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Abstract

We consider the following slightly subcritical problem

—Au=B®uP~ "ty inQ,

(¢)
be u=0 on 92,

where 2 is a smooth bounded domain in R?,3 <n <6, p:= % is the Sobolev critical exponent, ¢ is a

small positive parameter and g € C 2@ isa positive function. We assume that there exists a nondegenerate
critical point &, € 0S2 of the restriction of § to the boundary 92 such that

-2
V(BE) 7T -n(Ex) > 0,

where n denotes the inner normal unit vector on d2. Given any integer k > 1, we show that for ¢ > 0 small
enough problem (g€, ) has a positive solution, which is a sum of k bubbles which accumulate at &, as ¢ tends
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to zero. We also prove the existence of a sign changing solution whose shape resembles a sum of a positive
bubble and a negative bubble near the point &,.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction and statement of main results
We consider the nonautonomous almost critical problem

—Au=B@)|uP"""fu inQ,

() u=0 on 9,

where € is a smooth bounded domain in R",3 <n <6, p := % is the Sobolev critical expo-

nent, ¢ is a small positive parameter and the function g € C%() is positive.

Since problem (g, ) is subcritical, standard variational methods yields the existence of an infi-
nite number of sign changing solutions and at least one positive solution, see [2]. Unfortunately,
the variational approach gives very little information about the behaviour of these solutions.

A special case of problem (g;) is the following

o) —Au=ulP"""fu inQ,
Pe u=0 on 9Q.

This problem has been extensively studied in the last decades and many works has been devoted
to study existence and asymptotic behaviour of solutions. We refer to the pioneering work by
Bahri-Li—Rey in [3], where they proved that positive solutions to problem (pg) either converge
to a positive solution of the critical problem (5@6) or blow up at a finite number of points in
as € goes to zero. More precisely, if (u.) is a bounded sequence in HO1 (2) of positive solutions
to (pgl), then (up to a subsequence) we have

k
Ue =up+ ZafPU’\f!ff + ve

i=1

where u( is a nonnegative solution to (pé), k € N, v, goes to zero in H(} (2). Here either k =0
or g = 0 and the function PUj g is the orthogonal projection onto HOl (£2) of the “bubble” given
by

n=2
A2

Us(x) == (n(n —2))'T —
2+ x —EP)'T

with § > 0 and & € R”. This family of functions represent all solutions to
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ni2 . 1,2
—Au=un2 inR" ueD*@R"), u>0.

In the case where a positive solution concentrates at a single point, it was proved in [6,13,18]
that this concentration point must be a critical point of the Robin function:

x— H(x,x),

where H (x,y) stands for the regular part of the Green function for the Laplacian in 2 with
Dirichlet boundary condition (see (5.1)). Results about multiplicity of positive solutions for prob-
lem (gog) with multiple blow up points have been also obtained, see [19] for instance.

The presence of the potential 8 in () plays a crucial role for existence of positive solutions
with a large number of blow-up points. Indeed, it has been shown in [3] that problem (5081)
does not admit positive solutions which concentrates at k points as ¢ goes to zero if k is large
enough. However, for problem (), Pistoia and Serra studied in [16] the particular case where
B(x) =|x|% a >0, and 2 is the unit ball B, namely they considered the problem

—Au=|x|*ulP~'"fu in By,

u=20 on 0 Bj.

They showed that, if ¢ is small enough, then the above problem has a positive solution which
concentrates and blow-up at £ points at the boundary d B. Moreover, the solutions constructed
in [16] are invariant under the group of linear symmetries G| x O(n — 2), where G| C O(2) is
the group generated by the rotations of angle 27” See also Peng [15] who constructed similar
solutions with more general symmetries. We also refer the reader to the papers [7,8] and some
references therein, where asymptotic behaviour of the ground state solution (as € tends to zero)
has been considered. Precisely, it has been proven that the ground state concentrates at a single
point which approaches the boundary when ¢ tends to zero.

In this paper, we prove the existence of new type of concentrating positive solutions to prob-
lem (). Precisely, we show, under some suitable conditions on the function f, that (¢,) has a
positive solutions whose asymptotic profile is a sum of k bubbles that concentrates and blow up
at a single point at the boundary. It is worthmentioning that for k = 1, our results work for any
dimension n > 3 and this can be seen in particular as a generalisation the main results in [15,16],
to the problem () for general domains, see Corollary 1.1 below. For k > 2, our results here are
valid for dimensions 3 < n < 6. This restriction on the dimension is technical and we believe that
with more accurate analysis they can be generalised to any dimension n > 3.

For x € €2 let n(x) be the unitary inner normal vector to dS2 at x. The following condition
on B will be assumed throughout the paper: there exists a nondegenerate critical point &, € 92
of the restriction of 8 to the boundary 92 such that

V(BE) PT) - () > 0.

This assumption can be rewritten as

there is A > 0 such thatV(ﬂ(E*)_%) = An(&y). (1.1)

We will first prove the following multiplicity result.
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Theorem 1.1. Assume that condition (1.1) holds true, that D*(B~ 71 |a o) (§x) is negative definite

and 3 <n < 6. Then, for every k € N there exists gq positive such that if ¢ € (0, g9) problem ()
has a positive solution u. of the form

k
_
ue =y PBei) 7 1Us, k., +o(1) in D),
i

where
0 0 . 0 ntl s+l
§ei =60 T Tein( ), with &, =&+ e2v; + o(en2v;), v; € Tg, 02

and (up to a subsequence)
_n=1 -1 _n+l
e 28 —>di >0, & 1.;—>14;>0 and ¢ 2|&; —& ;| = |vi —v;| >0,
foralli,j=1,... k.
As a consequence of the above theorem, we have

Corollary 1.1. Assume 3 < n < 6. Suppose that éj, ey Ef are nondegenerate critical points of
the restriction of B to the boundary 0S2 such that

; 1 . 2 .
V(BED 7 1) nE) >0, and D*B 7|, )(E)  are negative definite ¥ j =1, ..., L.
Then, for € sufficiently small, problem (§.) has a positive solution u. of the form

14

k
ue=Y"3"BE)TIU, i +ol) in D'AQ).

j=1i=1
where gsf;i — gi (up to a subsequence) foreachi=1,...,kand j=1,...,¢.

Remark 1.2. In the previous corollary, if we restrict k = 1 (simple concentration at each £]) the
result is true for any n > 3, see Subsection 3.2 below for details.

Although we stated the result requiring 8 positive, it is necessary to assume it is positive near
the concentration points.

The phenomenon of multiple concentration near a point of the boundary found in Theorem 1.1
is similar to the multiplicity result of Wei and Yan [20] for a critical Lazer—McKenna conjecture
in dimensions n > 6, and to the paper by del Pino, Musso and Pistoia [12] where bubble tower
solutions to a Neumann Lin—Ni—Takagi problem has been constructed in both slightly subcritical
and slightly supercritical regimes. We also refer the reader to [10] where Multi-peak solutions
for a slightly supercritical problems in domains with small holes have been constructed.

The second purpose of this paper is to study existence and properties of sing-changing so-
lutions for problem (g.). If we consider the problem (g,)gl), then multiple peak nodal solutions
always exits. Indeed Bartsch, Micheletti and Pistoia [5] built a solution with exactly one positive
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and one negative concentration point. In addition, under symmetry assumptions on €2, a solution
to (5{);) with exactly two positive and two negative blow-up points was constructed in [4].

Bubble-tower solutions to problem (5@81) have been constructed in [14,17]. The shape of these
solutions is a superpositions of positive bubbles and negative bubbles blowing up at a single point
with different velocities.

Our second result shows that condition (1.1) guarantees the existence of a solution to problem
($¢) with one positive and one negative concentration points, which blow up at a the single
point &, at the boundary. More precisely we have the next result.

2
Theorem 1.3. Assume that condition (1.1) holds true, that D2(/3 vl | aQ)(é*) is positive definite
and 3 < n < 6. Then, there exists gy > 0 such that if ¢ € (0, &y) then problem (g.) has a sign
changing solution u. of the form

1

1 e .
ug=PBE&s1) 7' Us, 8, —BGe2) P1Us 56, +o(l) in D1’2(Q)

where

i =80 +Ten@l), £, e, £, &,

and (up to a subsequence)

_n=1 _ _n+l
e 28, —>di >0, el —>1;>0, e 2|E —En|—> v —v2] >0
fori=1,2.

Theorems 1.1 and 1.3 are related to a paper by Ackermann, Clapp and Pistoia, see [1]. They
studied a supercritical problem which can be reduced, using rotational symmetries, to a problem
similar to (g.) given by

T — p*l*& .
{ div(B(x)Vu) = B(x)|u| u inQ, 12

u=>0 on 0%2.

They proved, under a similar condition to (1.1), that problem (1.2) has a solution which has the
shape of one bubble and concentrate and blow up at one point at the boundary.

The arguments used in this paper for the problem (g.) can be adapted to prove the analo-
gous results for problem (1.2). This leads to the construction of new types of solutions for some
supercritical problems.

Some results here are valid for dimensions 3 < n < 6. This is related to the fact that we need

the size of the error term to be controlled in some appropriate norms by 0(8%) which follows
by Lemma 2.1 for 3 < n < 6. We believe that our result can be extended to higher dimensions by
adding further improvement to the approximate solution constructed in Section 2.1.

The paper is organized as follows: We first recall in Section 2 some preliminary results. Sec-
tion 3 will be mainly devoted to the proofs of our main results. In these proofs we will need
some asymptotic expansions of the reduced energy functional, which is developed in Section 4.
Finally, in Section 5 we give some boundary estimates for the Green’s function.
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2. Preliminaries
Let us first introduce the function
n—=2
5§72

Us.e(x) ==ao . ag=((n—2)"T, §>0
+Ix—&2 7

which corresponds up to translations and dilations to the standard bubble, namely, the unique
positive solution to the problem

—AU=U?  inR",
Ue DR,

. We next define the function

wherenZSandp:%

L
Wse:=B(&) r1Use.

It is easy to see that W; ¢ is a solution of the equation

—AW(x)=BE)WP(x) inR"

Let us consider the orthogonal projection
P: D' (R") — H} ()
defined by: given W € D12(R™), we let PW to be defined as the unique solution to the problem
—A(PW)=—AW in Q, PW =0 on 92Q.

Next we describe the solutions that we are looking for with multiple concentration on a single
point on the boundary (k > 2). For simple concentration (k = 1) see Subsection 3.2 for more
details. In Theorems 1.1 and 1.3 we found solutions of the form

k
1
ue =y (=D"B&e) 7 PUs, &, + 9, @2.1)
i
for fixed A; € {0, 1}. Fori =1, ..., k, the dilation parameters §; . will be chosen of the form
8ie = S%di for some d; > 0, 2.2)

and the concentration points satisfy
0 0 0
Si,s = S[’g + rl‘,é‘n(si,g)v si,g € 895

where 7; o = et; for some #; > 0 and 51.08 is given by
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&0, =&+ pui +n(Eg(pV)), (2.3)

with
v € T, 0Q = {veR”:n(S*)ov:O}, 2.4)

with p = e and g : T;, 02 — Ris a function which satisfies
g(0)=0and Vg(0) =0.
Here T, <2 stands for the tangent space of 92 at the point &*.
The function ¢ in (2.1) is small in a sense to be determined later and is to be found using a
classical fixed point argument.
We will next introduce the configuration space where the dilation parameters and the con-

centration points lie. We set d = (dy,...,dy), t = (t1,...,%) and v = (v1, ..., vg), then the
configuration space is given by

A= {(d,t,v) € (0, 00)F x (0, 00)% x (T, 8  1v; #vj fori, j=1,...,k,i ;éj}.

For simplicity we will write

Vi iy = Z(—I)AibiPUi, (2.5)
i

1
where we have set b; :== (&) 7T and U; := Uy, ;.
2.1. Lyapunov-Schmidt reduction procedure
In this subsection we will recall the main ideas about the Lyapunov—Schmidt reduction pro-
cedure which is a crucial step to find solutions of the form (2.1).

The first step to construct solutions to problem (g ), we need to solve some auxiliary problem.
Given (d, t, v) € A, we consider the spaces

aUs. & aUs. &
ICStV:span{P /21 7] ,P(ﬁ>:i=1,...,k,j=1,...,n},
.4 agi] 05;

Kk, = {¢ e B (@) :/w VY =0 Vye ’Cﬁ,t,v}-
Q

The following result holds.

Lemma 2.1. Assume that for some t > 0 and a fixed constant C T / C< Tie < Ct. Then there

exist g > 0 and a constant C > 0 such that for all € € (0, go) and all (d, t, v) € A there exists a
. e e, L . .

unique ¢gq ¢ € K:d,t,v which satisfies

Please cite this article in press as: J. Ddvila et al., New type of solutions to a slightly subcritical Hénon type problem
on general domains, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.08.005




YJDEQ:8936

8 J. Davila et al. / J. Differential Equations eee (eeee) eee—eee
—1—=
A(V(i?,t,v + ¢3,t,v) + ,B(X)| V;,t,v + ¢3,t,v|p ) (Vt;:,t,v + ¢§,t,v) € ICtgi,t,v (2‘6)

and

] O(e|log8|+r+(%)n§2> for n=>7

2
6.yl = f Vg 7] = 0(e|logs| +7+ (2)* log3 (%)) for n=6
Q
o(s|1oge|+r+(§)"—2) for n=3,4 and 5,

2.7)

where § = max ;. Moreover the map A — Hé (R2), defined by (d, t,v) — d)fd tv) is of class c!
and

Va0 5.0 = OIS ¢4 ID. 2.8)

Proof. The proof of existence and estimate (2.7) can be found in [16], see Proposition 2 there.
To prove estimate (2.8), we use the fact that the solution ¢ , , of (2.6) is found by a fixed point
argument. It satisfies an equation of the form

ba.tyv = Ag.ev(E + N(dgiy) (2.9)
where Aj - ’CZ’,f,v — Kfl”tv is given by
Ay =gy i*0),
E=—AVigy—BlIVigl"™ " Vi)
and

N(¢) =ﬁ<IV§,t,V AT T Vigy ) = Wi 7 Vi) = PIVaey +¢|p—1—f¢)

In the above Hit , 18 the orthogonal projection on Kq¢ v and i* : LH%(Q) — H(} () is the

adjunct of the standard immersion operator i : HOl (Q2) — LfT”Z(SZ). Differentiating (2.9) with
respect to the parameters t, we formally get

9P v = (OtAg ) (E + N(ggyy) + Aﬁ,t,v<3tE + 3tN(¢§,t,v)>-

There is a similar formula for the derivative with respect to d. Reasoning as in the proof of
Lemma 4.1 in [11] and using similar arguments as in the proof of estimate (2.7), one gets

1Va.05 ¢y = OClgG.¢yID. O (2.10)
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Now, let J; : HO1 (2) — R be the energy functional associated to problem (g;):

1 1
J — v 2 _ pt+l—e¢
e (1) 2!| ul pH_EQ/ﬁ(x)IuI

Solutions to problem (g.) can be found as critical points of the functional J,. We introduce
the reduced energy functional Z, : A — R defined by

Te(d £, V) = Jo (Vg oy + B0 y)- @2.11)

The next lemma, which is a consequence of Lemma 2.1, reduces the existence of solutions to
problem () to the one of finding critical points of the reduced energy functional Z,.

Lemma 2.2. The element (d,t,v) € A is a critical point of L, if and only if the function u, =
Vi iy T 93¢y is a critical point of the functional J,.

d,t,v
Proof. The proof is similar to the one of Proposition 1 in [3]. We omit it here. O
3. Proof of the main theorems

In this section we prove our main results. We will treat the case of multiple concentration on
a single point on the boundary, namely when k > 2. For the case of simple concentration (k = 1)
the proof is easier and is done in Subsection 3.2. Using Lemma 2.2, the proof of Theorems 1.1

and 1.3 is then reduced to finding critical points of the reduced functional Z, defined in (2.11).
To do so we will need the asymptotic expansion of the reduced energy whose proof is given in

the next section. Let r = — % and define the function

T, v) := D*(B"] o) (EDlv, V], (3.1
Since the function g satisfies
g(0)=0and Vg(0) =0
it is easy to see that
T, v) = V(BE)) - nEN D gEDv - v) + DX (BE) v - v.
The next lemma will be proved in Section 4.
Lemma 3.1. The functional Z, : A — R has the following asymptotic expansion
T.(d,t,v) = c1B(ED" + evo(E) + eY1(d, ) + p°Y2(d, £, v) +Y3(d, t, V) +o(€?)  (3.2)

C'-uniformly on compact sets of A. Here c; are positive constants and the function j’s are
respectively given by

Please cite this article in press as: J. Ddvila et al., New type of solutions to a slightly subcritical Hénon type problem
on general domains, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.08.005




YJDEQ:8936

10 J. Davila et al. / J. Differential Equations eee (eeee) eee—eee

-1
log(e)

1
Vo) = —— P (k)/lﬁ(é*) log(B(ED?) — kniBE)

r Y1 r
TB(ES) / UrologWho) | - A ke

di\"? 2
Yi(d,t) = 262 (t—j> + 3V (BED") - €Dt — calog(d)) + O(em2)R(, 1), (3.3)

where R is a bounded smooth function on its arguments which does not depend on the variables
(U17 A ] vk))

1—2
2

Yad V) =—cs Y (=DM (=DM &) 4 ,_‘ ZF@*,v,) (3.4

i>j

and where Vr3 satisfies

@) €2|10g8|%) for n==6

Y3(d, t,v) = (
0(82|10g8|2> for n=3,4 and}.

Moreover for d, t,ve A
Vap¥i@d t,v)|=0Wi@d tv) i=123. (3.5)
3.1. Proof of Theorems 1.1 and 1.3
To prove our main results Theorems 1.1 and 1.3, we need to show that the functional Z, has a

critical point. Using that V(8(&,)") - n(&x) > 0, see (1.1), it is not hard to prove that the function
Y1 defined in (3.3) has a critical point (dg, tp) which is a strict minimum and stable. Since,

Te(d,t,v) — c1B(E)" — evo(Ex) — ey (d, ) = O(p?) (3.6)
then, for every fixed v= (v1, ..., vx) such that
1. ..
|vj| Scandh)i _Uj| > Evls.] :17"'k’l #]7
there exists (de(v), te(v)) such that V(g ¢ Zs (d(e,v), te,v), V) = 0. Moreover, we have

V(a0 V1 (de(V), te(v)) = £ D Y1 (do. to) - ((do. to) — (de (¥). te(V)))
+ 0(e(|(de (), te (V) — (do, t) )
= —p*Via.o¥2(de (V), te(V), V) — Vgt (W3 (de (¥), te (v), V) + 0(€2)).

Please cite this article in press as: J. Ddvila et al., New type of solutions to a slightly subcritical Hénon type problem
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Now, using (3.5), one can get that

2
|(do. to) — (de (V), te (V)| = 0(%) 3.7)

On the other hand, if we consider the function

0W) :=Zc(d: (v), t(v), V),

then since (dy, to) is a critical point of ¥1, a Taylor expansion yields

OV) = c1B(E) + evo(E) + a1 (de (V) te (V) + p> P2 (de (V), te (V), V)
+ Y3(de (V), te (v), V) + 0(€?)

2
=c1BE)" +evoo) + 8(%”1((10, to) + Dg (1 (do, to) - <(d0, t) — (de(V), te (V))> )

+ 02 Y2(de (v), e (V), V) + 0(p?)
= c1B(E) + eV (&) + v (do, to) + P2 Y2 (de (V), te (V), V) + 0(p?).

In order to prove Theorem 1.1 we will take A; =0 foralli =1...,k, then the main term in the
right hand side in the above identity becomes

r(qi J n-2 J
p2<_zl3(€*) (de (v)de (v)) 2 1 (V)te (v) +ZF($*»UJ')>~
J

Py [vi —v;|"
Then, assuming I"(£,, v;) negative definite and using (3.7), the function Q(v) has a global max-
imum. This concludes the proof of Theorem 1.1.

Finally, to prove Theorem 1.3, we take k =2, A1 =0 and A = 1. Then, ,ozlpz(d€ V), te(Vv), V)
becomes

B Wl o) Wil @) | > r

P22 (de (V), te (V), V) =
v — vo|”

i=1

Then, assuming now that I' (&, v;) is positive definite and using once again (3.7), the function
Q(v) has a critical point vp and Theorem 1.3 follows at once.

3.2. Simple concentration at the boundary

Looking for solutions to problem (g,) with simple concentration at the boundary is consid-
erably less technical than multiple concentration. The procedure is very similar to the one of the
proof of Theorem 1.3 in [1], we sketch the main ideas here.

Let us consider the function

_ 1
G0 =BE T PUs, (3.8)
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where the dilation parameter 6 will be chosen of the form

§ = ei=2d for some d > 0, (3.9)
and the concentration points satisfy
t=£"+1m¢%, £ eoq,
with T = &t for some ¢ > 0.

The configuration space where the dilation parameters and the concentration points lie is given
by

Ay = {(d,r,so) € (0, 00) x (0, 00) x 39}.

Similarly to Lemma 2.1 we can show that if ¢ small enough, then for any (d, ¢, SO) € A, there

exists ‘bfd,z,sﬂ) which chairs similar properties than the ones in (2.6) and (2.7).

As before, the reduced energy functional Ig : Ao —> R is defined by
To(d. 1,%) = Je(W] , o + 95, c0)- (3.10)
It holds true that a parameter (d, t, £%) € A, is a critical point of the functional Ig2 if and only
if the function W7 ot ? £0 is a solution to problem (g).
Next we show the asymptotic expansion for the reduced energy functional Igz in terms of the
parameters (d, ¢, £°). A straightforward computations and the result in Lemma 2.1 show that

JE(W;EJ’%-O + ¢2,l‘,§'0) = JS(W;‘J’%O) + 0(6)

for every n > 3.
In addition, taking k = 1 in Lemma 4.1, it is easy to see that

T3, 1,§%) = J: (W}, o) +o0(e€)
d n—2
=c1BE") + 6(62 (7) +e3VIBED) - n(EDL — e 1og(d,->) +o(e).

Now, using that there exists a nondegenerate critical point &, € €2 of the restriction of § to
the boundary €2 such that

V(BEDTTT)  n(Es) > O,

one can show, as in the proof of Theorem 1.3 in [1], that Ig2 has a critical point. This conclude
the proof.
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4. Estimates on the energy
4.1. Proof of Lemma 3.1

The objective of this section is to give a proof of Lemma 3.1. This lemma gives a asymptotic
expansion of the reduced energy functional I, : A — R defined by

I(d,t,v)= JS(V(it’v + d’(g],t,v)

in terms of the parameters (d, t, v). Recall that for (d, t, v) € A we write
Viaas i= SV iU,
i

1

where b; := (&) 77T and U; := Us, ¢,. Here

§i =& + 1) =&+ pvi +1EDg(ov) + Tin (),
where §; =di8:'%, T = ti€,
v; € T, 0Q2:={v e R" : n(§,) - v =0},
o= e and g : T¢, 02 — R satisfies that
g(0)=0and Vg(0) =0.
Notice that since &, is a critical point of 8 restricted to the boundary then
VB(Ex) -v=0 forall v e T, 092.

Note also that, for r := — 2 we can write

p—1

BE) = BE) +eV(BED) nEN + p T (Ew, vi) + 0(€7), (4.1)

where I' (&, v;) is defined in (3.1). Indeed, if we use a Taylor expansion

BN = BE + pvi +n(EDg(pvi) + Tin(ED))"
=BE + V(BED) - (pvi +n(EDg(pvi) + Tin(ED))
+ D*(BED) - (pvi + n(EDg(pvi) + Tin(E))* + 0(e?)
=BE) +eV(BED) nEN
+ 02 (V(BED) - n(E)(Dg(E)vi - v) + D BED: - vi) +0(e)
= BE) +eV(BED) nE + p°T (G i) + 0(€7),
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because

n(€Y) = (&) + O, where |O] = 0(p).

We will denote
1 1
J/1=/Uff§ ,Vz=fofoandV3=/Uf§ log(U1,0)
Ril RVI Rn
Equation (4.1) will be use to compute the following expansions.
Lemma 4.1. We have the following expansions

1 2 Y
3 [ Vil =Dy
Q

k k n—2
Y1 r rCn¥2 d
+e<7wﬂ@*>)-n@*)lZn—ﬂ(s*) 5 Z(?) )

+0(e™2)Ri(d, 1) 4.2)
n—-2 n=2
k k d;?d? 1t
2 - PNy ey G
+p ler@*,vl)wzﬁ(s*) g( R
+o(e?),
#/ﬂmwg P
p+1 d,t,V
Q
Y1
= kB(EL)"
P B(Ex)
71 k A
+8<p+1V(ﬁ(€*)r)-n($*)Xi:ti —ﬂ(&)’%n?(f—i) )
+ 0(em2)Ra(d, 1) 4.3)
K k d.%d%ztvt'
2 4! r A VA B
D&, v;) +2 ; —DM (=)t
+p p—l—llZ (Ev. 1) + 22 B(E) gjj( S T
+o0(€?)

and
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& n—

k
) 2 -
[ B I eV =~ S B 7 Y tog

B; i=1

e r
+ mkﬂ(E*)J/l log(B(5+)2)

“4.4)
e n—1

TSR

€ r 2
+ il lkﬁ(é*) Y3 +o(€),

kB (&x)y11og(e)

where T (&, v;) is defined in (3.1) and Ry’s are bounded smooth functions on their arguments
which does not depend on the variables (vy, ..., V).

Proof. We write

n—=2
PU;{(x)=U;(x) = 6; > H(x,&)+TI(x,&).
Lemma 5.2 shows that function IT(x, &;) satisfies

n+2

S.2 dist(&;, 092)
G, 6)=c ls” <V1,1(+)+ 0(8)>
w2 4.5)
=c- <R(t,~)+ 0(5)),
&
here the function R is smooth on its parameters and does not depend on (vy, ..., Vg).

We subdivide the proof into three steps.
STEP 1: Expansion of the term / |VV;LS|2.

) Q
We write

k
1 1 . .
§/|VV§,t,s|2= EE :/|Vb,-PUi|2+§ :(—l)k'(—l)xfb,»bj/VPUi .VPU;.  (46)

Q i=lg i>j Q

Let

/|Vb,'PU,~|2:bi2/UipPUi
Q Q

n—2
:bf/Ul!’“ —b? /U{’@ﬁ H(x,E)—f-/Uipl'I(x,gi)
Q Q Q
=A1i+ A + A3,
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Using equation (4.1), we have the estimate

Al,iZbiZ/UipH =bl.2 / UIITE)H

Q Q-
51‘ (4.7)
= b}y (1+0(")
=y1BE) +eniV(BED) - nEL + p°T (€, vi) + 0(€7).
On the other hand, using Lemma 5.1 and equation (4.1), we have
n—2
Az = _b,‘zan / Uip(sl' P H(x, &) =— b?5?72 / U{ToanH(aiy +&.&)
Q Q-
5
=—b}8! P H (&, &)y2(1 4+ 0(8%))
_ c
=— b7 P ———— (1+ O(%)) 4.8)
[27;|"
S n—2
=—p (?) B(E) (cn+ O (1))
1
di " r 2
=—ear| — BED)" + O(e”).
1
Moreover, using equation (4.5), we get
n—2
Asi= / UG, &) = f 5.7 UL TGy +&. &)
Q Q-
S;
n=2
=57 T &) / UPo(1+o(1))
’ 4.9)
Rll
n+2
n=2§.2
=c8;* ———(R(t;) + O(e))
£
—en2R(t,d) + o(e?)
here the function R (¢, d) does not depend on the variable (vy, ..., vx). Using equations (4.7),
(4.8) and (4.9) we have
1 Y1 Y1 va (di\""?
= / Vb PU; 1> = = B(ED" +e| = (VBED) - nEt —cen | — B
2 2 2 2 \ g
Q
n p2
+ O(e"2)R(, t)+?l’($*,v,»)+0(e2). (4.10)
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We continue with the expansion of second term in equation (4.6):

bibijPUi-VPszb,-bj/UipPUj

Q Q
=bibjfUp(U] — 8,7 H(x £;)+I(x, &)
Q
=bib;(55)T / Ulo(— < =~ HOy+8.£)
& + 18y +8 — 5T

Q-g
S

b5 T / UPTLGiy + 8. 8))

Q¢

5 @11

n— n=2
—biby )% [ Uo(g =g~ M &)+ b, | s gm

Q¢ Q¢
3 5

ao ao

@+ lsy+&—gP T 6§

b (88)"T / U (
[RVASEAN 1,0

Q—g
i

+a, H (&, &) —anH(Siy +&i,§;))

n=2 n=2
2

2 y4id;t 28 s 2
=p~aoB () W‘FO(P 8—2)+0(8"‘2)R(l,d)+0(€ ),
i~

the last equality is due to the following computations

bib;(8:8)"T / UfO(W—H(&-,S;))
o-g
i
—bib;(8:8)" 7 / UP ap(— LI
B L0 g — & 2 & —&;1" 2

n=2 n=2 Cn 2T,T;
=bib;8;* 8;° ﬁ<( - )IEO — +0(maX{fi’fj}))>
j h

&) — &9 —E°|2
nf n 2

BENTBEN e | 0 G4 h +0(p?)
= )2 NZcy,

alr I(vi—vj)+pe*((sz,vl)—(Avj,vj))l" o

12

d. * d.* tit;
= P2 &) cn——T—L to(e?),

[v; — v
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and

n—2 1 1
bibjap(8;6;) = / U/l o( — = —)
V@t sy s -5 65

Qg
S

:bibjao(ai&/)% / U£00<|$5—5/|_"(I55y|2+($i—Sj)-(&'y)))

Q¢
S

122 g2 2
= 0((:8;) 2 p " (8" + pd)) = o(e”)

and finally

bibj(55)% [ anUlo(H &) ~ HOy + 6.6

Q-¢
S

n—2
=bibj(8:8;) = / Uy, O(

Q¢
i

=bibj(8i8j)% / U500<|Ei—Ej|_"(|5iy|2+($i—§j)'(5iy))>

Q¢
S

1 1
& —&;1""2 |8y +& — &2

)

=o(€?).
The proof of equation (4.2) follows from equations (4.10) and (4.11).

STEP 2: Expansion of the term /,B(x)lVit’V|p+l.

Q
We set r1 > 01is given by rq := %min{dist(gi, 0Q):i=1,...,k}. Note that r| = 7;, for some
io € {1,...,k}. We define the sets B; := B(&,r1) fori =1,...,k — 1 and By := Q\ U_ B;.
Hence

k
1 1
i et = S 3 [ vl
Q

i=1p
On each B; we get

1 1 ) )
j/ﬁ(x)le,t,vl”“ = j/mxn(—l)*fbjPUj + ) (=DYb PU; T
P s p s iz

1
= m/ﬁ(x)lbjPUjl”“ +/ﬁ(x)w,-PU,-V’—]<(—1)*-fb,-PU,-)(Z(—I)%PU»
B; B;j i#]

+0(| PUIT'PUR) = C1j + Caj +0(e?).

Bj
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Similar computations to the ones that we made in step 1 lead us to

1 p+1
cl,j=m/ﬂ<x>|b,~PUj|P“ /ﬁ( )U; —a “Hx, £j) + T(x, &)™

p+1

b”“/ﬂ(»c)Ups " H(x., €])+bp+1/ﬁ(x)UpH(x £

o 2
+0</U}’l(ajTH(x,%‘jHH(x,Ej)) )
B

J

p+1
2 BGjy+EpULS =T | B@y+EHUL S TEH Gy +E).E7)
ToF1 iy T80 j jY T8V 1,09 RV EL Y
Bi¢ izt
3 %
+0(s72)R(d, 1) + 0(e?)
g+1 n 2

51‘ p+1 n—2 J
T BEDV + R, d) = b BENSTHEE) (2 + S R(,d)

+ 0(e72)R(d, 1) + 0(?)
b? Y d; n=2 n_ 2
=—1(V1 + T—’nR(t,d)) — &2 (z_) B+ O0(en2)R(d.1) + o(e?)

_P&) 1+ ! eyiV(BED") - nEt — ec <ﬂ>n_2,3(5 )
p+1]/ p+l7/l * n(Sx)iti ny2 B *

2

n_ 1Y 2
O(e"2)R,t 'y, v .
+0(e72)R( VTG ) +o(€)

(4.12)
Also
Cz,—fﬂ(X)lb PU;IP~ (=1 PUHQ (=) PU;)
i#]
=Y (=DM (=D)Mblb; /ﬂ(x)(U,—é ;7 OH (L E) + T, s,>) PU;
i#]
_Z( D* (— 1)W’b /,B(x)UpPU, (4.13)
i#]

—p Y (=DM (=1)"bEb, /ﬂ(x)Up 'pPU; (8;%2H(x,§j)+l'l(x,§j)>
i#]j
-2 —2

47 d;7 "
—p2a0B (&) 3 (— DM (— 1) # O™ R, 1) + ofe)

Vi — VU
i#j | 4
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because

. n=2
b;}bi/ﬁ(x)UjPPUi=bjbi(5i8j)TzG(§iw§j)(V2+0(1))+bibj5j2 / Uﬁon(&y-i—éi,éj)

B; i
1ot
d * d.” tt; N
= pPaoB &) ———L 1 0(e72)R(d. 1) + 0(€?)
[vi — vj]
and
n+2
p—1 n 81'2
fﬂ(x)Uj PUi<o¢,,8j2 H(x,sj)+0( . ))
J

Bj

G

52
anH@jy+§;,8)+ 0<,;

)

[N]

_ n=2 _
=37 2(51‘5]') 2 / /3(3jy+$j)U1’fol

i
3

4

7+ 18y +& — &)

:o(ez).

The proof of (4.3) follows from equations (4.12) and (4.13).
STEP 3: Expansion of the term / /S(JC)IVd"E’t,V|erl log(V ¢ y)-

Q
We continue with the estimation of equation (4.4), to do this we write

€ 1 € 1
p+1/’3()“)|Vd€,t,v|p+ log(V () = p+12,:/fj(x)"’dﬁtw"’+ log(Vg ¢.y)-
Q I B

Working on the set B 7, we have

e
m/ﬂ(x)w.it,vaIOg(V;,t,v)
Bj

&
= [ Bl b PUI e (Y b PU + b, PU)
3, i i

e 3 ... b PU;
=— biPU; P log (b PU; (14 =21
p+ll!ﬂ(x)|2i: i PUI| og(/ ‘,< + =5

J

£ > ... biPU;
/ﬂ(x)|2biPUi+bjPUjl”“ log(b; PU;) +log |1+ =2~
p+l i) bjPU;
Bj
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(p+ 1> biPU; (b;PU;)" + (b PU ;P!
i#]

> iz biPU; )

J

log(b; PU;
X<Og(’ D+ b, PU;

bi PU;
+0</(§ b PU)? (b; PU;)P ™ 1og(bjPUj)+7Z’¢’ ’ >
oy b PU;
B.

=Z1j+ 22+ 23+ Zaj +0(e?)

where
Zy; ::Tf,B(x)(bjPUj)leog(bjPUj)
Bj
7, =—/,8(x)(b PU,)P(Zb PU,)

i#]

73, :_—Z(p—i-l)/ﬁ(x)b PU; (b; PU;)" log(b; PU;)
Pl i#j

J

Zy) = Z(p—i—l)/ﬁ(x)b PU; (b; PU;) (Zb PU)

i#j i#]
Using arguments similar to those given in Step 1 we get

Z1j=0(%  forl=2,34. (4.14)
On the other hand

&
Z1j =ﬁ/ﬁ(x)(bjPUj)”+‘ log(b; PU;)

Bj

_n=2
2

= [ )b PUHT Iogh5; T 8,7 PUJ)
p+1 s A J

Bj

n—2
= p+1log(b 5T )/,B(x)|PU P+ 4 ilfﬁ(x)pr“log(ajz PU))
Bj

=W+ W ;.

Here, using (4.12), we obtain
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Wij= 11og <b Py )bp+1/,(3(x)|PU las

: - (log (b,-) +log(e™") - 1 log(di))</3(‘§*)’y1 + 0(e>)

(4.15)
- Pil ) 1log(d,)+ ﬁ(s*)yllog(ﬂ(g*)z)
€ 2
—p+1 yyilog(e) + O(€7),
and, by (4.8) and (4.9), we get
W, j = +lbe/,B(x)PU;’Hlog((S;%zPUj)
Bj
p+1 132
_ p+1 : /ﬂ(x)PUj log(8;” Uj)
B.
+j f“/ﬁ(x)PU”( 5" Hx, £)+ I(x,§))) (4.16)
i [b / Uly " log(U1,0) + o(e”)
Rn

= » —Ei—_l BED" / U{:)H log(Uy.0) + o(?).

Rn

Therefore, by equations (4.14), (4.15) and (4.16), we obtain

p+1 / BV o7 Tog(Vg (o)

Bj
=—_° ) 1log(d)+ ﬂ(é*)yl log(B(£:)2)
p+1
_ € v r 2
P Yyilog(e) + iy 1;9(5*) v3 +o(e9),

where y3 1= fR,, U lp E)r] log(U1,0). This concludes the proof of the lemma. O

Proof of Lemma 3.1. A straightforward computations show that

Ze(d, t,v) = e (Vi v + Paey)
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! 2 ! +1-
=5 [ Wit b = s [ BOViy il
Q

— J(V§ )+ ¥3(d,t,v),

where

1
YA, tv)i= / 105 4%+ A1(d, £, V) + A2(d, £, V)
Q

and
1
._ +1- +1-
A4 “‘m/ BV + 9ol = Va1
Q

— P+ 1=0Vi " g1y

Axd,t,v) = — / (AVE )+ BOIVE 17505 .
Q

Since 3 <n <6, Lemma 2.1 shows that
f IV ¢yI* = 0(c” log(e)?).
Q

and

Ai(d,t,v) = 0(||¢5,t,v||22%2) = 0(c” log(e)?).

Moreover, using Holder and Sobolev inequalities we get

|A2(d, t, V)| <

AWV ey) + BV I

eyl 2 = 0 log(e)?),

n+2

because, as in the proof of Proposition 2 in [16], we have that

O(s|log8|+r+(§)4 logg(%)> for n==6
1AV ) +BEIVi PN 2, =
O<8|log8|+r+(%)"_2) for n=3,4 and>5.
Therefore, we have that
O<62|log£|§> for n==6

Y3d, t,v) =
O<82|10g8|2> for n=3,4 and>5.
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Moreover, using equation (2.10), we can prove that

V.o ¥, t,v)| = 0(y3(d, t, v)).

The next step is to expand J (Vde’t’v) in terms of the parameters (d, t, v). An application of the
Mean Value Theorem shows that

1 1 _
JeWVie) =5 / VWil = s / BV ylP 170
Q

1 1 )
=5 [ ViR = [ i = s [ @i
Q Q

&

+ )| VE, [Pt 10g(|VE +0(EY).
(p+1)S2/,3( MNVa vl (A Ze)) (&%)

The proof is completed by applying Lemma 4.1. O
5. Boundary estimates of the Green function

In this section we establish some technical estimates we used in the previous part. Recall that
we will denote by G (x, y) the Green’s function of the Laplace operator in €2 with zero Dirichlet
boundary condition and H (x, y) is its regular part, i.e.

1
G(xvy):wn(n_2)|x_y|n72_H(-xvy)’ (51)

where ), is the volume of the unit sphere in R".
Now, for ry > 0 we denote by

@, = {& € Q: dist(§, 0R2) < rop}.

If we will fix a ro small enough then for every &; € €2,, there exists a unique Sio € 9€2 such that
& =&+ 1;n; (&) where dist(&;, 9Q) = |& — &°| := ;. For & € Qj,, we will shall write

E =8 —un(E))

thus g is the reflection of &; on 0€2.
The following result can be consulted, for instance, in Lemma A in [1].

Lemma 5.1. Let §; € Q,, and & € Q2 then, we have that

HE +10EY), &)= =+ 0 (#) (5.2)
€1 — &2 &1 — &2

where ¢ is a positive constant.
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Let us fix & := &0 4+ (&%) e ,, close to the boundary. Consider the function I1(-, &) :
2 — R defined by

M(x, &) = PUsg(x) — Usg(x) + 8T H(x, £).

Using the maximum principle is easy to see that

n42

sup [TI(x, §)| =

xeQ

In order to prove our main results we need more information about the function I1(:, £). The
rest of this section is devoted to give a proof of the following asymptotic expansion for the
function IT(-, &) as d(&) — 0.

Lemma 5.2. For every a € (0, 1) we have that

n—2+4k

)
1§, &) —Zaock T ()/lk

k=1

( (f))+ey2 ( (‘g))x(s )+ O(e 1+“>>

for every £ close to the boundary 3S2. Here k (£°) is the mean curvature of Q at the point £°,

—n+2 _
a=("7 )= - D (B2 —k+1), and

d§), . 2d) dy’'
Y1,k ( )=

& enwy, |(y/, d(é))|2n72+2k ’
Rn—1 €

dE)  (n—2+42k)d(E)> / yidy'
[y,

VZ,k( & ):_ gzna)n 1 ®)|2n+2k.
&€

In order to prove the Lemma above, we need to introduce some notation. First notice that the
function IT(x, &) satisfies the problem

“ALTI(x, E) =0 inxeQ,
00 6/1—22+4k

H(X,E)IZQOC](W onx € 092,
k=1

—n+2-2k
where, as before, i ; is the binomial coefficient ( 12

In order to simplify the computations, for every k € N we introduce the function (-, &) :
2 — R to be the solution of the problem:

Al (x,E)=0 inx €,
Ii(x,8)= M—félﬁ onx € 3.

The proof of Lemma 5.2 follows from
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Lemma 5.3. For every & close to the boundary 9S2, we have the following expansion

d d
(£, &) = e 2k+2 (ym?) + 8Vz,k(g)l<(§0) + O(e‘+°‘>), (5.3)

where a € (0, 1), k (£°) is the mean curvature of Q at the point £°.

The proof of this lemma is similar to that of Lemma 4.4 in [9], we just give a sketch of the
argument here for the reader’s convenience: For x € R” we will write x = (x, x,) € R*~! x R.
Without loss of generality we may assume that £ = (0, &,), n(€°) = —e, and

Te00Q=H:= {(g’,gn) eR"' xR:&, > o}.
Set ¢ > 0 such that
QN B.(0) = {(x',xn) tp(x)) =xn}

where ¢ : Tgoasz — R satisfies ¢ (0) =0 and V¢ (0) = 0. Therefore

/ 1 ! 73 /
¢(X)=§(Mx,X)+0(IXI) as |x'| -0
where M := D2¢(0). As before Q; = Q2/e. We will write ¢ := %E € Q¢ and
Ry, 0) =" ey, £).

This function satisfies that

—AVE(y,0)=0 inyeQ;.,
0.0 = s ony €99

Next we analyze the behaviour of the function T,f (y,0)atyed2:N Bg (0). A straightforward
computation shows l

7 1
[6 (yv {) =
‘ 10, L (ey')) — (0, gp) |n— 22
_ 1 ~ |
(Y12 + (o (ey") — )T (YR 42— 2¢(e")n + (§¢(8y/))2)n722+2k
- (1 (10D = 20y )
(IyP2+¢0)" 5 SN
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J
0 —n+2—2k> <(é¢(8y/))2 - %d)(gy/){n)

_ 1 2
Y, G Z( j

= | &)l
_ ! LG (MY V) o <;n|y’|3+(Mycy’>2>
O, G2y g | L) 2k

here dj, := w
The last equation suggests us to consider the function ng(z, ¢) : H — R which satisfies the

problem

—Ayni(z,8) =0 inzeH,

(5.4)
ng(z,¢) =s1(z,¢) onzedH
where s (-, ¢) : 9H — R is defied by
1 di§n (M7, 2')
sk(z, = + & .
K& 0 12/, &n) P2 +2K (2, ) P2k
The solution to problem (5.4) has the explicit form
2z sk (¥, )
(e f) = 2 [ 222y
nwn ly —z|"
27n y'
= (5.5)
non NSRSl 2+2kll(y’ 0) —z|"

2zn§ndk/ (My', y)dy'
|V, )P 2K (y, 0) — 2|

We are going to use function nx(z, ¢) to make an estimation of 7;8(% Z)on QN Bc/s(go). To
do this we need to perform a change of variables. Let 7ix (-, ¢) : Q¢ N B /¢(0) — R defined by

i (y, &) ==ni (T (), ¢)

where T : Q. N B¢ ({O) — H is the function

1
O yn) =0 yn— g¢(8y’))-

The following result estimates the difference between the functions 7;((', ¢) and 7k (-, ¢) on
the set Q¢ N Be/e (¢0).
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Lemma 5.4. For every a € (0, 1) we have that

(3. ) =Tk (v, £) + O(e'*%)
uniformly on'y € Q¢ N Beje @9.
Proof. The proof is similar to that of Lemma 4.4 in [9]. O

Finally, the proof of Lemma 5.3 follows from the previous lemma, equation (5.5) and the
following computations

"R (£, 8) = T, 0)
=mk(£, )+ 0(e')

_ Z{n / dy/
" nawy, 1, S 1P~ 242K (7, 0) — (0, &)

Rr—1
L2y / My, y)dy' Lo
1y, ) [P T2K] (v, 0) = (0, &) |
2 dy' 2dy¢? My', y)dy'
:i / )’2_2 T e ké‘n / ( y y2) ka +0(8]+Ot)
nwpy [(y/, L) |22t nwpy [y, C) ]2t
Rn—1 Rr—1
2 f dy’ . 2dkcz . /
" noy ] (¥, ) [P —2F2K 1, C )|2"+2k
R
+ 0(81+(X)

1k<@)+ ey2.k( (5)>K<s°>+0(e”“>

because
/ (My', y"hdy' Z/ Mijyiyjdy”
e [(y', §)|2"+2k [(y', §)|2”+2"
—Z/ uy,dy
[y, §)|2”+2"
—Z / iy
[y, §)|2"+2k

Here M;; are the entries of the matrix M := D2¢(0).
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