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Abstract

This paper deals with a 1/k%-type length-preserving nonlocal flow of convex closed plane curves for
all @ > 0. Under this flow, the convexity of the evolving curve is preserved. For a global flow, it is shown
that the evolving curve converges smoothly to a circle as t — co. Some numerical blow-up examples and a
sufficient condition leading to the global existence of the flow are also constructed.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

Let @ > 0 be a constant, which can be arbitrary, and let yy C R2 be a given smooth convex
closed curve parametrized by X (¢) : ' — R?. We study 1/«®-type nonlocal length-preserving
flow of the form
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X(,0)=Xo(p), ¢eS,
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where, in (1), x (¢, ) is the curvature of the evolving curve X (¢, t); L(¢) is the length of X (¢, 1);
Nin (@, t) is the inward unit normal of X (¢, t); and the integral f ds is with respect to arc length
parameter s. For time 7 > 0, a family of smooth convex closed curves X (¢, 1) : S! x [0, T) —
R? is said to evolve by the flow if it satisfies the initial value problem (1) on the domain S' x
[0, T"). For simplicity, we also say that X (¢, t) : S! x [0, T) — R? is a convex solution of (1).

Note that the flow (1) is parabolic in the sense that the curvature term F (k) := —« % in the
speed function of (1) is a strictly increasing function of « € (0, co). Similar to the discussions
in [7] (using Leray-Schauder’s fixed point theory), or in [6] (using the linearization method),
or in many other nonlocal flow papers, there is a unique smooth convex solution of (1) defined
on S! x [0, T) for some short time T > 0. Therefore, we have short-time existence of a convex
solution to (1).

Our goal in this paper is to understand the long-time behavior of the flow (1). There are two
aspects:

The noteworthy feature of the 1/«x%-type nonlocal length-preserving flow (1) is that a singu-
larity (curvature blow-up to +00) can happen in finite time even if the enclosed area A (¢) is
increasing and the isoperimetric ratio L2 (1) /4w A (¢) of the evolving curve is decreasing during
the evolution (so the curve X (-, ¢) is getting circular in the isoperimetric sense!). For the case
o =1 in (1), the formation of a singularity has been shown to occur for some initial convex
closed curves; see [11]. In Section 5, we shall give an intuitive example (using ellipse as the
initial curve) to demonstrate the formation of a singularity in finite time and also provide some
numerical blow-up examples.

Due to these blow-up examples, the optimal result we can prove is that, as long as the curvature
k (-, t) does not blow up in any finite time, the solution X (-, ) of the flow (1) converges smoothly
to a fixed circle with radius L (0) /27 as t — oo. See Theorem 2.4. For convenience, we also call
(1) a global flow if it exists in time interval [0, 0o). Assume the flow (1) is global, the key step in
the proof of Theorem 2.4 is to show that the function v (¢, 1) := 1/k* (¢, t) (the solution to the
quasilinear equation (10)) tends to the constant (L(0)/2m)% as t — oo. It is first shown that the
WZ*Z(S 1y-norm of v is uniformly bounded (see the proof of Lemma 3.1). For the case @ > 1, one
can use the fact that the area functional A(¢) is increasing to prove the convergence of v (-, t) (see
Lemmas 2.1, 3.9 and 3.11). For the case 0 < @ < 1, we adopt an interesting geometric method
which relies on the Green-Osher’s inequality for convex closed plane curves and the classical
Blaschke Selection Theorem in the theory of convex geometry (see Lemma 3.12).

The work on the flow (1) is a continuation of our previous works in [5,10—12]. For a brief sur-
vey on other related nonlocal flows of convex closed curves, please see the introduction section
in [5,12,13].

2. Properties of the flow (1)

It is well-known that if X (-, ¢) : ' x [0, T) — R? is a family of evolving simple closed curves
(not necessarily convex), its length L (z) and enclosed area A (¢) satisfy the following equations:
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dL dA
E(I):_ / (W, kNiy) ds, E(t):_ / (W,Nin)ds, 1€[0,T), 2)
X (1) X(-.1)

where W = 0X/0¢ is the velocity vector of X and (,) is the inner product in R2. By (2), we
have:

Lemma 2.1. Assume X (¢, 1) : S x [0, T) — R? is a convex solution of (1). Then we have

L =0, Vtel0,T) 3)
E( ) =0, € [0,
and
d—A(t)z /;f“(-,t)ds—M / K7 ds >0, Vrel0,T). 4)
dt 2

X(.1) X1
Moreover, we have d A (t) /dt =0 if and only if the curve X (-, t) is a circle.

Proof. By (1) and (2), we have

dL 1
E(I):—/‘ e / K 7Y Dds — kT | keds
X (1) X (1)

1
= //c]*a(gt)ds— —/Klf‘)‘(gt)ds 27 =0
2

X (1) X(.1)

and

dA 1
E(I)=—/‘ - / K7 Dds — k7Y | ds

X(.1) X(.1)

_ / —a L (t) 1—«
= kY, Hds — —— K Y, t)ds. 5
2

X(.1) X(.1)

To see that we have d A () /dt > 0, we use the outward normal angle 6 € [0, 2] to express the
right hand side of (5) as (note that we have ds = k1do and L (t) = fozn k1 (6,1)do)

dA L
0= / K_a(~,t)ds—% 19 s
() X(n)
2 2 2 2

1 1 1 1
T om /dQ/K"‘“(Q,t)dg_/.K(Q,l)deflf“(e,l)de ©
0 0 0 0
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and by the Holder inequality, we have

2w 2 at1

1 1\ «
/ do < /( ) do (2m)a+t
Kk (0,1) Kk (0,1)
0

0

and
2 2 il a+1

/ L e < /( L )Tde Q)@ |
K% (0,1) K% (0,1)
0 0

The above two inequalities together imply d A (¢) /dt > 0. Moreover, we see that dA (t) /dt =0
if and only if both inequalities are equalities, which implies « (6, t) is a constant, i.e. acircle. O

As an immediate consequence of Lemma 2.1, we have:

Lemma 2.2. Assume X (¢, 1) : S' x [0, T) — R? is a convex solution of (1). Then

2
Lt)y=L0) and AQOQ)<A@) < L47(TO), Vtel0,T) @)

and the isoperimetric ratio L2 (1) JAT A (t) of X (-, t) is decreasing in t € [0, T). Moreover, it is
strictly decreasing unless the initial curve X is a circle (which is an equilibrium solution of the

fiow (1)).

According to the explanation in Section 1, for given initial convex curve Xg, the flow (1) has
a convex solution X (¢, 1) : S! x [0, T) — R? defined on some short time interval [0, 7). The
curvature « (¢, t), in terms of the outward normal angle 6 € S 1 of the convex curve X (p,1),
satisfies the evolution equation (see [3,2] for computational details)

2

1
—/K‘“(@,t)d@ -k %0,1) ,
2

0
©,1) e S x1[0,T), (8)

z—'; O.0)=k>0.1) | (—k790.D),, +

where k (6,0) = ko (0) > 0, 8 € S', is the curvature of X. To obtain a better-looking evolution
equation, we look at the radius of curvature p (6, ) :=1/k(6,t) and get

2

I/p“(Q,t)dQ, 0,1 €S x[0,T) 9)

dp o o
5, 00 =(0")gy 0.0+ %0, 1) —
0

with p (6, 0) = po (0) = 1/k¢ (). In particular, if we let v (6,1) = p%(0,1), a > 0, we get
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2
ov 1 -
— =av’ (g +v—21@), v=v,1), p=1——, A(t):—/vd@. (10)
at o 2

0

At this moment, we may use equation (9) to give an intuitive explanation why the curvature
k (6, t) can blow up in finite time. Roughly speaking, when the curvature « (6, t) is large on some
interval of 6, (where k (64, 1) = kmax (¢)), the function p (6, t) is small on that interval. Hence
the diffusion term (p%)gg (6, t) is also small (positively) and it does not help here. The nonlocal
term —A (¢) will make p (6, t) to become even smaller, causing p (6, t) to drop to zero (i.e.
curvature blow-up) in finite time.

Remark 2.3. Instead, if we consider the «*-type nonlocal length-preserving flow, the evolution
of the curvature « (0, t) is given by

2

oK o o 1 o
E(O,Z‘)ZKZ(@,I)[(K )oo (0.0 + 6% ©.1) =1 ()], «>0, )»(I)ZE/K 6, 1)do.
0

When the curvature « (6, t) is large on some interval of 8, (where k (0, 1) = kmax (¢)), the diffu-
sion term (k%)gg (64, 1), o > 0, is also large (negatively), which will prevent the blow-up of the
curvature and eventually we have convergence to circle. See [12].

As explained in the above and in Section 1, a singularity (curvature blow-up to +00) can hap-
pen in finite time under the flow (1). Therefore, the optimal result we can obtain is the following:

Theorem 2.4. Assume o > 0 and Xo (@), ¢ € S', is a smooth convex closed curve. Consider
the length-preserving flow (1) and assume that the curvature x will not blow up to +oco in
any finite time during the evolution. Then the flow exists for all time t € [0, 00) and is length-
preserving. Each X (-, t) remains smooth, convex, and it converges to a fixed round circle with
radius L (0) /27 in C*° norm as t — o0.

Remark 2.5. For the case « =1, see [10].
3. Proof of Theorem 2.4

We shall decompose the proof of Theorem 2.4 into several lemmas. The first one is to show
that if the curvature « will not blow up to +o0 in finite time, then it will not drop down to O in
finite time either.
3.1. Uniform convexity of the evolving curve; lower bound of the curvature
Lemma 3.1 (Lower bound of the curvature). Let X (¢, 1) : S* x [0, T) — R? be a convex solu-

tion of the flow (1). There is a positive constant C > 0, which depends only on the initial curve
Xo and is independent of time T, so that we have

K(p,1)>C>0, VY (p,1)eS' x[0,T). (11)
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Proof. The idea is to use the fact that the curve X (-, #) has fixed length and to derive an integral
estimate analogous to Lemma 4.3.5 in [3]. In the following computation, we shall express the
curvature « and the functions p and v in terms of the outward normal angle 6 € S'.

By (10), we have

d (ov)? T rov 32 9 7o 9
< ) -2 d0=2/ AL A d9=—2/ ) Zag
dt 20 90 000t ot 962 ot
0 0 0
T o 5 2 F e v a(F)
=—2/ v P2 —”d@:——fﬂ’ ) I /vd@
o ot ot o ot 2w dt
0 0 0
2 2
1 d
<——— vdb | . (12)
27 dt
0
Integrating the above inequality with respect to time on the interval [0, ¢] gives
2 2
9 2
/ 22 a0 - / v2do
a6
0 0
2 2 2 2 2 2
< / 0\’ 1 /( )2do | — = / o / do
— — [ ( - — v — v
= 36 0 2 0
0 0 0 0
2 2 2 2
<[ 900" 4p 4+ / do C (13)
— — v =
=/ oo 2 0 0
0 0

where vg () = v (8, 0). Therefore, there exists a constant C¢ given by (13), which depends only
on X and is independent of time, such that

2 2

2
/(g—; (9,r)) d@f/vz(é?,t)d9+Co, Viel0,T). (14)
0 0

For each r € [0, T) and each § € (0, 27), define the number

,0:3" (t) = sup{b|p(@,t) > b on some interval of & with length §}. (15)

Intuitively, we see that for § close to 0, p5(¢) is close to pmax(t) = maxgycg1 o (0, ) and for §
close to 27, pj(t) is close to pyin(t) =minyg1 o (0, 1).

For given § € (0, 27), one can choose a subinterval (8, 62) C [0, 2] with length § so that
p(8,1) > p5(2) in (61, 62) and p(01,1) = p(62,1) = p5 (1). By
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2 6>
L(t):/,o(@,t)d@:L(O)zfp(e,t)dQzﬁpg‘(t), Vielo,T),
0 01

one obtains the inequality

pg‘(t)f%o), Viel0,T), ¥ée(0,27), (16)

and thus p(0,1) < %O) except on intervals (01, 6>) with length less than or equal to §. In other
words, if there is some interval I = (01, 6) C [0, 2] such that

L(0) L(0)
pO.1)>—=, VOl and pO1,1)=pb21)=——,

then by (16) and the definition of pj (t), we must have |I| < §. On such a small interval I, we
have

1
0 2 2

o _ _ av L(O) “ dv ’
o (971)_U(Q,t)—U(Ql,t)‘f‘/@(e’t)def(T) + /8 /(@(9,0) deo
01 0
1
w 2
s(?) +/8 /Uz(G,t)dO—i-Co . Yoel=(61.6), a7

0

where the inequality (14) is used in the last step. By (17), the function vyax(¢), ¢ € [0, T),
satisfies

o 1 o
Vmax (1) < (%0)) + \/g[zn(vmax(t))z + Co]2 < <¥) + x/E(x/Evmax(t) +\fo).

(18)
Choosing § =1/ (87), we get

vmax(t):<K -l(t)> 52(871L(0))“+‘/2C—72, Vtel0,T). (19)

Therefore, the function v (9, ¢) has a time-independent positive upper bound, so does p (0,¢) =
1/k (0, t). Consequently, the curvature « (6, ¢) has a time-independent positive lower bound. The
proof of (11) is finished. O

3.2. Long-time existence of the flow (1)

Lemma 3.2. Let @ > 0 and Xo (¢), ¢ € S, be a smooth convex closed curve. Assume X (p,1):
S1x [0, T) — R? is a convex solution of the flow (1) such that its curvature k (¢, t) will not blow
up to +00 ast — T. Then the evolving curve X (-, t) converges to a smooth convex closed curve
X (-,T)ast — T and the flow (1) can continue beyond time T.
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Proof. On the domain S' x [0, T), by the assumption and Lemma 3.1, the curvature « (6, t)
has uniform positive upper and lower bounds, which means that the equation (10) is uniformly
parabolic on S! x [0, T') with the nonlocal term A (1) = (27) ™! fozn v (0, 1)d6 > 0being bounded
on [0, T'). The usual parabolic regularity theory can still be applied to a nonlocal equation of the
form (10) and guarantee that all space-time derivatives of v (6, ¢) are bounded on S' x [0, T),
which in turn implies that all space-time derivatives of « (6, ¢) are uniformly bounded on the
domain S! x [0, T) (presumably, the bound on each derivative of « (4, t) may depend on the
order of differentiation and on 7). By the well-known Arzela-Ascoli theorem, one can conclude
that there exists a smooth positive function «7 (6) on S1 such that

Tim ik 0, 1) = k7 @) llen(s1) =0, v m e {0} JN. (20)

More precisely, for any sequence #; — T there exists a subsequence, which we still denote it as
tx, where tp — T, such that « (6, t;) converges uniformly to some function «7 (6), which is at
least continuous. Next, we note that if there are two sequences #;z — T and f,, — T such that
Kk (0,t) — k7 (0) and k (0, t,,,) — K7 (0), then by the mean value theorem

9
e (0, 11) — K (0, 1)| = 8—1;(9,1*)-(tk—tm) . 1, lies between 74 and 7,,,

we have lim, .7k (0, tx) =1limy, .7 « (6, 1,,) and so k7 (9) = k7 (8). This observation guaran-
tees that we have full-time uniform convergence to the same limit k7 (0), i.e. lim;—. 7k (0,t) =
kr (0). If we apply the same argument to the function «y (6, ¢), we can obtain the full-time
uniform convergence of «g (6, t) to some function g (6), which is at least continuous. Standard
theorem in advanced calculus tells us that g (6) = «7 (0) (i.e. k7 (f) must be differentiable).
Therefore, we have the convergence result in (20) for m = 0 and 1. Repeating the process to
kog (6,1), koo (0,1), ..., etc. will give us the convergence result in (20) for m =2, 3, 4, ...
Finally, since X (-, T') is a smooth convex closed curve, one can use it as the new initial data
for the flow (1). By the short-time existence property as explained in Section 1, the flow (1) can
continue beyond time 7. The proof is done. O

As an immediate consequence of Lemma 3.2, we obtain:
Lemma 3.3 (Long-time existence of the flow (1)). Assume o« > 0 and Xo(¢), ¢ € S', is a
smooth convex closed curve. Consider the length-preserving flow (1) and assume that the curva-
ture k of X (-, t) will not blow up to 400 in any finite time during the evolution. Then the flow

has a unique convex solution X (¢, 1) : S' x [0, 00) — R? defined for all time.

Remark 3.4. However, at this moment, Lemma 3.3 cannot exclude the possibility that the cur-
vature may blow up to +00 as t — co. We will show that this cannot happen in Section 3.3.

Proof. This is a straightforward consequence of Lemma 3.1 and Lemma 3.2. O
3.3. Convergence of the flow (1) under the global existence assumption

In this section, we will show that the flow (1) converges to a circle if it exists on the time
interval [0, 0o) (which is so if the curvature « of X (-, #) will not blow up to +o0 in finite time).
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The proof is divided into two cases: the case o > 1 and the case 0 < o < 1. We first show
that the radius of curvature p (0, f) converges to a positive constant po, = L (0) /2. Using this
fact, one can prove that the norm || X, (-, ) ”C"( st) of the flow decays exponentially in time. The
convergence of the evolving curve X (-, t) is obtained by integrating the flow equation (1) with
respect to time.

The following two useful properties will be needed later on. We leave their proofs to the
readers.

Lemma 3.5. Let {h, (x)};2, be a sequence of differentiable functions defined on the interval

[a, b] C R. If there exist constants C > 0 and p > 1, such that

b
/\h; @|Pdx<C, Vn=1,23, .., (21)

a

then {hy, (x)}2 | is equicontinuous on [a, b].
Remark 3.6. The condition p > 1 in Lemma 3.5 is necessary.

Lemma 3.7. Let g (t) > 0 be a differentiable function on [0, 00) with fooo g (t)dt < oo. If there
exists a constant C < 0 such that g’ (t) > C on [0, 00) or there exists a constant C > 0 such that
g’ (t) < C on [0, 00), then we must have

g(t)—0 as t — oo. 22)
Remark 3.8. The condition g’ (r) > C or g’ (t) < C in Lemma 3.7 is necessary.
3.3.1. The case a > 1

Lemma 3.9. Assume o > 1 and X (¢, 1) : St x [0, 00) — RZ is a convex solution of the length-
preserving flow (1). Then we have

dA
E(r)—>0 as t— oo. (23)

Proof. Keep in mind that here we assume the flow solution X (¢, t) is defined for all time ¢ €
[0, 00). By (19), there is a constant C > 0 independent of time so that

0<v(0,1)<C, Y (0,1)eS x[0,00), (24)

where, at this moment, we cannot exclude the bad scenario that lim;_, oo Vi (#) = 0 (which will
be shown to be impossible to happen later on).
Let g (t) =dA/dt. By (4), we know that g (t) > 0 on [0, co) with

o]

/g(t)dt:A(oo)—A(O)<

0

L?(0)
<0
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Compute
dzA d Lo 2 2
t 1
")=—> (t)=— | ——== [ vdo tade
g ) dt2() dt 2n/v +/v
0 0
L(O) » 1
= ov (v99+v—)\(t))d9+(a+l) v(vgg—i—v—)»(t))de p—l—g
0

L“)’[ — ) P mE () o —a 2T v2"d9+ax(t)f0 vl”de]
- (25)
e+ D= T (53)7d0 + [T v2d0 —5.1) [77 vas].

For o > 1, by (25), (14), and (24), we have

/ L(O)7 ”l 7(%)2 7’
g )= —a—= | v edh — (a+1) — | dO+Ar(@) | vdd | =—-C  (26)
o 26
0 0

0

for some constant C > 0 independent of time. Hence Lemma 3.7 implies g (t) =dA/dt — 0 as
t—o00. O

Remark 3.10. For the case 0 < « < 1, the first integral in (25) may approach to —oo as t — oo.
Also note that we have

2m 2
—a/vz—ide +ak(t)fvl
0 0
2 21
/d@/ v do — /vd@/ I=ad6
0 0
2w /27
= [ [ (e —sEen)ewn —vomar |ayzo @D
g 0 0

due to 0 < @ < 1. However, one cannot exclude the possibility that (27) tends to +o00 as t — oo.
Hence Lemma 3.7 is not applicable here.

As a consequence of Lemma 3.9, we have:

Lemma 3.11. Assume a > 1 and X (¢, 1) : S x [0, 00) — R2 is a convex solution of the length-
preserving flow (1). Then we have

L(0)\“
n v(@,t)—(%)

lim =0, (28)

co(sh)
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where L (0) is the length of Xo and v (0,t) = p* (0,1) = 1/k% (6, 1).

Proof. It follows from (14) and (19) that the L2-norm of dv/d6 is uniformly bounded:

2 2

3 2 C

/ ad @,t)) do <2m (28w L)* + =0 + Co, Ytel0,00), 29)
00 21

0

where v (6, 1) > 0 is defined on S! x [0, c0). By Lemma 3.5 and the Arzela-Ascoli theorem,
for any sequence #; — oo there exists a subsequence (which we still denote it as #;) such that
limg_, 00 (8, k) = Voo () uniformly on § ! where vso (8) > 0 is some nonnegative continuous
bounded function on S'.

Next, by Lemma 3.9, we know that

JA I 2 2

t
—(t):—L/vdG—i-/vH%dGeO as t — 00,

dt 2w
0 0
which gives the identity
I 2 2 .
—% Voo (6) d6 + / Vel @ (0)do = 0. (30)
T
0 0

Due to the uniform convergence of w0, 1) to vclx/,a (0) as k — oo and the fact that the flow is
length-preserving, the length L (0) = L (00) can be expressed as

2 2 !
L(©0)= lim L (t) = lim /vé 0, tr) do :/vgo 0)d6. 3D
k—o00 k— o0
0 0
By (31), one can rewrite (30) as
2 2 2 2 1
1 1
/vgo (Q)dG/voo (9)d9=/d9/v;r“ 0)do, (32)
0 0 0 0
which can be rewritten further as
2w 2w
1 1 1
> / [(vé’o () —v% (y)) (Voo (X) — Voo (y))} dxdy =0. (33)
0 0

As the integrand in (33) is nonnegative everywhere on S 1'% S! and ve (9) > 0 is a continu-
ous function, v (f) must be a constant function on S! and by (31) the constant is given by
(L (0) /27)*. Because every convergent subsequence tends to the same limit, we must have the
convergence to (L (0) /27)“ for all t — oco. The proof is done. O
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3.3.2. Thecase)<a <1
For 0 <o < 1, Lemma 3.11 is still correct, but due to Remark 3.10 we need to use a different
proof.

Lemma 3.12. Assume 0 <« < 1 and X (¢,1) : S* x [0, 00) — R2 is a convex solution of the
length-preserving flow (1). Then we have the same limit as in (28).

Proof. We shall use a different approach with the help of Green-Osher’s inequality. Note that
for 0 < a < 1 the two functions Fj(x) = x!1¢ and F»(x) = —x® are convex on x € (0, 00). It
follows from Green-Osher’s inequality (see [4], Theorem 0.1) that for each ¢ € [0, co) we have
the inequalities

2

1 1
L L-vIT—4zA\ * (L+VIT—dnA\ *
pltde = n | (0] [ LG4
2 2
0
and
2
Co L-vIT—anA\" (L+vIZ—4zA\"
—pdo > | — - , (35)
2w 2
0

where in the above p = p (0,1) = 1/k (0,t), L = L (¢t) (which is a constant), A = A (¢).
Using the evolution equation of A(¢) and (34), (35), one can conclude

o o
L|_ (L=vL?-4xA) _ [ L+VL?—47A
2 27 2

1+a 14+«
L—/L2—47 A L+vL2—47 A
T |:< S > +< G ) }

VI —4rA |:<L + VL2 —4nA)“ - <L _JI? —4nA>“}

v

2 2 2

By the mean value theorem there exists a number £ (¢) in the interval (L — /L% —47 A, L +
~/L? — 47 A) such that

(L N 471A)a - (L V- 471A)a —206% /L2 —4nA.

Substituting this identity into the above inequality and note that 0 <« < 1 we obtain

dA _ _« S()(—1(142_47“4>> l (L+\/m>a_l(L2—4nA), Yt € [0, 00).

dt ~ Qn)” = Q2n)®
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So the isoperimetric difference satisfies

%(ﬁ _dnA) < -2 (L +VL = 471A)°l_1 (L2 - 471A)

2m)~
__ e (Hm)‘“ (L2 —474), Vie(0,00, (36)
)

where we have used the property that A(z) is increasing in time. Note that now the coefficient in
front of L? — 47 A in (36) is a constant and integrating the above inequality can give us the decay

0<L?(t) —4mA(r) < (L*(0) — 4w A (0))e ™', V1 €[0,00), (37)

where ¢ is the constant ¢y = (42;;—‘;@, (L (0) ++/L2%(0) — 4 A (0)

By (19), (14), and Lemma 3.5, the Arzela-Ascoli theorem can be applied to the function
v (0, t). For any sequence of time #; — 00, there exists a subsequence (which, for convenience,
we still denote it as #;) such that limg_, oo v (0, #) = Vs (6) uniformly on S I where v (6) > 0
is some nonnegative continuous bounded function on S'. The corresponding convex closed curve
X (-, t) has its isoperimetric difference decay to 0 as k — oo. Since v (0, ;) remains unchanged
under a translation of X (-, #;) in the plane, without loss of generality, we may assume that
each curve X (-, x) encloses the origin O = (0,0) of R2. As the length L () of X (-, #) is
independent of time, all X (-, #;) must lie in some bounded set of R%. The classical Blaschke
Selection Theorem (see Theorem 3.1 of [1]) implies the existence of a subsequence X (-, t j)
of X (-, ;) such that X ( tx j) converges to some convex closed curve X (-) in the Hausdorff
metric. Continuity implies that the isoperimetric difference L2 (c0) — 4 A (00) of X oo (+) is
given by the limit of L? (tk j) —4r A (tk_ j), which is O due to the exponential decay (37). There-
fore, the convex closed curve X (-) must be a circle with radius L (0) /27. Since we have
lim;j 00 v (0, 2, ) = Voo (8) uniformly on S1, we obtain veo (8) = (L (0) /27)“.

By the above discussion and a simple contradiction argument, we actually have the full-time
convergence, i.e. limy_, oo v (6, 1) = (L (0) /27)% uniformly on S ! The proof is done. O

Remark 3.13. At this point, by (28), we only have the convergence of curvature « (6,1t). See
Lemma 3.16 for the convergence of X (¢, t).

3.3.3. Higher derivatives estimate and convergence for any o > 0
If the flow (1) exists globally in time ¢ € [0, 00), then by Lemma 3.11 and Lemma 3.12, the
evolution equation

2
v 1 i
— =av’ (g +v—A@), v=v(,1), p=1——, A(t):—/vd@ (38)
dt o 2

0

is uniformly parabolic on S x [0, 00). Moreover, the quantity A (t) = Qn)~! fOzn v(0,1)do >0
is bounded on [0, 0o), which means that it will not cause serious trouble. The usual parabolic
regularity theory can still be applied to a nonlocal equation of the form (38) and can guarantee
that all space-time derivatives of v (6, t) are uniformly bounded on S' x [0, 00). For the readers’
convenience, we provide a simple proof using the argument in [8].
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Lemma 3.14. For any a > 0, if the length-preserving flow (1) has a convex solution X (¢, 1t) :
St x [0, 00) —> R2, then there exist constants Cy (k=1,2,..) independent of time such that

oky

W(@,t) <Ck, V(0,1 eS!x]0,00). (39)

Proof. We shall prove the case k = 1 only. The proof for k > 1 is similar and can be argued
by mathematical induction (see [8]). Let u = vg (the partial derivative of v with respect to 6),
0= vz, and let w =u + BQ, where $ is a constant to be chosen later on. We first compute

ou av » 1 1 1
— = — | =avPugg +apv?’ uug +av’ " (pv—Ar@)+v)u, p=1——, (40)
ot ot /g a

and by Qg =2vu, Qgp =2vugy + 2u?, we get

%—? =200 (ug +v— 1 (1)) = av? (Qgg — 2u2) + 200"t (v =1 (1)), (41)

which together with the identity

wo =ug + B Qo =ug+2Bvu, wes =uss + BQss,

gives

dw  du 90 {avpu00+apvp_1”(w9 —2Bvu) +av?~! (p (v =1 (1) +V)u
— = — 4+ B8—==
o9t 0t | awr (B Qoo — 26u%) + 2aBuPt (v — A (1)

{ av? - wgg + apv?lu - wy — 2aBv? (1 + p) u?
= (42)
+av? L (p(w—A@) +v)u+ 200’ (V-1 (1)).

Since Q = v? and A () are both bounded quantities, if w = u + B Q becomes sufficiently large
(either positively or negatively), it must be due to the term u = vg. In (42), the coefficient of 1>
is

1 1
—2aBv? (14 p) = —2apv? (2— &> =—pv’(4a—-2), p=1-— " (43)

and we know that v” has positive upper bound and positive lower bound due to (28). By (43) and
the maximum principle, we can conclude the following:

(1).Ifa > 1/2, choose B =1, then w =u+ Q and —Bv? (4o — 2) = —vP (4o — 2) is strictly
negative and if w (04, 1) = wmax () becomes sufficiently large (positively) at the maximum point
0 =0,, we get

83—’;) <—vPa—-2ul+av” T (p—r@)+v)u+200PT W—21(1) <0 at (b, 1).
(44)
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The maximum principle implies that the function w = u + Q has a positive time-independent
upper bound and so is the function u = vg. Similarly, if we choose g = —1, then w =u — Q and
—BvP (4o —2) = vP (4o — 2) is strictly positive and if w (6, t) = wnin (f) becomes sufficiently
large (negatively) at the minimum point 6 = 0,, we get

aa—’;’zv"(4a—2)u2+av"—l (p—=r@)+v)u—2av" T W=1@1)>0 at (b, 1). (45)

The minimum principle implies that the function w = u — Q has a negative time-independent
lower bound and so is the function u = vg.

2). If0<a <1/2,choose =1, then w=u+ Q and —BvP (4o —2) = —v? (da —2) is
strictly positive and if w (6, ) = wnin (¢) becomes sufficiently large (negatively) at the mini-
mum point 6 = 0,, we get (45) and the minimum principle implies that the function w =u + Q
has a negative time-independent lower bound and so is the function u = vg. Similarly, if we
choose B = —1, then w = u — Q and —Bv? (4o — 2) = v” (4a — 2) is strictly negative and if
w (04, 1) = wmax (t) becomes sufficiently large (positively) at the maximum point 6 = 6,, we
get (44) and the maximum principle implies that the function w = u — Q has a positive time-
independent upper bound and so is the function u = vy.

(3). When o = 1/2, the coefficient —fv? (4o — 2) = 0 and the above maximum/minimum
principle argument is not applicable. In such a case, we look at the evolution equation of w =
u + Bv and by

wyg =ug + PBvg =ug + Pu, weg = ugs + Bugg,

we get

Jw avPwge + apv?lu (wg — Bu) +avP L (p(v—A(@)) +v)u

or +av? (Bv — BA(t)), where p:l—lz—l

o
l —1 1 -2
= 21) Weg — <V

uw +l,3v_22+l 20 () +1 1 (Bv—BA(r
3 ot 5 u v u v (Bv—BAr()).

2 2
Now similar to (1) and (2) (by choosing 8 =1 or § = —1), we can get time-independent upper

bound and lower bound of u = vy.
By (1), (2), (3), the proof of (39) for the case k = 1 is finished. O

As a consequence of Arzela-Ascoli theorem, Lemma 3.11, Lemma 3.12 and Lemma 3.14, we
immediately have the following smooth convergence:

Lemma 3.15. Let o > 0 and assume X (¢, 1) : st x [0, 00) — R? is a convex solution of the
length-preserving flow (1). Then we have

u(e,z)—<i0)> =0, Vme{0} N, (46)

lim
11— 00 Cm(sl)

2

where L (0) is the length of Xo and v (6,t) = p* (0,t) = 1/k% (0, t). In particular, we obtain
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lim ”,0(9 1) — %0)

=0, Vme{0 N. 47
Jin st oY (47)
Lemma 3.15 says that the evolving curve X (-, ¢) converges to a circle smoothly in the sense
that its curvature « (-, ) converges smooth to the constant 27 /L (0). Conceivably, although it
seems very unlikely, the evolving curve X (-, f) may escape to infinity or oscillate indefinitely.
This is because we only look at the convergence of the radius of curvature (or the curvature). To
see that this will not happen, we will prove that X (-, ¢) has a limit as t — co.

3.3.4. Exponential decay of the speed of the flow (1)
Lemma 3.16. Let « > 0 and assume X (¢.,1) : S' x [0, 00) — R2 is a convex solution of the

length-preserving flow (1). Then there exist constants Cy, Co > 0, both are independent of time,
so that

90X —Cot 1
ar (p, )| <Cie ¥, V (p,1) €S x [0, 00). (48)
In particular, we have
o0
lim X (¢, 1) = Xo (¢) + / X (p.0ydt, YoeS', (49)
11— o0
0

where, for each ¢ € S', the integral fooo X, (@, t)dt converges and X (¢, t) has a limit X (¢)
ast— oQ.

Remark 3.17. Now Lemma 3.15 tells us that the limiting curve X (-) is a fixed circle with
radius L (0) /2. The center (a, b) € R? of Xu (-) is given by

27 21
1 1
(a,b) = lim —/ X 0,t)do = hm —/p(@ t) (cosH,sinf)do, (50)
t—o00 271
0 0

where p (0, t) is the support function of the curve X (-, ¢).

Proof. Using the evolution of u = vy in (40) and p =1 — 1/«, we can obtain

(51

d 27r av\? i fozn avPuuged + /-0271 apv?uPugdo
(89) d9=/uutd9=

dt 0 +f02”04v”‘1 (p (v —A (1)) +v)u>do
and by

2 2

2
/avpuuggde = —f (avpu)g ugdf = —/ <apvp_lu2 + ozvpu9> ugdo
0 0 0
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2 2

:—/av[’(ug)de —/apvp_luzugdé’,
0 0

(51) can be simplified as

J 2111 5 2 2 2
=3 <£> d@:—/aup(u9)2d0+/aul’—1 (p(v—=A@)+v)u’do
0 0 0
2 2 2
f e 2de+(2 1)/ﬂ (Y g ( 1)x(z)/ﬂ (Y g
= — v o —_— o — v o —_ — (a — vV o« JE—
362 30 30
0 0 0
2 2 2
f 1t (2 2d9+ /T -4 (O 2de+( 1)[( ey (2 o
=— v | — v | — — v— v | — .
* 962 * 20 ¢ 20
0 0 0
(52)
Since v = p%, where p = p (0,1) = 1/k (0, t), we have
P a2
=00 "o, G =ap e +a (@ — 1) p* 2 (pp)?
o (53)
(558)" =02 2(p00)* + 202 (@ = 1) P> (00)2pus + @ (& = 1 >~ (py)
and by the identities
S peosfdd = [T psin6df =0, Vi €0, 00)
(54)

02;1 podf = fozn 0o cos0dO = f02” Pg sinfdé =0,

we have the following form of Wirtinger inequality (see [3], p. 92, or use Fourier series expan-
sion to verify it)

2 2
2 N2 2

/8_,0 d9>4/ 3 6. (55)
362 = 96

0 0

Now we look at the integral fozn (8211/892)2 d# and by (53) we get

27'[ azv 2
/ LA
962
0
27'[ 2 27‘[
32 3o \?
=a2/p2a—2 (af:;) d9+f[2a2(a—1)p2“‘3pee +a2(a—1)2p2“—4p§] (%) do

0 0
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and since we have the convergence (47), for any small ¢ > 0, if ¢ is large enough, we can conclude

L 2 20-2 22 N2 i 2
[ o= | (52) | [ (Ra) e[ (o) o
0 0 0
2u-2 2 2 e 2
24052[(%?)) _8}/@—2) d9—8/(§—§> o, (56)
0 0

where in (56) we have used the Wirtinger inequality (55). On the other hand, we also have for
large ¢ the estimate

2 5 2 2 5 2 L(()) ) 21 9 2

/ i d@:azfpza_z LY ap<a?| (=22 te / Y a0, (57
20 00 2 20

0 0 0

which, together with (56), implies

2 ) 2 2a—2 2 2
o (]
962 2 a0
0 0
200—2
4042[(%?)) _81|_8 i Iv\? 7 av\?
> — /<£> d@z(4—8)/(£) do, (58)
a? [(%}T))) +8:| 0 0

for some number § > 0 satisfying § — 0 as ¢ — 0. As a consequence of (58), we have for large
t the following

2 2

2
/ozvl_é <2712)) do
0
lfé 2 5 2 170% 27 2
Za[(&) _8} [(2) dm[(&) } - [(LY a0 o
2 262 2 a0
0

0

By (59) and (52), we conclude for large ¢ the estimate
2

d [1(dv\>

L () as

dt ] 2\06
0

2w 2 2 2w 2
/ -4 (2 de)+o¢fv1—l L NP 1)/(v rnvr (22) ao
= — av o _ o J— — — o J—
962 96 20
0 0
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1
— [(Ljr”)l ¢ —s] 4—8) [ () ao 2 5
< 1 g—c/(g—;’) do, Vtel0,00)

(60)

for some constant C > 0, which is independent of ¢, ¢, § as long as ¢ is large enough and ¢, § > 0
are small enough. Therefore, f0271 (9v/060)* do decays exponentially:

2

9 2
/(a—;(e,t)> d6 < Ke 2, Vie[0,00), 61)
0

where K is a positive constant depending only on the initial data X(. By Sobolev’s inequality,
one can estimate the speed of the flow (1):

2
1
1X: (@, Dl cosry = v(9,t)—5/v(0,t)d0
0 co(sh)

1 1
2 2 2

2 2
<\2r Of(v(e,r)—x(t)fde +¢% O/(%(@,z)) do

2 2
5<JE+J%) 0/(2—;(9,:)) do 5(@+ %)ﬁe—a, Yt el0,00).

(62)

It follows from (62) that the speed of the flow (1) decays exponentially. The evolving curve
X (-, t) has alimit X, (-) as t — oo due to the convergence of the integral:

o0
lim X (¢, 1) = Xo ((p)+/X, (p.0)dt, VeesSh (63)
=00

0

The proof is done. O

3.3.5. Proof of Theorem 2.4
By Lemma 3.2, Lemma 3.3, Lemma 3.15, and Lemma 3.16, the proof of Theorem 2.4 is now
complete. 0O
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4. Some flows with global existence

As we shall see in Section 5, for some initial curve X, the curvature of X (-, f) can blow up
to +oo in finite time. In this section, we give certain sufficient condition on X so that under the
flow (1), the convex solution X (-, t) exists for all time ¢ € [0, 00).

For a convex closed curve Xg C R? with radius of curvature p(©@)=1/k (), where 6 € S s
its outward normal angle, by Green-Osher’s inequality [4], we have

2
- L> —27A
pT(6)do = — (64)
0

where the equality holds if and only if X is a circle. By the classical isoperimetric inequality
L? > 47 A, the above also gives

2
5 L?>—-27A
pHO)d0 =24z ———— —2420. (65)
0

In order to construct a sufficient condition for the global existence of the flow, we need to have
an upper bound of f()z” 02 (9)d6 — 2A. With the help of Fourier series expansion, we can obtain
an upper bound, together with an improved lower bound.

Lemma 4.1. For any convex closed curve X C R? with radius of curvature p (9), enclosed area
A, and length L, we have the inequality

2

2
2/, 5 1 [ (dp\?
;(L —471A)§/,0 (9)d9—2A5§/<£> de. (66)
0 0

Moreover, the equality holds (either in the first place or in the second one) if and only if the
support function p (0) of X has the form

L
pO) = o +ajcosf + by sinf + ap cos20 + bysin20, V6O e s! 67)
T

for some constants a1, by, ay, by satisfying
" L : 1
P (9)—|—p(9)=E—3a2c0320—3b2sm29>0, voeS . (68)

Proof. The first inequality in (66) has been proved in [9] (see Lemma 1.7). Hence it suffices to
prove the second one. It is known that the length L, area A, and radius of curvature p () of X
can be expressed as in terms of p (6) as

2 2

1
L=/P(9)d9, A=§/p(9),0(9)d9, p(©)=p"(6)+p@©) >0. (69)
0 0
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Hence the Fourier expansion of p(6) has the form

L 00
p@)=5" +; [ay cos (n6) + by sin (n6)], 6 €S,
where a,, b, are the Fourier coefficients of p (8). By (69), we can easily derive the following:
A=+ (1-n?) (@} +87).
T 20)d0 = L 47 Y, (1 —n?) (a2 +b2),
o (4 do = 5200 (2 = 1) (&2 +82).

which gives

2
/,Oz(e)dé‘—ZA
0
0 2( 2 2 2 b4 s 2( 2 ) ) 1271 dp )
= L () (e ) < T L () (aﬁb,,):gof(@) a0, 0

where the equality in (70) holds if and only if a,, = b, = 0 for all n > 3. The proof is done. O

Now assume X (¢, t) is a convex solution of the flow (1) defined on S 1'% [0, T) for some
T > 0. Using the evolution equation (9) of p, one can compute

J 2 2 5 2 2
- pzdez—za/,o“*‘ <£> d9+2/p“+‘d9—2)\ (L (1), (71)
0 0 0
which, together with (6), gives
d 2 2 5 5
2 a—1[ 9P
— do —2A(t) | = -2 — ) dé. 72
7 / P () o f p ( 39) (72)
0 0

Moreover, by equation (9) we have

27

d a\*
2% 40
dt a0
0
2 2

Too 0 (0200 32p 92 p“ ap\>
P p p#°p 1 (dp
—2[ 2 + d6=—2/——d9+2/ a1 (2P 49
/ae 89(392 p) 962 902 =\ 96

0

0 0
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27[82 a 5 2 5 2

P o L (p

— 2 [ ZPgpe- 1 a0 +2a | p (22 a6, (73
/39 (O‘p 392+“(a )P (ae)) + / (ae) (73)

0 0

where by the integration by parts, we can rewrite the middle term in (73) and obtain

J 2 5 9

0
— — | db
dt (ae)

2 4 2

p D) — o a1 (9P
/ (892> do + a(a 1) (¢ 2)/ <89) d9+2a/p (30> do.
0

(74)
By (74) and (72), we get
J 2 5 5 2
4 o 200 _
- f(ae) d9+/,0 do —2A (1)
0 0
2
et (3% o\*
:—2a/p 1<W) do+ = a(a—l)(a—Z)/ (£> do
0
%a(a—l)(a—Z)/ o= 3(8_/)) de. (75)

Now we assume « € [1, 2]. It follows from inequality (75) that fozn p3do + f02” p2d0 —2A (1)
is decreasing in time under the flow (1). So we have

2 5 2 2T 2 J 2 2
P 2 o 2
PN a0 <— [ p2ao+24 0 a9 46 —24(0
/(ae) = /p * */(de) +pr ©
0 0 0 0
2 d 2 2
5/ £ d9+/p§d0—2A(0).
a9
0 0

Using the inequality (66), one gets

2 2

dp dpo\’
/(@> do < 3f<%> do, Vielo,T). (76)
0

By the estimate (76), we can conclude the following:
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Lemma 4.2. Assume « € [1, 2] and the initial smooth convex closed curve X satisfies the con-
dition

1/2

L (0) 87 (doo)\>
T £0
— > = — | df 77
wm — |73 /(d@) Te 77)

0

for some & > 0. Then the solution X (¢, t) of the flow (1) is defined on S x [0, 00).

Proof. By the short-time existence theorem, the flow (1) with initial data X has a smooth convex
solution X (¢, t) defined on S! x [0, T') for some T > 0. For fixed 7 € [0, T), choose 6; so that
p61,t)=L(t)/2mr = L (0) /27 and choose 0; so that p (62, 1) = pmin (). By Holder inequality,
we have

1/2

2
L ap\°
pwin ()~ = = /—d9> s /(£> ao| Ve,
0
which, together with the assumption (77) and estimate (76), gives
. o PR 1/2 o 2 1/2
m 00 o
in@®>1— — ) db -2 — | db
Pmin (£) > 3 (d@) +eé 4 /(39)
0 0
2 172 2 5 172
8 d 4 d
> —”/ aro te—~2m -f @Y g0 =e=0, Vielo,T).
3 3 do
0 0

(78)

By Lemma 3.2, the flow solution X (¢, ¢) can be continued beyond time 7" and is defined on a
larger time interval [0, T'). By the same argument, we still have pmin (f) > ¢ > Oforall¢ € [0, T).
Hence the solution X (¢, t) must be defined on S! x [0, 00) due to Lemma 3.3. O

Remark 4.3. There are lots of convex curves satisfying the condition (77). One can construct
abundant examples by choosing large L and small max,. i |dpo/d6|. One can also construct
examples by expanding convex curves according to the unit outward normal flow

{Xt((ﬂat)zNout((/’at)v t>0
(719)

X(9.0)=Xo(p), ¢S
After a long time, one has a convex curve X (-, T) satisfying (77), because under the flow (79)

2
we have L (t) = L (0) 4+ 2x¢t, but the integral quantity fOZ” (g—g) d6 is independent of time.

In fact, the condition (77) is sufficient but not necessary to guarantee the global existence of
the flow (1).
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77

76

75
alpha=1.6

74

73

min-rho

72
71
70

alpha=1.1
69

68

Fig. 1. pmin(?) of « = 1.1, 1.3 and 1.6 in Example 4.4.

Example 4.4. Let X((6) be a convex curve with the support function p(6) = 80 + 2cos (20) +
0.5cos (30) + 0.1 cos (46). Its radius of curvature is

po(0) =80 — 6¢c0s(20) —4cos (30) — 1.5cos (49).

With the help of MATLAB, one can check that the minimum of pg is 68.5. It does not satisfy
(77), because

2 5 1/2
Lo (8 d
Lo _ —”/ P0) a0| =-12.3436- .
2 3 ) \ao

0

But the flow (1) still exists globally if « = 1.1, 1.3 and 1.6. Fig. | presents the graph of the
function ppi, (#) under the flows.

5. Some blow-up examples

In this section, we first take a long narrow ellipse yg as the initial curve and use it to demon-
strate intuitively the formation of a singularity in finite time. Then we look at the evolution
behavior (with the help of MATLAB) of several initial convex curves for the flow (1) and ob-
serve that some flows can blow up in finite time, while the others exist globally on the time
interval [0, 00).

5.1. Curvature blow-up for an ellipse

Let yp be an ellipse given by

LY
)/O'a—z'i‘ﬁ—l, a>»>b>0, (80)
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where a > 0 is sufficiently larger than b > O (here we fix b and in the limit we will let a — 00).
A straightforward computation shows that the curvature «g (9) of yy is, in terms of its outward
normal angle 6 € [0, 27 ], given by

1
a?b?

3
<a200529 + 1 sin29)2 L omax k@) =ko(O)=-L. es'. @8
0e[0,27] b?

Ko (0) =
Since kg (0) is uniformly large on some fixed open interval I C S' centered at # = 0, the radius
of curvature pg (0) = 1/ (0) is uniformly small on /. One can also check that ,o(/)’ (0) is also
uniformly small on / due to the identities

(Sl

3 —
P (6) = —5a’? <a2 c0s2 0 + b2 sin’ 9) (b2 _ az) sin20, p)(0)=0

and
15 -7/2 2
Py () = Zazb2 <a2c0s29 + b? sin® 9) <b2 — a2) sin®20

2,2( 2 2 2.2\ (2 2 p b? b?
+3d%b <a cos? 0 + b2 sin 9) <a —b>cos29, oy O =3=(1-2
a a

where a > b > 0. We now have minge[o,27] 00 (8) = po (0) = bz/a > 0, and at the minimum
point & = 0 we have p( (0) =3a~'b* (1 — b%a=2) > 0.

Recall that under the flow (1), the function v (6,1) = p%(0, 1), v (0, 0) = p§ (0), satisfies the
equation

2
av 1 1T
—=av’ (vgg+v—21@), v=v,1), p=1——, k(t):—/vd@. (82)
at o 2

0

We shall see what happens to the equation (82) initially if we use the ellipse yy as initial curve
with a > b > 0. We have

_3a
v (0) = p§ (0) = a®*b™ (acos? 0 + b?sin*0) 2, v (0) = p§ (0) = (%)a

2 2 2 (83)
1 a ab2a 3
A (0) = 2—/vo (0)do = f (a®cos? 6 + b?sin?0) 2 do),
T
0 0

and by

vy ©) =apf ™ ©) py (0), vf (©) =a (@ — 1) p§ > (©) (g (9))2 +api ™" (©) pg (0)

we get (note that p(, (0) = 0)

| b2 a b2
vy (0) = apd™" (0) pf (0) =3 (;> <1 - —2>. (84)
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By (83) and (84), the equation (82) at time t =0 at 6 =0 is

g—j(O,O):aUP(O,O)(Ugg(0,0)+U(0,0)—)»(0)), p:l—l
o

(2 0-5)+ (5

b2 ol 2
=al| — a2ab2a _3a . (85)
a - /(a2c0520+b2sin29) 2 do
T
0

Now it suffices to know the behavior of the integral in (85) when a > 0 is sufficiently large. It
has been shown in [5] that we have the following asymptotic behavior as a — oo:

Lemma 5.1. Let a > b > 0 be two constants. If we fix b and let a — oo, then we have the
following asymptotic behavior:

<a200s29 + b? sin’ 9)_p do =13 0(a"'loga), p=1, (86)

By (86), we have

a2ab2a 2 _370! 1
5 /(azcoszé’—i-bzsinz@) do = 0<a_§loga), o=
T

0

which, together with (85), implies
(0] (al’z"‘), Vae (O l),
dv 1-2a 1 1
5(0,0):0(51 )(Va>0)— 0(a310ga), a=1 87)
0@, Vac (%oo)
By (87), for « > 1/3, if a > 0 is sufficiently large, we will have (dv/dt) (0, 0) < 0, which
will force vmin (¢) (With vy (0) = (b2 /a)a) to drop to 0 in short time and a singularity can occur.

In view of this, at least for « > 1/3, we can make the following conjecture:

Conjecture 5.2. For o > 1/3, there exists an ellipse yy such that under the flow (1) it develops a
singularity in finite time. Moreover, the larger a and a are, the faster the blow-up will occur.

Remark 5.3. However, for 0 < o < 1/3, we are not sure if (dv/d¢) (0, 0) will become sufficiently
large negatively for a > 0. We have no conclusion in this situation. See Conjecture 5.8 also.
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Table 1

Some simulation results of the flow (1) with an ellipse y;.
o simulation time @  minv status
0.5 246 x 1075 —2.5225x 107%  blows up
0.4 7.438x107° —8.7495 x 10~*  blows up
03 2.48312x1074 —12x1073 blows up
0.2 0.01 0.1471 not blow up

0.03
0.025
0.02
_ oois
€
T oo
0.005
o0
2 . . . . -0.005 . . .
0 05 1 15 2 25 0 2 4 6 8
t x10° t %107
(&) Umin(t) of @ =10.5 (b) Vmin(t) of @ =04
0.07 . . 0.2 . . . .
0.06f
0.05f
0.04f
_E 003f
0.02f
0.01f
D L
001 L L L L L L
1 2 3 0 0002 0004 0006 0.008 0.01
t x10° :
(¢) Umin(t) of @ =0.3 (d) Vmin(t) of @ =0.2

Fig. 2. The functions vy, (¢) with initial ellipse yg.

There some numerical simulations which support the Conjecture 5.2 and the Remark 5.3. Let
1o be an ellipse (80) with a = 80 and b = 0.1. The simulation results of the flow (1) with initial
yo are shown in Table | and Fig. 2, where vy (¢) := min{v(0,1)|6 € shy.

Remark 5.4. The above solutions of the PDEs are calculated by discretization method, so they
may perform a little different from the continuous solutions. If vy (¢#) > O then the computation
has no problem. Usually, if the flow blows up at time #y, there is a very short time interval (¢, 1)
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in which vpin(#) < 0. After the time 71, the solution in some cases of o becomes complex with
imaginary part.

5.2. More numerical examples

Let X (@) be a convex curve parameterized by the outward normal angle 6 with the support
function given by p (6) = 10 + cos (20) + cos (30) — 0.25 cos (40). Its radius of curvature is

d2
po(@)=p @)+ d—GI; =10 —3cos (20) — 8cos (30) + 3.75cos (40) .

With the help of MATLAB, one can compute the minimum of pg(@), which is 0.065. So Xj is
a smooth convex closed curve in the plane. Let X((0) evolve according to the flow (1). In the
following we shall use the above pg (0) as the initial data in equation (9). We know that the flow
(1) blows up if the function P (t) = mingyc g1 po (6, ¢) drops to 0 in finite time.

Example 5.5. Let o be 2, 3, or 4. With the help of MATLAB, one can compute the solution
p(0,1) to (9), respectively. Then the function ppiy(¢) can be determined (see Fig. 3 (a), (b), (c)).
These three flows all blow up in finite time.

The blow-up time fora =2, 3,and4is 2~ 5.5x 1074, 3.2 x 1073, 2.2 x 107 respectively.
It follows from the numerical computation that the bigger « is, the faster the flow blows up.

Example 5.6. Let o be 0.5, 1, or 1.73. It follows from computations that these three flows all
exist globally, because pmin(¢) > 0. The functions ppin(¢) are presented in Fig. 4. For o = 1.73,
Pmin(?) is decreasing initially and then becomes increasing as time proceeds. More examples
show that pmin(¢) is increasing if ¢ < 1.

Remark 5.7. The flow (1) with « = 1 has been studied by [10]. The authors proved that X (-, t)
converges to a finite circle if the flow exists globally on the time interval [0, c0). In [11], using
the idea of parallel curves, the author proved that for some initial curve X, the curvature « does
blow up in finite time.

The above blow-up examples indicate that a 1/x%-type non-local flow does not always exist
globally for all initial convex closed curves. Given an initial convex curve, it seems that the
smaller o > 0 is, the longer the flow (1) lasts. In view of this, we make the following conjecture:

Conjecture 5.8. Let Xo C R? be a smooth convex closed curve. If a > 0 is small enough, then
the length-preserving flow (1) with initial curve X will exist on the time interval [0, 00).
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Fig. 3. The functions ppj, (¢) in Example 5.5.
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