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Abstract

Conservative dynamical systems propagate as stationary points of the action functional. Using this rep-
resentation, it has previously been demonstrated that one may obtain fundamental solutions for two-point
boundary value problems for some classes of conservative systems via solution of an associated dynamic
program. Further, such a fundamental solution may be represented as a set of solutions of differential Ric-
cati equations (DREs), where the solutions may need to be propagated past escape times. Notions of “static
duality” and “stat-quad duality” are developed, where the relationship between the two is loosely analogous
to that between convex and semiconvex duality. Static duality is useful for smooth functionals where one
may not be guaranteed of convexity or concavity. Some simple properties of this duality are examined, par-
ticularly commutativity. Application to stationary action is considered, which leads to propagation of DREs
past escape times via propagation of stat-quad dual DREs.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

The classical approach to solution of energy-conserving dynamical systems is integration of
Newton’s second law. An alternative postulate is that a system evolves along a path that makes
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the action functional stationary, i.e., such that the first-order differential around the path is the
zero element. This latter viewpoint appears particularly useful in some applications in modern
physics, including systems where relativistic effects are non-negligible and systems in the quan-
tum domain (cf. [7,8,10,23,26]). The stationary-action formulation has also recently been found
to be quite useful for generation of fundamental solutions to two-point boundary-value problems
(TPBVPs) for conservative dynamical systems (cf. [3,4,17,18,20]).

To give a sense of this latter application domain, consider a finite-dimensional action-
functional formulation of such a TPBVP. Let the path of the conservative system be denoted
by &, for r € [0, ] with & = X, in which case the action functional, with an appended terminal
cost, may take the form

t

J(x,z,u)ﬁ/nur)—V(é»drw(s,), (1)

0

where £ = u, u € U = L,(0, 1), T(-) denotes the kinetic energy associated to the momentum
(specifically taken to be T'(v) = %UTMv throughout, with M positive-definite and symmet-
ric), and V(-) denotes a potential energy field. If, for example, one takes v (x) = —v Mx,
a stationary-action path satisfies the TPBVP with & = % and & = ©; if one takes ¥ to be a
min-plus delta function centered at z (see Section 5.1), then a stationary-action path satisfies the
TPBVP with £y = x and &; = z, cf. [4]. In the early work of Hamilton, it was formulated as the
least-action principle [11], which states that a conservative dynamical system follows the trajec-
tory that minimizes the action functional. However, this is typically only the case for relatively
short-duration cases, cf. [10] and the references therein. In such short-duration cases, optimiza-
tion methods and semiconvex duality are quite useful [3,4,20,21]. However, in order to extend to
longer-duration problems, it becomes necessary to apply concepts of stationarity [17,19].

It is worth noting that if one defines stat,cy ¢ (x) to be the critical value of ¢ (defined rig-
orously in Section 2), then a gravitational potential given as V(x) = —u/|x| for x % 0 and

constant u > 0, has the representation V(x) = —(%)3/2u statysofa[1 — %]}, where we note
that the argument of the stat operator is polynomial. Although stationarity-based representations
for spherical-body gravitational potentials are inside the integral in (1), they may be moved out-
side through the introduction of «-valued processes, cf. [12,20]. In particular, not only does one
seek the stationary path for action J, but the action functional itself can be given as a stationary
value of an integral of a polynomial, leading to an iterated-stat problem formulation for such TP-
BVPs. This may be exploited in the solution of TPBVPs in gravitational systems, cf. [12,17,20].

It has also been demonstrated that this stationary-action approach may be applied to TPBVPs
for infinite-dimensional conservative systems described by classes of lossless wave equations,
see for example [3,4]. There, stat is used in the construction of fundamental solution groups for
these wave equations by appealing to stationarity of action on longer horizons.

Lastly, it has recently been demonstrated that stationarity may be employed to obtain a
Feynman—Kac type of representation for solutions of the Schrodinger initial value problem (IVP)
for certain classes of initial conditions and potentials [16,18]. As with the conservative-system
cases above, these representations are valid for indefinitely long duration problems, whereas with
only the minimization operation, such representations are valid only on time intervals such that
the action remains convex, which is always a bounded duration and potentially zero.

Important to this stationary-action approach for solution of conservative-system TPBVPs and
Schrodinger IVPs is the ability to propagate the stationary-action value function forward in time



W.M. McEneaney, PM. Dower / J. Differential Equations 264 (2018) 525-549 527

for indefinitely long durations. Further, for the harmonic oscillator, the quantum harmonic os-
cillator, the wave equation and the above stat-based representations for the gravitational and
Coulomb potentials, propagation forward in the case of linear-quadratic action functionals is a
key tool. This is the underlying motivation for the effort at hand.

Convex duality and semiconvex duality have proven to be quite useful in solution of optimiza-
tion problems. In addressing stationary-action problems, we have found a need for what will be
termed static duality in this context, and which is obtained via the Legendre transform. The
transform will be specifically applied in the case where the functionals are C! but not necessar-
ily convex, and this case has been well-discussed in [6], which also considered similar issues of
stationarity. In particular, we will find a minor generalization of this that is analogous to the gen-
eralization of convex duality to semiconvex duality (cf. [9,22]), where this generalization will
be referred to as static-quadratic, or more compactly, “stat-quad” duality. In a certain class of
smooth cases, static duality generalizes both convex and concave duality. However, as currently
conceived, static duality is not applicable to general nonsmooth examples. Nonetheless, it ap-
pears to be a useful aid in solution of some stationary-action problems, specifically the TPBVPs
indicated above.

2. Stationarity definitions

As noted above, the motivation for this effort is the computation and propagation of stationary
points of payoff functionals, which is unusual in comparison to the standard classes of problems
in optimization (although one should note for example, [6,24]). In analogy with the language for
minimization and maximization, we will refer to the search for stationary points as “staticiza-
tion”, with these points being statica, in analogy with minima/maxima, and a single such point
being a staticum in analogy with minimum/maximum. One might note that here that the term
staticization is being derived from a Latin root, staticus (presumably originating from the Greek,
statikds), in analogy with the Latin root, maximus, of “maximization”. We note that Ekeland [6]
employed the term “extremization” for what is essentially the same notion that is being referred
to here as staticization. We make the following definitions. Suppose ¢/ is a normed vector space
with G C U, and suppose F : G — R. We say v € argstat{ F(v) | v € G} if v € G and either

F(w)—F(v
lim sup M =0, 2)
v—1,veG\ (D} [v—v|
or there exists § > 0 such that G N Bs(v) = {v} (where Bs(v) denotes the ball of radius &
around v). If argstat{ F'(v) | v € G} # @, we define the possibly set-valued stat® operation by

stath F(v) =stat’{F(v) [ve G} = {F(¥) | ¥ € argstat{ F(v) [v € G} }. 3)

If argstat{ F'(v) |v € G} =0, stat; G F(v) is undefined. Where applicable, we are also interested
in a single-valued stat operation (note the absence of superscript s). In particular, if there exists
a € R such that statf)eg F(v) = {a}, then stat,cg F (v) = a; otherwise, stat,cg F (v) is undefined.
At times, we may abuse notation by writing v = argstat{ F (v) | v € G} in the event that the argstat
is the single point {v}.

In the case where U is a Hilbert space, and G C I/ is an open set, F : G — R is Fréchet
differentiable at v € G with Riesz representation D F (v) € U if
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lim |F(v+w)— F@) —(DF(v),w)|
w—0, +weG\(7) [w] B

0. 4)

The following is immediate from the above definitions.

Lemma 1. Suppose U is a Hilbert space, with open set G C U, and that F is Fréchet differen-
tiable at v € G. Then, v € argstat{ F (y) | y € G} if and only if DF (v) = 0.

3. The Legendre transform and stat-quad duality

Throughout this section, we let I{ denote a real Hilbert space. Also, henceforth, for functions
on real Hilbert spaces, we do not distinguish between Fréchet derivatives and their Riesz rep-
resentations, denoted by D, which may be subscripted when necessary to avoid confusion. The
following Legendre-transform result in the case of C!, but possibly nonconvex, functionals on
U =R" appeared in [6]. (See also [2,24], and in a somewhat different direction, [25].) Although
the extension is essentially trivial, a proof in the Hilbert-space case is included in the appendix.

Theorem 2. Let A, B C U be open. Suppose ¢ € C'(A: R) and [Dp]~! € C'(B; A). Then,

o (u) = stag[a(v) +(v,u)] YuedA,

where

a(v) = sta;t\[(p(u) —{v,u)] YvebhB.

We will refer to a as the static dual of ¢.

Remark 3. As an example, let A =B =R" \ {0} and ¢ () = 1/|u|, where |u| denotes the Eu-
clidean norm of u. Then, D¢ = —u/|u|?, [DP]~ ' (v) = —v/(|v|>/?) and a(v) = 2|v|'/%.

Let S70 denote the space of the space of symmetric, invertible elements of £(/; I{). In anal-
ogy to the semiconvex [semiconcave] generalization of convex [concave] duality, static duality

may be generalized to stat-quad duality. In particular, we have the following.

Theorem 4. Let A, B C U be open. Let C EAS#). Suppose ¢ € C'(A;R). Letting n(u) =
D¢ (u) — Cu forall u € A, suppose n~' € C1(B; A). Then,

RS Staé [a(v) + %(v —u,C(v—u))] VueA,
ve

where

a(v) = stat [¢ () — Hv—u,Cv—u)] VveB,

and where B={v el | —CUGB}.

We will refer to a as the stat-quad dual of ¢ (with respect to duality operator, C).
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Proof. Let ¢(u) = ¢ (u) — 3(u, Cu) for all u € A. By assumption, [D¢] ™! =n~! e C'(B; A).
Therefore, by Theorem 2, we have the static duality relationship

) =statla(z) + (z,u)] Vue A,  a(x) = Ste;tl[é(u) —(z,u)] VzebB.
zeB ue

That is,

qS(u):steg[Zz(—Cv)—(Cv,u)] YueA, &(—Cv):ste;tl[é(u)—i—(Cv,u)] YveB,

or equivalently,
d(u) = st%[c’z(—Cv) + %(u, Cu) —(v,Cu)] VuecdA,
ve

a(—Cv) = sta}‘t‘[¢>(u) — %(u, Cu) + (v,Cu)] VveB.
ue

Letting a(v) =a(—Cv) — %(v, Cv) for all v € B, one obtains the asserted result. O

Remark 5. As anexample,let A=B=U=R",P,CeS #0 and suppose P — C is nonsingular.
Let¢p € C L(R™: R) be given by ¢ (u) = %u’ Pu. Then, ¢ has the stat-dual (with respect to C)
given by
a@)=1'c(Cc-P)y'Pv=5vP(C-P)!Cu. (5)

4. Nested statica

For the application to follow, we will need to demonstrate an invariance to order in nested
staticization of quadratic functionals. We note that nested staticization appears in the use of the
dynamic programming principle for the control problems that yield solution of the TPBVPs for
conservative systems, where this may be seen in the proof of Theorem 17 below. It may also be
seen in the development at the start of Section 5.2 and in the approach to gravitational problems
indicated in the introduction (although not for quadratic functionals in this last case).

4.1. Definitions and examples

Let U,V be normed vector spaces, G CU, H <V, and F : G x H — R. Given v € H, let
f?:G — R be given by

f'w)=Fu,v) Yueg. (6)
Let

Hy={veH| statgs ') #0} and Hp={veH| staéf”(u) exists }.
ue ue

We also let statieg F(u,-) : Hp — P(R) and stat,eg F'(u, ) : Hr — R be given by
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[stat® F(u,-)](v) =stat’ f¥(u) and [stat F(u,-)](v) = stat f"(u),
ueg ueg ueg ueg
forall v e ’H}, where P(R) denotes the power set of R. We define the analogs f“(v) = F(u, v)
forall ve H, GS., GF, stat‘l‘) H and stat,c7; similarly, and do not include the details. Also, we
will abuse notation slightly by writing argstat, , F (1, v) for argstat, o, f"(u) et cetera, where

convenient.

Remark 6. It is worth noting that dom (stat‘vueg F(u, -)) = {v € H| argstat, g f"(u) # ¥},
while

dom (stat F(u, -)) = {v € dom (stats F(u, -))
ueG ueg

stat’ F(u, -) is single-valued } =HrF,
ueg

with analogous domain definitions for stat over v € H.

The term, nested statica, refers to expressions such as stat,c3;, {[stat,cg F(u, -)](v)} and
stat, g, {[stat,e3, F(-, v)](u)}, whereas the corresponding stat operation over the product space
is stat(, y)egx# F(u, v), and the natural questions regard conditions guaranteeing existence of,
and/or equivalences between, these objects.

We will find that the ordering of nesting is irrelevant when the function under consideration
is quadratic, whereas this invariance to ordering does not hold more generally. We begin with a
simple quadratic example that illustrates the invariance regardless of a certain degeneracy. This
is followed by a similarly simple cubic example where the invariance does not hold.

Example 1.Let { =V =R. Let F : i/ x V — R be given by F(u, v) = uv + v>/2. Using
Lemma 1, we see that argstat(, , ey Fu, v) = {(0,0)} and

stat  F(u,v)=0. (7)
(u,v)eUUxV

Considering nested statica for this same function, note that when v =0, f'(u) = f Ou) =
F(u,0) =0 for all u € R, which implies argstat, . £Ou) =R and stat,cr fO(u) = 0. Alter-
natively, if v # 0, then argstat, . " (1) = @. Consequently, Hr = {0} and stat,cr F(u,") :
{0} — R is given by stat,er F (1, 0) = 0. Then, by definition,

stat {[stat F (u, -)](v)} =0. (8)

veHp uceR

Next, we reverse the order of the statica in the example. Given u € R, let f“(v) = F(u, v)
for all v € R. We find argstat,.p f“(v) = {—u} and stat,eg f*(v) = —u?/2. This implies
dom(staty,er F(+,v)) = Gr = R, and on this domain, [statyer F (-, v)](u) = —u?/2. Conse-
quently, using Lemma 1, stat,cg,. {[stat,er F (-, v)](u)} = 0. Comparing this with (7) and (8),
we see that both orderings of the nesting yield the full stat over the product space in this exam-
ple.

Example 2.In order to see that the ordering of nesting can be relevant in non-quadratic
cases, again let &/ =V = R, but now take F(u,v) = u(v2 — 1). In this case, we find that
stat, g F(u,v) = 0 if v = %1, and does not exist otherwise, while stat,cy F(u,v) = —u
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for all u € U. Hence, Hr = {—1,1} and Gr = R = U. Using this, we easily find that
statye, Stat,eyy F(u, v) = 0 = stat, y)eprxy F(u, v), while stat, g, stat,cy F(u, v) does not
exist.

4.2. Nesting with quadratics
In order to obtain a general result regarding independence of nesting order for quadratic func-

tionals, we first indicate the form of quadratics that will be considered. Let I/, )V be Hilbert
spaces. Let F' : U x V — R have the quadratic form

Fu,v) =5+ (w, u)y + (y, v)y + 3(Bru, u)y + (Bov, uyy + 3(B3v, v)y 9)

+ (w, u)yy + (v, 0)y + 3 (Biu, u)y + (Byu, vy + 3(Bzv, v)y,

[\STEoY

forall u € Y and v € V, where By € L(U), By € LWV, U), B3 e LOV), weld,y eV, c R, and
() x denotes the inner product in space (X, (-, -) x') throughout.

Throughout the remainder of this section, F' will refer to a quadratic functional of the form
in (9), and we assume there exists (i, v) € U x V such that {(u, v)} = argstat, .14« F(u, v),
which implies

stat  F(u,v) = F(i, D). (10)
(u,v)eUxV

Lemma 7. Let d € V. Then ii € argstat,;; F(u, D) if and only if Biii + Bad + w = 0.
Lemma 8. Given u, v as per (10), u € argstat, o, F(u, v) and v € argstat, oy, F (i1, v).
Proof. We only prove the first assertion. By (10) and the definition of argstat for the case
dom(F(~, v)) = U, given € > 0, there exists § > 0 such that |F(u,v) — F(u,v)|/lu —u| <¢€

for all u € Bs(u), and this yields the assertion. O

Lemma 9. Let u, v as per (10). Both statieu F(u,v) and statf)ev F(u, v) are single-valued. In
addition, v € dom (stat, ey F(u,-)) and ii € dom (stat,ey F (-, )).

Proof. We prove only the first and third assertions, as the other two follow by symmetry. By
Lemma 8, using the notation of (6), i € argstat, o, F(u, v) = argstat, ., f(u). Therefore, by

Remark 6, we need only demonstrate that

stat® F(u, v) is single-valued (11)
ueld

in order to show both the first and third claims. Let i € argstat, ¢, F(u, v). By (11), it is suffi-
cient to show that F (i, v) = F (i, v). Let D € . Then by Lemma 7, (B1it + Bav + w, D)y = 0.
Combining this with (9), we find

F(u, ) — F(ii, 0) = }(Bi(u — ), u —iyyy Yuel. (12)
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Similarly, as u € argstat, ., F (4, v),
F(u,v) — F(ii,0) = X(Bi(u —it),u —it)y Yuel. (13)

Taking u = &t in (12) and u = # in (13), we see that F (i, v) — F (4, v) = F (4, v) — F(u, v), and
hence, F(u,v) — F(u,v) =0. O

Lemma 10. Let b € V, it € U, G(D) = argstat, o, F (u, ) and H(it) = argstat, .\, F (ii, v). Then
G (D) is an affine subspace of U, and F(-,d) is constant on G(). Similarly, (i) is an affine
subspace of V, and F(ii,-) is constant on H(ii). Further, if G(0) # ¥, then © € H, and if
H (i) # 0, then ii € G.

Proof. That G (0) and 7—2(&) are affine subspaces is standard and easily demonstrated, while the
second and fourth assertions follow from Lemma 9. O

Theorem 11. Let U, V be Hilbert spaces, and let F : U x V — R have quadratic form (9). Then,
statyeg, {[ statyey F (-, v)]()} = F (i1, 0) = statyep, {[ statyeys F(u, )] ()}

Proof. We prove only the second equality. Suppose © € Hp. Then, by definition, there exists
i € G(0) = argstat, o, F (u, V). By Lemma 7, this is equivalent to u = ii being a solution of

Biu + B0 +w =0. (14)

By Lemma 9, C; (v) # ¥, and in particular,

€ G(v). (15)

Also by Lemma 9, we have v € HF.
Two cases must be considered, namely, Hr = {v} and HF # {v}. First, suppose Hr = {v}.
Then, by the definition of stat, {0} = argstat, .y, {[ statyes F (1, -)](v)}, and

ﬁgﬁ {[ stat Fu,)]w}=[ steag Fu,)]®),

which by (15) and Lemma 10,
=Fu,v),

thereby yielding the right-hand equality in the theorem statement for the first case.

Now we proceed to the second case. Suppose H  # {v}, that is, there exists 0 € Hr \ {v}. By
Lemma 10, G(?) is an affine subspace, and stat, <y, F (u, 0) = F(ii, ) where @ is any element
of the subspace, which is nonempty by the fact that 0 € H . Noting (14), we take the element
of the space given by i1 = —B (B2 + w), where the # superscript indicates the Moore—Penrose
pseudo-inverse, cf. [1]. For v € HF, define the affine transformation Av + W = —B#(Bgv +
w). (The authors remark that the Moore—Penrose pseudo-inverse was employed only for the
convenience of selecting a specific affine transformation from the space; the minimum-norm
property is not used.) Subsequently, define



W.M. McEneaney, PM. Dower / J. Differential Equations 264 (2018) 525-549 533
F(v) = Stézlj[F(u, J1() = F(Av+ o, v),
ue

which using (9),

(w, Av + D)y + (v, V) + 3(B1(Av + D), Av + W)y + (Bov, Av + )y + 5(B3v, v)y,

+
+ (3, v)y + 3(Bav, v}y VveHr, (16)

I\)H\I N|ﬁ

where ¢ = ¢ + 2(w, ) + (B10, W), y =y + A'w + (A'By + B)W, and By = A'B1A +
2A’By + Bs. Note that F is a quadratic form, dom(F) = Hp and 9,0 € Hp. Let 7-Alp =
argstat, .y, {[ statyers F(u, )] (v)}.

Now let § € V be such that v + 8§ € Hp. By Lemma 7, it € g(v + 8) if and only if Blu +
Bg(v + &) +w = 0. Recalling from above that v € Hf withu € G (D), by Lemma 7 again, Bii+
B> + w = 0. Combining these last two equalities yields By (ii — it) + B»8 = 0 and we may take
Uu=1u— Eféz& Then, recalling Lemma 10 and noting that (i, v) € argstat, ,yesxy F(u, v),

[[stat F(u, )10 +8) = [stat F(u, )](@)] = |F @ = B B3, 3 +8) = F(i, 0)| < O(I81),

which implies © € Hr. i
Suppose v € HF \ {v}. By Lemma 10 applied to F, and then using (16),

F)=F@®) = stat[F (u, )1(0),
which by (15) and Lemma 10,
= F(u, ).

As this is true for all v € 7:[p, stat, ey [F(u,)](v) = F(u,v) Yv € 7:[F. Consequently,
statyeyy, {[ statyeys F(u, )] (v)} exists, and in particular, stat,ep, {[ statyey F(u,)](0)} =
F(u,v). O

5. Application to stationary action

As indicated in the introduction, a primary motivation for this effort has been the solution of
TPBVPs in stationary action, and we now indicate the approach to this application. Applying
staticization and stat-quad duality in both the harmonic oscillator and quantum harmonic oscil-
lator problems [20,21,16,18] as well as wave-equation problem classes [3,4], a linear-quadratic
problem formulation is possible. Further, as noted in the introduction, in the n-body problem
class, linear-quadratic problems appear through a numerically useful duality-based representa-
tion of the gravitational potential [12,20,21]. In all these cases, one is interested in a quadratic
functional of the control variable. Further, staticization over the control yields a functional that is
quadratic over space, where the time-dependent coefficients satisfy differential Riccati equation
(DREs) [4,20,21]. At times where the action functional has changes in convexity/concavity along
subspaces, the norm of the DRE solution typically escapes to infinity. Now, for DREs associated
to optimal control and estimation, it is meaningless to attempt to propagate past such asymptotes.
However, in the case of stationary action, propagation past such points is required for solution of
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the dynamical system problems. We will find that by propagating both the solutions of the DREs
for the static value and the solutions of the DREs for the stat-quad duals of the static value, we
may propagate past these escape times.

5.1. Action problem formulation

We consider dynamics

E =ur, (17)

where &, € R" denotes the state at time r € (—o0, 0], evolved forward from an initial state & =
x, s € (—00,0], via input u € Ly((s,0); R"). Let T = {(s,#) € R*| — o0 < s <t < 0}. For
(s, 1) € T, we also define

Uss = Lo((s.1); R?), (18)

and we let (-, -4, , denote the inner product on U ;. For (s, 1) € T, we define the basic action
functional, J9(s, 7, -, -) : R" x Us: — R, by

t

Jo(s, t,x,u)= / T(uy)—V(,&)dr, (19)

N

where & satisfies (17) with initial condition & = x € R", T denotes the kinetic energy and V
denotes the potential. Further, we will assume that the kinetic energy takes the form

T(v)=$VMv VYveR", (20)
where M € S 0 and S, 0 [SnzO] denotes the space of positive-definite [positive-semidefinite],

symmetric n X n matrices. Recalling, for example, the duality-based representation for the grav-
itational potential [20,21], we let

—V(r,x)= %a), — %x’er Vr e (—00,0], x eR", (21)

*~n
We will append a terminal cost to the functional J© for the purposes of using the action to
solve TPBVPs; see [4,5,12,20,21] foAr more information on how this allows solution of TPBVPs.
For C € S,TO and ¢ € (0, 00), let €, ¥ : R" x R* — R be given by

&C(x,z)ﬁ%@) (_CC _CC) (;‘) v =9 (. 2), (22)

while for the ¢ = oo case, we take

where w € C(R; R) and Q € C(R' 5§20y,

wOO(x,Z)i {0 lf.X:Z, (23)

oo otherwise,
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which is the min-plus delta function (cf. [13]). Throughout, for a € R, we let [a, oo] denote
[a, 00) U {oo}. For C € S 0and ¢ € (0, 00], the (appended) action functionals are

JCG bt x,u,2) =IO, t,x,u) +UC (&L 2), TGt x,u,2) =T, 1, x,u) + U (&, 2).
(24)

For C € Sn>0 and ¢ € (0, oo], the static value functionals are Wc, We:[0,00) x R" x R" - R
given by

WC(t,x,2)= stat JC(=1,0,x,u,z2), We(t,x,z) = stat JC(—t,0,x,u,2), (25)
uel_; ueld—_; 0

where existence is addressed in the assumptions to follow.

For fixed x,z € R", (s,t) € T, ¢ € (0,00], we say J(s,t,x,,z) is uniformly strictly
convex on U, if there exists k > O such that JC(s, ¢, x,u + u,z) + J(s, t,x,u — 0,2) —
2J€(s,t,x,u, z) > kl|i|? for all u, i € Uy,.

As our concern regards propagation of the static value past points where the DRE solutions
escape, we assume:

For any 7 > 0, there exists § = §(7) > 0 such that W€ exists on

(max{f — 8,0}, 1) U (7,7 +8) x R" x R". (A.1)
We remark that Assumption (A.1) requires only that the stationary value exist outside of a
nowhere dense set of times. One can look to the example in Section 5.3 for a sense of the moti-

vation for the particular assumption.
Using a straightforward adaptation of [20] Lemma 4.17, we have the following.

Lemma 12. There exists § > 0 and ¢ € (0, 00) sufh that forall x,z e R", s € (—00,0), § € (0, 5)

such that s +6 <0, C > ¢l and c € [c, 0], JC(s,s +68,x,-,2) and J(s,s + 8,x,-,2) are
uniformly strictly convex and coercive on Us g4-s.

Theorem 13. Let ¢ € [0, 00); x, z € R"; (s,t) € T. There exist v =v(x,z) € R, B € LU ;) and
B!, BZ ¢ L(RY; U 1) such that

JE(s,t,x,u,2) = % + (l:3u, u)y,, + (B'x + Bz, u)y,,
Sor all u € Us 1, where in particular, v = vy + c|x — z|H2¥,, with v| = f; wp dp.
Remark 14. For brevity of expressions, we do not explicitly indicate, in the notation, the de-
pendence on ¢ of objects such as v, B, B', B2. This policy is continued where appropriate

throughout.

Proof. We examineAeaCh of the terms on the right-hand §ide of the definition of J¢ in (24)
separately. Letting [Bju], = Mu, forall r € (s, t), we see B; € LU ), and
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t
/T(u,)dr:(l%lu,u)u” Yuel,. (26)

S
Next, using (21), we have

t

t
/—wr, E)dr =14 — %/sﬁﬂr& dr, 27

N

where vy = f; wpdp.Foru €Uy, and r € (s, 1), let [Ajul, = [ u,dp forall r € (s, 1), and note
that A; € LU, ). Further, & = x + [A1u], for all r € (s,1). Also define Ag € L(R"; U ;) by
[Apx], = x for all » € (0,1) and x € R". With these definitions, £ = Agx + Aju for all x € R"
and u € Uy ;. Recalling 2 € C(R; S,ZZO), we let [f?zé]r = Q& for all r € (s,1), and note that
éz € L(U,;). With these definitions, (27) becomes

t

/—V(r, E)dr =4 + Y(ByAox + BaAyu, Agx + Aju)y, . (28)

N
Lastly, we turn to ¥ (&, z). Note that

t

- 2 — g
WD ==zt [updol, = $be = 2l § @, +ellx = g, 29)

N

where [Au], = fst u,dp and fr =1 for all r € (s, ). Combining (24), (26), (28) and (29), and
performing straight-forward manipulations, one obtains the result. O

Letx,ze R";7>0;8 € (0,1); U =U_715).__s) and U =U_(_s) . For any u® € 4° and
ul eld!, let
Fl uy=Fu® u'i7.8,x.2,0) (30)
= I +8), =T = 8),x,u’) + T(=(7—8),0,&° ;5 .u',2)
—(t=9%) 0

= f T — V(&) dr + / T(ub) — V(&) dr + v, 2), (31)

—(f+8) —(—9)
where
L0 0 0 al 1 1 0
§ =uy, E_([_Hg) =x, § =u, and é/-:,(f,(s) = S_(,‘_(g)- (32)

Theorem 15. Let x,z € R"; 7 > 0 and § € (0, min{8/2, 8, 7}). There exist n € R, y* eU°, y' €
Uu', B, E(UO), B, € £(L{1,Z/{O) and B3z € £(L{1) (where these depend on x, z, 8, t, ¢) such that
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Fu®u'y =12+ 0% u)0 + (v ulypn + 3B u®) 0 + (Bou' u)yp0 + 3 (Bau'  u')yy
(33)

forall u® e and u' e U’.

Proof. The right-hand side of (31) is a sum of five terms, and we may address each term in a
similar way as was done in the proof of Theorem 13. There is some additional complication due
to the dependence of & I on u® (as well as u!). Because of the similarities, we examine only the
fi)(zl 5) —V(r, Erl) dr term; the other terms are similar and simpler. For r € (—(¢ — 8), 0], define
Ap:U' —> U by [Aju'l, = [T ;g up dp. By the same method as used in the proof of Theo-
rem 13 (for Ay), we find A} € L(U"). Next, define A(l) U — U by [A(])uo]r = f:é-:f)) ug dp
for all r € (—(z — 8), 0]. A similar argument to that for A% implies that A(l) e LU, UY). Using
the same Aq definition as in the proof of Theorem 13, we have &' = Agx + A(l)uo + A}ul. Also

as in the proof of Theorem 13, let [1§21$]r = Q,& for all r € (—(7 — §),0). Recalling (27) and
the above definitions, we have

0
1 N
/ ~V(r,g)dr="% — %(le (Aox + Adu® + Aluly, Agx + Aju® + A}u1>
)

EL)

ul

where v! = jf(t-_ 5) @r dr. Proceeding similarly with the other terms, and performing standard
manipulations, one obtains the result. O

Theorem 16. Let x,z € R"; 7 > 0; § € (0, min{3/2,8,7}); t € (0,8) U (F —8,1) U (7,7 + 8) and
c €[c, 00). Then, there exist v € R and P;, Q;, R; € R™*" such that

c _ D (X ' P O X n
W(taxvz)—z_'_z z Q/ Rt z vx,ZGR,
t

where b = vy + c|x — z|%, with v = fst wpdp.

Proof. Assumption (A.1) and Lemma 12 yield existence and uniqueness for W¢(z, -, -) (defined
in (25)). Then, by Theorem 13,

Wc(ts X, Z) = ESZE{at {% + %<§u’ M)LL,,O + (le + Bzzv u)Z/Lz.o}’
u —1,0

where v = v| 4 ¢|x — z|12Rn. By Lemmas 1 and 10, and letting u* = —(E)#[élx + ézz], this
implies

Wt x,2) =%+ J(Bu*, u*)y o+ (B'x + B*z,u*)y

NI
rl—

<(B)#[é1x+32z],[§1x+l§2z]> Vx,zeR*. O

—1,0

NI
=
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The next result is an adaption of the Dynamic Programming Principle to the staticization class
of problems. It is also specifically designed to allow us to propagate the stat value function across
at time, 7, where that value may not exist.

Theorem 17. Let x,z € R"; 7 > 0; § € (0, min{3/2, 8, 7}) and ¢ € [¢, o0). Then,

WG +6,x,2) = stat [J0=(+8), =T =8 x, 1) + W= 8,60, 0] VrzeR",
Uue

where S?UM) =xand £%(r) = u(r) forallr € (—( +8), —(f — §)).
Proof. By Lemma 6 of [17],

Wei+8,x,00= stat  [JU=@T+8),—(F—8),x,u
O,ulyeldO x!

+ (== 8),0,8 ;5. u', 2], (35)

where Assumptions (A.1) and Lemma 12 replace Assumptions (A.1) and (A.2) of [17]. By (30)
and (35),

We(E+8,x,2)= stat F@’ u';7,86,x,2,¢)= stat F@u’ ub)
0,ulyeldO <! (O,ul)eldO <!

which by Theorem 11,

_ RIS )
_ugggp {[ulsglljl Fu )](M )}’

where Gr = {u® € U° | stat,1 g1 F(u®, u') exists}. Noting that JO(—(7 + 8), —(f — 8), x, u?) is
independent of u 1 this is

= stat {JO(=(@F+8),—FT —8),x,u’) + stat, JE(=(-8),0,€%;_5.u', D}, (36)
U €

u%eGr
and we note that Gr = {u® e U° | stat, 1 g1 J(—(F —8), 0, SE(I-_&), u', z) exists}.

Now, by our assumption concerning § (in the theorem statement) and Lemma 12, G = Uo.
Combining this with (36), we have

We(E+8,x,2)= stat {JOU=@T+8), —(F—8),x,u’) + stat JC(—(t_—8),0,&90—76)#1,1)}
u0elf0 ulel!

= stat {JO(=(+8), ~(— ). x,u”) + W7 -5.6%; .2} O

udeld
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5.2. Stat-quad duality-based propagation

We now begin the process of obtaining Riccati differential equations for the coefficient matri-
ces in the stat-quad dual of W¢.

We assume there exists C € SnzO and § € O, 3) such that P, — C is nonsingular

Vre(@—80UGTUI+8)UI(0,Ss). (A.2)
Let 7 = (f—8,0)U(f,7+8)U(0,5 A8/2), where a Ab = min{a, b} for all a, b € R. Note that by
Assumption (A.1) and Lemma 12, W(r, x, z) exists forall r € (t =8, ) U(t, 7 +8)U(0,8) 2 T

For r € T and z € R", let 1), ;(x) = D, W€(r, x, z) — Cx for all x € R". Then, by Theorem 16
and Assumption (A.2), ﬁ,”zl e C'(R*; R"). Consequently, by Theorem 4

W, x,2) = stat {B(t,y,2) + 9 (x, )} Vx,z€R", (37)
ye n
where
B(t,y,2) = st {W(t,x,2) =, )} ¥y zeR”, (38)
xeR”

where we note}hag B(t, -, -) is quadratic (see Remark 5).
Let 6 € (0,6 A5/2). By Theorem 17 and (38)

B(+3,y,2) = stat stat [WOGF—8,€%; 5.2+ (=T +8),—(F—8),x,u") =¥ (x, )],

xeR™ ;0140

which by (37),

_ 7 _ 7.C 0 0/ (7 _(F_ _aqC
= stat st st [BE =30, + 9 €y m + I E+8), ~F =850 = FC(x.)],

Note that the term in brackets is a quadratic function of x, u, n,Y,Z, and that in the case of
a quadratic functional, the existence of the nested stat over u® € & and 1 € R” implies the
existence of the stat over the product space. Consequently, by Theorem 11, we can reorder the
stat operations, and this becomes (using the symmetry of V€ inits arguments as well)

B+, y,2) = stat stat{ st [J0(=( +8), —(7 = 8), x,u)

xeR” negn uVelf!

+YCE ]+ B =610 =P 1),
for some affine subspace, Qn C R", and this is,

— stat stat {WC(Z(S,x,n)—i-B(f—(S,n,z) —&C(x,y)}, (39)
xeR? ﬂ€g~n

where existence and uniqueness of WC(Z& X, n) is guaranteed by the indicated bounds on § and
Lemma 12.
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Lemma 18. Let r € (0,25 A 8) and x, n € R". Then,

5 C v, ' ﬁr Qr X
wonns (G DE)

where
Po=—00=Ry=C, (41)
ﬁrz_ﬁrM_lﬁr _Q—r—(t_—(S)v Qrz_ﬁrM_IQr7 (42)
r
Iér = _Q;M_l Qra b = f W_p_(1-8) dp. (43)
0

Proof. This is a minor application of existing results [17]. For r € (0, 28 A ), let P, Q R, D
be given by (41)—(43), where existence is guaranteed by Assumption (A.2). Let W(r x, 1) be
given by the right-hand side of (40) for all r € (0,28 A §) and x, n € R”. One easily sees that w
satisfies

0= st%t [T(v) —Vir,x)—W.(r,x,n) + (Wi, x, n))/v]; r e (0, 28 A 8); x, neR";

veR”

WO, x,n) =9 x,n; x,neR".

Then, by Theorem 8 of [17], VT/(r,x, n) = VT/C(r,x, n) for all r € (0, 28 A 8); x, neR". 0O

Similarly to Lemma 18, for all r € (0, 5), P, O, R, v of Theorem 16 satisfy

Py=—Qo=Ro=cl, 44)
P’ =_P”M71Pr — Q2 Qr =_PrM71Qrv (45)
=-oM'Q,, ﬁr=/w_pd,o. (46)

0

Note that without loss of generality, we may take §=28=25. Combining (39) and (40), we

have
;oA N
- X Py Oz (x
B(t+8yz)—stat stat B(t—8,77,z)+l< ><A P )( )
xeR" peg, >\n Q5 Ras ) \n

SIOTCI 6] FES

We needAan expression for the coefficients of quadratic B(r, -, -) obtained from those of
quadratics Wc(r, -,-) and/or W¢(r, -, -) for r such that the objects exist. The following is eas-
ily verified.
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Lemma 19. Suppose

1 Ca(x\( Qi Qo <X) v n
Q(x,y)—2<y) <(Qi2), Qé,z) y x,yeR",

and

l 2 2
2 1y Qi1 Qia\ (v n
Q (y,z)—2<z) <(Q%’2), Q%,z) <z) Vy,zeR",

541

where S = Qiz + Q%’l is nonsingular. Let Q(x, z) = statycgn [Ql(x, y) + Q3(y, z)]. Then,

’ 3 3
3 _1(x Q1,1 Ql,z X n
Q (-xvz)_2<z> ((Qiz)/ Q%z) (Z) VX,ZGR )

where

3 1 I g—l,p1 3 1 g—1p2
Q1,1 = Q1,1 - Q1,2S (Ql,z)/’ Q1,2 = _QI,ZS Q1,2’
03,=03,- (01,5701,
The following is immediate from Theorem 4 and Lemma 19.

Lemma 20. Suppose W (r, -, -) has form

wera=4(3) (5 &) (3) %

and let B(r, -, -) be the stat-quad dual of W given by (38). Then,

B(r,y.2) =3 (i) (;7 ﬁ:) (i) + %

where the dual coefficients are given by

4, =—C—C(P,—C)'C==C(P,—=C)"'P,==P.(P, - O)'C,

:Br =—-C(P — C)_lQra Yr =R, — Q:’(Pr - C)_lQr,
f)rBivr.

Further,

P,=C—C(a,+C)'C=Clay +O) 'y =y (ay + )" C,
0,=Clar+0O) ', Ry =y — Blar +O) 'y

(48)
(49)
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We will develop dual DREs for the «, 8, y coefficient functions of time. We begin by applying
Lemma 20 to (47), we have

/
7 (VY (Ys Birs \ (V) L s
( »D=2 <Z> <'Bzi+3 Vt'+8> (Z) 2
/ _ B , A R
= (1) (2 50) () 440) (& R0
xeR" peg, < Bis vi-s) \z n Qhs Ros ) \n
/
X C _C X Gt!i& \:'25
(Y) (—C C)(y>}+2+2’
which by Theorem 11,

_ () (@-s Bi-s\(n 1 (xY :25 Q:25 x
_ns;gtniz (Z) (‘BII—S Vfﬁ) (Z> +xS€tﬂa§t”|:2 (’7> ( hs Rza) (7’/)
S0 OO Hes

where én is an affine subspace of Gn. Also, using this, (43) and (46), we see that

D=

1468

0P s =08 54 Do = / _pd,o—l-/a) (p+;_5)dp=fw_pdp. (51)
0 0

Now, applying the expression given in Lemma 19 for the stat-quad dual (38) on horizon 24,
to the last two terms in the brackets in (50), we have

1 <y>/ (O‘t+6 ﬁz+a> <y>
2\z) \Biys virs ) \z
_ () (@i-s Bizs\(n\ _1(y\ (G2 B\ (> ’
s fO) GO0 G 20 @

where we note that the zeroth-order terms have cancelled and

Qa5 =—C—C(Pys—C)"'C==C(Pps — C) ' Py = —Pos(Ps —C)IC,  (53)

Bas = —C(Pys — O) " 025 (54)
P25 = Ras — Qs (Pas — €)' 0ns. (55)

Noting that the term in brackets in (52) is quadratic and defined for all 5, y,z € R", we see
that G, = R", and consequently, we may replace statnegn in (52) with stat,cg». Then applying
Lemma 19 to the right-hand side of (52) with this change in the set over which stat is taken, and
equating like terms, we have
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<0!f+a ﬂms) (25 — Bos(ar_s +729) ' B —Bas (s + 25) " Bis (56)
/ - A~ 15 A — 3
Birs Vits —B_ (s +712) By vies — Bi_s(@is + 125) Bis
which implies
Qips — Q5 = —aj_s + Qo5 — Pas(ei_s + P25) ' Bbs, (57)
Biss — Bims =—[1 + Bos(a7_s + 7725)71]/3115’ (58)
Vivs — Vies = —PBr_s(@i_s + 725) " Br_s. (59
Therefore,
a; = lgiir(} 21—5[ — a5 + @ — Pas(a_s + )725)_1355], (60)
Bi = lim 351 = (I + Bas (s + P25) ") Bi—s ] (61)
. 1: 1 / _ A =1
yi=lim 55| — Br_s(07_s + 725) "' Br—s], (62)

840

if the limits involved exist.

Theorem 21. Let «, B, y be the time-dependent coefficients in the stat-quad dual of W (i.e., given
by (48)—(49)). If a, B, v are continuous at t, then they are differentiable there, with derivatives
given by

dt_ = —OllT[M_l + C_IQ_t‘C_l]Olt‘ — Olt'C_IQ_t' - Q_fc_lat_ - Q—t_’ (63)
fi=—af M+l 07 B - 9 C7 B (64)
yi=—p M+ ;¢ 1B (65)

Proof. We consider each of the three assertions separately, and begin with (65). By (41) and
(42),

.1 p T 5 5 -1
%lil(’)l %(Pzg —-0)= %lil(’)l ﬁ[Pzg — P)l=Py=—CM ™ 'C—-9_;. (66)
Using (53)—(55),
lim S (7_s + 725) ™" = lim(28a_5 + 2875) "
lim 25 (o5_5 + V28) 5%1( o7 +28y25)
. - A - 11 A 1-1
= %‘fg [28a_s + 28 Rps — Qhs[28(Pas — C) ™' 0as] ™,
which by the assumption of continuity of « at  and (41), and then using (66),
=—c—1[?ﬁ}%(ﬁ23 —ojc !t =M+ e ;7 67)

By (62) and the assumption of continuity of 8 at 7, and then using (67),
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Vi = —Bilim g5 (a7 + 920) " By ==l MTT + CTI 2 CT B (68)
which is (65).

Next, by the assumption of continuity of the dual coefficients applied to (61), and operating
under the assumption that the limits exist (until reaching expressions guaranteeing their exis-
tence),

pr = —{ %i&r)l 2—15[1 + Bos(ar_s + 1725)_1]}/35
=—{ !Slﬁ)l 5[ (@5 + Pas + Bos) (s + 25) '} B
which by the continuity assumption and (67),
_ BTN 5 14010 -4
= —{[o +1im(Ps + Bop) [ M + CTr 2 C ] By (69)
Now, by (53)—(55),
lim (s 4 Bos) =1im [Ras — (Qhs + C)(Pas — C) "1 00s].
51?(}(7/25 + Bas) 81&}[ 28 — (@5 + C)(Pas )~ 02s]
which by (41) and (66),
1A -1 h -1
=C+ [%%ﬁ(g/za + C)][la%ﬁ(st -0 ¢

=C —[lim L0 +O][em'c+a ] 'c (70)

Using (41) again,
%iggz—g(QQﬁC):QFCM*‘C. (71)
Substituting (71) into (70), we have

lim(72s +hs)=C—CcM'c(cM'c+a_;)'c (72)

Substituting (72) into (69) yields
pr=—{ler+C—cMm'c(cMic+a ) c| M + el e ) E
= —a;(M'+ i@ ;e g - C7 B, (73)

which is (64).
Lastly, we turn to the first assertion. From (60), and again operating under the assumption that
the limits exist (until reaching expressions guaranteeing their existence),

b7 = { 1im 2 [ (625 — 7_5) (Bhs) ™" (75 + P2s) — Pos | }[lim 55 (cr7_s + 725) " ][ 1im 28 B5s ).
510 510 510
(74)
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By (54),
lim 2625 = —C[lim 35 (P — O] " lim O,
which by (41) and (66),
=—C(CM'c+plc=—M"+c ' ;cH N (75)
Substituting (67) and (75) into (74), we have
@ =—{ laiﬂ)l 35 [ (@25 — 07_5)(Bos) " (s + Pas) — Pos ]}
which upon expanding and applying (75) again,
=—a;M '+l ;e e + laif(r)l a5 e (Bhs) ™' Pas — Gos(Bhs) s
+ %iﬁ)l 35 [ Bas — G2s (Bys) "' s ). (76)
Applying (53)—(55) to terms in the first limit in (76), we have
lim 3 o5 (Bos) ™" s — s (Bhs) ' eti_s)
=o;C™! {Sif(f)l [ (Pas — O)] + %iﬂ)l [ sC7 005 — Pas(Qhs) "o 5],
which by (66),

=—o;C N (CMTIC+Q p +%ii1012—15[0l5—ac_1Q25 — Prys(0hy) i) 77

However, note that lims o [o7_sC ! Oas — 1325(@/25)’1015_5] =0, and consequently,
lim 5505 C ™" 025 — Ps(025) ™ty
= %i&} s [er5sC 7 025 — Pas(Qh) a5 — (e7C ™' Q0 — Po(0)) ' e7)]
= D arosC 0 = PO ]|
dr i=r/ " T i=r/ r=0
= a;C™' Qo+ PoC ™ 'a; + 0y C s,
which by (41)~(42),
=M~ IC —(eMTIc+Q pC o+ CM ;. (78)

Combining (77) and (78) yields



546 W.M. McEneaney, PM. Dower / J. Differential Equations 264 (2018) 525-549
laiﬁ)l a5 (Bhs) ™' Pas — Gos(Bas) s
=—a;C(CMTICH+ Q) +aMIC—(CMTIC+Q_HC  a; + CM oz, (79)
Now we turn to the second limit in (76). Note that by (53)-(55),
Bas — G2s(Bos) ' P25 = Qos — Pas(Qhy) ' Ros — 0, as 8 0.
Consequently,

tim 5 [Aas — s Bs) ' 7s] = [0, - £(0)) ]

r=
= éo - léo(Qf))*]I%o + Po(0)) ™! Q;E)(Qé)flléo - f’o(Qf))*lIéo,
which by (41)—(43),
=—(CMIc+Q )+ M Ic=-Q_;. (80)
Substituting (79) and (80) into (76), we obtain
d;=—o;M '+ Qi C Yo —oiCTIQ - CT s — Q5. O
5.3. Propagation example

Even simple stationary-action problems tend to exhibit finite escape times. The classical
mass-spring problem with mass, m, and spring-constant, K, is an example. As noted in [17,
19,20], the stationary-value, with terminal payoff 1/, is easily calculated to be W™ (¢, x, 7) =
ci[cot(@r) (x2 + z%) — cosec(@t)xz] where ¢; = ~/Km and & = /K /m, which has finite escape
times, f, satisfying @t = kxr, k € N. Examples with time-dependent Q2. and w. in the potential-
energy term can be found in [20,21].

To indicate the usage of stat-quad duality as a means for propagation of such solutions, we
consider the simple example given by 7' (v) = %|v|2 for v € R? and

/
X 4 1 X
o=t (1) (12)(2)

In this case, WC(t, x, z) = %x’P,x —x'Qiz+ %z’R,z, where, taking ¢ = 100 in this example,
PO = —QO = R() =cl = 100], and

P:_PtZ—Q, Qt:_PtQtv Rt:_Q;Qt (81)

Fixing dualizing matrix, C € S;°°, which in this example is taken to be C = 21, the stat-quad
dual coefficients satisfy

d,:—atlga,—a,C'*lQ—QC'fla;—Q, (82)

fr=—a KB —QC '8,  yi=—-BKB, (83)
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Components of Pt

Fig. 1. Three distinct components of Py and o .

where K = I + C~'QC~!. Noting the Bernoulli substitution form (cf. [14]) for the DREs gen-
erating P, Q, R, which is a double-dimension linear system, the solutions for P, Q, R will be
periodic. (It is worthwhile mentioning that the Benoulli substitution and symplectic semigroup
approach can be used to obtain other means for longterm propagation of solutions to DRE:s, cf.
[15].) Given the algebraic expressions for the coefficients of the stat-quad dual from Lemma 20,
the escape times for the DREs generating «, 8, y will be periodic as well. Let the escape times
for P, O, R be {fk},fil and those for «, 8, y be {fk},fil. Suppose we wish to compute the solution
on [0, T]. We suppose that there do not exist finite escape times that are common to both the pri-
mal and dual space quantities (i.e., there do not exist kp, ko such that 7y, = fka € (0, f‘)). In this
case, we may propagate by (42)—(43) ((81) in the example) away from the 7, and by (63)—(65)
((82)—(83) in the example) in neighborhoods around the 7;. One may transform back and forth
between the original and dual coefficients via the equations of Lemma 20. Representative com-
ponents of the solutions for this example, computed using this method, appear in Figs. 1. The
figures are intended to give a sense of the ability to propagate across escape times.

Appendix A. Proof of Theorem 2

Proof. Let u) = [Dp]1~ ' (v) for all v € B. Noting that this implies uy = argstat, . 4[¢ (u) —
(v, u)], we have

a(v) = sta:ét‘[¢(u) —(,u)l=0W}) —(v,u}) VvebB. (84)
ue

By assumption and the definition of ),
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Dyu} = Dy{[D¢] " (v)} exists Vv € B. (85)
Fix u € A. Suppose v = D¢ (1) € B3, and note that this implies
Uy =u. (86)
By (84), (85) and the assumptions, for any v € 15,
Dyla(v) + (v, u)] = Dyl¢ (uy) — (v, uy) + (v, u)] = [Dyuy (D (uy) — v) +u — uy,
which by the definition of u},
=u—u. (87)
By (86) and (87), v € argstat, .gla(v) + (v, u)], which implies

argstatfa(v) + (v, u)] #@, and u — u§ =0 Vv € argstat[a(v) + (v, u)]. (88)
veBB veB

Noting that (87) implies existence, and then applying (84) and then (88), yields

stat’[a(v) + (v, u)] = {a(®) + (U, u) | ¥ € argstat[a(v) + (v, u)]}
veBB velB

{p?) — (0, ul) + (0, u) | b € argstat[a(v) + (v, u)] }

velB

={pw)|ve args;at[a(v) +u)l}=¢w. O
ve
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