem 3.10 we provide the a priori bounds for solutions of the Volterra equation (1.2). Recall
that the implicit constant in < is independent of the functions o}, ¢;, &}, uo, u, j =1,2.

Proposition 3.12. Let p€[3,00], 0 < 1 < B < land O <y <y satisha:=p1+y1 — 1 €
(%, 1),20 4+ B1 > 1 and @ + B2 > 1. Suppose that

(i) o1 € C? .and oy € CL with 61(0) = 02(0) = 0,

(ii) ¢j € Bi/foo such that there exists rj € R with |(- —rj)@jlly;+1,1,00 <00, for j =1,2,
(iii) & € C® and & € By,

. 1 2
(i) (), u§ ) € (B% 1)? x B,

Let ug := ug + Tu(l) (o1 % &)+ Tu(z) (@2 * &) be the paracontrolled initial condition. Setting
0 0

A= ol el 100 + 02l et 1921y 1.00- Coi=lo1llcr + lloallcr + 1.
1
Coi= Y (19illy.1.00 + G =1)@jlly+1.100) + 1. Cug = 11 Nl poo + 1 oo + 1
j=1.2
and

Ce = 1m(@1 %£1 ED ot pr—1p/2co + <1+ > ||¢>k||yk,1,oo||sk||,sk_1,p,oo>||s,»||,g,._1,p,oo,

j=1,2 k=1,2

there is a constant ¢ > 0 depending only on o and p such that, if AC;CyC:Cy < c, then

#
”u”a,p,oo <2||”0||a,p,oo + ||u()||2a,p/2,oo +1

() #
S 197 lly; 1001811851, p.collug lla,p.co + it ll2a, pr2.co + 1.
j=1,2

Proof. Using

u=ug+ Z @) * (Taj(u)éj +7n(oj),&;)+ Tg,ﬂj(u)),
j=12

a < B + vj — 1, the generalised Young inequality (Lemma 2.2) and Besov embeddings (as
o > 1/p), we have
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lttlla,p.oo S Nollap.oo + D 19711100 (1o 007118 ~1. .00
j=1,2
+ (177 (0 (). E) et p;—1.py2.00 + 1 Te;05 )1 g~ 1. p.oc)-

By the paraproduct estimates (Lemma 2.1) and Lemma A.3 we obtain for j =1, 2

1T, 0067118, -1,p.00 S N0 @)oo lIE7 11,1, prc0 S 1107 loclIES 18 —1.p,oc
and
17,070 llg,—1.p.00 S 18 118,—1, proollo; )l oo S 1Ej 1181, p.0cllorj ot e, proc-
(3.18)

We now need to bound the resonant terms || (0 (), §j) la+p,~1,p/2,00 for j =1,2. For j =2
we apply again the paraproduct estimates (Lemma 2.1) and Lemma A.3 to get

7 (02(u), E2) lat-p—1,p/2,00 S 02 lla, p,oc 16211 B2—1, p.00 S o2l tlla, p,oo 16211 g1, p00

using the assumption o + > — 1 > 0.
For j = 1, in order to avoid a quadratic bound of 1, (u, &) (cf. (3.5) and [41, Proposition 4.1]),

we apply the linearisation from Lemma A.4, which provides a function Sy, (1) € Blzj}‘z’ oo Such
that
m(o1(u), &1) =7 (Tor oy, §1) + 70 (Soy (), £1).
Writing the ansatz (3.15) as
w=Y Tplpex&)+u® with T=ul +op (- —r)). k=12, (3.19)

k=1,2

and in combination with the commutator estimate (3.7), we find that

7(01w). 6= Y 7Tyt (Ta (@i #80)). §1) + 7Ty 1) + 7 (S5, (). &)
k=1,2

= Y (of @ (T (g 60, €0 + C (0] (0, T (91 % 60, 60)

k=1,2

+ 7 (T ™, &1 + 7 (Soy (w), §1)

= Y (of @i (x &, &) + o] OC ik, g+ &1, €01

k=1,2
+ Clof ), Tay (560, €0)) + 7 Ty oit® 61+ 7S, (), E0).
In the following we estimate these five terms, with k = 1, 2, frequently using Besov embed-

dings (@ > 1/p), the paraproduct estimates (Lemma 2.1) and the auxiliary Besov estimates
(Lemma A.1, A.2 and A.3).
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Owing to 2« + B1 > 1, we have

o )ik 9k * &k, ED llatpr—1, p/2.00
S llof @ik lla, p.oo 17 @ * &k, ED) la+p1-1,p/2.00
S (”0]/(”)”a,p,oo”u(()k)”a,p,oo + llo] (@) or (- = ri) lla. p.oo ) 177 0k * &k, ED et 81— 1.p/2.00
< (ol ”u”a,p,oo”u(()k) le,p.oo + ok llctllonllc2 (lella, p.oo + 11 C- = ri) lla, p.oc))
X |7 (@k * ks ) lla+p1—1.p/2.00

(k)
Slotlica(lug e, p,oo + lowllcr) 17 (@ &k, EDllatpy—1,p/2,00 ltlla, p,oo-

Applying the commutator estimate (3.7) and Young’s inequality (Lemma 2.2), we obtain

o] (u)C (i, @k * &y 1) llat-pr 1, p/2,00
0] () lloo I @ @k  Exs €112t 1 —1.p/3.00
k
S0 ool + ox (- — i) lla, proo |0k * Exlla, proo €111y —1. p.oo

(k)
Sloiller (g lla, p,oo + ol o1l la, p,oo) 10kl 1,001kl ge—1, p,00 161118 1, p,00

and similarly

IC (o1 (), T, @k *61), ED) lat-pr—1.p/2,00
S ||U1/(l4)||a,p,oo||Tﬁk (o * gk)”ot,p,oo”él ”/31—1,17,00

(k)
0

Slotlic2llulla, p,oo 1y lloo + llow (- = 1) o) @k * Eklla, p,oollE1 1 gi—1, p,00

(k)
Sllotlic2(lug e, p,oo + ok lloo) @kl 1,00 N, p.oo 1€k Nl ge—1, p, oo 151 81 —1, p,00-

From Bony’s estimates (Lemma 2.1) we deduce that

#
”n(Tal/(u)u ’%-1)“01+/3171,p/2,oo
# #
S 1oyt 20, p/2.00 18111 g1 =1, p.c0 S o lloollt™ l2a, p/2,00 1E1 11 811, p,o0-

Finally, Lemma A .4 shows

l77 (Soy @), ED) -1 -1, p/2,00

S 1So, 2w, 2,00 1€1 11811, p 00

~ #
5||m||cz||sl||,sl_1,p,oo<1+ > ||uk||oo||gok*sk||a,p,oo)(||u||a,p,oo+||u 126, p/2.00)
k=1,2

k
Slotllellér ||ﬂ.1,p,oo<1+ > (g lloo + ||ok<u(-—rk>)||oo)||¢>k||yk,1,oo||sk||ﬂkl,p,oo>
k=1,2

#
X (”u”a,p,oo + [lu ||2a,p/2,oo)
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(k)
S ||m||cz||sl||ﬂl_1,p,oo<1 + Y (g lloo + ||ak||oo)||<ok||yk,1,oo||sk||ﬁk_1,p,oo)

k=1,2

#
X (”u”a,p,oo + llu ||2a,p/2,oo)~
Summarising, we have
lr (o1 (@), ED lat-p1-1.p/2,00
Slotlicz(lotlier + llozller + 1)

x (Ul 1o+ 3 (Iotllyetcoleellpe 1o 81 1. p oo
k=1,2

+ [l (@k * &k, 51)||a+ﬂl—1,p/2,oo))
1 2
(15 N, oo + 14 e, proo + 1) (letlla, proo + 16¥ 1120, pj2,00 + 1)

Since y» + B2+ B1 —2 2 o + B2 — 1 > 0, we can estimate the resonant term for k =2 by
77 (@2 % &2, ED lat-p1— 1. pr2.00 S 177 (@02 % E2, ED | gy 41 +12—2, p /2,00

S o2 % &1l gy+ya—1,p.oc lELI B =1, p,00

S e2llyn,1,00l1821 =1, p.oclE1 1 81 =1, poos

where we used Bony’s estimates (Lemma 2.1) and Young’s inequality (Lemma 2.2).
With the definitions from Proposition 3.12 we thus obtain

lo1 * (o1 (), &) ll2a, p/2,00 + @2 * w(02(1), E2) 12, p /2,00

4 (3.20)
S ACGCsCy(lttlla, pooo + 16 126, p /2,00 + 1)

and

||”||a,p,oo 5 ”u()”a,p,oo + ACGCECMO(”M”a,p,oo + ”u#”Za,p/Z,OO + 1) (321)

Moreover, by the formula for u® as given in (3.16), by the estimates (3.18), (3.20) and Lemma 3.4
we see

# #
l* 1120, p.oo < Nt 12 pr2.c0 + Y () % 7(0j (). &) l2e p/2.00
j=12

+ @) * (Te; 05 )20, p/2.00 + 1 Rg; (0 (), ) 1200, p/2.00)
< Nuflla. pj2.00 + CACHCy Ce Cug (Itllar proo + 1 120, 2,00 + 1)

for a constant C > 0. Assuming CAC,;Cy,CsCyy < 1/2, one gets

# #
™ |20, p/2.00 < Nttlla, p,oo + 2lugllo, p/2,00 + 1.
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Combining this with (3.21), we have for another constant C’ > 0

”u”a,p,oo < ”MO”a,p,oo + C/ACGCSCMO(”u”a,p,oo + ||ug||2a,p/2,oo + 1)
Therefore, [[ullq, p,00 < 2lluolla, p,co + IILﬂ(’fllzol,p/z,oo + 1 provided C'AC,C:Cyy < 1/2. O

Finally, we can establish the existence of a unique local Lipschitz continuous extension of the
[t6-Lyons map S from (3.17) and thus conclude the existence of unique solution of the Volterra
equation (1.2) for the rough setting by approximating the convolutional rough paths with smooth
functions. As the estimates work analogously to the proof of Proposition 3.12, we present only
the key estimates without giving to many details.

Proof of Theorem 3.10. Without loss of generality we may assume that o1(0) = 02(0) =0, as
explained in the proof of Proposition 3.2.

Fori=1,2 let (Sf,éé) € C° x Bg?o_ol be two signals and (uél)’i, u(()z)’i, ug’i) € (B’gm)2 X
312;}2 oo D€ two initial conditions. Let M > 1 be a constant such that

#i .
Cos Cei, Ci s llug™ 2, pr2,00 = M, for i=1,2,

using the definitions from Proposition 3.12. Assuming that

Lo = (lotllcs + loallca) (1+ llotlles + ozl c2)

is sufficiently small depending on M, Proposition 3.1 implies the existence of corresponding
unique solutions u', u? to the Volterra equation (1.2) and additionally Proposition 3.12 leads to
the bound

It e p.oo SM?, i=1,2.
Based on the ansatz for u!, u? (see (3.19)) and Young’s inequality (Lemma 2.2), we observe

1 2
||Lt —u ”a,p,oo

1 2 1 2
Sl = udllapoo + 3 1051y,1.00 (1 0008} = T 2118 —1.p.00
j=1,2

(o), &) = 7@ (), ED a1, p/2.00 + 1T 0 () = T2 @)1, p.oo).
(3.22)

By the paraproduct estimates (Lemma 2.1) and Lemma A.3 we obtain

1 2 1 2 2
1oy 065 = Toy 1.0 S Nolloel] = €5l oo+ Mol e

1 2 1 2
X (1 + llu ”oz,p,oo + llu ”ot,p,oo)”“ —u ”a,p,oo
and
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1T105 ") = Tea0 @)l 1,00
Sllojlic2E 8- 1.p.oo(1+ 1t Nl proo + 162 llap.oo) 18" — 1P llapoo (329

2 1 2
+ ol el p.oollE} — E2115,~1.puoo-

It remains to show the local Lipschitz continuity of 7 (o uh), é;). For j=2,duetoa+ By —
1 > 0, we directly apply the paraproduct estimates (Lemma 2.1) and Lemma A.3 to get
1y ¢l 2y £2
7 (o2(u), &) — w(02(u”), ) latp—1,p/2.00
Sllozllc2 18 181, p.oo (14 1 lla, p.oo + 147 lla, p.oo) 1" = 43 lla, p,oo
+llozllcr 14 e, p,oollE3 — &3 llg2—1,p,00-

For j = 1 we linearise 7 (o7 (), Sf) more carefully using Lemma A.4, the ansatz and the com-
mutator estimate (3.7). Rewriting the ansatz (3.15) as

=D Ty (g &) +u
k=12
with
M= g+ Y () x (n(oj ). ) + Toi ) + Ry, (). £)).
Jj=12
i = uf ol — ). k=1.2,
we find as in the proof of Proposition 3.12 that

m(o1), &)=Y (al(m V(o ELLED + o ) C (i, pr + 8§, 67

k=1,2
+C(0{(ui),Tg;;(fﬂk*é,i),éf)>+7r( (™ 6D + 7 (S, ('), §1)

= > (D{" + D5+ D§') + D} + Di.
k=1,2

We estimate the differences of these five terms, with k = 1, 2, using again Besov embed-
dings (@ > 1/p), the paraproduct estimates (Lemma 2.1) and the auxiliary Besov estimates
(Lemma A.1, A.2 and A.3). In order to abbreviate theses estimates, let us introduce

2 2
Cu= (1 + 3 (1 e proo + 1* 2, /2,00 + Il )’na,p,oo)) :
i,k=1
2
Ce =1+ w1 * &} ED ot pr—1.p/2.00 + D, 1EB—1.p.005
i,k=1

C(p = ||(pl||y1,l,oo + ||(p2||]/2,1,00'
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For the first term we have

k1 k.2
||Dl - D ||ot+5171 p/2,00
k k),2
S Lo Ce (Il = ug?? la,proo + 1t = 12, oo
Ul (pr % &L ED) — (k%52 ED lat pi—1.p/2.00)-
Applying the commutator estimate (3.7) and Young’s inequality (Lemma 2.2), we obtain

k,1 k,2
1Dy — Dy " llatpi—1,p/2,00
k)1 k),2
S Lo CpC2Cu (1" =l llauproo + " = u?lla pro
+ & — &2llpi—1.p.co + I1E] —E7llg—1.p.c0)-
The commutator estimate and Young’s inequality moreover yield
k,1 k,2
||D3 _D3 ||(x+/31—l,p/2,oo
~ S0 k)1 k),2
S LeCyCCu (" = uPllapioo + 14" = 4l llapro
& — & pe—1.p.00 + 151 = EFllp1~1,p.00)-

Applying Lemma 3.4, we deduce that

ID} — D3l g+-p1—1.p/2.00
S Lo CeCo(llt" = tPllaproo + 1™ = u*2 120 pr2oo + I1EL — E21151—1,p.00)-
Finally, [41, Lemma 4.2] leads to
ID3 = D3llatpy—1.p/2.00 S Lo CECu (" = u?llap.oo + 1E] — E2lI g ~1.p.co)-
Relying additionally on the estimate
7 (g2 % &5, E]) — (@2 % &3, ED ot pr—1. p/2.00

1 1 _ g2
= llo2llyr—1,1,00 181 1g1 =1, p.00 182 — 511 —1,p.00

1 1 2
+ lle2ll1n,1,001182 1 Ba=1, p,00 1E] — &L 11 B1=1, p/2,00

we conclude that there exist a constant C (M) such that
(o1 u"), 1) — 7 (01 u?), ED) 2, py2,00

< Lac<M)(||u1 — 1t {lg.poo + 17 (@1 % &L ED) — (@1 % €8, ED) latpr—1.p/2.00

1 2
+ 3 (1€} = 82lpi—1.p.00 + g = 1§ 2 llap.oo) + ™! #*zuza,p/z,oo).
j=12
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The last term can be further estimated by

#1_ #2
lu™" —u™ 20, p/2,00
p

#,1 #,2 1 1 2 2
< lug' = ug®llapaco + Y 105l 100(I7 (), ]) = 7(0; 2), €7 120, p/2.00
j=12

+ 1 T10@") = Tea0j (4 laa,p/a.00 + 1Ry, (0, £)) = Ry (0;06%), £7) 2w, py2.00)

#,1 #,2 ~ 1 2 #,1 #,2
5”“0 — Uy ||2a,p/2,oo+c<pLdC(M)(||u —u ||ot,p,oo+||u —u ||2a,p/2,oo

1 2
+ 3 (18] = E21gi—1.p.00 + 1§ = 1§ llap.oo)

j=12
gl 2 g2
+ I (o1 &1, §)) — 7 (e *51,51)|Ia+ﬂ1—1,p/2,oo>,

where we used that Ry (-, -) from Lemma 3.4 is a bounded linear operator by its definition. For
L, small enough the last inequality in combination with (3.22) (3.23) and (3.24) implies

! — u?lla, poo S Nlufy' —ul ||2ap/zoo+C(||n(<o1*sl‘,sb—n«ol*s%,f%>||a+,sl_1,p/z,oo

1 2
+ 3 (16} = E2p—1.p.00 + lug ! —ug” ||apoo)

j=1,2

for some constant C := C (Ly, M) > 0. This Lipschitz estimate allows to extend the It6-Lyons
map (3.17) from smooth driving signals &; with compact support to the space of convolutional
rough paths. O

3.4. Solutions for general vector fields

In Theorem 3.10 we assumed that

= llo?llc3 il 100 + 103 2 1921l 1.00

is sufficiently small, which can be interpreted as a flatness condition on the vector fields o1, o2. In
this subsection we discuss how the existence and uniqueness results can be extended to general
vector fields o1, 07 applying a scaling argument in the spirit of Gubinelli et al. [25] to a localised
version of (1.2). Interestingly, A is small if the (localised) kernels ¢1, ¢, are supported on a
sufficiently small domain and if y1, y» < 1, cf. Remark 3.16. For simplicity we suppose o1(0) =
02(0) =0 in the following theorem.

Theorem 3.13. Let pe[3,00], 0<B1 <P <land O <y <y satisfya:=p1+y1 —1¢€
(3,1),(x+,31 <l<2o+pBranda+ B> 1 Ify; >1for j=1,2, let also Bj > 1/p be
fulfilled. Suppose that

(i) o1 € C3 and o5 € C? with 01(0) = 02(0) =0,
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(ii) ¢; € Bi/foo such that there exists rj € R with ||(- —rj)@jlly;+1,1,00 < 00, for j =1,2,
-1, -1
(iii) (&1,1) € B)' ™" (g1) and & € B,

(iv) ug € Bp/2 o

Additionally, we impose the structural assumption on the kernel ¢ :

(v) There is some € Bfg‘i for § > (2 —2B1) V1 and s € [0, 1) such that ¢1(x) = (x —
1) Ly, 00) ()Y (X).

Let x be a C* function with supp x C [—2,2] and x(x) =1 for x € [—1, 1]. Then there is
some A € (0, 1) depending on (ug, (€1, ), &2), @1, @2 and o1, 02, such that the localised Volterra
equation

u(t) = ul?* (1) + (917" % (a1 )€1 (1) + (X" % (2()€2)) (1), 1 €R, (3.25)

= x(A"Ye;, j = 1,2, and initial condition ué“ s

loc, )\

with kernels @; = x(\™ Yyug has a

unique solution in the space B“ o forany ¢ > 0.

Proof. Let us introduce the dilation operator A; f := f(A-) forany f € S’. For §, A > 0, we first
observe that

u_uéoc)»_i_ Z ‘le}h*(aj(u)sj)
j=12

= ulo 4 Z/ Loel (L~ as5)80 ) (u(0.5)) Mg (5) ds.

j=1 2]R
Therefore, u solves (3.25) if and only if i := A u solves
0= Mgt + Y / Al (= 9)80 () Arj(s) ds. (3.26)
j=1 2R

Applying the dilation estimate from [41, Lem. 2.3] we have

| 23i 1 g, -1 oo S (1A MogADATVP1E; g, -1, p.cc- (3.27)

The auxiliary Lemma A.5 yields

loc,A

1826 s 100 = X A2 llys 1,00 S 2O "D Tog ALl lly1.00  forany ' < y;,

ALY 20, p/2,00 = X Artioll2e,p/2,00 S A%V P Tog Al 2e, py2,c0-
(3.28)

We now may choose § such that the norms of the scaled noise and kernels remain bounded
while [|80 (|3 — 0 for § — 0. Due to the assumptions on the parameters, we have % < B+
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(yj A1) — 1 such that there is some 0 < 7 < (8; + (y; A1) — 1 —1/p)/2 and we can choose
§ = APt (Ay)=1=1/p=27 Getting ul"c. A;\ué"c and

Ej = aTPTPt A gy G =TI A 0L G =80y,

we obtain from (3.26) the dilated representation

e+ > (@Y G aE). (3.29)

j=12

Owing to (3.27) and (3.28), we have uniformly in A > 0

e ~]
UEilg,—1.p00 S IEi IS —tpcos 17Ny 100 S 107 ly,.1.000

1T Nl2a, py2,00 S Ntoll2a, p/2,00-

We may now choose A and thus § sufficiently small such that Theorem 3.10 applies to (3.29)
when y; and « are replaced by yj :=y; —¢ and & :=a — & = ,81 + 1 — 1, respectively, for
some sufficiently small & > 0. Since ||$l”C||V/ lLoo S ||<pl”C||Vj 1,00 S 9 lly;. 1,00, it Only remains

to verify bounds for [|(- — )¢’ ”C||yj+1 1.00 and ||rr(~l"c * 51, 51)||a+ﬂ|_1,p/2,00 uniformly in A.
Setting r; = 0 without loss of generality, we obtain from Lemma A.5 for y' =1 A y; — /2

1@ 15, 41.1.00 = A~ DHT N (0 X (0 /2) A (X0 D15 41,100
<A O og (6@ () 1y, 411,00 + 197 ]ly;.1,00)-

Moreover, we have due to [41, Lem. 2.3], Lemma A.6 and o + 81 < 1:

172 (@406 % &1, E) | Fp1—1. p/2.00

[
= )22 AN (A (@M w £1), AGED a1, p 200

< WHP2P=ADEST (|| A (917" % E1), ED)) la+p1—1, p/2.00
(AL @ % E1), Mgl — M@ % 61, EN i1, p200)  (3.30)
SATHIA=ADEST 160 0|17 (917" % 1, 1) a4y -1,p/2,00

1— AD)+3 loc, A
£ ATHA=IADE T loch e b sollEL gy -1 paoo

+ TPV A (01 5 D) g ool AnkL -1 p.cc-
The last two terms in (3.30) can be bounded by Young’s inequality

)\a+1 Bi—(1AD+3T ||§0106 A loc,\

E11a.p.oollE1l B —1.p.c0 S AT 1R 17 poolEL1IZ, 1 pooo
and, in combination with [41, Lem. 2.3] and Lemma (A.5) for ¢ < t,
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Y loc,A
AT P=2B1=ADTIT | A (01 % £1) 117, ool ALEL g1, p.oo

34+2/p—=2B81—(y1A1)+3 loc,\ 2
SATHHP2B= DI A M5 1 ool ARG, 1 oo

loc,\
<A og AP 10y 151,00 1ELIG, 1. p.co-
Choosing g, ¢’ € [1, 00) such that % + é =1land y; > é > Y1, we observe
loc,\
Iy 151,00
ST x 07 ) 5100 + 1T =101 151100 + 17 (@1, X BT ) 157,100
Sl lx A" 51.g.00 + Ix A7) 1 Il 111,00
+lleil5 1,00l 7 )18 —1,00,00

[ 1
S @il 1,00(1+ A7 log A DA X 157,000 + X e 1@l 1,00
+ @l 1,001+ AP Tog A DIl 118y 1,600,005

(3.31)

where we applied Bony’s decomposition, [41, Lem. 2.3] and Besov embeddings. Hence,

loc,\
oy 13.1.00 S @11l 1,00

and we can estimate (3.30) by

~loc
7 (@y

7@ % 1 ED 4811, p/2.00
SAFHP=IADET 166 5 117 (017" % €1, D g6y -1, p/2.00
+leilly.p.ool&llE, 1 p oo (3.32)
Sl # &1 EDllatpi—1,p2.00 + |7 (L= A1ax)er) * €1, 61) ”62+,31—1,p/2,oo

+ @117, p.oollEnlIZ, 1. p.oo-
It remains to estimate the term 7 (((1 — A1 x)e1) * €1, El) since the other terms can be seen to
be uniformly bounded in A € (0, 1] keeping in mind (3.31). We use that the potential irregularity

of ¢ at the origin is smoothed out. Setting ¢’ := (1 —a — B1) +¢& suchthats —2(B1 — 1) =y + ¢/,
we can bound

|7 (CX = Ao = &1, &) ”a+ﬁ1—1,p/2,oo S (= Avpx)en) &1, 51)”5,],/2,00
SN = A1x091) *Elle—pgi+1.p.oolE1 g1 ~1.p.co
S =A@y e oo €L, 1 p.oo-

We will now use the kernel assumption ¢1(x) = x~ 1/ (x)1[0,00)(x). According to [46, Corol-
lary 2.9.3] and the proof of [46, Theorem 2.9.1], the extension operator

fx), x=0

S0 1S € Byoe® ) SO =0} = B ooR), [ Jwyi= 1000 7

is bounded and linear if L+ < § < % + 1. In particular, for any function f € B‘;)’oo with f(0) =0
we conclude with restriction f|g, to R4 that
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1/ 10,00 15.p.q SINSIR,NIBS (R Y)

(3.33)
=inf {||glls,p.00 : § € B or 8(X) = F(x)Vxx = 0} < | fll5, p.co-

Since x is constant one in a neighbourhood of the origin, we may apply (3.33) to f(x) = (1 —
x 1) x5y (x) and any § € ((y +¢’) v 1, 2). Together with Lemma A.5 we obtain for ¢’ €
(s, D

1—x("'x) ”
(x/A1)$ 8,1,00
S A log Al = (1 = x () .10 ¥ l15.1/(1—e7).00

ST (0 = x Gl 1,001 5467100

10— X0 Delysernoe S |2y =i

s.1,00

In combination with (3.32), we observe a uniform bound for ||n(g'b'{"c

which concludes the proof. O

* &L ED G4 p—1.p/2,00

Remark 3.14. Note that under the support assumptions suppg; < [0, co) and suppé&; < [0, 00)
for i = 1, 2 the solution of the localised equation (3.25) coincide with the solution of the original
Volterra equation (1.2) on a small time horizon, provided the initial condition is, e.g., a constant
or has sufficiently small support. Based on this observation, one can iteratively solve the Volterra
equation (1.2) in order to obtain a global solution using a classical pasting argument. In case of
Volterra equations this procedure will require carefully chosen support conditions on the kernel
functions and the noise terms. In the special case of classical rough differential equations (which
corresponds to ¢1 = @2 = 1[p,0), see Subsection 5.1) such procedure was carried out in, e.g.,
[25] and [41].

Remark 3.15. The assumption (v) on the kernel ¢; is fairly flexible and covers many typical
applications. For s = 0 we may replace 19,o0) by 1{0,00) and we obtain a class of regular kernels
@1 = 1j0,00)¥ for some ¥ € B‘f’oo, se(Ivyr+1—a—p1),y +a), (setting r; =0 for
simplicity). In this case the singularity at 0 is not more severe than a jump such that we recover
many features of ordinary rough differential equations, especially y; = 1. The condition ¥ €
B‘f_ o 18 quite weak and includes, for instance, the kernels studied in [16] where v € C3. On the
one hand § has to be larger than y such that v is more regular than ¢ itself and on the other
hand § > 1 ensures that ¢ is continuous. For s > 0 and 1 (0) # O the kernel is singular. Note
that the degree of the singularity is constrained by the regularity assumption ¢; € BJI/”OO implying
s < 1 — y. For example, if £; is white noise, then o > 1/3 implies y > 5/6 such that we require
s € [0, 1/6). For further examples we refer to Section 5.

Remark 3.16. More generally, for singular kernels ¢ which do not satisfy assumption (v), a uni-
form bound (in 1) of the localised resonant term ||n(<pioc’)‘ *&1, 81 latBi—1—¢, p/2,00 from (3.30)
could be directly assumed. Indeed, we will see in the stochastic construction below (see the proof
of Theorem 4.6) that this resonant term is typically of order ||(pi"c’A lly,1,00, Which can be bounded
by Lemma A.5 as

loc, ) -1
”‘P] ”y—s,l,oo =lx(A" g1 ”y—s,l,oo

2
5 )‘8| log Alll x ”y—s,l,oo”ﬁﬂl ”y—s,l/(l—s),oo S_, )»6/ Il x ”y,l,oo ll1 ”y,l,oo'
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Note that the last estimate is arbitrary small for sufficiently small A, Theorem 3.10 can then
be directly applied to the localised equation (3.25) without an additional scaling argument if
YiLy2 <l

4. The resonant term

In order to apply the existence and unique results provided in Section 3 to stochastic Volterra
equations, it is often necessary to construct the resonant term 7 (¢ * £,£) for the driving stochastic
processes. In the case of regular kernels ¢ € B}’ - the existence of the resonant term 7 (¢ * £,§)
is equivalent to the existence of the classical rough path, see Subsection 4.1. However, for sin-
gular kernels ¢ € B‘f’ o With 8 < 1 this equivalence does not hold anymore and it is necessary
to include the kernel ¢ in the definition of the “rough path”, see Example 4.3. Therefore, we
provide a probabilistic construction of convolutional rough paths for a wide class of Gaussian

processes in Subsection 4.2.
4.1. Relation to rough path theory

For a regular kernel ¢ = 1j9,)¥ and a rough signal & the resonant term 7 (¢ * £,£) can
be reduced to the resonant term 7 (1o, 0) * &,8) = JT(fioo d&é(s), &) between & and its anti-
derivative. The latter corresponds to the classical rough path integral, cf. [25]. Considering the
Volterra equation on some bounded time interval, we may use 7 ((Ljo,00)x) * &, &) instead of
7 (1{0,00) * &, &) where x is some smooth compactly supported function being constant one in
a neighbourhood of the origin. Note that x only ensures integrability of the kernel, while the
characteristic regularity properties of 1o ) are preserved. In particular, the (weak) derivative of
(Lj0,00) X) * & is & up to some additional smooth remainder.

Lemma 4.1. Let & € Bg_ol for B >0, pe[2,00]and (§"), €S be such that £" — & in Bg_ol
as n — oo. Suppose that y € C* is a smooth compactly supported function with x(0) =1
and ¢ :=Ylj0,00) € By o, for some € B} _ with § € (1 v 2(1 — B),2) and ¥ (0) # 0. Then,

(@ % £, &) 1= lim,_ 0o (@ * E", E") exists in B;’?;éo if and only if 7((Lj0,00) %) * &, &) 1=

limy, 00 7T ((1[0,00))() * &M, S") exists in Bff/jz_éo In this case, one has

7(¢ % £.8) — 9O ((Lo,00) 1) ¥5.8) € By 207

Proof. Let (¢£"), C S be such that £ — £ in Bgfxl, and w(@ % &, &) :=1lim, oo T (@ xE",E™) in

Bf,’?z_ Cl)o We first observe that

7 ((Lo,000 %) % &", E")
=y (0 'w(@*E"EM) — (YO ' w(@*E" EN) — 1 ((Ljo,00)x) *E™, E")).

Since the first term converges by assumption, it is sufficient to consider the other two. Setting
e:=8 —2(1 — B) > 0, Bony’s paraproduct estimates and the generalised Young inequality yield

|7 (@ %", &™) — v O ((Lo,00 00 *E".8") /2,00
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= |7 (¥ = v ©30)L10.00) ¥ "), /200
SIW =¥ 00110.00) %" [[o_p, 11 p.0o 1" 18-1.p.00

S — 1P(O)X)]l[O,OO))Hs,Loo”én”/%!—LPAXV

Applying the estimate (3.33) for the regularity 1 < § < 2, we obtain

(W =¥ 00L10,00) 5.1 00 S 1Y = ¥ O xlIs,1,00
< ls, 1,00 + 1O x5, 1,00 S (141X N5, 1,00) 1115, 1,00-

As &" — & in Bﬂ ! and B° /2(1 2 - 82’?2 o> this implies one direction of the assertion. The
converse dlrectlon follows analogously O

Remark 4.2. For o + 81 < 1 the condition § > 2(1 — ) =1 —a — B+ y > y isin line with the
regular case in Theorem 3.13. Lemma 4.1 especially implies that for regular kernels the results,
developed in Section 3 for convolutional rough paths, can be applied to all stochastic processes
which can be enhanced to rough paths such as semi-martingales and various Gaussian processes,
cf. Friz and Victoir [20].

While in the regular case the additional information can be reduced to 7 ((1[,00) X ) *&, &), the
following example illustrates that for singular Volterra equations it is indeed necessary to include
the kernel into the resonant term, i.e., it is not sufficient to take only this “classical” resonant term
into account.

Example 4.3. Consider the following 2-dimensional Volterra equation

u' =gl
=g xu'e?) =g ((px£"HE?),

with some singular kernel ¢ € Bfoo for y € (0,1) and (51,52) € Bg; We notice that
T((Ljo.00)x) ¥ &' £2) € B | is well-defined if 28 > 1, but (¢ * &), £2) € B, 2*7 s not
well-defined if 28 < 2 — y. Hence, for y < 1 and 1/2 < 8 < 1 — y/2 the product (¢ * £1)&2 is
not well-defined while the resonant term 77 ((1[0,00)X) * & 1 & 2y gives no additional information.

In order to make the example more explicit, we set £ = d®/, i = 1,2, with 9! = B},)”( for
fractional Brownian motions qu with Hurst index H € (1/2,2/3) and a compactly supported
function ¥ € C*°. Moreover, we choose the kernel ¢(s) = s’_l]l(o,oo) ()X (s) for r € (4/3 —
H,2 —2H), which is associated to the fractional integration operator of order r, cf. Section 5.3.
We then have for any arbitrarily small & > 0 that (9!, 9%) € Bfo,oo and p € Bi’oo withp=H —¢
and y =r — €. By the choice of r and H, we indeed have 1/2 < 8 <1 — 5//2, but also « :=
B+v —1>1/3and 20 + B > 1 such that Theorem 3.10 is applicable.

4.2. Stochastic construction of the resonant term

While Lemma 4.1 allows for the construction of the resonant term (¢ * &, &) for a regular
kernels ¢ and a large class of noise processes & via rough path theory, the aim of this section
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is to directly construct w (¢ * &, &). This is particularly interesting for singular kernels, but also
gives some deeper understanding on the interplay between the analytical object (¢ * £, &) and
the stochastic behaviour of £. We investigate a class of stochastic processes admitting a series
expansion

=) a,. teR, (4.1)

n>1

for coefficient processes (ay),>1 and random variables ¢,,, which are all defined on a joint proba-
bility space (€2, F, P) with corresponding expectation operator E. We will impose the following
assumptions:

(A) Let (£4)n>1 be a sequence of random variables satisfying E[¢,¢,] = 1{,=n) and the fol-
lowing hypercontractivity property: For every r > 1 there is a constant C, > 0 such that for
every polynomial P: R"” — R of degree 2 we have

E[|PQ1, ... e ] S GE[IPE1, ..., e

(B) Leta, € B!

p1onzl for some p > 2, 8 € (0, 1)suchthatzn>1||a,,||/3 1p1 < 0.

An important class of processes satisfying these assumptions are centred Gaussian processes &
whose covariance operator can be represented as an L2-inner product, i.e., E[£& ] = (f;, f;) for
a class of functions (f;),cr. If we expand f; = ), a,(1)¥n, a,(t) = (f;, ¥u), with respect to
some orthonormal basis (y,,), we may obtain the representation (4.1) with i.i.d. standard nor-
mal (&,). Indeed, the distribution of the finite dimensional distributions of the random series
then coincides with the original process by construction, such that in general only tightness has
additionally to be verified.

Example 4.4.

(i) Let (B;):efo,1] be a Brownian motion. Its well-known Karhunen-Loéve expansion is given
by

B — \/_Z s1n 1/2)7rt) - fepo. 11,

(n — 1/

for i.i.d. ¢, ~ N (0, 1). Using a periodic version of Brownian motion, we may consider
this series for all ¢+ € R. Let £ = (dB)x be the distributional derivative multiplied with
a localising function y € LP. Then & admits the representation with (4.1) with a,(t) =
ﬁcos((n —1/2)mt) x (¢). Since ||a, ||g—1,p,1 is of the order nf-1 Assumption (B) is sat-
isfied for all g < 1/2.

(i) Dzhaparidze and van Zanten [17] have proved the following series expansion for the frac-
tional Brownian motion (X;);¢[o,1] with Hurst index H € (0, 1):

>, sin(xpt) > 1 —cos(y,t)
X=Y ; Onln+ Y ———— T, te€[0,1],

n n

n=1 n=1
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where (£,),>1 and (1,),>1 are independent, standard normal random variables, x| < x3 <

. are the positive, real zeros of the Bessel function J_g of the first kind of order —H
and y1 < y» < ... are the positive zeros of Ji_pg. Moreover, 02 = cHx_ZHJI_ZH (xn)
and r =CHY, —2H j H(yn) with some explicit constant cy > 0 given in [17]. X; can be
decomposed into a two-dimensional process with coordinates given by the first and the
second sum, respectively. As noise process &, we again consider the localised derivative
leading to (4.1) with a, () = (@' (1), a'® (1)) = (0, cos(xnt), Tn sin(yp)) T x (¢). Noting the
asymptotic expressions a,% ~ rnz ~nl= ~2H and x, ~ y, ~n for n — oo, cf. [17], we obtain
las g1 p.p ~ ouxh ™ ~ 0= V2H4B and ||aP [l p-1. p. p ~ n~ /2~ H+E We conclude that
Assumption (B) is fulfilled for 8 < H.

Based on the assumption (A) and (B), we first verify the Besov regularity of £.

Lemma 4.5. Let ($,)n>1 and (an)n>1 fulfil Assumptions (A) and (B), respectively. Then, there
is a monotone integer valued sequence (my) 1 oo such that the approximating sequence £" =
Zm” ax (s)¢k is almost surely a Cauchy sequence with respect 1o || - || g—1, p,co. In particular, the
almost sure and LP -limit

&:= lim &', reR,

n—oo
|
is Bgyoo-regular.

Proof. We set my =1 and

e¢]

- :=inf{K S Y lal3o ., gn—6}, n>l. 4.2)
k=K+1
It is sufficient to show
S P (16" = &1, 00 > bu) < 00 43)

n>1

for some sequence (b,,) € £!. Then, the Borel-Cantelli Lemma yields that for almost every € Q
there is some n(w) > 1 such that ||"+! — g™ lg—1,p,00 < by for all m > n(w). Since by, is
summable, (§"),>1 is almost surely a Cauchy sequence converging to & € Bg;. Moreover, it
suffices to consider p < oo due to the embedding Bﬁ7 - B l/ P
chosen large enough.

We now verify (4.3). By definition we have

, which is sufficient if p is

Mpt1
1E =& gt poo=| D Ckax
k=my+1 B—1.p.00
Mp41
— sup (z<ﬂ DS gaga )
jz-1 k=m,+1 Lr
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= sup (Z(ﬂ_l)ﬁ’/ dx) v
jz-1
R

Hence, using an union bound for the supremum and Markov’s inequality we have

Mpy+]

Y aldja) )

k=m,+1

Mp+1
]P’<||§”+1 —E" g1 poo > b,,) <b," Y 2“"”"’/ [ Z & (A jag) (x) }
4.4
Using the hypercontractivity and E[£, £, ] = 1{,=m), wWe obtain the upper bound
Mp41 E
b Y200 [5 [( Z G(A, ak>(x>) } dx
) Mp41 g
:bn—PZZ(ﬂl)m/( )3 (Ajak)z(x)> &
jeN R k=matl
We now use Holder’s inequality to obtain for any sequence (cx) € £!
N p/2-1
P(”%‘n—i_l _ Sn”ﬁfl,p,oo - bn) 5b;p Z 2(/3—1)/17< Z Ck)
jeN k=m,+1
Mp+1 -
< 3 PPV A ],
k=m,+1
Mmp+1 ontl
— p/2—1 —(p/2—1
=" X ) X @ oy,
k=m,+1 k=2+1
Mp41
_ r/
b (X @) (swpei Plalis-tp.p)
k=mp,+1
Choosing ¢ := ||ak||/%,_1’p’1 > ||ak||/23_1’p’p, it remains to note that d, := (kai;t]ﬁl )2 <

n=3 by the choice of m;,, such that we may choose b;,, = n32 0o

Young’s inequality (Lemma 2.2) yields automatically ¢ * & € B,V,,T;.?‘l for ¢ € B . With

these preparations we can verify the existence of a limit lim,,_, oo 7 (@ % ", &™) = 71((/) *E &) e
5L

Theorem 4.6. Let (§),>1 and (a, ), >1 fulfil Assumptions (A) and (B), p > 4 and y > 0. Further,
suppose that (¢,) are independent, and ¢ € B)l/,oo' Set £" 1= m” 1 @k &k for a sufficiently fast
growing integer valued sequence (my) 1 00. Then (7w (p = ", & ))n>1 is almost surely a Cauchy
sequence with respect to || - |24y —2,p/2,00 With almost sure and LP/2 limit
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. 2 -2
T(p*&.8) = lim wlp#s" &) e BATT2

Proof. Let (my),>0 be as in (4.2). As in the Lemma 4.5 thanks to the Borel-Cantelli Lemma it
suffices to prove for some sequence (b,) € ¢! and finite pell,o00):

S Pl 6 — g % £ EM gy —2.p/200 > ba) <0

n>1

Defining A,(ff =Ar(px f)= .7-"_1[,0]-.7-"g0] * f for distributions f, we have

m(px " e —m(px£" €M)

j+1 Jj+1
— Z Z n+1 n)AfEn+l + Z Z AjsnAZ?(%-n—H _ En)
j=lk=j—1 j=2lk=j—1
=T+ Thup.

Since both terms can be estimated analogously, we focus on 7}, 1, for which we have

Jj+1 Mp41 Mp41
Tn,l = Z Z Aj( Z é‘mam> A(p( Z é‘kam>
i>1k=j—1 m=np+1

Jj+1 Mp41  Mp4]

=S Y (A jan) (AL an).

j2lk=j—1m=m,+1m'=1

Hence, we get

N1 1284y -2.p/2,00
= sup QY =DINA; T o)
J

J'+l Mp41  Mpy]

<sw (o203 3 YD Gt (Ajan) (Afan)

ji~j  k=j—1m=m,+1m'=1

LI’/2)
Mp41 Mp4]

<sup <2(2/3+y 2)/” jii Z Z Enn' (A jam) (A am)H )

k=j—1m=mp,+1m'=1
As above, Markov’s inequality and the hypercontractivity yield

P (| T, 111284y —2.p/2.00 > bn)

Jj+1 Mp41  Mpt]

g (o 8 5 F oo
J

k=j—1 m=mu+1 m'=1
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j+1 Myl Mp4]

Sb, PPy 2y in2 / ] Y Y Y ttw@anm@lanm)| ]
R

j k=j—1 m=mu+1 m’'=1

Jj+2 Mp41 Mp41

5b;P/222(2/3+V—2)./[’/2/< Z Z Z §m1§m g‘mz;mz]
J R

ki ky=j—1 my,ma=mu+1 m' ,m)=1
X (Ajam1)(x)(A @) (X) (A amz)(x)(Akza /(X))

In the previous sum it suffices the consider the terms where {m| = mz,m’1 = m’z}, {m =
m'y, my = m}} (being equivalent to {m = m}, my =m'}) and {m; = my = m| = m)}, because
in all other cases ]E[g‘m1 ' Cma ;m/z] is zero by independence of the (¢;,). Since all partial sums

can be bounded similarly, we consider only {m = m2, m| = m/,} for brevity. This partial sum is
given by

J
Mp41  Mp4]

3 / (> X @Gjaw (x)(A‘”am/)(x)(A‘”amf)(x))% )

JmISk ko Sj+lp  m=my+1 m'=1

by (2(25+y2>jp/2
j
Mp41

> (X <Ajam)2<x))‘q(ngH<A,qam/)<x)<A"’amo(x))"1 )

J-I<kike <t g m=myt]

Holder’s inequality yields for the ¢! -sequence ci := |lax ||}23_1’ FRE k>1,

oS pes-nie N T < Bt ) ;
Sn g bp/2 ZZ ’ Z < Z Cm) < Z Cm (Ajam)z (.X'))
n J J=I<kn ko <+l m=my+1 m=my+1
Mp+1 %_1 Mp+1 —(%_1) . » . )
X ( Z cm/> ( Z Cpr (Aklarn’)4 (x)(Akzam,)4 (x)) dx
m'=1 m'=1
» | 2n+1 £71
71, -p/2 q oy
<llemllyi ba rl ( Z cm) 22(2ﬁ+y 2)jp/2
m=2"+1 j
Mp+1

DD DT Srwis / (A jan) 8 AL @) F @) (AL aw) () d.

J—1<k ko <j+ 1 m=m,+1 m'=1

Writing d,, := (Zk ”jn' 41 cx)'/? € ¢! and applying once again Hélder’s inequality, we obtain
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Mpy+]
2qp/2=2 —(p/A=1)(B—1)jp/2 2
So S llewly a2 Lo 2 n P02V A,
1<k ko< j+ 1 m=my+1
on+l
—(p/4-1) —14+9)k 4 @ p/4 14k 4 ® p/4
Z . 5 (B—1+y)kip/ A am I 2 (B=1+y)k2p/ 1AL a7
m'=1
2n+l 2n+1
§=1, —p/2 1p/2-2 —(p/A=D), /2 —(2-1) o2
Slemllyy bn ™ “dn Z Cm lamllg=1 pp2 2 €™ M@ *amligZiyy, b opa
m=2"+1 m'=1

4 ~12 p/2
< llewls @ /o) (sup g anllp 1 yppt)
m/

With [l * ap/ | =14y, p,p/a S ||g0||y 1 1llam llg=1,p, p/4 by Young’s inequality, we conclude S, <
(dn/bn)p/2||¢||£{31 Since d,, Sn>, we deduce Zn>1 S, <ooforb,=n"32 10O

Remark 4.7. For the special case where ¢ * £ is replaced by the antiderivative of &, alternative
constructions of rough path and iterated integrals above stochastic processes defined by random
Fourier or Schauder expansions were considered in [21,26,41].

5. Application to rough and stochastic differential equations

The general existence and uniqueness results for solutions to Volterra equations of the
form (1.2) provided in Section 3 allow to recover well-known results in the paracontrolled dis-
tribution setting but additionally contain many novel results concerning differential equations
driven by stochastic processes or convolutional rough paths. In the following we discuss some
exemplary stochastic equations and explicitly state the particular existence and uniqueness re-
sults.

5.1. Stochastic and rough differential equations with possible delay

Ordinary stochastic differential equations and their pathwise counterparts given by rough dif-
ferential equations constitute fundamental and well studied objects in stochastic analysis. These
differential equations can typically written in their integral form

t t

u(t):uo+/01(u(s—rl))dﬁ(s)—i—/az(u(s—rz))ds, te[0,T], 6.1

0 0

where ¥ is a suitable driving signal, e.g., a (fractional) Brownian motion or a rough path, and
r1,r2 > 0 are constant delay parameters. Thanks to the general regularity assumptions required
on the kernel functions in Section 3, the differential equation (5.1) can be viewed as a special
case of the Volterra equation (1.2), and we can recover for instance the following results. For
this purpose, we denote by ¥ the distributional derivative of ¥ € Bg,oo and introduce a kernel
function @7 which is assumed to be compactly supported on [0, 27], smooth on R \ {0} and
satisfying @7 () = 1{0,00)(¢) forall t € [T, T1].
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Corollary 5.1. Let ug € R, o1 € C3, 03 € C? with 1(0) = 02(0) =0 and ry, r > 0.

(i) If ¥ is an n-dimensional fractional Brownian motion with Hurst index H > 1/2, then there
exists a unique solution to the stochastic differential equation (5.1) up to a random time T.
. . . . 1
(ii) If (0, w(or * W 10,7, O (¢ +r) Lo, r(- +71))) € B,’f (¢r) for B > 1/3 and p € [3, 00),
then there exists a unique solution to the rough differential equation (5.1) up to a random
time T.

Proof. Let x be a smooth and compactly support function with x(¢) =1 for ¢t € [0, T]. Equa-
tion (5.1) coincides on the interval [0, 7] with

u(t) =uox(t) +/<,0T(l — s —r1)o1(u(s)E(s)ds +/<PT(I — s —r2)oau(s)) L, (s +r2)ds
R R

for ¢+ € R and driving signal EC) =90+ r1)10,77(- + r1). Note that o7 (- —ry) € B{’OO and
(—rper(-—ry) € Blz‘ - Hence, (i) and (ii) follow by applying Theorem 3.13 and recalling
that a fractional Brownian motion with Hurst index H > 1/2 has almost surely (H — ¢)-Holder
continuous sample paths for every ¢ > 0. O

Existence and uniqueness results for stochastic delay equations like (5.1) driven by a fractional
Brownian motion with Hurst index H > 1/2 were first obtained by Ferrante and Rovira [19]. Dif-
ferential equations driven by a-Holder continuous rough paths with o € (1/3, 1/2) and constant
delay were first treated by Neuenkirch et al. [39]. Rough differential equations without delay
but in the paracontrolled distribution setting were considered in [25] and [41]. Furthermore, we
would like to point out that Corollary 5.1 (ii) can be applied to a fractional Brownian motion
with Hurst index H € (1/3, 1/2) due to Theorem 4.6.

Remark 5.2. For stochastic and rough differential equations like (5.1), it is straightforward to
obtain a solution on any arbitrary large interval [0, T'] applying iteratively Corollary 5.1 on small
intervals and glueing the so obtained local solutions together.

5.2. Stochastic and rough Volterra equations

Stochastic integral equations of Volterra type appear in various areas of mathematical mod-
elling such as in physics or mathematical finance and the treatment of such Volterra equations
involving stochastic integration goes back to the pioneering works of Berger and Mizel [8,9].
The pathwise counterparts of stochastic Volterra equations, namely, Volterra equations driven

by rough paths were first considered by Deya and Tindel [15,16]. More precisely, we consider
Volterra equations of convolution type

t t
u(t) =uo(t) + / Y1t — s)oy (u(s))ﬁ(s) ds + / Yo (t — s)og(u(s)) ds, 5.2)
0 0

forz € [0, T] and & denotes again the distributional derivative of the path ¥ € Bg,oo.
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Corollary 5.3. Let p € [3, 00] and B € (1/3,1/2). Suppose that yr1, V2 € B, o, ug € Bylno and
o1 € C3, 0y € C2 with 61(0) = 62(0) = 0. If (&, ((pry1) * (), D) € BE (9rvry) and T > 0 is

sufficiently small, then there exists u € Bﬁ,oo which is the unique solution to the rough Volterra
equation (5.2) on [0, T].

Proof. We first observe that ;o1 € B{’oo because ; € B! and @7 € B,l,{go, fori =1,2.

00,00
Moreover, the rough Volterra equation (5.2) coincides on the interval [0, T'] with

u(t) = uo(t) + / o1 (t —$)Y1(t — $)o1 (u(s)D (s)ds
R

+/<pr<t—s)w1(r—s)az(u(s))ds, reR.
R

Therefore, Theorem 3.13 and Remark 3.14 imply the assertion. O

Remark 5.4. Assuming 11 (0) # 0, it is not necessary to include the kernel function r; in the
definition of the driving rough path. Indeed, one can take a generic rough path, i.e., independent
of i1, thanks to Lemma 4.1. Furthermore, notice that the kernel | has only to be Lipschitz
continuous. This Lipschitz assumption is a significant relaxation compared to the C3-regularity
of the kernel functions so far required for Volterra equations of convolutional type driven by
rough paths, see Deya and Tindel [15,16].

The previous pathwise existence and uniqueness result for Volterra equations can immediately
be applied to a wide class of stochastic processes thanks to Theorem 4.6.

Corollary 5.5. Let ¥ be a stochastic process such that © is of the form (4.1) satisfying As-
sumption (A) and (B) for B € (1/3,1) and p > 3. Suppose that Y1, Y € B! ug € Bffoo

00,007
and o1 € C3, 0p € C? with oy (0) = 02(0) = 0. Then, there exists u € Bg,oo which is the unique
solution of the stochastic Volterra equation (5.2) up to a random time T.

5.3. SDEs with fractional derivatives

Stochastic Volterra equations with singular kernels are of particular interest because of their
applications to stochastic partial differential equations (e.g. [48]) and stochastic differential equa-
tions with fractional derivatives (e.g. [47]), but also because of recent developments in mathemat-
ical finance showing that Volterra equations with singular kernels serve as very suitable models
for the probabilistic and irregular behaviour of volatility in financial markets, see e.g. [18].

In order to consider SDEs allowing for fractional derivatives, let us recall the definition of the
Riemann-Liouville fractional integral operator (with base point 0), which is given by

1

1 1

I'"(f)@) = m((sr_l]l(o,oo)(S)) * [) (1) = e /(t — )" fs)ds
0

for r € (0, 1), f a suitable function and the Gamma function
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o0
L) = / e dr, r>0.
0

The corresponding fractional derivative operator is defined by D" f := %I 1= (£). While there
are many different fractional derivative operators, the Riemann-Liouville derivative can be con-
sidered as a natural extension of the classical derivative to fractional order. A (fairly simple)
stochastic differential equation of fractional order r € (0, 1) driven by a Brownian motion is

D'ut) =o®)dW ), u(0)=uo,

or equivalently expressed as a Volterra integral equation with singular kernel

t
u(t) =ug+ L/(r—s)’—‘a(u(s))W(s)ds, re[0,T], (5.3)
I'(r)
0

where W is the distributional derivative of a Brownian motion W. For a more general treatment
of fractional stochastic differential equations driven by Brownian motion, we refer for instance to
Lototsky and Rozovsky [34]. Based on the results provided in Section 3, we obtain the following
existence and uniqueness statement.

Corollary 5.6. Let W be an n-dimensional Brownian motion and r > 5/6. Suppose that ug € R
and o € C3 with o (0) = 0. Then, there exists u € Bg‘yoofor any a <r — 1/2, which is the unique
solution to the stochastic Volterra equation (5.3) up to a random time T .

Proof. The proof works as the proof of Corollary 5.3 combined with the observations that the
localised kernel function ¢ (x) := x" o7 satisfies ¢ € Br‘ o« forevery y < r and that the sample
paths of a Brownian motion can be considered as convolutional rough paths with regularity 8 <
1/2 due to Theorem 4.6. O

5.4. SDEs with additive Lévy noise

Stochastic differential equations with an additive Lévy noise constitute appropriate models
for dynamical systems which are subject to external shocks. Examples of such systems naturally
appear in insurance mathematics, where for instance SDEs with long term memory and additive
Lévy noise are used to model the general reserve process of an insurance company, cf. Rolski
et al. [43]. More precisely, we consider the stochastic differential equation

t t

u(t):uo—i—/al(u(s))ds+/G(u(s))dz?(s)+L(t), tel0,T], 64

0 0

where ¥ is a fractional Brownian motion and L is a Lévy process. This type of stochastic differ-
ential equations were recently investigated, e.g., in Bai and Ma [3].
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Corollary 5.7. Let L be an n-dimensional Lévy process and ¥ be a fractional Brownian motion
with Hurst index H > 1/2. Let p € [2,00] and B € (1/2,1). Suppose that p > 2, ug € R and
o1, 02 € C? with 61(0) = 62(0) = 0. Then, there exists u € Bll,{go N L which is the unique
solution of the stochastic differential equation (5.4) up to a random time T .

Proof. As in the proof of Corollary 5.1 one can reformulate the SDE (5.4) as a Volterra equation
which coincides with (5.4) on the interval [0, T']. Furthermore, let us recall that the sample paths
of a fractional Brownian motion and of a Lévy process are almost surely in Bﬁ,oo and Bll,{ 2
for every B < H and p > 2, respectively, see for instance [44, Proposition 2] and [11, Proposi-
tion 5.31]. Hence, we deduce the assertion from Proposition 3.2 in combination with a scaling

argument analogously the proof of Theorem 3.13 and Remark 3.14. O
5.5. Stochastic moving average processes driven by Lévy processes

Moving average processes driven by Lévy processes and in particular shot noise processes
provide a modern toolbox for mathematical modelling of, e.g., turbulence, signal processing
or shot prices on energy markets, see [5,6] and the references therein. Allowing these types of
models to possess a state dependent volatility, we consider the stochastic convolution equation

u(t) =uo+ / Yt —s)o(u(s))dL(s), tel[0,T], (5.5)
R

where L is a general Lévy process. Because of the desired averaging property generated by the
kernel function, it is naturally to postulate the assumption of ¥ € Bf oo fOr y > 1. In this case we
arrive at the following existence and uniqueness result.

Corollary 5.8. Let L be an n-dimensional Lévy process, p € (2,00], y > landa=1/p+y —1.
Suppose that € B’l/’ oo has compact support, ug € R and o € C 2 with o (0) = 0. Then, there
exists u € Bgﬁ oo Which is the unique solution of the stochastic convolution equations (5.5) up to
a random time T.

Proof. Due to the compact support assumption of i, we can localise the equation (5.5) such that
we obtain a (localised) Volterra equation which coincides with (5.5) on the interval [0, T]. Since
the sample paths of a Lévy process are almost surely in B,l,/ P, for every p > 2, see again [11,
Proposition 5.31], we conclude the assertion from Proposition 3.1 in combination with a scaling
argument analogously the proof of Theorem 3.13 and Remark 3.14. O

5.6. Relation to stochastic PDEs

In general, stochastic Volterra equations are known to have many links to stochastic partial
differential equations. Here we would like to discuss this link in the case of (a slightly modified
version of) a stochastic evolution equation studied by Mytnik and Salisbury [38]. We consider

the differential operator Ay := 9, x7d, (in one space dimension) for a parameter ¢ < 2 and the
associated evolution equation

du(t,x) = Ayu(t, x) + o (u(t, x))&(dz, dx), (5.6)
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u(0,x)=gx),

with multiplicative noise, where £ is the space-time derivative of ¢ (¢, x) = W1, ) (x) for some
n € R, that is

£(dr, dx) = W(dt) 8, (dx),

with Dirac measure 3, in n € R. Note that we recover the stochastic heat equation with multi-
plicative noise in the case ¢ = 0 and the fundamental solution of (5.6) with £ =0 is

o x2-?
pi(x) = m“P(— m),

with normalising constant ¢y such that a mild solution of (5.6) is given by the formula

t
u(t,x)=fp(t,x—y)g(y)dy+/fp(t—s,x — Yo (u(t, y))£(ds, dy)
R 0 R

t

=/p(t,x—y)g(y)dy+/p(t—s,x—n)a(u(t,n))W(ds).
R 0

In particular, the solution process v(t) := u(t,n) along the edge {(¢,n) : t € Ry} solves the
singular stochastic Volterra equation

t

v(t) = / pt,n—y)g(y)dy + / p(t —s,0)a (v(r)) W(ds)

R 0

t
=fp(t,n—y)g(y)dy+/O_s;%o(v(t))vi/(ds).
R 0

For ¢ < —4 Theorem 3.10 provides the existence of the pathwise solution process v(z). In the
case of the Laplace operator, i.e. ¥ = 0, the singularity in the kernel is too severe to directly
apply Theorem 3.10 and would require a further extension of the above theory.

Appendix A. Auxiliary Besov estimates
The appendix provides (in the previous sections) frequently used, but fairly elementary lem-
mas concerning Besov spaces. The first one states the invariance of Besov norms under linear

shifts.

Lemma A.l. Leta €R, p e [l,00] and y e R If f € BY ., then f(-+y) € BY o, with

p,oo’

I flle.poo = 1S ¢+ e p.oo-
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Proof. For y e R¢ and f € B% __, note that

P00’
Fre+y(@) = / ¢S f(xydx = Ff(2)e! @), zeRY,
Rd
from which we deduce that
AifC+0@=F Hpje N F ) =F o F+y).

Therefore, [|A;f(- + y)liLr = |Aj fllLr for each j > —1 and thus || flla,p,co = IIf (- +
Ma,poo- O

For sufficiently regular distributions/functions the Besov norm of a product can be directly
estimated and in particular the product is then a well-defined operation.

Lemma A.2.
(i) Let pe 2,00, @€ (1/p. 1) and B € (1 —a, 1). If f € BY ., and g € By o, then
I fgllp=-1.p.c0 S flla.p.oollgllp—1.p.c0-

1
(i) Let p € [2,00] and B € [0, 1) be such that L + B> 1. If f € By oo N L™ and g Bh L,
then

I f8llp—1.p,00 S (IIfII%_p,oo + 11 flloo)lgllp=1, p,00-

(iii) Let p € [3,00], « € (1/p,1) and B > 0 such that « + 8 <1 and 2+ B > 1. If f €

L®UB} and g € Bzz’?o_ol, then

||fg||a+ﬂ—1,p/2,oo N (”f||oo||g||2a+ﬂ—1,p/3,oo) A (”f”a,p,oo||g||a+/3—1,p/2,oo)~

(iv) Let p€[2,00]and o € (1/p, 1). If f € B} o, and g € B ., then

p,00?

Il fglle,p,oo < Il flla, p,oollg lle, p,oo-

1 1
(v) If f €BjooNL®and g € Bj oo N L™ with p € [2,00], then

17801 oo < (1AL oo 1 llo) (811 0 + 18 oo)-
Proof. Applying Besov embedding (¢ > 1/p) and Bony’s estimates (Lemma 2.1) lead to:

(@) 1fgllp=1.p.00 SUTrglp—1,p,00 + 17 (f, &) llatp—1,p/2.00 + 1 Tg f llatp—1,p/2,00
S lla,p.ocligllip=1,p.00s

264



D.J. Promel and M. Trabs Journal of Differential Equations 302 (2021) 222-272

i _ <ITrgllp— + 7 (f, +IT,
@) Nfgllp-1,p.00 SUTrglp—1.p.00 + (S g)”%+ﬂ—1,p/2,oo l gf”%+ﬁ—l,p/2,oo
S oo+ 1F o) Iglg-1,p.00:

(@i1) N fellat+p-1.p/2.00 SITrglla+p—1.p/2.00 + 17 (fs @ ll2a+p-1.p/3.00 + 1 Tg fllatp—1.p/2.00
S lloollglatg—1.p/2.00 + I8llatp—1,ps2.00 I £ 1l0,00,00
+(I1f l0,00,00 18 20481, p/3,00 AN f lle, proo | € las-p—1.p2.50)
S (1 f loollgl2e+p-1.p/3.00) A (I f Nl proc g llatB=1.p/2.00)
i) 11 f8lla.p.co SUTr8lle.p.oo + 17 (fs )20 pr2.00 + 1T flla.p.oo SN f e p.ocllglla. p.oos
(v) IIfgII%,,,,OO S IIngII%,,,,oo + Iz (f, g)ll%,,,/z,oo + IITgfII%’,,,OO

SO oo+ 17 No0) (1811 0 + lllc). ©

The following estimates are crucial to obtain the existence of a solution to the Volterra equa-
tion (1.2) and the local Lipschitz continuity of the corresponding It6-Lyons map (3.17).

Lemma A.3.

(i) Leta >0and p € [1,00). If f € BY (N L™ and F € C1*1 with F(0) =0, then

IE(lepico S NElerar | f lla,pooo-

(i) Leta € (1/p, 1] and p € 2,00]. If f, g € B% ., and F € C?, then
IF(f) = F(@lla.p.oo SITF 2 (1 4+ 1 flla.p.oo + 1€ lla.p.oo) |Lf = &lla, p.oo-
1
(iii) If f, g € B} o N L™ and F € C? with p € [2, 0], then

IFC) = F@I1 oo SIFNc (L1511 oo+ 1 lloo 1811 o+ g loc)

< (1f = 811 oo 1S = 8llco).

Proof. (i) can be deduced from [2, Theorem 2.87].
For (ii) we apply Lemma A.2 (iv) and the first part of this lemma to obtain

1
”F(f)_F(g)”ot,p,oof/||F/(f+s(g_f))(f_g)”a,p,oods
0

1
S ”f_g”ot,p,oo/ IF'(f +5(8 = N)llap.oods
0

SIFle2(1+ 11 f lla,p.oo + g lla,p.oo) 1L = glla, p,oo-
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For (iii) we apply an analogous estimate, but use Lemma A.2 (v) instead of (iv). O

We also need this linearisation lemma:

Lemma A4. Let 0 € C?, p>1and a > 1/p. Supposing u = T,owi + T,ows + u* e B} o
withu®, u® wy, wy € B oo and ut e 812)‘;‘2 oo We have

o) =0(0)+ Towyu + Sy ()

for a function Sy (u) € 32/2 oo Satisfying

10 @l pr200 S N llca (14 D2 18 ool oo ) (Il proo + 1a¥ 120, p/2.00)-
j=12

Proof. The proof follows from Step 1 in the proof of [41, Proposition 5.6] with & = u and
v =T,mow +T,ow2. O

A refinement of [41, Lemma 2.3] is given by the following result:
Lemma A.S. Let A,y >0, p>1land f € B’ .00- We have for any y’ € [0, y) N[0, 1/p]:
then

(i) If x € B]

1/y',00’
X A Flly.proo S A TP 10 Al lly. prooll X N1y 1/, 00-

(ii) If additionally xf (x) € By+1+8 for some & > 0, then we have for any functions x1, x2 such
that Cy := | x1 ||y+1,oo,oo(lllely+1,p,oo + lxx2() Ml 1/57) is finite and for any & € (0, 1)

|31 AEF ) [y oor T TP 0g MCK (IxF () 4146, p.00 + 1 1y, puoo)-

Proof. We decompose x A, f into small and larger Littlewood-Paley blocks. Arguing as in [41,
Lemma 2.3] for the A_; block, we have for the small blocks

‘ D A (xXALS) D AMOT S
Jj<1 Y.p,00 i<t Y,p,00
—1 —1
S AP A (AL
j2i<atvi
SATYPog MIx 1) Fllo.p.oo SATYP Tog Allx A1) FllLe.

(A.1)

For any ' € [0, ) N[0, 1/p] and g > p satisfying % =y + é Holder’s inequality yields (with
convention 1/0 =: 00)

x5 Flliee < e L e SAY 1 g 1 Dy, posos
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which gives the asserted bound for blocks A ; with j smaller than a fixed constant.
Hence, we are left to bound the higher Littlewood-Paley blocks. Using Bony’s decomposition,
we get

ZAJ(XAAf) < ‘ ZA.iTx(Akf)
izl Y.Dp,0 i1 VsP,©
(A2)
+‘ Y AjTarx + DA ML)
]ZI Y.p,0 ]Zl Y.P,0

We will estimate these three terms separately. By the support properties of the Littlewood-Paley
blocks in the Fourier domain we have A ;T (A f) = A; kaj Sk—1x Ak (A f). Therefore,

VVNAGT (M Hllee S277 Y ISk 1x el Ak (As £l ze
k~j

S loo ] 27 NAKAL ALY goe-

The last norm in the previous display can be estimated as in [41, Lem. 2.3], which yields

sup 277 [|A; Ty (As H)lle S 27~ [Hog Mlx ool £lly, p.oo-
izl
For the second term in (A.2) we note with " and g as above that

2V A TA, pxlle S277 Z ISk—1 A% fllallAxx e STFOI N Lallixlly. 1y 005
k~j

where || f (A [le = A~4|| flle SAY'"YP|| £l p.c0. Finally, the third term in (A.2) is bounded
by

A <277
27 A (6 Al 277 H ) Ak*lXAkAkaLp
kzj <1

<Y 27 E Y S A 002 | Ak A S DL
kZj 171

S xloo | Y NARAL AN L) 0]l oo S 277 P10g Ml ool f 1Ly proo-

For part (i) it remains to note that |[xll,1, < lxlly.1/y7.00 and lIxlloo S XY=y 00,00 <
lx1l;,1/y",00 due to Besov embeddings.
For (ii) we first note for the small blocks as in (A.1)

X aomnewaeron| 5 3 A eemeem @)],,

Y jr2i<1
SATYPog Al llx1 (x/2) x2 (e /2 f (O Lo
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—1
S ATV gl (e /R x2 (e /2y 1 D1z
"+1-1
S Hog Al 12 x1 G L g 1 x2lloo L f Ty p.co-

For the large blocks we obtain as in (i)

H DA () x2 @) Ar(xf (x))) H

Jz!

SATEVP Hog a1 Xt ool x2 AT )X F () 1y 41, paoe + 2O A G f Gl Lr 11 1y +1,00,00-

y+1,p,00

Since

X2 A (e f N llLe = Ax2()xf Q) llLe S Axx2C) 1 | f Ax) |l La

+1-1
SAY VP o GOl i 1L £ Ly, proos

we only need a uniform bound for || x» ()»_lx))cf()c)||),+1,P,oo for which we apply (i) with /' =

pl—e<l:

20X f @)y 41.p.00 = 15 @) Az -1 x2lly 11, p.oo
S A Tog Alllx2lly+1, p.oollXf (O ly+1,1/y7,00

S xzlly+1,p.oollxf G lly+1+4¢, p.oos

where the last estimate follows from the embedding B}fgg% c B;fgo O

Finally, we estimate the Besov norms of the scaled resonant term.

Lemma A.6. For , B € R, p > 2, f, g €S we have uniformly in A € (0, 1] that

[ A2 (f8) =T (AL 88 i g pyoe S AT TP f laupisollglpp.oe

+ ||A)uf||(¥,p,00||A}»g”ﬂ,p,OO‘

Proof. We proceed by generalising the proofs of [25, Lem. B.1] and of [10, Theorem 2.1]. Let
us choose K = K (1) € N such that A" := 12X € (1/2, 1] and decompose

Mr(fe)= Y. AAifArg
jk<K:k—j1<1
+ > (Fee R TI A ) (F e @R T T Asg).

Jk=Kilk—jI<1
(A.3)

The Fourier transform of the first term is spectrally supported in a ball with radius of order
2K ~ 1~ such that
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| Y maira]

JRSK k= jI<1

< K@+p) 1) Z (RN RVT] P
JhSK k=<1

SEKEP v A flleelAkglie
JhSK:Jk—j1<1

N ALV Y S L Y A 2 P I e
Jk<K:lk—jI<1

SOV DRETE N DATP flla poollgllg poo-

a+p,p/2,00

The second term in (A.3) equals 7/ (A, f, Ayg) where 7’ is the resonant term corresponding to
the modified partition of unity (x (-/A"), p(-/A")). Note that the scaling parameter A" € (1/2, 1] is
uniformly bounded from above and below. It remains to show

|7/ (f.8) = (£ ) i p.p2.00 S I lapoo 181 puoo-

Owing to fg = T,f + T;g + n'(f, ) for the paraproduct operators T, f associated to
(x¢-/A), p(-/A)), we have

H]T/(f, g) - JT(f, g)Ha+ﬁ,p/2,oo < H Tll‘g - ng”oH»ﬂ,p/Z,oo + ” Téf - Tnga+ﬁ,p/2,oo‘

Generalising [10, Thm. 2.1], we will now prove

| Tef = T3 floipopjpo S I fllapoollgllp.p.oo (A4)

for the operator

Tg*f::fﬁl[/x(u—v,v)]—'g(u—v)ff(v)dv]
R

where x : R2 \ {0} — [0, 1] is a C*°-function such that for sufficiently small constants 0 < g1 <
[

e1lv]

x(u,v>={]’ '”

| <
0, ful>

erlv|

The estimate (A.4) especially implies that T, f and thus 7 (f, g) does not depend on the choice
of the partition of unity up to a regular remainder, which concludes the proof.
To verify (A.4), we decompose

AL N= Y [ = 0.0 Pl - Fi, 1w do,
Jk R
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Due to the support assumption on x, the terms with 2k >27=1 are zero and the integrands with
2k <2/ ~1 coincide with F [Argl* F[A; f](u). Therefore, for integers N1 < N> depending only
on &1, &1 and (x, p), respectively, we have

Tif=Y. Y. MgAjf+RG@, f)

J k<j—=Ni

with

R(g. /)=Y Rij(s.f) Rj(g. [)
J

=Y F! [/ X = v, ) FIALI = 0)FLA; F1w) dv]
k=j—Ni R
Fubini’s theorem yields
J—N2 1 )
Rig N0 = Y o [ [ o8I 18, £10) dvd

k=j=Ni R R
J—N2

= //f_l[x](s,t)Akg(x — A f(x —t)dsdr.
k=j-Nig R

Since F~'x € L' (R?) due to the regularity of x, Young’s inequality implies

J—N2

IR (&, Dllzor S D IF  xlipillAegllolA; flLe.
k=j—N

Noting that R;(g, f) is spectrally supported in an annulus with radius of order 2/C for some
C > 0, we obtain

IR llatpoprzco Ssup2™ @S N acglirlA; fllee S0 F lap.oollglip.p.co
m . .
2m~2JC k~j

and thus (A.4). O
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