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1. Introduction

The goal of this article is to solve and study the properties of the rough differential equation

t
YtZYO+ff(YS)dXS (1)
0

where x is a continuous path of finite p-variation with values in a Banach space U and f is a
y-Holder continuous function with values from V to the spaces of linear maps from U to V, un-
der the constraint

Yy +1>p. (2)
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Note that this condition implies that necessarily p < 2 so that this approach cannot be used for
example for the paths of a Brownian motion.

Controlled differential equations of type (1) have already been subject to several studies. One ap-
proach was developed first by T. Lyons in [20], which is one of the seminal paper of the theory of
rough paths, which allows one to consider paths for which p > 2. In this subject, see [11,16,17,21-23].
A special case of (1) which has also been studied intensively from a probabilistic point of view is
the one of stochastic differential equation driven by the fractional Brownian motion with Hurst index
greater than 1/2. For this, several approaches have been proposed (see [5,24] for a survey), and one
of them relies on the rough paths theory.

In the case p < 2, the integral in (1) may be interpreted as a Young integral, which was introduced
by L.C. Young in [37] in order to define fot ysdxs when x (resp. y) is of finite p-variation (resp.
g-variation) with p~! 4+ ¢~! > 1. In order to use the Young integral with y = f(x), the condition (2)
is necessary. Other authors have used the definition of Young integrals in order to define solution to
differential equations controlled by Holder continuous paths and the technique used in [35] is rather
close to ours. The article [14] also deals with such equations with similar computations, but there,
fractional integrals are used. See also [4] for an approach in Besov spaces.

Existence and uniqueness under the assumption that f is continuously differentiable with a
y-Hoélder continuous derivative was provided in [20] using a Picard iteration theorem. In [36],
D.REE. Williams has extended this result to the case where x is Lévy process. In [19], X.D. Li and
T. Lyons have studied the differentiability of the map, called the It6 map, which sends x to the solu-
tion to (1). On the other hand, A.M. Davie has defined in [7] another notion of solution to (1) using
the Euler scheme and provided us with several counter-examples to the uniqueness in the case where
f is not differentiable with a y-Hélder continuous derivative, 1+ 7y > p.

In this article, we show that the very definition of the Young integral and its properties allows
one to recover easily the main results regarding (1) (existence, uniqueness, continuity, flow property,
rate of convergence of the Euler scheme). In addition, we are able to deal with the case where f
is not bounded, unlike the articles relying on the Picard iteration (however, a global existence result
under similar conditions is stated in [7]). Our strategy is the one used in the more complex case for
2 < p < 3 for providing bounds and estimation on distances between solutions of rough differential
equations [18].

All the results are easily adapted to deal with the controlled differential equation of type

t
n
ye=Yo+ Z/ fi(s, ys) dx;

i=1p

where the paths x' are of finite p;-variations and the vector fields f; are yi-Holder with 1+ y; > p;
in space and uniformly of finite g;-variation in time with 1/p; + 1/q; > 1. In particular, if B" is a
fractional Brownian motion with Hurst index H > 1/2, then one may consider with these methods
the stochastic differential equation

t t

yr=yo+/a(ys)dBf+/b(ys)ds.
0 0

Several articles have been written to deal specifically with stochastic differential equations driven by
the fractional Brownian motion with Hurst index H > 1/2 or with «-Holder path with o > 1/2. We
may then recover some of these results: existence of solutions of such equations has been provided
in [31]. The properties of such equations are studied for example in [1,5,6,8,14,15,25-30,32,35]... .
Many other articles, including ones using rough paths theory, cover the case H < 1/2. On the subject,
see among others the review article [5] and the book [25].

Finally, note that in most of the result, we are not bound to work in a finite-dimensional set-
ting. However, to tackle some stochastic partial differential equations driven by some fractional noise,
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one needs to use a proper new notion of solution, such as mild solution [13] or variational solu-
tion [33,34].

2. Young integral
2.1. The p-variation (semi-)norm

Let w be a function from A2 := {0 <s<t< T} to Ry which is increasing, continuous close to its
diagonal and such that

(s, 1)+, t) <o, t), Vs<r<e<T. (3)

Such a function is called a control and condition (3) means that w is super-additive.
For 1 < p <2, let us denote by §2) ([0, T],U) the set of continuous paths x from [0, T] to a
Banach space U such that for some constant C,

xs.t] < Caxs, )P, Xgp =X — X5, (5,1) € A2, (4)

The smallest constant C such that (4) holds true is denoted by Np(x) and its called the p-variation
norm of x. The map x +— Ny (x) is a semi-norm on £2p ([0, T], U). It is a norm when restricted to the
sub-space of paths x in £, ([0, T], U) with xp =a for any a in U.

Remark 1. If x is a o-Holder continuous path, then one may take w(s,t) =t —s for (s,t) € A2 with
p=1/a and Np(x) = Hy(x), where Hy(x) is the Holder constant of x.

Let us recall that a path of finite p-variation is a path x:[0, T] — U such that

n—1 1/p
Vp(x) = sup |Xt1; — Xk P
finite partition {t;}i—0.1..n of [0,T] \ =9 "' i
for any integer n>2

is finite. With (3), any path in £2,([0, T], U) is of finite p-variation. Conversely, if x is a path of finite
p-variation, then for w(s, t) := Vp(x|5,¢))”, the path x belongs to §2) ([0, T],U) and Np(x) < 1.

Lemma 1. Let x be a path of finite p-variation. Then for the control w defined by w(s, t) :== Vp (x‘[s,t])l/p, there
exists a sequence of piecewise smooth paths {x"},en converging to x uniformly and in §2; ,, ([0, T1, U) for any
r>p.

Proof. There exist a non-decreasing, non-negative function ¢ from [0, T] to [0, S] and a 1/p-Hdolder
continuous map from [0, S] to U such that x=y o ¢ and Hy/p(y) <1 (see Lemma 3.3 in [3] for
example). For this, set ¢(t) := V,(xj0,,)” and then ¢(t) — ¢(s) < @(0,t) — w(0,s) < w(s,t). Let y"
be a family of smooth piecewise linear approximations of x along a family of partitions whose mesh
decreases to 0. From standard computations, H/p(y") <3'~1/? and thus Np(x") < 317V/P for x" =
y" o @. In addition, x" converges to x in £2; ([0, T], U) for any r > p. This last statement follows from
an application of the inequality

N (") < 0 =] 7 (N () 4 Np)L > p

o0

and the lemma is then proved. O

If {T;i}i=o... n is an increasing family of times, it follows from standard computations that

,,,,,
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Np (o 1)) <P max Np(jir;_y.7,0)- (5)

Thus, the p-variation norm of x on an interval [0, T] may be computed from the p-variation on
smaller intervals. This will be useful since many estimates on the solutions of the controlled differen-
tial equations will be given first when T is small enough.

Many more informations on paths of finite p-variation may be found in the book [9].
2.2. Young integral

For x in £2 ([0, T],U) and y in £2¢ ([0, T],L(U, V)) with

1 1
—+->1, (6)
p q

the Young integral t — fot yrdx; is a path in £,([0,T], V) and extends the notion of usual integral
for paths x and y which are smooth.

,,,,, n
of (s, t) whose mesh decreases to 0 and such that the Riemann sums

mp—1

nXsn n
Z YeXepet,
i=0

converge to an element in V which we denote by fst yrdx;. In addition, forany 0 <s <r<t< T,

t t t
/yudxu+/yudxu=/yudxu.
N r S

The map

t

x,y) — (tH/}’sts>

0
is bilinear and continuous from §2 ([0, T1, U) x £24.,([0, T], L(U, V)) to 25 ([0, T], V). Finally,

t

/Yr dxr — ys(x¢ — Xs)

N

S K(p_l +q_1)Hy(f)Np(X)Nq(y)a)(s,t)1/l7+1/q 7)

with K(0) :=27)";5,1/J°.
Remark 2. A similar definition may be given for functions in Besov spaces [4].

We do not present a complete proof, but the general idea which leads directly to (7) which will be
the main inequality. Here, we use the idea given in [21], but alternative points of view are developed
in [10] and in [12].

Let IT = {t;}i—o,...n be a partition of [s,t] and x in £2,([0, T], U). We set

,,,,,
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X,
Np(X|IT) := sup Xu,v |

———— < N,(x).
uvert o(U, V)]/p ()

,,,,,

means that I7/ has j + 1 points) and if u/ and v/ are the two closest points in [T/ of tr(j) with
ul < ty(jy < v/, then

. 2w(s,t .
w(u’,v’) < g for j > 1.
(See Lemma 2.2.1 in [21].)
Let us consider now
j—1
) — (. ) i [d
Ji(s,t) = Zyti, (xti,+1 —xtgﬂ) when 177 = {t] }i=0 ..... i
i=0
Then
Jit1(s,0) = Jj (s, 6) = (Vo5 = Yuy) Kvy = Xey )
and thus
2 j+1 j+1 0 1 1
[Ja(s.0 = Jj(s. 0] < NN, (M o0, 0= > 1.

Since 6 > 1, K(6) :=2%)";,1/j% is convergent, and it follows that

| Jn(s.6) = J1(5. 0] < K@ONg DN (xIMar(s, 0)°. ®)

Remark 3. The inequality (8) is called the Love-Young estimate. In the original article [37], the con-
stant is K@) :=1+ Zj>1 1/n? and the approach is slightly different.

The integral is defined as the limit of the { (s, t)}n>0, which may be proved to be unique.
3. Existence of a solution of the controlled differential equation
Let us consider now a function f from U to L(U, V) which is y-Holder continuous, y € (0, 1]. We

call such a function a Lip(y)-vector field (from U to V).
For y in £, ([0, T], V), f(y) belongs to £2,,, ([0, T],L(U, V)) and

Np/y(f()’)) < Hy(f)Np(J/)y~

Thus, for x in 2, ([0, T1,U) such that (2) is satisfied, [ f(ys)dx; is properly defined as a Young
integral.

Definition 1. For a path p in £2,([0, T], U) with 1< p <2 and a Lip(y)-vector field f with 0 <y <1
and y +1 > p, a solution to (1) is a path y in £,([0, T], V) such that (1) holds for any t € [0, T],
where the integral fot f(ys)dxs is a Young integral.
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3.1. No explosion may occur

Let us start with a first result which asserts that any solution is bounded in a finite time.

For practical purpose, let us extend w to 0 <s <t < +oo by setting w(s,t) =w(s,T)+t —T if
s < T <t. This extension has the same properties as w.

Let ¢ > 0 be small enough such that

(1+ K@)NyH, (Ho(s,s+1(5) P =¢ 9)

has a solution t for any s € [0, T] which satisfies w(s,s + 7(s)) < 1. It is possible to find such an ¢
since w is increasing and continuous close to its diagonal.

Proposition 1. If a solution y to (1) exists with yo = a, then its p-variation norm and its uniform norm are
bounded by constants that depend only on T, p, v, Np(x), Hy, (f) and a.
Regarding the uniform norm, we have

ts[ng | lyel < C1exp(C2w(0, T)N, ()Y /PHy, (/)Y/P)(|al + C2 + C3| £ (0)|/Hy (/) (10)
€[0,

where Cy, C; and C3 depend only on &, p and y .
If f is bounded, we have

sup |y: —al < C4w(0, T), (11)
tel0,T]

where C4 depends only on Hy, (f), || fllco, Np(%), p, y and .

Remark 4. From this, we deduce immediately that any solution remains bounded in a finite time
and then no explosion may occur in a finite time. While A.M. Davie showed local existence in The-
orem 2.1 in [7], global existence follows from application of Theorem 6.1 in [7], as well as from
the results in [18]. Let us note that here, it is not assume that f is bounded. The bounds given
for sup;epo 11 |Yt — Yol have to be compared to the results in [14], which also deal with unbounded
coefficients in a slightly different framework.

Proof. We consider that Np(x) > 0 and H, (f) > 0 (otherwise, (1) is trivially solved). Let us consider
a solution y to (1) with yg =a. From (7),

<K@ Hy (HNp ()Y Np@a(s, 0 + | f(ys)|[Np (s, 0P, (12)

t
[ f(yr)dx

with 6 := (1 + y)/p. Using again the Holder continuity of f, one gets that

Np(J/)=Np</f(}’r)dxr)
0

< (14 K©@)Hy (HNp (1) Np®)(0, T)/P + | f (@ |Np ). (13)

On the other hand, since |a|” <1+ q|,

[f@] <lal”Hy (/) + | f O] <lalHy () + [ f©)] + Hy (). (14)
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3.1.1. Short time estimate, f not bounded
Let us set T = t(0), where t(0) is defined by (9). With (13) and (14),

Np(y) <eNp() + | f(O)[Np(®) + Hy (FINp(®) + |alHy (FINp (). (15)

If Ny(y) > 1, then Np(y)” < Np(y) and then, if £ <1/2,

Np(y) <1+ 2| FO)|Np () + 2Hy (f)N() + 2lalHy (/N ().

Let us note that for y <1, it is not possible to estimate an upper bound of N,(y) from (15) smaller
than 1. However, if y =1, we get the better estimate

Np(¥) <2|f(0)|Np(X) +2Hy, (f)Np(x) + 2[a|Hy (f)Np(X).

On the other hand,
sup |ye| < lal + Np(y)w(0, T)!/P
te[0,T]
and since @(0, T(0)) < 1, (0, T)/P < w(0, T)Y/P. Thus

sup |yel <la|+1+Cse+Cs SO
t€[0,T] Hy,(f)

€ + Cselal

with C5:=2/(1+ K(9)).

3.1.2. Arbitrary time estimate, f not bounded
Now, let us construct a sequence of times T; by setting T;1 = t(T;). This way,

ebly

(T;, Tipq) = (1+ K(©))P/Y N, (x)P/7 Hyy (F)P/7”

By the super-additivity of w,

N

8P/V
=Y (T, Tis1) < @0, Tyy1).
i=0

(1+ K@)P/7 Ny X)PI Hy (/P17

(N+1)

Thus, if T < Ty41, one has w(0, T) < w(0, Ty+1) and then

. (0, T)(1 + K(0))P/Y Ny (x)P/Y Hy, (f)P/Y .

N+1 I

Thus,

(0, T)(1+ K(0))P/Y Np(x)P/Y Hy, (f)P/Y

>
eEN+e&> gp/y—1

We are willing to choose N as small as possible. We may then choose ¢ small enough such that
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,20. DA+ K(@)P/Y Ny ®)P/Y Hy ()P .

eN < gp/y—1

Now, with Lemma 4 in Appendix A, we have for some constants Cg, C; and Cg depending only
on ¢ and Cs,

sup |y:| < Ce eXD(8NC5)(|a| +C7+Cg
te[0,T]

|f(0)|>
Hy(f))

With (5), and this inequality, one gets a bound on N, (y) that depends only on w(0,T), Np(x),
Hy(f), f(0),a, ¢, pand y.

3.1.3. Case of f bounded
The case where f is bounded is simpler, since for T = t(0),

Np(y) <eNp()” + [ fllooNp ().

As previously, if € <1/2 and w(0, t(0)) <1,

Np(y) <1 +2||f||ooNp(x)
and

1/p 1/p

sup |ye —al <@(0,7(0)) "7 + 2| flloNp ()@(0, 7(0))

te[0,T]
<(0,7(0)""" + sl fllooHy () e

< e +Csll fllooHy (/) 'e
S Hy (HN, 0 + K(gy) o1 ety '

Note that if ¥ =1, we get the simpler inequality N, (y) < 2| fllooNp(X).
Thus, for any T > 0, with N as above,

. _ _ _ -1
sup |ye —al <NeCo with Co:= | fllacHy (/)™ 4+ Hy () 'Npy0) 1 (1+K(©®)) .
te[0,T]

We then obtain the estimate (11) on sup;eo 7y |ye —al. O
3.2. An a priori estimate for discrete approximations
We now provide an inequality similar to (13) for discrete approximations.

Let us consider a partition IT = {tj}j—o...n of [0, T] as well as families {y;}i—o
of elements of V satisfying the relation

,,,,,

Yivr1 =Yi+ fYi)xg. 6, + 8, Yo=a.
The equivalent of the p-variation norm along a partition is defined by

|Vk — Vel
Ny(y|I[T):= sup ————.
P o<t<k<n O(tg, te)1/P
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Proposition 2. For y and ¢ as above with N (¢|1T) < 400, Np(y|IT) is bounded by a constant that depends
onlyonT, p,y, Ny, Hy,(f), f(a) and Np(¢|IT).

Proof. Given 0 < ¢ <k < n, let us fix a family of partitions (J7%)i—;
1Y = {t,, t;) and IT™ = IT N [tg, t]. Then as in Section 2,

m as in Section 2 such that

,,,,,

3 F Ot — F YR | < KON Hy (HNp (Tt — te)?
i=l

and then, using the fact that f is y-Holder
Np(YHT) < (1+K@©@)Np(yIIT) Hy (FNp(X) + | f(@|Np(x) + Np (e|1T).
The end of the proof is similar to the one of Proposition 1. O

3.3. Existence of a solution

It is now possible to prove the existence of a solution to (1), which we prove by two different
ways.

Proposition 3. Let V be a finite-dimensional space. For any T > 0, x in £2,([0, T1; V) and f a Lip(y)-vector
field with y + 1 > p, there exists a solution to (1).

Remark 5. The proofs proposed here may easily be adapted to show existence of solutions to the
perturbed controlled differential equation

yt=a+/f(ys)dxs+ht

where h is a path in £2,([0, T], V).

Proof of Proposition 3 using a Picard scheme. Let us take y° in £2p,0([0, T1, V) and define recursively

t
11+1 a+/fy5 dXs
0

Since Np(y"*1) = Np(fy f(y") dxyp), it follows from a slight modification of (12)-(13) that

Np(y™1) < C1oNp (y")" @(0, T)?/P + C1

with C10 = (1+K(©@)Hy (f/)Np(x) and C11 = |f(@)|Np(x).
Hence, if R is such that Ny(y") <R and T is such that

C10R” 0(0, T)"/P 4+ C11 <R,

it follows that N (y"*1) < R and then the sequence {y"},en is bounded in £2p.0([0,T], V).
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It follows from an application of the Ascoli-Arzela theorem and the inequality N,(x)" <
2r‘p||x||;pr(x)P that there exists a convergent subsequence {y™}i>o in £2;,([0,T], V) for any
r < p to some element y in £2, ., ([0, T], V). Since f(y™) converges to f(y) in £2;/, ([0, T], L(V,U)),
any limit y is solution to (1) when T is small enough. As the choice of T depends only on Hy, (f),
N, (%), p and y, this is also true for any time T by solving recursively (1) on a finite number of time
intervals [T;, Ti+1] with @(T;, Tiz1) satisfying C1oRY w(Ti, Tiy1)?/P +C11 <R. O

We give now another proof that relies on the Euler scheme. For this, we use a supplementary
hypothesis (16). Note that however, for an appropriate control defined as in Lemma 1, one may skip
this condition by studying the problem with a 1/p-Hdélder continuous path and using a time change.

Proof of Proposition 3 using the Euler scheme. Here, we provided an argument using the Euler
scheme. For this, we need an additional assumption on the control w. We then assume that there
exist an increasing continuous function ¥ and a constant § such that

w(s,t)  P) —¥(s)
sup max , < 400 (16)
|t—s| <8, st Y (t) —¥(s) w(s,t)
Let IT = {ti}i=o,...n be a partition of [0, T] and consider the family {y;}i=o,...n constructed recursively
by

Yir1=Yi+ X6, Yo=a.

Proposition 2 gives a control on N, (y|IT). Let us extend y to a continuous path on [0, T] by

Y () — ¥ ()
=Vit e Ty Wit Y, telttivl.
e W(tiﬂ)—w(ti)(y +1 = Yi), LEltitiv]

If t; <s<t<titq, then

V() —¥(s)

— ysl S Np(yIMyeo(ti, tig1) /P —————2.
|ye = ys| < Np (YD (i, tiy1) V(tiz1) — ¥ (&)

If supj—g  n_1tit1 — ti <8, with (16), one easily gets that

,,,,,

Yt = ¥s| < CaNp (y[Max(s, 1) /P
If s <to <t <,
|Ye = YsI <|Ys — Ve | +1Ye, — Yool + Ve, — Vel

< Np (YD) (Cr200(s, t) P + o (te, 1) /P + Craw(ty, £)'/P)
< Np(y|IT) max{C1a, 1}3P ao(s, ) 1/P.

It follows that

Np(y) < max{C12, 1}3P 7N, (y|IT)

for some constant Ci; that does not depend on I7.
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Now, let us consider an increasing family of partitions /7" := {f?}i:o ,,,, n» whose meshes decrease
to 0 and let y" be the corresponding solution of the Euler scheme. Then there exists a subsequence
{y"™} which converges in the r-variation topology for any r < p to some element y in £2,([0, T], V).

Since

th th

i+1 i+1
Va=vi+ [ oD as+ [ (707 - £ dn.
tl t
it follows that for any 0 < £ <k <n,
fi k-1
Vi = Vi = / FR) dxs| < Np(y" ") Hyy (N0 D (el — 7).
o i=¢

(4

Since 6 > 1, for any s, t € (e /7", s <t one deduces that

<C sup  w(ti, tiy)? Tw(0, T).
i=0,...,n—1

t
Yyt / (7 dx,
S

Since f(y") converges to f(y) in £2,,,:([0, T]; V) for any r < p, it follows that

t
Ye=DYs +/f()’s)dxs
s

and then that any limit of {y"} is a solution to (1). O
4. Continuity and uniqueness

Up to now, we have proved only existence of solutions to (1), but nothing ensures their uniqueness.
In general, it is hopeless to get the uniqueness, as there is an infinite number of solutions to

t
J’tZ/f(J/s)dS with f(y) = /y €Lip(1/2),
0

since this equation is equivalent to y’ =.,/y, yo = 0. It is well known that y; = ((t—C)/Z)i is solution
to this equation for any C > 0.

Indeed, uniqueness will be granted under a stronger regularity assumption on f. Let us assume
that f is continuously differentiable and its derivative is a y-Hélder continuous function from V to
L(V®U, V). We then say that f is a Lip(1+ y)-vector field, and we still assume (2). We still consider
that 14+ y > p.

In [7], A.M. Davie gives also a counterexample to the uniqueness of (1) when f € Lip(1 + y) with
1+ y < p, which means that the condition 1+ y > p is sharp (if we exclude the case 14+ y =p
where an approach by Besov spaces may be useful).
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Proposition 4. If f is a Lip(1 + y)-vector field with (y + 1) > p and x € £2,([0, T], U), then the solution
to (1) is unique. In addition, the map x +— y, called the 1td map, is locally Lipschitz continuous with respect to

(a, f,x). More precisely, let y (resp. y) be the solution to y; =a + fé f(ys)dxs (resp. yr =a+ fot f(j/s) ds).
We assume that || yllco <R, Np(¥) <R, |a| <R, Hy(Vf) <R, |V flloo <R, Np(x) < R and the same holds

true when (a, f, x, y) is replaced by (a, f’ X, ¥). Then there exists a constant C13 depending on w(0, T) and R
such that

Np(y =) < Ci3(Npx =%+ || f — Flloo.B@.R) + IV f =V Flloo,B0,R) + la — al),
where for a function g, [|gll.B(0,R) := SUPjx <R |&(X)].

A practical importance is the following: any rough differential equation may be approximated by
an ordinary differential equation controlled by a piecewise smooth path, by using Lemma 1.

Remark 6. Let us note that similar computations may be carried to estimate the distance between
two Euler approximations. However, we skip the computations for the sake of simplicity.

Proof. Let y and y be two paths in £2,([0, T], V). Let [T a partition of [0, T] and s <t two points
of IT1. Let us note that

|fvo) = F30) — Fs) + f(s)]

1

1
/ VI + T — 50) e = P de — / V(s + (s — 99) (vs — ) dt
0 0

<

1
/ V(e +Tte—30) e — Je — ys + Js) dt
0

+

1
/‘(Vf(g’s +T(ys — 5’5))()’5 —Js) — vf(j’t +T(ye— )A’t)))(}’s —ys)dr
0

t

<NV fllsoNp(y — JIM (s, )P + / Hy (VAT @s — 30+ —0)(ys — y0|" (s — Ps)dt
0

<NV fllooNp(y = JIM (s, )P + (s, )Y PH, (V) (Np(y[IT)Y + Np(IIT)Y ) ys — sl
As
lys — ¥sl <1ys — Yo — Js — Yol + la— b| < Np(y — M0, T)'/P + |a - b],
it follows that for F(t) = f(y¢) — f(Jr),
Np/y (FIIT) < C1aNp(y — §1IT) + Ci5lb —al, (17)

where Cq4 and Cys are constants that depend only on Hy, (V f), ||V flle, T, p and y. This is also true
for any s,t € [0, T] and then
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Np/y (F) < C1aNp(y — ¥) + Ci5lb —al. (18)

For x and X in £2, ([0, T], U) and Lip(1 + y)-vector fields f, f let us consider the solutions to

¢ t
Yt:a+/f(YS)dXs and j’t:a‘f‘/}(i’s)d&s-
0 0

By linearity of the Young integral and for F as above,

t t

t
.Vt_}A’t:a—a+fF(5)dXs+/g(ys)dxs+/J}(}A’s)dus
0

0 0
with u; =x — % and g = f — f. Hence,
Np(y —9) <(1+ K(Q))Ny/p(F)Np(x)TV/P + (1+K(@2))H; (g)Np(jf)Hp(X)Tl/p

+Hi(HONp(DHy TP + [g@|Np®) + | F @ |Np W)
+|f@ - F@|Hp.

Let us assume that all the values ||V fllo, Hy (Vf), IV Flloos Hy(f). lal, 4, Hp(x) and H,(X) are
smaller than a given value R. Let us note that

<V flisola —al+|f@ — f@)].

f@ - @
With (18), there exist a time T small enough and a constant K, depending only on R, p, ¥, such that

Np(y — ) < Cis(la —al + | f — Flloo,B0,R) + H1(8) + Np(w)). (19)

Using the usual argument, this may be extended to any time T, up to changing the constant Cys. Let
us note that if a=a, f = f and x=%, then y =y and the solution to (1) is necessarily unique. O

5. Convergence of the Euler scheme
If f is a Lip(1 4 y)-vector field, we may now study the distance between the Euler scheme along

a partition /T = {t;}i=o,..,» and the unique solution to (1). For this, let us denote by {y;} the family
given by

Yir1 =Yi+ fdxe 4, Yo=a,
and by z the solution to z; =a + fé f(zs) dxs for some a. With z; = z;;, the family {z;} is solution to

Li1
Zig1 =2zi+ f(z)Xe 1, + & Withe; = f (f(zs) — f(z) dx;.
£

From y, we construct a continuous path in £2,([0, T], V).
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Let us set

§:= sup 10)(tivti+1)~

Proposition 5. With § as above, there exists a constant C17 such that

sup |ye —z| < C178%/P71,
te[0,T]

where Cy7 is a constant that depends only on ||V f |lso, Hy (f), @(0, T), Ny (x), p and y.

Remark 7. When p = 1, which means that x is of finite variation, then the order of convergence is
equal to 1. When p converges to 2, the order of convergence tends to 0. For stochastic differential
equations driven by the fractional Brownian motion, the order of convergence is the same as the one

found in [24,30].

Proof. Hence,

Yiv1 —Zit1 =Yi — zi + Ft)xe; 6 — &i-
Using the same computations as in the proof of Proposition 2, for any 0 < ¢ < k < n, one has
k—1

>

i={

|V — 2k — Ye — 2¢| < Ny jp(FIIMNp @) (e, )Y TP+ |F (1) [Np o (te, 6) /P +

On the other hand,

fit1

/ (Fz9) — F(z0)) dxs| < CQ/DYHL (N @Ny (i, t1:1)2'P.

It follows that

k-1
Za)(ti, tir)?’? < o(te, ty)8*/P~1
i—¢

and then for some constant Cyg that depends only on ||V f|loo, Np(x), p and y, it follows that

k—1

>

i=¢

< C188%P 1w (0, )" VPaw(ty, ty) VP,

so that, with (17), since |F(ty)| < C19w(O0, tk)V/pr(y — z|IT) + |F(0)|,

Np(y — zIIT) < CooNp(y — zZlIN (0, T)Y /P + C218%/P + C22|F(0)].

Thus, for T small enough so that
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1
Qw@ﬁV”S?

it follows that

Np(y — zIIT) < 2C218*/P~1 +2Cx2|F(0)|. (20)
Using the usual argument, by considering that T is a point of I7, it is possible to consider the Euler
scheme starting from yr and the solution starting from zr to get again an inequality of type (20) on
time intervals [T;, Tiy+1], so that up to changing the constants, (20) is true for any time interval. Since

F(0) =0 when d =a and F(T;) < C23Np(y — z|[[T N[0, T;]), it follows that N,(y — z|/T) < C248%/P~1.
On the other hand, for t; <t < tjy1,

IVt —zel <Yt — Y| + 126 — Y| + 120 — 2]
<Np(y)8'P + Np(y — 2l w(0, TP + Np(2)81/7.
Since §1/P < 8%/P=1 for § <1, it follows that the Euler scheme converges at rate 2/p —1. O
6. Flow property and differentiability
6.1. Flow of homeomorphisms
Let us start with a small lemma regarding the time inversion.
Lemma 2. Given y in £24([0, T1, L(U, V)) and x in £2,([0, T], U) with p~! +¢q~! > 1. Then

t

/.Vsdxs=—

0 T

Y1—s dXT_s.

L

Proof. The Young integral fot ysdxs is defined as a limit of the Riemann sum

mp
Jn(0,t) = ZJ’t?th‘,t',’

it
i=0

along a family of partitions IT" = {t]'}i—o
Hence, for T > ¢,

m, such that sup;_q m, o(t], t?+1) decreases to 0.

,,,,,,,,,,

mp mp

0,t)= E X — E X .

Jn(0.0) yt?ﬁ £t yt;”t?ﬁ t
i=0 i=0

But

my Mmp
Y v, Xoe  <NgWNp(®) Yo, ti) /P — 0.
i=0

" n—oo
i=0

Setting u; = yr—¢ and v; = X7_¢, one obtains that
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Mp

Jn@.0)= =3 ur_p Vg1, +0(D)
i=0

For a in V, let us set

t
yr(a)=a+/f(ys(a))dxs, te[0,T] (21)
0
and
t
zt(a)=a+/f(zs(a))d><r_s. (22)
0

Using the time inversion property,

T t
yr-t(@) =a— / fyr=s@) de_s=yr(a)+/f(yr_s)d><r_s.
T—t 0

From the uniqueness of the solution to (22), yr—¢(a) = z(yr(a)), and yp(a) = a. Similarly,
zr—t(y7(@)) = zr—(a) and then a = yr(zr(@)) = zr (yr(@)).

Proposition 6. Let f be in Lip(1 4+ y) and x € £2,([0, T],U) with 14y > p. For any T > 0, the map
a+> yr(a) defines a homeomorphism from V to yt (V) and its inverse is a — zt(a).

Indeed, there is not only a homeomorphism, but also a diffeomorphism (see Section 6.3 below).
6.2. Linear equation
Among the equations of interest are the ones of type

t

ur—a+ f g(5)ts dxs + h(t), (23)
0

where g belongs to £2p,,([0,T],L(W ® U,W)), and h belongs to £2,([0,T], W) for a Banach
space W.

For u in §£2,([0, T], W), it follows from standard computations that G(s) := g(s)us belongs to
2p/y ([0, T], L(U, W)) with

Npy (GIIT) < Npsy (gIT) suglutl + Np|ID)|glleo
te

< Npjy (®ltiol + Np/y (2)Np T w(0, TYV/P 4 Np (u|IT)Igloo

for any partition /7. Hence, there exist constants C5 and Cps depending only on N/, (g) and g(0)
(since ||gllco depends on these constants) such that
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Npy (GIIT) < Caslal 4 CaeNp (u|IT).

This is also true when N.(-|IT) is replaced by N.(.).
Hence, any solution to (23) satisfies

Np(u) < C27Np(x)(Caslal + Ca6Np () w(0, T)Y/P + |a] - |g(0)|Np () + Np(h).

It follows that for T small enough and then for any T

Np(u) < Cag(lal + Np(h)). (24)

In particular, as the Young integral is linear, (23) is linear and there exists at most one solution to (23).
We do not deal with existence, which may be proved as previously.

Proposition 7. There exists a unique solution in £2,([0, T], W) to (23) which satisfies (24).
6.3. Differentiability of the It6 map

For x and h in £2,([0,T],U) and f in Lip(1+4 y) with 1+ 7y > p, let us consider the solution to

t
ye(a, h)—a+/f ys(a, h)) dXs"‘ff ys(a, h)) dhs.
0

We have
t
ze:=yi(d h) — yi(@,0)=d —a+ / F(s) dxs + / f(ys(d’, h))dhg
0 0
where
1
F(s) = f(ys(a'.h)) — f(ys(@,0)) = / Vf(ys@a,0) + tz5)zsdt
0
=H(s) + Vf(ys(a,0))zs
with

1

H(s) = /(Vf(ys(a, 0) + 725) — Vf(ys(a. 0)))zsdr.
0

Since y(a,0) belongs to $£2,([0,T],V), it follows that g(s,a) := Vf(ys(a,0)) belongs to
$£2p/y([0,T], L(V,V)) and then z is solution to
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t t

zt:a/—a+/g(s, a)zsdxs—i—/g(s,a)zs dhg
0 0
t t

t
+/H(s)dxs+/H(s)dh5+/f(ys(a,0))dhs.
0

0 0
Let us consider then the solution to

t t

ut(e,h)=8+/g(s,a)us(s,h)dxs+/f(ys(a,0))dhs.
0 0

From Proposition 7, then

Np(z—u(a’ —a,h)) < ngNp<fH(s)dx5> +C23NP</H(5) dhs).

0 0

On the other hand, for T € [0, 1],

V f(ys(@, 0)+tz5) = V f(ys(a 0)) — (Vf(ye(@ 0) + tz) — Vf(ye(a, 0)))

| 1zl%Hy (V)
| (Np(y(@,00)” + Np(y (@, h))Y (s, £)Y /P < Cagan(s, )Y /P.

Thus, for « € [0, 1],

1 1—
[H(s) — H©®)| < lIzIl%Hy (HHp @ w(s, 0P + 1287 T Cg00(s, £)7</P.

Choosing « such that ky + 1> p and using the fact that |H(0)| < |a’ —a|'*? it follows that

1 1— 1+
N,;(/H(s)d&)<cgo(||z||ZoHp(z)+||z||£” N+ Caild — a7
0

and

N, ( / H(s) dhs> < (lzI%Hp @ + 12157 )Ny (h) + CasNp () |d — a7
0

Let us assume that |a’ —a| < & with & small enough and N (h) < ¢. Then using the expression of z
and Proposition 1,

1 1—
Np(2) < Caa(lIz1LHp @) + 121687 7)1 + &) + Case.

Since [1zlloo < Np (@)@ (0, T)V/P + ¢, it follows that
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Np(2) < C36(Np (@@ (0, T)'/P +¢).

Hence, Np(2) < C37¢ and ||z||c < €. Then,

Np(z—u(d —a,h)) < ce!Tra=0),

Let us consider the Itd map J from U x £ ([0, T],U) to £, ([0, T], V) which maps (a,x) to
the solution to yr =a+ f; f(ys) dxs.

Proposition 8. Let J be the It6 map defined for a Lip(1 + y)-vector field with y + 1 > p. Let k be such that
yk +1 > p. Then Jis locally Fréchet differentiable and its derivative dJ is given by the solution of the equation

t t

dTJ(a,x)-(a,h)=a+/Vf(35(a,x))d35(a,x)-(ot,h)dxs-i—/f(fis(a,x))dhs.
0 0

In addition,

Np(3(a+ ea,x+ eh) —3(a,x) — edJ(a, x) - (o, h)) < Ce' V170,
If J and K are the matrix-valued solutions to

t t

]t:1d+/vf(y5)jsdx5 and Kt:Id—/Ksz(J’s)dxs
o 0

with y; = J:(a, x), then using first for x a smooth path and passing to the limit, K; J; = J;K; =Id
for any t € [0, T], which means that J; is invertible. Since J;o =d3J(a, x) - («, 0), it follows that t —
J¢(a, x) is a flow of diffeomorphisms. Of course, still using smooth paths for x and h and passing to
the limit, one has the classical formula,

t

dJ(a, x) - (0, h)t:]thsf(fJ’s(a,x))dhs.

0

Assuming higher-order differentiability of f, it is possible to get a higher-order development of
J(@a+ea,x+¢ch) —J(a, x), as in [19].

In addition, this result may serve as a base for dealing with Malliavin calculus for SDE driven by
fractional Brownian motion [2,32].

7. Case of a differential equation with drift

We now consider

t

t
yr=a+/f(ys)dxs+/g(ys)ds (25)
0

0

under the hypothesis that g is Lipschitz continuous with constant L, x is a-Holder, « > 1/2 and f is
in Lip(1+ ) with a(1 +y) > 1.
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This kind of equation is motivated by stochastic differential equations driven by fractional Brown-
ian motion, and this result has to be compared with the one in [31].

With the remark at the end of the Introduction, the condition on g is sufficient to ensure the
existence of a solution to (25), but not its uniqueness because we need g in Lip(1 + ¢) for some
e >0.

Proposition 9. Under the above conditions on f, g and x, there exists a unique solution to (25) which is
o-Halder continuous.

Proof. Yet if y and z are two «-Hoélder continuous paths with yg =zp =g,

t

/(g(Yr) - g(zr)) dsr

N

LY — Zlloo(t —5) < LHg(y — 2)(t — $)*T17%.

It follows that if y and z are two solutions to (25),

Ho(y =2) < C3sHa (y =T+ LHo (y = 2)T' ™
and then, for T small enough, Hy(y —z2)=0and y=2z. O
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Appendix A. A useful inequality

We give a simple inequality which we used in the proof of Proposition 1. This follows from the
discrete Gronwall inequality.

Lemma 3. Let L be a positive constant and K be a non-negative constant. If x; satisfies

Xip1 <A+ Dx;+K and x; >0,

then for any integer N > 1,

xny <{(e" = 1)K+ (1+L(e* — 1) ")xo} exp(NL). (26)
Proof. Set y; = ;.1 — x;. Then
i—1
YiéLZyj—i-on—i-K.

j=0

From the discrete Gronwall inequality,

yi < (K + Lxg) exp(Li)

and then
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exp(L(i+1))—1

Xit1 < (K + Lxo) exp(L) — 1

Hence the result. O

Lemma 4. Let x be a continuous path such that

sup x| < (1 +D)lxg;| + K.
te[Ti, Tit1]

Then for some constant Csg depending only on L and C49 depending on L and K,

sup | y¢| < exp(NL)(Caglxo| + Ca0).
te[0,Ty]
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