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Abstract

This paper is concerned with the effects of nonlinear diffusion on global solvability and stabilization in a 
variety of models which generalizes the following prototype

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

nt + u · ∇n = ∇ · (nm−1∇n) − ∇ · (n∇c) − ρn,

ct + u · ∇c = �c − c + ρ,

ρt + u · ∇ρ = �ρ − ρn,

ut + ∇P = �u + (n + ρ)∇φ,

∇ · u = 0

with a given function φ ∈ W2,∞(�), where � ⊂ R3 is a general bounded domain with smooth boundary. 
Based on an energy-type argument combined with maximal Sobolev regularity theory, we conclude that if

m >
37

33
,

an associated initial-boundary value problem admits at least one globally bounded weak solution which 
stabilizes toward the spatial homogeneous equilibrium (n∞, ρ∞, ρ∞, 0) in the sense that

‖n(·, t)−n∞‖Lp(�)+‖c(·, t)−ρ∞‖W 1,∞(�)+‖ρ(·, t)−ρ∞‖W 1,∞(�)+‖u(·, t)‖L∞(�) → 0 as t → ∞

for any p > 1, where n∞ := 1
|�|

{∫
� n0 − ∫

� ρ0
}
+ and ρ∞ := 1

|�|
{∫

� ρ0 − ∫
� n0

}
+.
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1. Introduction

We consider the following chemotaxis-Stokes system

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

nt + u · ∇n = ∇ · (D(n)∇n) − ∇ · (n∇c) − ρn, x ∈ �, t > 0,

ct + u · ∇c = �c − c + ρ, x ∈ �, t > 0,

ρt + u · ∇ρ = �ρ − ρn, x ∈ �, t > 0,

ut + ∇P = �u + (n + ρ)∇φ, x ∈ �, t > 0,

∇ · u = 0, x ∈ �, t > 0,

(1.1)

which describes the process of coral fertilization occurring in ocean flow, where the unknown 
functions n, c, ρ and u represent the density of sperm, the concentration of the chemical signal 
expelled by egg gametes, the density of eggs, and the velocity field of the ambient ocean flow, 
respectively. As shown in the experiments [4,5,21,22], the chemical signal can induce certain 
oriented motion of spermatozoid toward egg gametes, which is referred as chemotaxis and plays 
an enhanced role during the period of fertilization.

In the case when both sperms and eggs, which are transported by a known fluid velocity field 
u, enjoy the same density i.e. n ≡ ρ, and when the evolution of c is approximated by an elliptic 
equation under the assumption that the diffusion of the signal is much faster than that of the 
gametes, system (1.1) with D ≡ 1 is reduced to the original model as follows

{
nt + u · ∇n = �n − χ∇ · (n∇c) − nq, x ∈ �, t > 0,

0 = �c + n, x ∈ �, t > 0.
(1.2)

Mathematical analysis has shown the temporal decay of the total mass 
∫
R2 n for both the super-

critical case q > 2 and the critical case q = 2 ([13,14]).
If the transport of both the gametes and the chemical signal is also under the effects of an 

unknown solenoidal velocity field u whose evolution is governed by a (Navier–)Stokes equation, 
then system (1.2) becomes

⎧⎪⎪⎨
⎪⎪⎩

nt + u · ∇n = �n − χ∇ · (n∇c) − μn2, x ∈ �, t > 0,

ct + u · ∇c = �c − c + n, x ∈ �, t > 0,

ut + κ(u · ∇)u = �u − ∇P + n∇φ, x ∈ �, t > 0,

∇ · u = 0, x ∈ �, t > 0.

(1.3)

System (1.3) with κ = 0 was proposed and studied in [7], where the authors constructed a global 
weak solution without any smallness restriction on initial data in the spatially two-dimensional 
context.

In more realistic case when the densities of sperms and eggs are not identical all the time, i.e., 
n 	≡ ρ, system (1.3) turns into
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⎧⎨
⎩

nt + u · ∇n = �n − χ∇ · (n∇c) − ρn, x ∈ �, t > 0,

ρt + u · ∇ρ = �ρ − ρn, x ∈ �, t > 0,

0 = �c + ρ, x ∈ �, t > 0,

(1.4)

where the reaction −ρn shows the consumption of the gametes caused by the contact of sper-
matozoid and egg in the process of fertilization. For system (1.4), similar conclusions as that 
derived for system (1.2) are proved in the three dimensional setting, and the achieved temporal 
decay properties therein are measured with higher regularity, i.e., Lp(RN) with any p > 1 for 
N = 2, 3 [3]. With ρ replaced by ρ − 1

|�|
∫
�

ρ on the right-hand side of the c-equation, Espejo et 
al. [6] have showed the influence of the increasing chemical signal on the dynamic behavior of 
the gametes in the spatially two-dimensional case.

If one takes into account the transport of the chemical signal through the fluid flow whose 
velocity field is modeled by an incompressible (Navier–)Stokes equation, then system (1.4) can 
be extended to the following version, that is

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

nt + u · ∇n = �n − ∇ · (n∇c) − ρn, x ∈ �, t > 0,

ct + u · ∇c = �c − c + ρ, x ∈ �, t > 0,

ρt + u · ∇ρ = �ρ − ρn, x ∈ �, t > 0,

ut + κ(u · ∇)u = �u − ∇P + (n + ρ)∇φ, x ∈ �, t > 0,

∇ · u = 0, x ∈ �, t > 0,

(1.5)

which with κ = 1 was firstly investigated in [8] for global classical solvability and stability in 
two-dimensional bounded domain. In the spatially three dimensional context, whether for initial 
value problems or for initial-boundary value problems associated with (1.5), the construction 
of global solutions and even the detection of spatially homogeneous equilibria need to rely on 
appropriate smallness restrictions on initial data [3,9,17,20] or on certain nonlinear dampening 
mechanism, such as saturation effects of gametes [17,20], signal-dependent sensitivity [16] or 
slow p-Laplacian diffusion [18].

In this paper, our intentions are to explore how strong the dampening effects exerted by the 
porous medium type nonlinear diffusion of spermatozoid can prevent the occurrence of collapse 
to system (1.1) and to detect the convergence of the global solutions as time goes to infinity. In 
order to state our main results precisely, let us specify the evolution problem by considering (1.1)
together with the initial data conditions

n(x,0) = n0(x), c(x,0) = c0(x), ρ(x,0) = ρ0(x) and u(x,0) = u0(x), x ∈ �, (1.6)

as well as the boundary conditions

D(n)
∂n

∂ν
= ∂c

∂ν
= ∂ρ

∂ν
= 0 and u = 0, x ∈ ∂�, t > 0, (1.7)

where � ⊂R3 is a bounded domain with smooth boundary, and moreover, the initial data in (1.6)
fulfill ⎧⎪⎪⎨

⎪⎪⎩
n0(x) ∈ Cι(�̄) for certain ι > 0 with n0 > 0 in �,

c0(x) ∈ W 1,∞(�) with c0 > 0 in �,

ρ0(x) ∈ W 1,∞(�) with ρ0 > 0 in �, and
u ∈ D(Aα) for some α ∈ ( 3 ,1),

(1.8)
0 4
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where A stands for the Stokes operator whose domain is defined as D(A) := W 2,2(�; R3) 
⋂

W
1,2
0 (�; R3) 

⋂
L2

σ (�; R3) with L2
σ (�; R3) := {ω ∈ L2(�; R3)|∇ ·ω = 0} [23]. Apart from that, 

the function D in (1.1) is assumed to satisfy

D ∈ C
ς
loc([0,∞))

⋂
C2

loc((0,∞)) and D(s) ≥ CDsm−1 for each s ≥ 0 (1.9)

with certain ς ∈ (0, 1), CD > 0 and m > 1. As for the given function φ, we suppose that it fulfills

φ ∈ W 2,∞(�). (1.10)

Here and in the sequel, we abbreviate ω̄ := 1
|�|
∫
�

ω for ω ∈ L1(�).
Within the context of these hypothesis, our main results with regard to global solvability and 

stabilization can be formulated as follows.

Theorem 1.1. Let � ⊂R3 be a bounded domain, and let (1.9) be valid with some

m >
37

33
. (1.11)

Then for given φ satisfying (1.10) and each (n0, c0, ρ0, u0) complying with (1.8), one can find a 
quadruple of functions fulfilling

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n ∈ L∞(� × (0,∞))
⋂

C0([0,∞); (W 2,2
0 (�))∗),

c ∈⋂q>1 L∞((0,∞);W 1,q (�))
⋂

C0(�̄ × [0,∞))
⋂

C1,0(�̄ × (0,∞)),

ρ ∈⋂q>1 L∞((0,∞);W 1,q (�))
⋂

C0(�̄ × [0,∞))
⋂

C1,0(�̄ × (0,∞)),

u ∈ L∞(� × (0,∞);R3)
⋂

L2
loc([0,∞);W 1,2

0 (�;R3)
⋂

L2
σ (�;R3))

⋂
C0(�̄ × [0,∞);R3),

(1.12)
such that (n, c, ρ, u) solves problem (1.1), (1.6), (1.7) in the sense of Definition 7.1. Further-
more, for each p ≥ 1 the solution (n, c, ρ, u) stabilizes to the spatially homogeneous equilibrium 
(n∞, ρ∞, ρ∞, 0) in accordance with

‖n(·, t) − n∞‖Lp(�) + ‖c(·, t) − ρ∞‖W 1,∞(�) + ‖ρ(·, t) − ρ∞‖W 1,∞(�) + ‖u(·, t)‖L∞(�) → 0

as t → ∞ (1.13)

with n∞ := 1
|�|
{∫

�
n0 − ∫

�
ρ0
}
+ and ρ∞ := 1

|�|
{∫

�
ρ0 − ∫

�
n0
}
+.

To the best of our knowledge, for chemotaxis-fluid systems modeling coral fertilization, there 
is few rigorous mathematical results on large time behavior of the solutions under the effects 
of porous medium type diffusion. From this point of view, our results can be referred as an 
enrichment in this respect.

The core of our analysis lies in combining an energy-based reasoning with maximal Sobolev 
regularity theory appropriately. More precisely, we rely on a Lyapunov quasi-energy functional 
to establish some basic a priori estimates (see Sect. 3), which makes it possible to improve the 
regularity of the component n properly by means of a first bootstrap iteration (see Sect. 4). With 
this as a starting point, a second recursive reasoning based on maximal Sobolev regularity ar-
guments enables us to derive the desired estimates, so as to achieve the further regularity of the 
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solutions by virtue of some well-established reasonings (see Sects. 4–6). The compactness pro-
vided by the further regularity underlies both the verification of global solvability by a standard 
extraction procedure and the detection of the spatially homogeneous equilibria that the solutions 
eventually approach by an Ehrling-type argument (see Sects. 7–8).

2. Preliminaries

Due to the presence of nonlinear diffusion D, it is essential to investigate the regularized 
problems of (1.1), (1.6) and (1.7) at first. In accordance with the regularization procedures used 
in [29,30], we can introduce the following approximate variants of (1.1), (1.6) and (1.7)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

nεt + uε · ∇nε = ∇ · (Dε(nε)∇nε) − ∇ · (nεF
′
ε(nε)∇cε) − ρεFε(nε), x ∈ �, t > 0,

cεt + uε · ∇cε = �cε − cε + ρε, x ∈ �, t > 0,

ρεt + uε · ∇ρε = �ρε − ρεFε(nε), x ∈ �, t > 0,

uεt + ∇Pε = �uε + (nε + ρε)∇φ, x ∈ �, t > 0,

∇ · uε = 0, x ∈ �, t > 0,
∂nε

∂ν
= ∂cε

∂ν
= ∂ρε

∂ν
= 0, uε = 0, x ∈ ∂�, t > 0,

nε(x,0) = n0(x), cε(x,0) = c0(x), ρε(x,0) = ρ0(x), uε(x,0) = u0(x), x ∈ �.

(2.1)
Here, the family of functions (Dε)ε∈(0,1) satisfies

Dε ∈ C2([0,∞)) such that Dε(s) ≥ ε for each s ≥ 0 and all ε ∈ (0,1), and that
D(s) ≤ Dε(s) ≤ D(s) + 2ε for each s ≥ 0 and all ε ∈ (0,1).

(2.2)

Moreover, for each ε ∈ (0, 1), (Fε)ε∈(0,1) is defined as

Fε(s) :=
s∫

0

ϑε(σ )dσ, s ≥ 0 (2.3)

with (ϑε)ε∈(0,1) ⊂ C∞
0 ([0, ∞)) fulfilling

0 ≤ ϑε ≤ 1 in [0,∞), ϑε ≡ 1 in [0,
1

ε
] and ϑε ≡ 0 in [2

ε
,∞), (2.4)

and thus (2.3) implies

Fε ∈ C∞([0,∞)), 0 ≤ Fε(s) ≤ s and 0 ≤ F ′
ε(s) ≤ 1 for all s ≥ 0 and each ε ∈ (0,1) (2.5)

as well as

Fε(s) → s for any s ≥ 0 and F ′
ε(s) → 1 for any s > 0 as ε → 0. (2.6)

In the framework of the reasoning in [31, Lemma 2.1], which is based on a combination of 
the maximal principle and the fixed point arguments, the local solvability of (2.1) as well as an 
extensible criterion can be established by a suitable adaption.
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Lemma 2.1. Let ε ∈ (0, 1) and � ⊂ R3 be a bounded domain, and let (1.10) be valid. Then for 
(n0, c0, ρ0, u0) satisfying (1.8), there exist a maximal existence time Tmax,ε ∈ (0, +∞] as well as 
functions nε, cε, ρε, uε, Pε fulfilling nε > 0, cε > 0, ρε > 0 and

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

nε ∈ C0(�̄ × [0, Tmax,ε))
⋂

C2,1(�̄ × (0, Tmax,ε)),

cε ∈ C0(�̄ × [0, Tmax,ε))
⋂

C2,1(�̄ × (0, Tmax,ε))
⋂

L∞([0, Tmax,ε);W 1,q (�)),

ρε ∈ C0(�̄ × [0, Tmax,ε))
⋂

C2,1(�̄ × (0, Tmax,ε))
⋂

L∞([0, Tmax,ε);W 1,q(�)),

uε ∈ C0(�̄ × [0, Tmax,ε);R3)
⋂

C2,1(�̄ × (0, Tmax,ε);R3),

Pε ∈ C1,0(�̄ × (0, Tmax,ε))

(2.7)

with some q > 3 and α ∈ ( 3
4 , 1), such that the functions make up the unique solution of (2.1). In 

addition, if Tmax,ε < ∞, then

‖nε(·, t)‖L∞(�) + ‖cε(·, t)‖W 1,q (�) + ‖ρε(·, t)‖W 1,q (�) + ‖Aαuε(·, t)‖L2(�) → ∞ (2.8)

as t → Tmax,ε .

The presence of the reaction term −ρεFε(nε) along with the nonnegativity of nε and ρε im-
plies some basic but crucial estimates which follow from integration by parts and the maximal 
principle.

Lemma 2.2. For each ε ∈ (0, 1), we have

d

dt

∫
�

nε(·, t) ≤ 0,
d

dt

∫
�

ρε(·, t) ≤ 0 for all t ∈ (0, Tmax,ε) (2.9)

and ∫
�

nε(·, t) ≤
∫
�

n0,

∫
�

ρε(·, t) ≤
∫
�

ρ0 for all t ∈ (0, Tmax,ε) (2.10)

as well as ∫
�

nε(·, t) −
∫
�

ρε(·, t) =
∫
�

n0 −
∫
�

ρ0 for all t ∈ (0, Tmax,ε), (2.11)

‖ρε(·, t)‖L∞(�) ≤ ‖ρ0‖L∞(�) for all t ∈ (0, Tmax,ε) (2.12)

and

‖cε(·, t)‖L∞(�) ≤ max{‖c0‖L∞(�),‖ρ0‖L∞(�)} := Mc for all t ∈ (0, Tmax,ε). (2.13)

Proof. Integrating both nε-equation and ρε-equation over �, we obtain

d

dt

∫
nε(·, t) = d

dt

∫
ρε(·, t) = −

∫
ρεFε(nε) for all t ∈ (0, Tmax,ε), (2.14)
� � �
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which implies (2.9) thanks to the nonnegativity of ρεFε(nε), and thus (2.10) is valid upon inte-
grations of (2.9) over (0, t) for any t ∈ (0, Tmax,ε). Moreover, (2.11) is a straightforward result 
from integrating (2.14) over (0, t) for each t ∈ (0, Tmax,ε). As for (2.12), it follows from an appli-
cation of the maximum principle to ρε-equation. With (2.12) at hand, we can finally infer (2.13)
from the comparison principle. �

Now, we provide an inequality constructed in [15, Lemma 2.7 iv] which plays a crucial role 

in detecting the evolution of 
∫
�

|∇cε |2
cε

in the sequel.

Lemma 2.3. For each positive ω ∈ C2(�̄) satisfying ∂ω
∂ν

= 0 on ∂�, there exist positive constants 
k0 and M0 such that

−2
∫
�

|�ω|2
ω

+
∫
�

|∇ω|2�ω

ω2 ≤ −k0

∫
�

ω|D2 lnω|2 − k0

∫
�

|∇ω|4
ω3 + M0

∫
�

ω. (2.15)

3. A quasi-energy structure of (2.1)

For deriving higher regularity properties, which is used as a foundation of the first iterative 
bootstrap procedure in the next section, we resort to constructing a quasi-energy functional.

Lemma 3.1. For each ε ∈ (0, 1) and any t ∈ (0, Tmax,ε), we can find M1 > 0 and M2 > 0 such 
that

d

dt

∫
�

nε lnnε + 2CD

m2

∫
�

|∇(nε + ε)
m
2 |2 ≤ ζ

∫
�

|∇cε|4 + M1 if
10

9
< m ≤ 2, (3.1)

and

d

dt

∫
�

(nε + ε)m−1 + CD(m − 2)

2(m − 1)

∫
�

|∇(nε + ε)m−1|2 ≤ ζ

∫
�

|∇cε|4 + M2 if m > 2 (3.2)

with arbitrary ζ > 0.

Proof. In view of nε-equation in (2.1), ∇ · uε = 0, (1.9) and the nonnegativity of ρεFε(nε), we 
integrate by parts to obtain

d

dt

∫
�

nε lnnε =
∫
�

lnnε

(∇ · (Dε(nε)∇nε) − ∇ · (nεF
′
ε(nε)∇cε) − ρεFε(nε)

−uε · ∇nε) −
∫
�

ρεFε(nε)

≤ − CD

∫
�

(nε + ε)m−2|∇nε|2 +
∫
�

F ′
ε(nε)∇nε · ∇cε −

∫
�

ρεFε(nε) lnnε

(3.3)

for all t ∈ (0, Tmax,ε). From (2.12) and the fact that
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s ln s ≥ −1

e
for all s > 0, (3.4)

we can infer that

−
∫
�

ρεFε(nε) lnnε ≤ −
∫
�

ρεFε(nε) lnFε(nε) ≤ |�|
e

‖ρ0‖L∞(�) (3.5)

for all t ∈ (0, Tmax,ε). Invoking Young’s inequality, we also have

∫
�

F ′
ε(nε)∇nε · ∇cε

≤CD

4

∫
�

(nε + ε)m−2|∇nε|2 + 1

CD

∫
�

(nε + ε)2−m|∇cε|2

≤CD

4

∫
�

(nε + ε)m−2|∇nε|2 + ζ

∫
�

|∇cε|4 + 1

4C2
Dζ

∫
�

(nε + ε)4−2m

(3.6)

for all t ∈ (0, Tmax,ε), where ζ > 0 is arbitrary. In the case when 10
9 < m < 3

2 , we actually have 
2
m

<
4(2−m)

m
< 6, and thereby an application of the Gagliardo–Nirenberg inequality along with 

(2.10) provides C1 > 0 and C2 > 0 such that

∫
�

(nε + ε)4−2m =∥∥(nε + ε)
m
2
∥∥ 4(2−m)

m

L
4(2−m)

m (�)

≤C1

(∥∥∇(nε + ε)
m
2
∥∥a

L2(�)

∥∥(nε + ε)
m
2
∥∥1−a

L
2
m (�)

+ ∥∥(nε + ε)
m
2
∥∥

L
2
m (�)

) 4(2−m)
m

≤C2

⎛
⎝∫

�

∣∣∇(nε + ε)
m
2
∣∣2 + 1

⎞
⎠

9−6m
3m−1

(3.7)

for all t ∈ (0, Tmax,ε), where a = 3m(3−2m)
2(2−m)(3m−1)

∈ (0, 1). Since m > 10
9 implies 9−6m

3m−1 < 1, we 
employ Young’s inequality once more to derive

1

4C2
Dζ

∫
�

(nε + ε)4−2m ≤ C2

4C2
Dζ

⎛
⎝∫

�

∣∣∇(nε + ε)
m
2
∣∣2 + 1

⎞
⎠

9−6m
3m−1

≤CD

m2

∫
�

|∇(nε + ε)
m
2 |2 + C3

=CD

4

∫
(nε + ε)m−2|∇nε|2 + C3

(3.8)
�
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with some C3 > 0 for all t ∈ (0, Tmax,ε). Whereas for 3
2 ≤ m ≤ 2, it is clear that 0 ≤ 4 − 2m ≤ 1, 

whence the Hölder inequality combined with (2.10) entails

1

4C2
Dζ

∫
�

(nε + ε)4−2m ≤ C4 (3.9)

with certain C4 > 0 for all t ∈ (0, Tmax,ε). Letting C5 := max{C3, C4}, we deduce from (3.8) and 
(3.9) that

1

4C2
Dζ

∫
�

(nε + ε)4−2m ≤ CD

4

∫
�

(nε + ε)m−2|∇nε|2 + C5 (3.10)

for all t ∈ (0, Tmax,ε). Thereupon, a combination of (3.6) and (3.10) implies

∫
�

F ′
ε(nε)∇nε · ∇cε ≤ CD

2

∫
�

(nε + ε)m−2|∇nε|2 + ζ

∫
�

|∇cε|4 + C5 (3.11)

for all t ∈ (0, Tmax,ε). Substituting (3.3) and (3.5) into (3.11), we achieve (3.1) with the choice of 
M1 := |�|

e
‖ρ0‖L∞(�) + C5.

Next, for m > 2, we test nε-equation against (m − 1)(nε + ε)m−2 and obtain from (1.9) that

d

dt

∫
�

(nε + ε)m−1 = − (m − 1)(m − 2)

∫
�

(nε + ε)m−3Dε(nε)|∇nε|2

+ (m − 1)(m − 2)

∫
�

nε(nε + ε)m−3F ′
ε(nε)∇nε · ∇cε

− (m − 1)

∫
�

(nε + ε)m−2ρεFε(nε)

≤ − CD(m − 1)(m − 2)

∫
�

(nε + ε)2m−4|∇nε|2

+ (m − 1)(m − 2)

∫
�

nε(nε + ε)m−3F ′
ε(nε)∇nε · ∇cε

− (m − 1)

∫
�

(nε + ε)m−2ρεFε(nε)

(3.12)

for all t ∈ (0, Tmax,ε), where in conjunction with (2.5) two applications of Young’s inequality 
yield
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(m − 1)(m − 2)

∫
�

nε(nε + ε)m−3F ′
ε(nε)∇nε · ∇cε

≤(m − 1)(m − 2)

∫
�

(nε + ε)m−2|∇nε| · |∇cε|

≤CD(m − 1)(m − 2)

2

∫
�

(nε + ε)2m−4|∇nε|2 + (m − 1)(m − 2)

2CD

∫
�

|∇cε|2

≤CD(m − 1)(m − 2)

2

∫
�

(nε + ε)2m−4|∇nε|2 + ζ

∫
�

|∇cε|4 + (m − 1)2(m − 2)2

16ζC2
D

(3.13)

for all t ∈ (0, Tmax,ε). Thanks to the nonnegativity of (m − 1) 
∫
�
(nε + ε)m−2ρεFε(nε), (3.2) thus 

follows from (3.12) and (3.13) with M2 := (m−1)2(m−2)2

16ζC2
D

.

Aided by the uniform L∞-bounds in (2.13), the integral 
∫
�

|∇cε |4
c3
ε

generated in the following 
detection does not only make it possible to offset the integral appearing on the right-hand side 
of both (3.1) and (3.2) but also provides a chance to obtain the spatio-temporal estimates of ∫ t+1
t

∫
�

|∇cε|4 in the sequel. �
Lemma 3.2. For all ε ∈ (0, 1) and each t ∈ (0, Tmax,ε), it is valid that

d

dt

∫
�

|∇cε|2
cε

+
∫
�

|∇cε|2
cε

+ 3k0

4

∫
�

|∇cε|4
c3
ε

≤ 4Mc

k0

∫
�

|∇uε|2 +
∫
�

|∇ρε|2
ρε

+ M0Mc|�|

(3.14)
with Mc defined as in Lemma 2.2 and k0 as well as M0 provided in Lemma 2.3.

Proof. Due to cε > 0 guaranteed by Lemma 2.1, it follows from cε-equation in (2.1) and inte-
gration by parts that

d

dt

∫
�

|∇cε|2
cε

=2
∫
�

∇cε · ∇cεt

cε

−
∫
�

|∇cε|2
c2
ε

cεt

=2
∫
�

∇cε

cε

· ∇ (�cε − cε + ρε − uε · ∇cε)

−
∫
�

|∇cε|2
c2
ε

(�cε − cε + ρε − uε · ∇cε)

= − 2
∫
�

|�cε|2
cε

+
∫
�

|∇cε|2
c2
ε

�cε −
∫
�

|∇cε|2
cε

+ 2
∫
�

∇cε · ∇ρε

cε

−
∫

ρε|∇cε|2
c2
ε

+ 2
∫

�cε

cε

(uε · ∇cε) −
∫ |∇cε|2

c2
ε

(uε · ∇cε)

(3.15)
� � �
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for all t ∈ (0, Tmax,ε). By Young’s inequality, we obtain

2
∫
�

∇cε · ∇ρε

cε

≤
∫
�

ρε|∇cε|2
c2
ε

+
∫
�

|∇ρε|2
ρε

(3.16)

for all t ∈ (0, Tmax,ε). In view of ∇ · uε = 0, we integrate by parts again to derive

2
∫
�

�cε

cε

(uε · ∇cε) =2
∫
�

|∇cε|2
c2
ε

(uε · ∇cε) − 2
∫
�

∇cε · ∇(uε · ∇cε)

cε

=2
∫
�

|∇cε|2
c2
ε

(uε · ∇cε) − 2
∫
�

∇cε · ∇uε · ∇cε

cε

− 2
∫
�

uε · D2cε · ∇cε

cε

for all t ∈ (0, Tmax,ε), where

∫
�

|∇cε|2
c2
ε

(uε · ∇cε) = −
∫
�

|∇cε|2uε · ∇ ·
(

1

cε

)
=
∫
�

uε · ∇|∇cε|2
cε

=2
∫
�

uε · D2cε · ∇cε

cε

for all t ∈ (0, Tmax,ε), whence again in light of Young’s inequality, we have

2
∫
�

�cε

cε

(uε · ∇cε) −
∫
�

|∇cε|2
c2
ε

(uε · ∇cε) = − 2
∫
�

∇cε · (∇uε · ∇cε)

cε

≤k0

4

∫
�

|∇cε|4
c3
ε

+ 4

k0

∫
�

cε|∇uε|2

≤k0

4

∫
�

|∇cε|4
c3
ε

+ 4Mc

k0

∫
�

|∇uε|2

(3.17)

for all t ∈ (0, Tmax,ε). Apart from that, Lemma 2.3 together with (2.13) implies

−2
∫
�

|�cε|2
cε

+
∫
�

|∇cε|2
c2
ε

�cε ≤ − k0

∫
�

cε|D2 ln cε|2 − k0

∫
�

|∇cε|4
c3
ε

+ M0

∫
�

cε

≤ − k0

∫
�

cε|D2 ln cε|2 − k0

∫
�

|∇cε|4
c3
ε

+ M0Mc|�|
(3.18)

for all t ∈ (0, Tmax,ε). Inserting (3.16)-(3.18) into (3.15), we obtain
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d

dt

∫
�

|∇cε|2
cε

+ |∇cε|2
cε

≤ − k0

∫
�

cε|D2 ln cε|2 − 3k0

4

∫
�

|∇cε|4
c3
ε

+ 4Mc

k0

∫
�

|∇uε|2 +
∫
�

|∇ρε|2
ρε

+ M0Mc|�|
(3.19)

for all t ∈ (0, Tmax,ε), and thus (3.14) can be achieved immediately by dropping the integral 
k0
∫
�

cε|D2 ln cε|2 thanks to its nonnegativity.
Now, let us detect the evolution of 

∫
�

ρε lnρε and 
∫
�

|uε|2, respectively. �
Lemma 3.3. For any ε ∈ (0, 1) and all t ∈ (0, Tmax,ε), we have

d

dt

∫
�

ρε lnρε +
∫
�

|∇ρε|2
ρε

≤ 1

e

∫
�

n0, (3.20)

and moreover, there exists M3 > 0 such that

d

dt

∫
�

|uε|2 +
∫
�

|∇uε|2 ≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

k0

6Mc

· D1

m2

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 + M3 if

10

9
< m ≤ 2,

k0

6Mc

· D1(m − 2)

4(m − 1)

∫
�

∣∣∇(nε + ε)m−1
∣∣2 + M3 if m > 2,

(3.21)

where Mc > 0 is provided by Lemma 2.2.

Proof. Upon integration by parts, we derive from ρε-equation in (2.1), ∇ · uε = 0 and the non-
negativity of 

∫
�

Fε(nε)ρε that

d

dt

∫
�

ρε lnρε =
∫
�

lnρε ·
(
�ρε − ρεFε(nε) − uε · ∇ρε

)
−
∫
�

Fε(nε)ρε

= −
∫
�

|∇ρε|2
ρε

−
∫
�

Fε(nε)ρε lnρε −
∫
�

Fε(nε)ρε

≤ −
∫
�

|∇ρε|2
ρε

−
∫
�

Fε(nε)ρε lnρε

for all t ∈ (0, Tmax,ε), where from (3.4), (2.5) and (2.10), we can infer that

−
∫
�

Fε(nε)ρε lnρε ≤ 1

e

∫
�

Fε(nε) ≤ 1

e

∫
�

nε ≤ 1

e

∫
�

n0

for all t ∈ (0, Tmax,ε), and thus (3.20) holds.
Next, according to the reasoning of [32, Lemma 3.5], a standard testing procedure with uε as 

a testing function applied to uε-equation in (2.1) entails
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1

2

d

dt

∫
�

|uε|2 +
∫
�

|∇uε|2 =
∫
�

(nε + ρε)uε · ∇φ (3.22)

for all t ∈ (0, Tmax,ε). Due to W 1,2(�) ↪→ L6(�) in the three-dimensional context, we can find 
C1 > 0 satisfying

‖uε‖L6(�) ≤ C1‖∇uε‖L2(�) (3.23)

for all t ∈ (0, Tmax,ε). It follows from the Hölder inequality, (3.23), Minkwoski’s inequality, 
Young’s inequality, (2.12) as well as (ξ + η)2 ≤ 2(ξ2 + η2) for all ξ ≥ 0 and η ≥ 0 that∫

�

(nε + ρε)uε · ∇φ

≤‖uε‖L6(�)‖∇φ‖L∞(�)‖nε + ρε‖
L

6
5 (�)

≤C1‖∇uε‖L2(�)‖∇φ‖L∞(�)(‖ρε‖
L

6
5 (�)

+ ‖nε + ε‖
L

6
5 (�)

)

≤1

2
‖∇uε‖2

L2(�)
+ C2

1‖∇φ‖2
L∞(�)

2
(‖ρε‖

L
6
5 (�)

+ ‖nε + ε‖
L

6
5 (�)

)2

≤1

2
‖∇uε‖2

L2(�)
+ C2

1‖∇φ‖2
L∞(�)(‖ρε‖2

L
6
5 (�)

+ ‖nε + ε‖2

L
6
5 (�)

)

≤1

2
‖∇uε‖2

L2(�)
+ C2

1‖∇φ‖2
L∞(�)‖ρ0‖2

L∞(�)|�| 5
3 + C2

1‖∇φ‖2
L∞(�)‖nε + ε‖2

L
6
5 (�)

(3.24)

for all t ∈ (0, Tmax,ε). For 10
9 < m ≤ 2, we have 2

m
< 12

5m
< 6, which allows for an application of 

the Gagliardo–Nirenberg inequality along with (2.10) to provide C2 > 0 and C3 > 0 such that

‖nε + ε‖2

L
6
5 (�)

=‖(nε + ε)
m
2 ‖

4
m

L
12
5m (�)

≤C2

(
‖∇(nε + ε)

m
2 ‖

m
2(3m−1)

L2(�)
‖(nε + ε)

m
2 ‖

5m−2
2(3m−1)

L
2
m (�)

+ ‖(nε + ε)
m
2 ‖

L
2
m (�)

) 4
m

≤C3

⎛
⎝∫

�

∣∣∇(nε + ε)
m
2
∣∣2 + 1

⎞
⎠

1
3m−1

(3.25)

for all t ∈ (0, Tmax,ε), where 1
3m−1 < 1 due to m > 10

9 . Therefore, by Young’s inequality, we have

‖nε + ε‖2

L
6
5 (�)

≤ ζ1

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 + C4 (3.26)

for all t ∈ (0, Tmax,ε), where ζ1 > 0 is arbitrary and C4 := C4(ζ1) > 0. With ζ1 := 1
C2

1‖∇φ‖2
L∞(�)

·
k0 · CD

2 , substituting (3.26) into (3.24) yields
12Mc m
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∫
�

(nε + ρε)uε · ∇φ ≤ 1

2
‖∇uε‖2

L2(�)
+ k0

12Mc

· CD

m2

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 + C5 (3.27)

with C5 := C2
1‖∇φ‖2

L∞(�)(C4 + ‖ρ0‖2
L∞(�)|�| 5

3 ) for all t ∈ (0, Tmax,ε), and thereby it follows 
from (3.22) and (3.27) that

d

dt

∫
�

|uε|2 +
∫
�

|∇uε|2 ≤ k0

6Mc

· CD

m2

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 + 2C5 (3.28)

for all t ∈ (0, Tmax,ε). Whereas for m > 2, it is clear that 1
m−1 < 6

5(m−1)
< 6, whence again by 

the Gagliardo–Nirenberg inequality, we obtain

‖nε + ε‖2

L
6
5 (�)

= ∥∥(nε + ε)m−1
∥∥ 2

m−1

L
6

5(m−1) (�)

≤ C6

(∥∥∇(nε + ε)m−1
∥∥ 6m−11

6m−7

L2(�)

∥∥(nε + ε)m−1
∥∥ 4

6m−7

L
1

m−1 (�)

+ ∥∥(nε + ε)m−1
∥∥

L
1

m−1 (�)

) 2
m−1

≤ C7

⎛
⎝∫

�

∣∣∇(nε + ε)m−1
∣∣2 + 1

⎞
⎠

1
m−1 · 6m−11

6m−7

(3.29)

for all t ∈ (0, Tmax,ε). Since m > 2 implies 0 < 1
m−1 · 6m−11

6m−7 < 1, we make use of Young’s 
inequality to derive

‖nε + ε‖2

L
6
5 (�)

≤ ζ2

∫
�

∣∣∇(nε + ε)m−1
∣∣2 + C8 (3.30)

with ζ2 := 1
C2

1‖∇φ‖2
L∞(�)

· k0
12Mc

· CD(m−2)
4(m−1)

and C8 := C8(ζ2) > 0 for all t ∈ (0, Tmax,ε), which 

along with (3.26) implies

∫
�

(nε + ρε)uε · ∇φ ≤ 1

2
‖∇uε‖2

L2(�)
+ k0

12Mc

· CD(m − 2)

4(m − 1)

∫
�

∣∣∇(nε + ε)m−1
∣∣2 + C9 (3.31)

for all t ∈ (0, Tmax,ε), where C9 := C2
1‖∇φ‖2

L∞(�)(C8 + ‖ρ0‖2
L∞(�)|�| 5

3 ). Combining (3.22)
with (3.31), we attain

d

dt

∫
�

|uε|2 +
∫
�

|∇uε|2 ≤ k0

6Mc

· CD(m − 2)

4(m − 1)

∫
�

∣∣∇(nε + ε)m−1
∣∣2 + 2C9 (3.32)

for all t ∈ (0, Tmax,ε). As a consequence of (3.28) and (3.32), (3.21) is valid by a choice of 
M3 := max{2C5, 2C9}.

Now, the quasi-energy structure mentioned above can be constructed by collecting Lem-
mas 3.1–3.3, which yields the following estimates. �
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Lemma 3.4. Let m > 10
9 . Then one can find C > 0 independent of ε ∈ (0, 1) such that

∫
�

|∇cε|2 +
∫
�

|uε|2 ≤ C for all t ∈ (0, Tmax,ε) (3.33)

and

t+1∫
t

∫
�

|∇cε|4 +
t+1∫
t

∫
�

|∇ρε|2 +
t+1∫
t

∫
�

|∇uε|2 +

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

t+1∫
t

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 for

10

9
< m ≤ 2

t+1∫
t

∫
�

∣∣∇(nε + ε)m−1
∣∣2 for m > 2

≤ C for each t ∈ (0, Tmax,ε − 1). (3.34)

Proof. In the case when 10
9 < m ≤ 2, we pick ζ = k0

2‖c0‖3
L∞(�)

in Lemma 3.1 and deduce from 

Lemmas 3.1–3.3 that

d

dt

⎧⎨
⎩
∫
�

nε lnnε +
∫
�

|∇cε|2
cε

+ 2
∫
�

ρε lnρε + 6Mc

k0

∫
�

|uε|2
⎫⎬
⎭

+ CD

m2

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 +

∫
�

|∇cε|2
cε

+ k0

4

∫
�

|∇cε|4
c3
ε

+
∫
�

|∇ρε|2
ρε

+ Mc

k0

∫
�

|∇uε|2

≤M1 + M0Mc|�| + 2

e

∫
�

n0 + 6McM3

k0

(3.35)

for all t ∈ (0, Tmax,ε) with M3 > 0 as given in Lemma 3.3. Similarly, for m > 2, Lemma 3.1 with 
ζ = k0

2‖c0‖3
L∞(�)

together with Lemmas 3.2 and 3.3 entails

d

dt

⎧⎨
⎩
∫
�

(nε + ε)m−1 +
∫
�

|∇cε|2
cε

+ 2
∫
�

ρε lnρε + 6Mc

k0

∫
�

|uε|2
⎫⎬
⎭

+ CD(m − 2)

4(m − 1)

∫
�

∣∣∇(nε + ε)m−1
∣∣2 +

∫
�

|∇cε|2
cε

+ k0

4

∫
�

|∇cε|4
c3
ε

+
∫
�

|∇ρε|2
ρε

+ Mc

k0

∫
�

|∇uε|2

≤M2 + M0Mc|�| + 2

e

∫
�

n0 + 6McM3

k0
(3.36)

for all t ∈ (0, Tmax,ε). Choosing M := max
{
1, m

2

CD
, 4(m−1)

CD(m−2)
, 4

k0
, k0

Mc
, M1 + M2 + M0Mc|�| +

2 ∫ n0 + 6McM3
}
, we infer from (3.35) and (3.36) that
e � k0
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d

dt

⎧⎨
⎩
∫
�

nε lnnε +
∫
�

|∇cε|2
cε

+ 2
∫
�

ρε lnρε + 6Mc

k0

∫
�

|uε|2
⎫⎬
⎭

+ 1

M

⎧⎨
⎩
∫
�

∣∣∇(nε + ε)
m
2
∣∣2 +

∫
�

|∇cε|2
cε

+
∫
�

|∇cε|4
c3
ε

+
∫
�

|∇ρε|2
ρε

+
∫
�

|∇uε|2
⎫⎬
⎭

≤M

(3.37)

for all t ∈ (0, Tmax,ε), and that

d

dt

⎧⎨
⎩
∫
�

(nε + ε)m−1 +
∫
�

|∇cε|2
cε

+ 2
∫
�

ρε lnρε + 6Mc

k0

∫
�

|uε|2
⎫⎬
⎭

+ 1

M

⎧⎨
⎩
∫
�

∣∣∇(nε + ε)m−1
∣∣2 +

∫
�

|∇cε|2
cε

+
∫
�

|∇cε|4
c3
ε

+
∫
�

|∇ρε|2
ρε

+
∫
�

|∇uε|2
⎫⎬
⎭

≤M

(3.38)

for all t ∈ (0, Tmax,ε), respectively. In light of (2.10), the facts that ξ ln ξ ≤ 3
2ξ

5
3 for all ξ ≥ 0, 

and that 2
m

< 10
3m

< 6 as well as 0 < 2
3m−1 < 1 due to 10

9 < m ≤ 2, we invoke the Gagliardo–
Nirenberg inequality and Young’s inequality to attain

∫
�

nε lnnε ≤3

2

∫
�

n
5
3
ε

≤3

2

∥∥(nε + ε)
m
2
∥∥ 10

3m

L
10
3m (�)

≤C1

(∥∥∇(nε + ε)
m
2
∥∥ 6m

5(3m−1)

L2(�)

∥∥(nε + ε)
m
2
∥∥ 9m−5

5(3m−1)

L
2
m (�)

+ ∥∥(nε + ε)
m
2
∥∥

L
2
m (�)

) 10
3m

≤C2

⎛
⎝∫

�

∣∣∇(nε + ε)
m
2
∣∣2 + 1

⎞
⎠

2
3m−1

≤C2

∫
�

∣∣∇(nε + ε)
m
2
∣∣2 + C2 + 1

(3.39)

with some C1 > 0 and C2 > 0 for all t ∈ (0, Tmax,ε). Likewise, we can find positive constants C3

and C4 fulfilling

∫
ρε lnρε ≤ 3

2

∫
ρ

5
3
ε

� �
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= 3

2
‖ρ

1
2
ε ‖

10
3

L
10
3 (�)

≤ C3

(
‖∇ρ

1
2
ε ‖2

L2(�)
‖ρ

1
2
ε ‖

4
3
L2(�)

+ ‖ρ
1
2
ε ‖

10
3

L2(�)

) (3.40)

≤ C4

∫
�

|∇ρε|2
ρε

+ C4

for all t ∈ (0, Tmax,ε). Whereas for m > 2, another application of the Gagliardo–Nirenberg in-
equality along with Young’s inequality provides C5 > 0 and C6 > 0 such that

∫
�

(nε + ε)m−1 =∥∥(nε + ε)m−1
∥∥

L1(�)

≤C5

(∥∥∇(nε + ε)m−1
∥∥ 6m−12

6m−7

L2(�)

∥∥(nε + ε)m−1
∥∥ 5

6m−7

L
1

m−1 (�)

+ ∥∥(nε + ε)m−1
∥∥

L
1

m−1 (�)

)

≤C6

∫
�

∣∣∇(nε + ε)m−1
∣∣2 + C6 (3.41)

for all t ∈ (0, Tmax,ε). In addition, thanks to uε = 0 on ∂�, we have the Poincaré inequality

∫
�

|uε|2 ≤ CP

∫
�

|∇uε|2 (3.42)

with certain CP > 0 for all t ∈ (0, Tmax,ε).
Now, we define

gε(t) :=
∫
�

{
nε lnnε + |∇cε|2

cε

+ 2ρε lnρε + 6Mc

k0
|uε|2

}
(·, t)

for all t ∈ (0, Tmax,ε) and

hε(t) :=
∫
�

{∣∣∇(nε + ε)
m
2
∣∣2 + |∇cε|2

cε

+ |∇cε|4
c3
ε

+ |∇ρε|2
ρε

+ |∇uε|2
}

(·, t)

for all t ∈ (0, Tmax,ε), as well as

yε(t) :=
∫
�

{
(nε + ε)m−1 + |∇cε|2

cε

+ 2ρε lnρε + 6Mc

k0
|uε|2

}
(·, t)

for all t ∈ (0, Tmax,ε), and
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zε(t) :=
∫
�

{∣∣∇(nε + ε)m−1
∣∣2 + |∇cε|2

cε

+ |∇cε|4
c3
ε

+ |∇ρε|2
ρε

+ |∇uε|2
}

(·, t)

for all t ∈ (0, Tmax,ε). Collecting (3.39)–(3.42), we can obtain C8 > 0 and C9 > 0 such that

gε(t) ≤ C8hε(t) + C8

for all t ∈ (0, Tmax,ε), as well as

yε(t) ≤ C9zε(t) + C9

for all t ∈ (0, Tmax,ε), which in conjunction with (3.37) and (3.38) entails that

g′
ε(t) + 1

2MC8
gε(t) + 1

2M
hε(t) ≤ 1

2M
+ M := C10 (3.43)

for all t ∈ (0, Tmax,ε), and that

y′
ε(t) + 1

2MC8
yε(t) + 1

2M
zε(t) ≤ C10 (3.44)

for all t ∈ (0, Tmax,ε). Therefore, by an ODE comparison argument, we achieve

gε(t) ≤ C11 := max{ sup
ε∈(0,1)

gε(0),2MC8C10}

for all t ∈ (0, Tmax,ε), and

yε(t) ≤ C12 := max{ sup
ε∈(0,1)

yε(0),2MC9C10}

for all t ∈ (0, Tmax,ε), which combined with (2.13) implies (3.33). In the final, (3.34) follows 
directly from (2.13) by integrating (3.43) and (3.44) over (t, t + 1) for any t ∈ (0, Tmax,ε − 1), 
respectively. �
4. A priori estimates for nε

4.1. Preparation for iterations

In this portion, we aim to clarify the relationship between the regularity index of nε and that 
of ∇cε by means of a similar procedure as performed in [30, Lemma 4.1], which is regarded as 
a recursion formula for iterations in the sequel.

Lemma 4.1. Let m > 1, p∗ ≥ 1 and q ≥ 2 fulfill

p ≤ 2q(m − 1 + p∗
) − (m − 1 + 2p∗

). (4.1)

3 3
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Then for each L > 0 there exists C = C(p, p∗, q, L) > 0 such that if for certain ε ∈ (0, 1), both

∫
�

np∗
ε (·, t) ≤ L for all t ∈ (0, Tmax,ε) (4.2)

and

t+1∫
t

∫
�

|∇cε(·, t)|2q ≤ L for all t ∈ (0, Tmax,ε) (4.3)

are valid, then we have

∫
�

np
ε (·, t) ≤ C for all t ∈ (0, Tmax,ε). (4.4)

Proof. It follows from a direct computation that 2q(m − 1 + p∗
3 ) − (m − 1 + 2p∗

3 ) = (2q −
1)(m − 1) + 2p∗

3 (q − 1) ≥ 3(m − 1), which allows for a hypothesis that p ≥ max{p∗, m − 1}
without loss of generality. In light of (1.9), (2.2), (2.5) as well as the nonnegativity of nε and ρε , 
we test nε-equation by pn

p−1
ε and make use of Young’s inequality to obtain

d

dt

∫
�

np
ε = − p(p − 1)

∫
�

Dε(nε)n
p−2
ε |∇nε|2 + p(p − 1)

∫
�

np−1
ε F ′

ε(nε)∇nε · ∇cε

− p

∫
�

ρεn
p−1
ε Fε(nε)

≤ − CDp(p − 1)

∫
�

nm+p−3
ε |∇nε|2 + p(p − 1)

∫
�

np−1
ε F ′

ε(nε)∇nε · ∇cε

≤ − CDp(p − 1)

2

∫
�

nm+p−3
ε |∇nε|2 + p(p − 1)

2CD

∫
�

np−m+1
ε |∇cε|2

= − 2CDp(p − 1)

(m + p − 1)2

∫
�

∣∣∣∣∇n
m+p−1

2
ε

∣∣∣∣
2

+ p(p − 1)

2CD

∫
�

np−m+1
ε |∇cε|2

(4.5)

for all t ∈ (0, Tmax,ε), where by the Hölder inequality,

∫
�

np−m+1
ε |∇cε|2 ≤

⎧⎨
⎩
∫
�

n
(p−m+1)· q

q−1
ε

⎫⎬
⎭

q−1
q

·
⎧⎨
⎩
∫
�

|∇cε|2q

⎫⎬
⎭

1
q

(4.6)

holds for all t ∈ (0, Tmax,ε). In the case when (p−m +1) · q
q−1 ≤ p∗, the Hölder inequality along 

with (4.2) provides C1 > 0 such that
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⎧⎨
⎩
∫
�

n
(p−m+1)· q

q−1
ε

⎫⎬
⎭

q−1
q

≤ C1 (4.7)

for all t ∈ (0, Tmax,ε). If, inversely, (p − m + 1) · q
q−1 > p∗, then from the assumption p ≥

max{p∗, m − 1} and the fact that q
q−1 ≤ 2 due to q ≥ 2, we deduce that

2(p − m + 1)

p + m − 1
· q

q − 1
≤ 2q

q − 1
≤ 4 < 6.

This implies W 1,2(�) ↪→ L
2q(p−m+1)

(q−1)(p+m−1) (�) ↪→ L
2p∗

p+m−1 (�), whereupon combining with (4.2), we 
employ the Gagliardo–Nirenberg inequality to obtain C2 > 0 and C3 > 0 such that

⎧⎨
⎩
∫
�

n
(p−m+1)· q

q−1
ε

⎫⎬
⎭

q−1
q

=
∥∥∥np+m−1

2
ε

∥∥∥ 2(p−m+1)
p+m−1

L
2q(p−m+1)

(q−1)(p+m−1) (�)

≤C2

∥∥∥∇n
p+m−1

2
ε

∥∥∥ 6[q(p−m+1−p∗)+p∗]
q[3(p+m−1)−p∗]

L2(�)

∥∥∥np+m−1
2

ε

∥∥∥(1−a)· 2(p−m+1)
p+m−1

L
2p∗

p+m−1 (�)

+ C2

∥∥∥np+m−1
2

ε

∥∥∥ 2(p−m+1)
p+m−1

L
2p∗

p+m−1 (�)

≤C3

∥∥∥∇n
p+m−1

2
ε

∥∥∥ 6[q(p−m+1−p∗)+p∗]
q[3(p+m−1)−p∗]

L2(�)
+ C3

(4.8)

for all t ∈ (0, Tmax,ε) with a := 3(p+m−1)[q(p−m+1−p∗)+p∗]
q(p−m+1)[3(p+m−1)−p∗] ∈ [0, 1]. In conjunction with (4.6)

and (4.8), an application of Young’s inequality entails

p(p − 1)

2CD

∫
�

np−m+1
ε |∇cε|2 ≤C4

{∥∥∥∇n
p+m−1

2
ε

∥∥∥ 6[q(p−m+1−p∗)+p∗]
q[3(p+m−1)−p∗]

L2(�)
+ 1

}
·
⎧⎨
⎩
∫
�

|∇cε|2q

⎫⎬
⎭

1
q

≤2− q
q−1 · 2CDp(p − 1)

(m + p − 1)2

{∥∥∥∇n
p+m−1

2
ε

∥∥∥ 6[q(p−m+1−p∗)+p∗]
q[3(p+m−1)−p∗]

L2(�)
+ 1

} q
q−1

+ C5

∫
�

|∇cε|2q (4.9)

≤ CDp(p − 1)

(m + p − 1)2

{∥∥∥∇n
p+m−1

2
ε

∥∥∥ 6[q(p−m+1−p∗)+p∗]
(q−1)[3(p+m−1)−p∗]
L2(�)

+ 1

}

+ C5

∫
�

|∇cε|2q
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with C4 > 0 and C5 > 0 for all t ∈ (0, Tmax,ε), where the third inequality follows from the fact 

that (ξ + η)
q

q−1 ≤ 2
1

q−1 (ξ
q

q−1 + η
q

q−1 ) for all ξ ≥ 0 and η ≥ 0. Since

6[q(p − m + 1 − p∗) + p∗]
(q − 1)[3(p + m − 1) − p∗] − 2

= 6

(q − 1)[3(p + m − 1) − p∗]
{
p − [2q(m − 1 + p∗

3
) − (m − 1 + 2p∗

3
)]
}

≤0

by (4.1), we again make use of Young’s inequality to obtain

CDp(p − 1)

(m + p − 1)2

{∥∥∥∇n
p+m−1

2
ε

∥∥∥ 6[q(p−m+1−p∗)+p∗]
(q−1)[3(p+m−1)−p∗]
L2(�)

+ 1

}
≤ CDp(p − 1)

(m + p − 1)2

∫
�

∣∣∣∣∇n
p+m−1

2
ε

∣∣∣∣
2

+ 2CDp(p − 1)

(m + p − 1)2

(4.10)

for all t ∈ (0, Tmax,ε). Collecting (4.5), (4.9) and (4.10), we derive

d

dt

∫
�

np
ε + CDp(p − 1)

(m + p − 1)2

∫
�

∣∣∣∣∇n
p+m−1

2
ε

∣∣∣∣
2

≤ C5

∫
�

|∇cε|2q + 2CDp(p − 1)

(m + p − 1)2 (4.11)

for all t ∈ (0, Tmax,ε). Recalling m > 1 and p ≥ max{p∗, m − 1}, we can see that 2p∗
p+m−1 ≤

2p
p+m−1 < 2 < 6, which warrants the embedding W 1,2(�) ↪→ L

2p
p+m−1 (�) ↪→ L

2p∗
p+m−1 (�), 

whence another application of the Gagliardo–Nirenberg inequality together with (4.2) provides 
positive constants C6 and C7 such that

∫
�

np
ε =

∥∥∥np+m−1
2

ε

∥∥∥ 2p
p+m−1

L
2p

p+m−1 (�)

≤C6

∥∥∥∇n
p+m−1

2
ε

∥∥∥b· 2p
p+m−1

L2(�)

∥∥∥np+m−1
2

ε

∥∥∥(1−b)· 2p
p+m−1

L
2p∗

p+m−1 (�)

+ C6

∥∥∥np+m−1
2

ε

∥∥∥ 2p
p+m−1

L
2p∗

p+m−1 (�)

≤C7

∥∥∥∇n
p+m−1

2
ε

∥∥∥b· 2p
p+m−1

L2(�)
+ C7

(4.12)

with b := 3(p+m−1)(1− p∗
p

)

(q−1)[3(p+m−1)−p∗] ∈ (0, 1) for all t ∈ (0, Tmax,ε). Due to b · 2p
p+m−1 =

6(p−p∗)
3(p−p∗)+2p∗+3(m−1)

< 2, we apply Young’s inequality to (4.12) and have

∫
�

np
ε ≤ C7

∫
�

∣∣∣∣∇n
p+m−1

2
ε

∣∣∣∣
2

+ 2C7

for all t ∈ (0, Tmax,ε). This along with (4.11) implies
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d

dt

∫
�

np
ε + CDp(p − 1)

C7(m + p − 1)2

∫
�

np
ε ≤ C5

∫
�

|∇cε|2q + 4CDp(p − 1)

(m + p − 1)2 (4.13)

for all t ∈ (0, Tmax,ε). From (4.3), we deduce that

t+1∫
t

⎧⎨
⎩C5

∫
�

|∇cε|2q + 4CDp(p − 1)

(m + p − 1)2

⎫⎬
⎭≤ C5

t+1∫
t

∫
�

|∇cε|2q + 4CDp(p − 1)

(m + p − 1)2

≤ C5L + 4CDp(p − 1)

(m + p − 1)2

for all t ∈ (0, Tmax,ε − 1), and thus letting z(t) := ∫
�

n
p
ε (·, t) and g(t) := C5

∫
�

|∇cε(·, t)|2q +
4CDp(p−1)

(m+p−1)2 , we infer from (4.13) and [24, Lemma 3.4] that there exists C8 > 0 such that z(t) ≤ C8

for all t ∈ (0, Tmax,ε), which entails (4.4). �
4.2. The first iteration for L∞((0, Tmax,ε); Lp(�))-estimates of nε for p < 9(m − 1)

Based on the regularity of ∇cε provided in Lemma 3.4, we can achieve the uniform Lp-
bounds on nε in (0, Tmax,ε) by repeated applications of the iterative criterion (4.1) with fixed 
q = 2 provided that m > 10

9 . As enlightenments for the reasoning herein, the original idea can be 
found in precedents [26,30].

Lemma 4.2. Let m > 10
9 . Then for each p ∈ [1, 9(m − 1)), one can find C(p) > 0 independent 

of ε ∈ (0, 1) such that

∫
�

np
ε (·, t) ≤ C(p) for all t ∈ (0, Tmax,ε). (4.14)

Proof. Define a sequence (pj )j∈N ⊂ R fulfilling

pj+1 := 2

3
pj + 3(m − 1) for all j ∈N (4.15)

with the initial term p0 := 1, then the hypothesis m > 10
9 ensures that pj ↗ 9(m − 1) as j → ∞. 

Thus, for deriving (4.14), it is sufficient to verify the validity of (4.14) with p = pj for each 
j ∈N thanks to an interpolation reasoning. From (2.10), we know that (4.14) holds with p = p0, 
whereupon by an inductive argument we only need to prove that (4.14) is valid with p = pj+1

provided that 
∫
�

n
pj
ε (·, t) ≤ C1(j) holds with some C1(j) > 0 for j ∈ N . In light of (3.34), this 

can be achieved by an application of Lemma 4.1 with p∗ := pj and q := 2, and thus completes 
the proof. �
4.3. An improvement on regularity for ∇cε

Observing from Lemmas 3.4, 4.1 and 4.2, one can find that merely relying on the condition 
(4.3) with q = 2 might be inadequate for deriving higher regularity on nε, so that in view of 
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the relationship between p and q as shown in (4.1), it is essential to improve the estimates of 
∇cε at first. To achieve this, we need the following two well-established lemmas, where the first 
one provided in [28] shows the improved estimates for uε based on known regularity of nε in 
the context of 3d-Stokes system, and the second one asserted in [18] reveals the spatio-temporal 
regularity that ∇cε can reach whenever nε has the same regularity as that in the first one.

Lemma 4.3. Let N = 3, p ∈ [1, ∞) and q ∈ [1, ∞] be such that

⎧⎪⎪⎨
⎪⎪⎩

q <
3p

2(3 − 2p)
if p ≤ 3

2
,

q ≤ ∞ if p >
3

2
.

(4.16)

Then for all L > 0 there exists C = C(p, q, L) > 0 such that if

‖nε(·, t)‖Lp(�) ≤ L for all t ∈ (0, Tmax,ε), (4.17)

then

‖uε(·, t)‖L2q (�) ≤ C for all t ∈ (0, Tmax,ε). (4.18)

Lemma 4.4. Let N = 3, p ∈ [1, ∞) and q ∈ [1, ∞] satisfy

⎧⎪⎪⎨
⎪⎪⎩

q <
3p

2(3 − 2p)
if p ≤ 3

2
,

q ≤ ∞ if p >
3

2
.

(4.19)

Then for each L > 0 one can find C = C(p, q, L) > 0 such that if

∫
�

np
ε (·, t) ≤ L for all t ∈ (0, Tmax,ε), (4.20)

then

t+1∫
t

∫
�

|∇cε|2q ≤ C for all t ∈ (0, Tmax,ε − 1). (4.21)

Due to the same structure appearing in c-equation of (1.1), the proof of Lemma 4.4 is almost 
same as that in [18], so here we omit it.
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4.4. The second iteration for L∞((0, Tmax,ε); Lp(�))-estimates of nε for any p > 1

Noting that

9(m − 1)

{≤ 3
2 for m ≤ 7

6 ,

> 3
2 for m > 7

6 ,
(4.22)

we intend to execute the second iteration for m ≤ 7
6 as well as m > 7

6 , respectively.

Lemma 4.5. Let m > 7
6 . Then for each p > 1 there exists C(p) > 0 such that

∫
�

np
ε (·, t) ≤ C(p) for all t ∈ (0, Tmax,ε). (4.23)

Proof. Since m > 7
6 implies 9(m − 1) > 3

2 , Lemma 4.2 warrants the existence of some p∗ close 
to 9(m − 1) fulfilling p∗ > 3

2 and certain C(p∗) > 0 such that

∫
�

np∗
ε (·, t) ≤ C(p∗) for all t ∈ (0, Tmax,ε).

Thus, a combination of Lemmas 4.3–4.4 allows for a choice of arbitrarily large q > 2 in (4.21), 
which in conjunction with Lemma 4.1 shows (4.23) holds for any p > 1.

Now, let us consider the more complex case that m ≤ 7
6 . Firstly, we try to identify the starting 

point for a second iterative argument by developing the regularity achieved in Lemma 4.2. �
Lemma 4.6. Let 10

9 < m ≤ 7
6 , and let p∗ ∈ [1, 9(m − 1)). Then for any p > 1 fulfilling

p <
3p∗

3 − 2p∗
(m − 1 + p∗

3
) − (m − 1 + 2p∗

3
) (4.24)

and each chosen L > 0 there exists C(p, L) > 0 such that if for certain ε ∈ (0, 1)

∫
�

np∗
ε (·, t) ≤ L for all t ∈ (0, Tmax,ε) (4.25)

holds, then ∫
�

np
ε (·, t) ≤ C(p,L) for all t ∈ (0, Tmax,ε). (4.26)

Proof. Abbreviating f (q) := 2q(m − 1 + p∗
3 ) − (m − 1 + 2p∗

3 ), we can see that f is monotone 
increasing with respect to q by computing f ′(q) = 2(m − 1 + p∗

3 ) > 0 due to m > 10
9 . Moreover, 

since (4.25) implies the validity of (4.21) for any q <
3p∗

2(3−2p∗) by Lemma 4.4, we infer from 
Lemma 4.1 and the monotonicity of f that (4.26) holds for all p complying with (4.24).
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As shown in Lemma 4.4 and also in the reasoning of Lemma 4.5, the derivation of (4.4) for 
arbitrary p > 1 merely relies on the existence of p∗ > 3

2 fulfilling (4.2). In fact, in the case when 
m = 7

6 , this can be achieved by an application of Lemma 4.6. �
Lemma 4.7. Let m = 7

6 . Then one can find p∗ > 3
2 and C(p∗) > 0 such that

∫
�

np∗
ε (·, t) ≤ C(p∗) for all t ∈ (0, Tmax,ε). (4.27)

Proof. Since 9(m − 1) = 3
2 due to m = 7

6 , it can be inferred from Lemma 4.2 that for any 
p∗ ∈ [1, 32 ) there exists C(p∗) > 0 such that

∫
�

np∗
ε (·, t) ≤ C(p∗) for all t ∈ (0, Tmax,ε). (4.28)

In particular, if we choose p∗ := 8
7 < 3

2 , an elementary calculation entails

{
3p∗

3 − 2p∗
(m − 1 + p∗

3
) − (m − 1 + 2p∗

3
)

}∣∣∣∣
p∗= 8

7

= 84

55
>

3

2
.

Therefore, Lemma 4.6 ensures that (4.27) is indeed valid for some p∗ > 3
2 .

Whereas for 10
9 < m < 7

6 , the availability of the condition (4.24) in verifying the existence of 
p∗ > 3

2 requires m > 37
33 as stated in Theorem 1.1. �

Lemma 4.8. For 37
33 < m < 7

6 , let

�(p) := 3p

3 − 2p
(m − 1 + p

3
) − (m − 1 + 2p

3
), p ∈ R\

{
3

2

}
. (4.29)

Then

�
(

9(m − 1)
)

> 9(m − 1) is equivalent to
37

33
< m <

7

6
, (4.30)

and there exist η1(p) > 0 and � > 1 such that

�(p) ≥ �p for all p ∈
(

9(m − 1) − η1(p),
3)

. (4.31)

2
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Proof. Upon an elementary computation, we have

�
(

9(m − 1)
)

− 9(m − 1)

= 27(m − 1)

3 − 18(m − 1)
·
(

m − 1 + 9(m − 1)

3

)
−
(

m − 1 + 18(m − 1)

3

)
− 9(m − 1)

=4(m − 1)(33m − 37)

7 − 6m
,

which shows the validity of (4.30). Now, we abbreviate

�̃(p) := �(p)

p
for p > 0.

From (4.30), it is clear that C1 := �̃
(

9(m − 1)
)

− 1 > 0, whence a continuity argument warrants 
the existence of η1 := η1(p) > 0 such that 9(m − 1) − η1(p) > 0 and that

�̃(p) ≥ � := 1 + C1

2
for all p ∈

(
9(m − 1) − η1(p),9(m − 1)

]
. (4.32)

Moreover, due to m > 1, another computation shows that

�̃′(p) =
(

6

(3 − 2p)2 + 1

p2

)
(m − 1) + 3

(3 − 2p)2 > 0 for all p ∈ R\
{

3

2

}
,

from which and (4.32) we infer that �̃ ≥ � on 
(

9(m − 1) − η1(p), 32

)
, and thus (4.31) holds.

Next, we try to show that in the case when 37
33 < m < 7

6 the index p∗ in (4.27) can still achieve 
over 3

2 by a second iteration. �
Lemma 4.9. Let 37

33 < m < 7
6 . Then there exist p∗ > 3

2 and C(p∗) > 0 such that

∫
�

np∗
ε (·, t) ≤ C(p∗) for all t ∈ (0, Tmax,ε). (4.33)

Proof. Due to m > 37
33 , with � : R \ { 3

2 } → R defined as in Lemma 4.8, we derive from an 
elementary computation that 9(m − 1) > 12

11 and that

�

(
12

11

)
= 3 · 12

11

3 − 2 · 12
11

(m − 1 +
12
11

3
) − (m − 1 + 2 · 12

11

3
)

=3(m − 1) + 8

11

>
12

.

(4.34)
11
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By choosing

p0 := 12

11
(4.35)

without loss of generality, we thus obtain a recursive sequence defined as

pj := �(pj−1), j ∈N+ = {1,2,3, ...}. (4.36)

Therefore, for some given 0 < C1 < min{ 5
11 , �̃

( 12
11

)− 1}, from the monotonicity of �̃ in R \ { 3
2 }

and an inductive reasoning, we infer that

pj ≥
(

1 + C1

2

)j

· p0 for all j ∈ N+. (4.37)

According to the reasoning of Lemma 4.7, for achieving (4.33) for some p∗ > 3
2 , it is sufficient 

for us to find some j0 ∈ N such that

8

7
< pj0 <

3

2
. (4.38)

For the interval I :=
(

1

log 22
21

(
1+ C1

2

) , 1

log 4
3

(
1+ C1

2

)
)

, since

1

log 4
3

(
1 + C1

2

) − 1

log 22
21

(
1 + C1

2

) = ln 4
3 − ln 22

21

ln
(

1 + C1
2

) =
ln
(

1 + 1
2 · 6

11

)
ln
(

1 + C1
2

) > 1

due to C1 < 5
11 , we make sure that there exists at least one integer lying in I , which we denote 

by j0. Then recalling (4.35), we have

8

7
<

(
1 + C1

2

)j0

· p0 <
16

11
<

3

2
.

This along with (4.37) shows that the pj0 we obtain by iteration fulfills (4.38). Thus, in light of 
(4.36), Lemma 4.6 warrants that

∫
�

n
8
7
ε (·, t) ≤ C2 for all t ∈ (0, Tmax,ε)

with some C2 > 0, from which (4.33) follows in accordance with the reasoning of Lemma 4.7.
With Lemmas 4.7 and 4.9 at hand, we can achieve the same estimates as Lemma 4.5 for 

37 < m ≤ 7 . �
33 6
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Lemma 4.10. Let 37
33 < m ≤ 7

6 . Then for each p > 1 one can find C(p) > 0 such that

∫
�

np
ε (·, t) ≤ C(p) for all t ∈ (0, Tmax,ε). (4.39)

Proof. From the arguments of Lemma 4.5, we can see that (4.39) is actually implied by the 
exploration of some p∗ > 3

2 such that

∫
�

np∗
ε (·, t) ≤ C1 for all t ∈ (0, Tmax,ε), (4.40)

which has been verified in Lemmas 4.7 and 4.9 for m = 7
6 and 37

33 < m < 7
6 , respectively. �

5. Global solvability of (2.1)

In light of the arguments established in the precedents [29,30], the uniform Lp(�)-estimates 
of nε in (0, Tmax,ε) allow for further improving on the regularity properties with respect to cε, ρε

and uε .

Lemma 5.1. Let m > 37
33 . Then for each q > 1 there exists some C(q) > 0 independent of ε ∈

(0, 1) such that

∫
�

|∇cε(·, t)|q ≤ C(q) for all t ∈ (0, Tmax,ε) (5.1)

and ∫
�

|∇ρε(·, t)|q ≤ C(q) for all t ∈ (0, Tmax,ε) (5.2)

as well as ∫
�

|uε(·, t)|q ≤ C(q) for all t ∈ (0, Tmax,ε). (5.3)

Moreover, for all ε ∈ (0, 1) there exists C > 0 such that

‖nε(·, t)‖L∞(�) ≤ C for all t ∈ (0, Tmax,ε) (5.4)

and

‖Aαuε(·, t)‖L2(�) ≤ C for all t ∈ (0, Tmax,ε) (5.5)

with some fixed α ∈ (0, 3 ).
4
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Proof. As a direct consequence, (5.3) follows from Lemmas 4.5, 4.10 and 4.3. Based on (2.12), 
(2.13), Lemmas 4.5, 4.10 and (5.3), the derivation of (5.1) and (5.2) can proceed along the rea-
soning of [18, Lemma 5.1]. With the aid of (5.1)–(5.3), (5.4) is valid by an application of a 
Moser-type iterative technique as established in [1,25]. Therefore, we can finally achieve (5.5)
according to the arguments of [19, Lemma 3.4].

Combining (2.8) with Lemma 5.1, we can obtain the following results on global solvabil-
ity. �
Proposition 5.2. Let m > 37

33 . Then (2.1) is globally solvable in the sense that there exists some 
C(q) > 0 independent of ε ∈ (0, 1) such that

‖nε(·, t)‖L∞(�) + ‖cε(·, t)‖W 1,q (�) + ‖ρε(·, t)‖W 1,q (�) + ‖Aαuε(·, t)‖L2(�) ≤ C(q) (5.6)

for all t ∈ (0, ∞).

Proof. Proposition 5.2 results from Lemma 2.1 and Lemma 5.1 immediately. �
6. Further regularity properties

Aided by Lemma 5.1, it is possible for us to explore further regularity properties for 
(nε, cε, ρε, uε), which might provide the compactness that is essential whether for the construc-
tion of the global solutions of (1.1), (1.6) and (1.7) by extraction procedures or for the detection 
of the convergence of the solutions to some spatial homogeneous equilibrium by an Ehrling-type 
argument.

Without reliance on the regularity of the respective initial data, the derivation of the following 
Hölder continuity is mainly based on maximal Sobolev regularity properties and suitable em-
bedding conclusions. To avoid repetition, readers can refer to [18, Lemmas 5.4-5.6] for detailed 
reasoning.

Lemma 6.1. One can find certain μ ∈ (0, 1) which allows for existence of some C > 0 indepen-
dent of ε ∈ (0, 1) such that

‖uε(·, t)‖Cμ(�̄) ≤ C for all t ≥ 0, (6.1)

and that

‖cε‖Cμ(�̄×[t,t+1]) ≤ C for all t ≥ 0 (6.2)

as well as

‖ρε‖Cμ(�̄×[t,t+1]) ≤ C for all t ≥ 0, (6.3)

and that for each τ > 0, we can choose certain C(τ) > 0 independent of ε ∈ (0, 1) satisfying

‖∇cε‖Cμ(�̄×[t,t+1]) ≤ C(τ) for all t ≥ τ (6.4)

as well as
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‖∇ρε‖Cμ(�̄×[t,t+1]) ≤ C(τ) for all t ≥ τ. (6.5)

Now, let us provide two time regularity results on nε by means of a standard testing procedure. 
Throughout the sequel, we will use the abbreviation Mn := supε∈(0,1) ‖nε‖L∞(�×(0,∞)).

Lemma 6.2. Let T > 0. Then one can find C(T ) > 0 independent of ε ∈ (0, 1) such that

T∫
0

‖∂tn
m
ε (·, t)‖

(W
1,∞
0 (�))∗dt ≤ C(T ). (6.6)

Moreover, for all ε ∈ (0, 1) there exists C > 0 fulfilling

‖nε(·, t) − nε(·, s)‖(W
2,2
0 (�))∗ ≤ C|t − s| for all t ≥ 0 and s ≥ 0. (6.7)

Proof. Recalling (1.9) and denoting C1 := ‖D‖L∞(0,Mn) + 2, for some fixed t ∈ (0, T ) and cer-
tain ϕ ∈ C∞

0 (�), we deduce from nε-equation in (2.1) upon integration by parts and Young’s 
inequality that in the case when 37

33 < m ≤ 2

∣∣∣∣∣∣
1

m

∫
�

∂tn
m
ε (·, t) · ϕ

∣∣∣∣∣∣=
∣∣∣∣∣∣
∫
�

nm−1
ε

{∇ · (Dε(nε)∇nε − nεF
′
ε(nε)∇cε − nεuε

)− Fε(nε)ρε

} · ϕ
∣∣∣∣∣∣

=
∣∣∣∣∣∣−(m − 1)

∫
�

nm−2
ε Dε(nε)|∇nε|2ϕ −

∫
�

nm−1
ε Dε(nε)∇nε · ∇ϕ

+ (m − 1)

∫
�

nm−1
ε F ′

ε(nε) (∇nε · ∇cε)ϕ +
∫
�

nm
ε F ′

ε(nε)∇cε · ∇ϕ

+ 1

m

∫
�

nm
ε uε · ∇ϕ −

∫
�

nm−1
ε Fε(nε)ρεϕ

∣∣∣∣∣∣
≤
⎧⎨
⎩C1(m − 1)

∫
�

nm−2
ε |∇nε|2 + C1

∫
�

nm−1
ε |∇nε|

+ (m − 1)

∫
�

nm−1
ε |∇nε| · |∇cε| +

∫
�

nm
ε |∇cε|

+ 1

m

∫
�

nm
ε |uε| +

∫
�

nm
ε ρε

⎫⎬
⎭ · ‖ϕ‖W 1,∞(�)

≤
⎧⎨
⎩C1(m − 1)

∫
nm−2

ε |∇nε|2 + C1(m − 1)

∫
nm−2

ε |∇nε|2

� �
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+ C1

4(m − 1)

∫
�

nm
ε + C1(m − 1)

∫
�

nm−2
ε |∇nε|2 + m − 1

4C1

∫
�

nm
ε |∇cε|2

+
∫
�

nm
ε |∇cε| + 1

m

∫
�

nm
ε |uε| +

∫
�

nm
ε ρε

⎫⎬
⎭ · ‖ϕ‖W 1,∞(�)

≤
⎧⎨
⎩3C1(m − 1)

∫
�

nm−2
ε |∇nε|2 + C1M

m
n |�|

4(m − 1)
+ Mm

n (m − 1)

4C1

∫
�

|∇cε|2

+Mm
n

∫
�

|∇cε| + Mm
n

m

∫
�

|uε| + Mm
n

∫
�

ρε

⎫⎬
⎭ · ‖ϕ‖W 1,∞(�)

for all ε ∈ (0, 1), whereas for m > 2,

∣∣∣∣∣∣
1

m

∫
�

∂tn
m
ε (·, t) · ϕ

∣∣∣∣∣∣=
∣∣∣∣∣∣−(m − 1)

∫
�

nm−2
ε Dε(nε)|∇nε|2ϕ −

∫
�

nm−1
ε Dε(nε)∇nε · ∇ϕ

+ (m − 1)

∫
�

nm−1
ε F ′

ε(nε) (∇nε · ∇cε)ϕ +
∫
�

nm
ε F ′

ε(nε)∇cε · ∇ϕ

+ 1

m

∫
�

nm
ε uε · ∇ϕ −

∫
�

nm−1
ε Fε(nε)ρεϕ

∣∣∣∣∣∣
≤
⎧⎨
⎩CDC1(m − 1)

∫
�

n2m−4
ε |∇nε|2 + CD

∫
�

n2m−2
ε |∇nε|

+ (m − 1)

∫
�

nm−1
ε |∇nε| · |∇cε| +

∫
�

nm
ε |∇cε|

+ 1

m

∫
�

nm
ε |uε| +

∫
�

nm
ε ρε

⎫⎬
⎭ · ‖ϕ‖W 1,∞(�)

≤
⎧⎨
⎩CDC1(m − 1)

∫
�

n2m−4
ε |∇nε|2 + CDC1(m − 1)

∫
�

n2m−4
ε |∇nε|2

+ CD

4C1(m − 1)

∫
�

n2m
ε + CDC1(m − 1)

∫
�

n2m−4
ε |∇nε|2

+ m − 1

4CDC1

∫
n2

ε |∇cε|2

�
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+
∫
�

nm
ε |∇cε| + 1

m

∫
�

nm
ε |uε| +

∫
�

nm
ε ρε

⎫⎬
⎭ · ‖ϕ‖W 1,∞(�)

≤
⎧⎨
⎩3CDC1(m − 1)

∫
�

n2m−4
ε |∇nε|2 + CDM2m

n |�|
4C1(m − 1)

+ M2
n(m − 1)

4CDC1

∫
�

|∇cε|2

+Mm
n

∫
�

|∇cε| + Mm
n

m

∫
�

|uε| + Mm
n

∫
�

ρε

⎫⎬
⎭ · ‖ϕ‖W 1,∞(�)

for all ε ∈ (0, 1), which in conjunction with (3.34) and (5.6) entails (6.6). Next, let

Hε(s) :=
s∫

0

Dε(σ)dσ, (6.8)

then

Hε(nε) ≤ C2 := Mn · (‖D‖L∞(0,Mn) + 2) = Mn · C1 (6.9)

in � × (0, ∞) for all ε ∈ (0, 1). Therefore, we integrate by parts and invoke the Hölder inequality 
to obtain

∣∣∣∣∣∣
∫
�

∂tnε(·, t) · ϕ
∣∣∣∣∣∣=

∣∣∣∣∣∣
∫
�

{∇ · (Dε(nε)∇nε − nεF
′
ε(nε)∇cε − nεuε

)− Fε(nε)ρε

} · ϕ
∣∣∣∣∣∣

=
∣∣∣∣∣∣
∫
�

Hε(nε)�ϕ +
∫
�

nεF
′
ε(nε)∇cε · ∇ϕ +

∫
�

nεuε · ∇ϕ −
∫
�

Fε(nε)ρεϕ

∣∣∣∣∣∣
≤C2

∫
�

|�ϕ| + Mn

∫
�

|∇cε| · |∇ϕ| + Mn

∫
�

|uε| · |∇ϕ| + Mn

∫
�

ρε|ϕ|

≤C3

{
|�| 1

2 + ‖∇cε‖L2(�) + ‖uε‖L2(�) + ‖ρε‖L2(�)

}
· ‖ϕ‖W 2,2(�)

with C3 := C2 +Mn for all ε ∈ (0, 1) and each t > 0, whence in view of (5.6), we can find C4 > 0
such that

‖∂tnε(·, t)‖(W
2,2
0 (�))∗ ≤ C4 for all ε ∈ (0,1) and any t > 0,

which yields (6.7). �
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7. Global boundedness for (1.1), (1.6) and (1.7)

Based on Proposition 5.2 and the regularity properties provided in Lemmas 6.1–6.2, we can 
construct the global bounded solutions as asserted in Theorem 1.1 in terms of the following 
natural notion.

Definition 7.1. A quadruple of functions (n, c, ρ, u) is called a global weak solution of (1.1), 
(1.6) and (1.7), if it complies with

⎧⎪⎪⎨
⎪⎪⎩

n ∈ L1
loc(�̄ × [0,∞)),

c ∈ L∞
loc(�̄ × [0,∞))

⋂
L1

loc([0,∞);W 1,1(�)),

ρ ∈ L∞
loc(�̄ × [0,∞))

⋂
L1

loc([0,∞);W 1,1(�)),

u ∈ L1
loc([0,∞);W 1,1

0 (�;R3)),

(7.1)

and n ≥ 0, c ≥ 0, ρ ≥ 0 in � × (0, ∞), as well as

H(n), n|∇c|, n|u|, c|u| and ρ|u| belong to L1
loc(�̄ × [0,∞)), (7.2)

where H(s) := ∫ s

0 D(σ)dσ , if ∇ · u = 0 in the distributional sense, if

−
∞∫

0

∫
�

nψt −
∫
�

n0ψ(·,0) = −
∞∫

0

∫
�

H(n)�ψ +
∞∫

0

∫
�

n∇c · ∇ψ

+
∞∫

0

∫
�

nu · ∇ψ −
∞∫

0

∫
�

ρnψ

(7.3)

for each ψ ∈ C∞
0 (�̄ × [0, ∞)) such that ∂ψ

∂ν
= 0, if

−
∞∫

0

∫
�

cψt −
∫
�

c0ψ(·,0) = −
∞∫

0

∫
�

∇c · ∇ψ −
∞∫

0

∫
�

cψ +
∞∫

0

∫
�

ρψ

+
∞∫

0

∫
�

cu · ∇ψ

(7.4)

and

−
∞∫

0

∫
�

ρψt −
∫
�

ρ0ψ(·,0) = −
∞∫

0

∫
�

∇ρ · ∇ψ −
∞∫

0

∫
�

ρnψ +
∞∫

0

∫
�

ρu · ∇ψ (7.5)

for each ψ ∈ C∞(�̄ × [0, ∞)), as well as if in addition
0
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−
∞∫

0

∫
�

u · ψt −
∫
�

u0ψ(·,0) = −
∞∫

0

∫
�

∇u · ∇ψ +
∞∫

0

∫
�

(ρ + n)∇φ · ψ (7.6)

for each ψ ∈ C∞
0

(
�̄ × [0,∞);R3

)
satisfying ∇ · ψ ≡ 0.

Within this context, the verification of the global solvability of (1.1), (1.6) and (1.7) relies on 
standard extraction procedures.

Lemma 7.2. Let m > 37
33 . Then there exists (εl)l∈N ⊂ (0, 1) fulfilling εl ↘ 0 as l → ∞, a null set 

ℵ ⊂ (0, ∞) and a quadruple of functions (n, c, ρ, u) such that as εl ↘ 0

nε → n a.e. in � for each t ∈ (0,∞)\ℵ, (7.7)

nε
∗
⇀ n in L∞(� × (0,∞)), (7.8)

nε → n in C0
loc

(
[0,∞); (W 2,2

0 (�))∗
)
, (7.9)

cε → c in C0
loc

(
�̄ × [0,∞)

)
, (7.10)

cε
∗
⇀ c in L∞((0,∞);W 1,q (�)) for each q ∈ (1,∞), (7.11)

∇cε → ∇c in C0
loc

(
�̄ × [0,∞)

)
, (7.12)

ρε → ρ in C0
loc

(
�̄ × [0,∞)

)
, (7.13)

ρε
∗
⇀ ρ in L∞((0,∞);W 1,q (�)) for each q ∈ (1,∞), (7.14)

∇ρε → ∇ρ in C0
loc

(
�̄ × [0,∞)

)
, (7.15)

uε → u in C0
loc

(
�̄ × [0,∞)

)
, (7.16)

uε
∗
⇀ u in L∞ (� × (0,∞)) , (7.17)

and

∇uε ⇀ ∇u in L2
loc

(
�̄ × [0,∞)

)
. (7.18)

In addition, n, c, ρ and u make up a global weak solution of (1.1), (1.6) and (1.7) in the sense of 
Definition 7.1.

Proof. Thanks to the embedding W 3,2(�) ↪→ W 1,∞(�), Lemma 6.2 implies that (∂tn
m
ε )ε∈(0,1)

is bounded in L2
loc

([0,∞); (W 3,2(�))∗
)
. Moreover, (3.34) along with (5.4) shows the bound-

edness of (nm
ε )ε∈(0,1) in L2

loc

([0,∞); (W 1,2(�))
)
. Therefore, according to Aubin–Lions lemma 

[27], we can extract (εl)l∈N ⊂ (0, 1) fulfilling εl ↘ 0 as l → ∞ such that nm
ε → nm is valid a.e. 

in � × (0, ∞) as ε = εl ↘ 0 with certain nonnegative function n defined on � × (0, ∞), and thus 
(7.7) results from Fubini–Tonelli theorem immediately. As direct consequences of (5.4) and (6.7), 
respectively, both (7.8) and (7.9) follow from further extractions. By means of Arzelà–Ascoli the-
orem, we can infer (7.10)–(7.18) from the regularity properties achieved in Lemmas 3.4, 5.1 and 
6.1.



J. Liu / J. Differential Equations 269 (2020) 1–55 35
Recalling (1.9), we can see clearly that (7.1), (7.2) and the divergence-free property of u are 
valid from (7.7)–(7.18), and whereafter the derivation of (7.3)–(7.6) proceeds along standard 
testing procedures. �
8. Stabilization. Proof of Theorem 1.1

8.1. Basic decay properties

By an elementary observation, one can see that the presence of the reaction term ρn in (1.1)
implies natural decay properties with respect to the quantities nc and ∇c, which is viewed as the 
cornerstone in detecting the convergence of each component as time goes infinity. Throughout the 
remaining parts, we will suppose that m > 37

33 and that (n, c, ρ, u) represents the global solutions 
established in Lemma 7.2 without special instructions.

Lemma 8.1. There exist some ε∗ ∈ (0, 1) and C > 0 fulfilling

∞∫
0

∫
�

nεcε ≤ C for all ε ∈ (0, ε∗) (8.1)

and

∞∫
0

∫
�

|∇ρε|2 ≤ C for all ε ∈ (0, ε∗) (8.2)

as well as

∞∫
0

∫
�

|∇cε|2 ≤ C for all ε ∈ (0, ε∗). (8.3)

Proof. For Mn > 0 defined as in Section 6, we can find certain ε∗ ∈ (0, 1) sufficiently small such 
that Mn ≤ 1

ε∗ , whence it can be inferred from (2.4) that Fε(nε) ≡ nε over � × (0, ∞) provided 
that ε ∈ (0, ε∗). Upon an integration of ρε-equation in (2.1) over �, we have

∫
�

ρε(·, t) +
t∫

0

∫
�

ρεnε =
∫
�

ρ0 for all ε ∈ (0, ε∗) and any t > 0,

and thereby (8.1) holds. With ρε as a testing function, an application of a standard testing proce-
dure to ρε-equation entails

1

2

∫
�

ρ2
ε (·, t) +

t∫
0

∫
�

|∇ρε|2 = 1

2

∫
�

ρ2
0 −

t∫
0

∫
�

ρεFε(nε) ≤ 1

2

∫
�

ρ2
0 for all ε ∈ (0, ε∗)

and any t > 0,
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which implies (8.2). In view of cε-equation in (2.1), (2.13) and (2.14), we deduce from integration 
by parts and Young’s inequality that

1

2

d

dt

∫
�

(cε − ρ̄ε)
2 =

∫
�

(cε − ρ̄ε) · (cεt − ρ̄εt )

=
∫
�

(cε − ρ̄ε) · (�cε − cε + ρε − uε · ∇cε + 1

|�|
∫
�

ρεnε)

= −
∫
�

|∇cε|2 −
∫
�

(cε − ρ̄ε)
2 −

∫
�

(cε − ρ̄ε)(ρ̄ε − ρε)

+ 1

|�|
∫
�

cε

∫
�

ρεnε − ρ̄ε

∫
�

ρεnε

≤ −
∫
�

|∇cε|2 − 1

2

∫
�

(cε − ρ̄ε)
2 + 1

2

∫
�

(ρ̄ε − ρε)
2 + 1

|�|
∫
�

cε

∫
�

ρεnε

≤ −
∫
�

|∇cε|2 − 1

2

∫
�

(cε − ρ̄ε)
2 + 1

2

∫
�

(ρ̄ε − ρε)
2 + Mc

∫
�

ρεnε

for all ε ∈ (0, ε∗) and any t > 0, whence along with the nonnegativity of 
∫
�
(cε − ρ̄ε)

2 an appli-
cation of the Poincaré inequality further yields

1

2

d

dt

∫
�

(cε − ρ̄ε)
2 +

∫
�

|∇cε|2 ≤1

2

∫
�

(ρε − ρ̄ε)
2 + Mc

∫
�

ρεnε

≤CP

2

∫
�

|∇ρε|2 + Mc

∫
�

ρεnε

(8.4)

for all ε ∈ (0, ε∗) and any t > 0. Therefore, upon integrating (8.4) on (0, t) for each t > 0, (8.3)
follows from (8.1) and (8.2). �
8.2. Convergence of spatial averages

As consequences of the uniform boundedness of n and the basic decay information derived 
above, we can show the following large time asymptotic properties with respect to the spatial av-
erages of n and ρ by a similar reasoning as that of [8, Lemma 4.2], nevertheless the convergence 
obtained here is in the sense of (0, ∞)\ℵ � t → ∞ with the null set ℵ provided in Lemma 7.2.

Lemma 8.2. Let ℵ ⊂ (0, ∞) be the null set as given in Lemma 7.2. Then

∫
n(·, t) →

⎧⎨
⎩
∫

n0 −
∫

ρ0

⎫⎬
⎭ as (0,∞)\ℵ � t → ∞ (8.5)
� � � +
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and

∫
�

ρ(·, t) →
⎧⎨
⎩
∫
�

ρ0 −
∫
�

n0

⎫⎬
⎭

+
as (0,∞)\ℵ � t → ∞. (8.6)

Proof. From (7.7) and (7.13), we can infer that there exists (εl)l∈N ⊂ (0, ε∗) satisfying εl ↘ 0
as l → ∞, such that

ρεnε → ρn as ε = εl ↘ 0 a.e. in � for each t ∈ (0,∞)\ℵ (8.7)

with ℵ as provided in Lemma 7.2, whereupon by the dominated convergence theorem

∫
�

ρεnε →
∫
�

ρn as ε = εl ↘ 0 for each t ∈ (0,∞)\ℵ.

Thanks to (8.1), this together with Fatou’s lemma implies

∞∫
0

∫
�

ρn ≤ C1 (8.8)

with some C1 > 0. Similarly, in light of (7.15) and (8.2), another application of Fatou’s lemma 
provides C2 > 0 fulfilling

∞∫
0

∫
�

|∇ρ|2 ≤ C2. (8.9)

Therefore, according to [33, Lemma 4.2], we can choose (tj )j∈N+ ⊂ (0, ∞) satisfying tj → ∞
as j → ∞ such that

tj +1∫
tj

∫
�

ρn → 0 (8.10)

and

tj +1∫
tj

∫
�

|∇ρ|2 → 0 (8.11)

as j → ∞. Note that
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tj +1∫
tj

∫
�

ρn =
tj +1∫
tj

∫
�

(ρ − ρ̄)n +
tj +1∫
tj

ρ̄

∫
�

n

=
tj +1∫
tj

∫
�

(ρ − ρ̄)n + 1

|�|

tj +1∫
tj

⎛
⎝∫

�

ρ

⎞
⎠
⎛
⎝∫

�

n

⎞
⎠

for all j ∈N , where invoking the Hölder inequality and the Poincaré inequality, we deduce from 
the uniform boundedness of n and (8.11) that

∣∣∣∣∣∣∣
tj +1∫
tj

∫
�

(ρ − ρ̄)n

∣∣∣∣∣∣∣≤
tj +1∫
tj

‖ρ(·, s) − ρ̄(·, s)‖L2(�)‖n(·, s)‖L2(�)ds

≤Mn|�| 1
2 CP

tj +1∫
tj

‖∇ρ(·, s)‖L2(�)ds

≤Mn|�| 1
2 CP

⎛
⎜⎝

tj +1∫
tj

∫
�

|∇ρ|2
⎞
⎟⎠

1
2

→ 0 as j → ∞,

and thus combining with (8.10) shows that

tj +1∫
tj

⎛
⎝∫

�

ρ

⎞
⎠
⎛
⎝∫

�

n

⎞
⎠→ 0 as j → ∞. (8.12)

For 
∫
�

ρ0 ≥ ∫
�

n0, it is clear from (2.11) that

∫
�

ρε(·, t) ≥
∫
�

nε(·, t) for all t > 0,

whence by the dominated convergence theorem, we infer from (7.7) and (7.13) that

∫
�

ρ(·, t) ≥
∫
�

n(·, t) for each t ∈ (0,∞)\ℵ,

which together with (8.12) implies

tj +1∫
t

⎛
⎝∫ n

⎞
⎠

2

→ 0 as j → ∞. (8.13)
j �
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In view of (2.9), we see that for all t, s ∈ (0, ∞) satisfying t > s

∫
�

nε(·, t) ≤
∫
�

nε(·, s)

holds, whereupon again by (7.7) along with the dominated convergence theorem we have

∫
�

n(·, t) ≤
∫
�

n(·, s) for all t, s ∈ (0,∞)\ℵ fulfilling t > s.

In light of (8.13), this entails

∫
�

n(·, t) ≤

⎧⎪⎨
⎪⎩

tj +1∫
tj

⎛
⎝∫

�

n

⎞
⎠

2
⎫⎪⎬
⎪⎭

1
2

→ 0 for each t ∈ (tj + 1,∞)\ℵ as j → ∞.

Consequently, (8.5) is achieved for 
∫
�

ρ0 ≥ ∫
�

n0. Since the dominated convergence theorem in 
conjunction with (2.11) implies

∫
�

ρ(·, t) −
∫
�

n(·, t) =
∫
�

ρ0 −
∫
�

n0 for each t ∈ (0,∞)\ℵ,

which along with (8.5) yields (8.6). As for the case 
∫
�

ρ0 <
∫
�

n0, both (8.5) and (8.6) can be 
derived from a similar reasoning. �
8.3. Convergence of ρ

Based on the Hölder regularity properties provided by Lemma 6.1, the convergence of the 
component ρ asserted in Theorem 1.1 can be achieved by applications of Lemmas 8.1–8.2.

Lemma 8.3. We have

ρ → ρ∞ in W 1,∞(�) as t → ∞. (8.14)

Proof. From (8.9) and the Poincaré inequality, we can find some C1 > 0 such that

∞∫
0

‖ρ(·, t) − ρ̄(·, t)‖2
L2(�)

dt ≤ C1. (8.15)

Since the Hölder continuity property presented in (6.3) implies the uniform continuity of 0 ≤ t →
‖ρ(·, t) − ρ̄(·, t)‖L2(�), it can be inferred from (8.15) and a standard reasoning as [2, Theorem 
1.1] that

‖ρ(·, t) − ρ̄(·, t)‖L2(�) → 0 as t → ∞,
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which allows for a choice of t ′ > 0 such that for arbitrary δ > 0

‖ρ(·, t) − ρ̄(·, t)‖L2(�) ≤ δ

2
for all t > t ′.

Moreover, in light of (8.6), we can find some t ′′ > 0 fulfilling

|ρ̄(·, t) − ρ∞|2 = 1

|�|2

∣∣∣∣∣∣∣
∫
�

ρ −
⎧⎨
⎩
∫
�

ρ0 −
∫
�

n0

⎫⎬
⎭

+

∣∣∣∣∣∣∣
2

≤ δ2

4|�| for each t ∈ (t ′′,∞)\ℵ.

Thereupon, let t∗ := max{t ′, t ′′}, then

∫
�

|ρ(·, t) − ρ∞|2 ≤2
∫
�

|ρ(·, t) − ρ̄(·, t)|2 + 2
∫
�

|ρ̄(·, t) − ρ∞|2

≤δ2

2
+ δ2

2
= δ2 for each t ∈ (t∗,∞)\ℵ.

(8.16)

Now, we try to ensure that (8.16) remains to hold for any t > t∗. Thanks to the density of 
(t∗, ∞)\ℵ in (t∗, ∞), there exists (tj )j∈N ⊂ (t∗, ∞)\ℵ such that tj → t as j → ∞. Since (8.16)
makes it possible to extract a subsequence (tjk

)k∈N of (tj )j∈N such that ρ(·, tjk
) − ρ∞ ⇀ z

in L2(�) as k → ∞, which also indicates that ρ(·, tjk
) − ρ∞ → z in L2(�) as k → ∞ because 

L2(�) is a Hilbert space, we conclude from the uniform continuity of t �→ ‖ρ(·, t) − ρ̄(·, t)‖L2(�)

that actually z = ρ(·, t) − ρ∞, whence

‖ρ(·, t) − ρ∞‖L2(�) ≤ lim inf
k→∞ ‖ρ(·, tjk

) − ρ∞‖L2(�) ≤ δ,

which shows

ρ(·, t) − ρ∞ → 0 in L2(�) as t → ∞. (8.17)

In view of (6.3) and (6.5), there exist some C2 > 0 and μ ∈ (0, 1) such that

‖ρ(·, t) − ρ∞‖C1+μ(�̄) ≤ C2 for all t > t∗. (8.18)

Thanks to the embedding C1+μ(�̄) ↪→ W 1,∞(�) ↪→ L2(�), where the first one is compact, an 
application of an Ehrling-type lemma provides some C3 > 0 such that

‖ρ(·, t) − ρ∞‖W 1,∞(�) ≤ δ

2C2
‖ρ(·, t) − ρ∞‖C1+μ(�̄) + C3‖ρ(·, t) − ρ∞‖L2(�) for all t > t∗,

where from (8.17) we can pick t∗ > t∗ such that

‖ρ(·, t) − ρ∞‖L2(�) ≤ δ
for all t > t∗,
2C3
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and thereby

‖ρ(·, t) − ρ∞‖W 1,∞(�) ≤ δ

2
+ δ

2
= δ for all t > t∗,

as claimed. �
8.4. Convergence of c

With the aid of the convergence of ρ, a standard testing procedure along with an interpo-
lation type argument as Lemma 8.3 can yield the following stabilization of c as declared in 
Theorem 1.1.

Lemma 8.4. The solution component c fulfills

c → ρ∞ in W 1,∞(�) as t → ∞. (8.19)

Proof. In light of (6.2) and (6.4), it is sufficient for us to verify the convergence in L2(�) ac-
cording to the reasoning of Lemma 8.3. Testing cε-equation in (2.1) by cε −ρ∞, we make use of 
Young’s inequality to have

1

2

d

dt

∫
�

(cε − ρ∞)2 +
∫
�

|∇cε|2 =
∫
�

(cε − ρ∞)(−cε + ρε)

= −
∫
�

(cε − ρ∞)2 +
∫
�

(cε − ρ∞)(ρε − ρ∞)

≤ − 1

2

∫
�

(cε − ρ∞)2 + 1

2

∫
�

(ρε − ρ∞)2

for all t > 0 and ε ∈ (0,1),

whence an ODE comparison argument yields

∫
�

(cε − ρ∞)2 ≤ e−t

∫
�

(c0 − ρ∞)2 +
t∫

0

e−(t−s)

∫
�

(ρε − ρ∞)2 for all t > 0 and ε ∈ (0,1),

(8.20)
where by (2.12)

t∫
0

e−(t−s)

∫
�

(ρε − ρ∞)2 ≤(‖ρ0‖L∞(�) + ρ∞)2 · |�| ·
t∫

0

e−(t−s)ds

=(‖ρ0‖L∞(�) + ρ∞)2 · |�| · (1 − e−t )

≤(‖ρ ‖ ∞ + ρ )2 · |�| for all t > 0 and ε ∈ (0,1).
0 L (�) ∞
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Thereupon, thanks to the boundedness of 
∫
�
(cε − ρ∞)2 guaranteed by (2.13) as well as the 

pointwise continuity properties implied by (7.10) and (7.13), an application of the dominated 
convergence theorem to (8.20) entails

∫
�

(c − ρ∞)2 ≤ e−t

∫
�

(c0 − ρ∞)2 +
t∫

0

e−(t−s)

∫
�

(ρ − ρ∞)2 for all t > 0. (8.21)

Now, we let K := (Mc + ρ∞)2 · |�|, which bounds both 
∫
�
(c − ρ∞)2 and 

∫
�
(ρ − ρ∞)2 from 

above for all t ≥ 0 by (2.12), (2.13), (7.10) and (7.13), then for given δ > 0 there exists some 
j∗ ∈N fulfilling

e−j∗K ≤ δ

3
.

In addition, Lemma 8.3 allows for a choice of t∗ > j∗ sufficiently large such that

t+1∫
t

∫
�

(ρ − ρ∞)2 ≤ δ

3j∗
for all t ≥ t∗ − j∗.

Therefore, (8.21) can be rewritten as

∫
�

(c − ρ∞)2 ≤e−t

∫
�

(c0 − ρ∞)2 +
t−j∗∫
0

e−(t−s)

∫
�

(ρ − ρ∞)2

+
j∗∑

k=1

t−j∗+k∫
t−j∗+k−1

e−(t−s)

∫
�

(ρ − ρ∞)2

≤Ke−t + K

t−j∗∫
0

e−(t−s)ds +
j∗∑

k=1

t−j∗+k∫
t−j∗+k−1

∫
�

(ρ − ρ∞)2

≤Ke−j∗ + K(e−j∗ − e−t ) + j∗ · δ

3j∗

≤2Ke−j∗ + δ

3

≤δ for all t > t∗,

which verifies

c − ρ∞ → 0 in L2(�) as t → ∞,

and thus (8.19) follows from a similar argument as that of Lemma 8.3. �
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8.5. Convergence of n

Since the presence of degenerate diffusion in nε-equation of (2.1) makes it impossible to 
derive the decay information with respect to nε as exhibited in (8.2) and (8.3) for ρε and cε , 
respectively, we thus turn to resort to a quasi-energy structure being similar as that constructed 
in [30] to show that the quantity 

∫
�
(nε − n∞)2 would keep small during a certain short-time.

Lemma 8.5. There exist some C > 0 and ε∗ ∈ (0, 1) such that for all ε ∈ (0, ε∗) and each chosen 
t∗ ≥ 0

∫
�

(
nε(·, t) − n∞

)2 ≤C ·
⎧⎨
⎩
∫
�

(
nε(·, t∗) − n∞

)2 +
∫
�

|∇cε(·, t∗)|2

+
t∫

t∗

∫
�

ρεnε + sup
s∈(t∗,t∗+1)

∫
�

|∇ρε(·, s)|2
⎫⎬
⎭ for all t ∈ (t∗, t∗ + 1).

(8.22)

Proof. Firstly, let us choose certain ε∗ ∈ (0, 1) sufficiently small such that Mn :=
supε∈(0,1) ‖nε‖L∞(�×(0,∞)) ≤ 1

ε∗ , then for all ε ∈ (0, ε∗), (2.3) together with (2.4) shows 
Fε(nε) ≡ nε . Next, testing nε-equation in (2.1) by nε − n∞, we have

1

2

d

dt

∫
�

(nε − n∞)2 = −
∫
�

Dε(nε)|∇nε|2 +
∫
�

nεF
′
ε(nε)∇nε · ∇cε −

∫
�

ρεnε(nε − n∞)

≤
∫
�

nεF
′
ε(nε)∇nε · ∇cε + n∞

∫
�

ρεnε for all t > 0 and ε ∈ (0, ε∗).

(8.23)
Let

Iε(s) :=
s∫

0

σF ′
ε(σ )dσ, s > 0,

then upon integration by parts and 
∫
�

�cε = 0 for all t > 0,

∫
�

nεF
′
ε(nε)∇nε · ∇cε =

∫
�

∇Iε(nε) · ∇cε

= −
∫
�

Iε(nε)�cε

= −
∫
�

(
Iε(nε) − Iε(n∞)

)
· �cε for all t > 0 and ε ∈ (0, ε∗).

(8.24)
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Since (2.5) implies 0 ≤ I ′
ε(s) ≤ s, we recall the definition of Mn > 0 introduced in Section 6 and 

infer from the mean value theorem that∣∣Iε(nε(x, t)) − Iε(n∞)
∣∣≤‖I ′

ε‖L∞(0,Mn)|nε(x, t) − n∞|
≤Mn|nε(x, t) − n∞| for all x ∈ �, t > 0 and ε ∈ (0, ε∗),

which along with an application of Young’s inequality to the right-hand side of (8.24) shows that

∫
�

nεF
′
ε(nε)∇nε · ∇cε ≤Mn

∫
�

|nε − n∞| · |�cε|

≤1

2

∫
�

(nε − n∞)2 + M2
n

2

∫
�

|�cε|2 for all t > 0 and ε ∈ (0, ε∗).

Thus, (8.23) can be rewritten as

d

dt

∫
�

(nε − n∞)2 ≤
∫
�

(nε − n∞)2 + M2
n

∫
�

|�cε|2

+ 2n∞
∫
�

ρεnε for all t > 0 and ε ∈ (0, ε∗).
(8.25)

For absorbing the second integral on the right-hand side, we test cε-equation by −�cε and em-
ploy Young’s inequality to obtain

1

2

d

dt

∫
�

|∇cε|2 +
∫
�

|�cε|2 =
∫
�

(uε · ∇cε)�cε −
∫
�

|∇cε|2 +
∫
�

∇ρε · ∇cε

≤1

2

∫
�

|�cε|2 + 1

2

∫
�

|uε|2 · |∇cε|2 − 1

2

∫
�

|∇cε|2 + 1

2

∫
�

|∇ρε|2

≤1

2

∫
�

|�cε|2 + M2
u

2

∫
�

|∇cε|2

+ 1

2

∫
�

|∇ρε|2 for all t > 0 and ε ∈ (0, ε∗),

that is

d

dt

∫
�

|∇cε|2 +
∫
�

|�cε|2 ≤ M2
u

∫
�

|∇cε|2 +
∫
�

|∇ρε|2 for all t > 0 and ε ∈ (0, ε∗), (8.26)

where we set Mu := supε∈(0,1) ‖uε‖C(�̄×(0,∞)) according to Lemma 6.1. It follows from a com-
bination of (8.25) and (8.26) that
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d

dt

⎧⎨
⎩
∫
�

(nε − n∞)2 + M2
n

∫
�

|∇cε|2
⎫⎬
⎭

≤
∫
�

(nε − n∞)2 + M2
nM2

u

∫
�

|∇cε|2 + 2n∞
∫
�

ρεnε

+ M2
n

∫
�

|∇ρε|2 for all t > 0 and ε ∈ (0, ε∗).

(8.27)

Denote y(t) := ∫
�

(
nε(·, t) − n∞

)2 + M2
n

∫
�

|∇cε(·, t)|2, t ≥ 0, then (8.27) yields

y′(t) ≤ C1y(t) + C2

⎧⎨
⎩
∫
�

ρεnε +
∫
�

|∇ρε|2
⎫⎬
⎭ for all t > 0 and ε ∈ (0, ε∗)

with C1 := max{1, M2
u} and C2 := max{2n∞, M2

n}. We thus make use of an ODE comparison to 
have

y(t) ≤eC1(t−t∗)y(t∗) + C2

t∫
t∗

eC1(t−s)

⎧⎨
⎩
∫
�

ρε(·, s)nε(·, s) +
∫
�

|∇ρε(·, s)|2
⎫⎬
⎭

≤eC1y(t∗) + C2e
C1

⎧⎨
⎩

t∫
t∗

∫
�

ρεnε + sup
s∈(t∗,t∗+1)

∫
�

|∇ρε(·, s)|2
⎫⎬
⎭

for all t ∈ (t∗, t∗ + 1) and ε ∈ (0, ε∗), which implies (8.22).
Now, let us consider the asymptotic property of nε in two cases. For 

∫
�

n0 ≤ ∫
�

ρ0 i.e. n∞ =
0, Lemma 8.2 shows the convergence of n toward n∞ in L1(�) except for a null set of time, 
whereas for 

∫
�

n0 >
∫
�

ρ0 i.e. n∞ > 0, the verification of the convergence to n∞ relies on an 
application of Lp testing procedure as well as the estimate (8.3) in Lemma 8.1. �
Lemma 8.6. For ℵ ⊂ (0, ∞) as provided in Lemma 7.2, if 

∫
�

n0 ≤ ∫
�

ρ0, then

n(·, t) → n∞ in L1(�) as (0,∞)\ℵ � t → ∞, (8.28)

whereas if 
∫
�

n0 >
∫
�

ρ0, then

n(·, t) → n∞ in L2(�) as (0,∞)\ℵ � t → ∞. (8.29)

Proof. In the case when 
∫
�

n0 ≤ ∫
�

ρ0, it is clear that n∞ = 1
|�| {

∫
�

n0 − ∫
�

ρ0}+ = 0, whence 
for ℵ ⊂ (0, ∞) as given in Lemma 7.2, (8.5) implies

‖n(·, t)‖L1(�) =
∫

n(·, t) → 0 as (0,∞)\ℵ � t → ∞,
�
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as claimed. �
For 

∫
�

n0 >
∫
�

ρ0, Lemma 8.5 guarantees the existence of C1 > 0 such that for each t∗ > 0
and all ε ∈ (0, ε∗)

∫
�

(
nε(·, t) − n∞

)2 ≤C1 ·
⎧⎨
⎩
∫
�

(
nε(·, t∗) − n∞

)2 +
∫
�

|∇cε(·, t∗)|2

+
t∫

t∗

∫
�

ρεnε + sup
s∈(t∗,t∗+1)

∫
�

|∇ρε(·, s)|2
⎫⎬
⎭

holds for any t ∈ (t∗, t∗ + 1). In view of the convergences cε → c, ρε → ρ in C0
loc

(
�̄ × [0,∞)

)
and ∇cε → ∇c, ∇ρε → ∇ρ in C0

loc

(
�̄ × [1,∞)

)
as ε = εl ↘ 0 by Lemma 7.2 as well as the 

boundedness of (nε(·, t∗) − n∞)ε∈(0,1) by Lemma 5.1, we take ε = εl ↘ 0 and infer from (7.7)
and the dominated convergence theorem that

∫
�

(
n(·, t) − n∞

)2 ≤C1 ·
⎧⎨
⎩
∫
�

(
n(·, t∗) − n∞

)2 +
∫
�

|∇c(·, t∗)|2

+
t∫

t∗

∫
�

ρn + sup
s∈(t∗,t∗+1)

∫
�

|∇ρ(·, s)|2
⎫⎬
⎭

(8.30)

for any t∗ ∈ (1, ∞) \ ℵ and each t ∈ (t∗, t∗ + 1) \ ℵ. For the sake of estimating the right-hand 
side of (8.30) properly, we pick some θ ≥ max{1, m − 1} and test nε-equation in (2.1) by n2θ−m

ε

to obtain

1

2θ − m + 1

d

dt

∫
�

n2θ−m+1
ε = − (2θ − m)

∫
�

n2θ−m−1
ε Dε(nε)|∇nε|2

+ (2θ − m)

∫
�

n2θ−m
ε F ′

ε(nε)∇nε · ∇cε −
∫
�

ρεn
2θ−m
ε Fε(nε)

≤ − (2θ − m)

∫
�

n2θ−m−1
ε Dε(nε)|∇nε|2

+ (2θ − m)

∫
�

n2θ−m
ε F ′

ε(nε)∇nε · ∇cε

for each t > 0 and all ε ∈ (0, 1) thanks to the nonnegativity of 
∫
�

ρεn
2θ−m
ε Fε(nε). Combining 

with (1.9), (2.2) and (2.5), we employ Young’s inequality to have

1

2θ − m + 1

d

dt

∫
n2θ−m+1

ε ≤ − CD(2θ − m)

∫
n2θ−2

ε |∇nε|2 + (2θ − m)

∫
n2θ−m

ε |∇nε| · |∇cε|

� � �
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≤ − CD(2θ − m)

∫
�

n2θ−2
ε |∇nε|2 + CD(2θ − m)

2

∫
�

n2θ−2
ε |∇nε|2

+ 2θ − m

2CD

∫
�

n2θ−2m+2
ε |∇cε|2

≤ − CD(2θ − m)

2

∫
�

n2θ−2
ε |∇nε|2 + M2θ−2m+2

n (2θ − m)

2CD

∫
�

|∇cε|2

for any t > 0 and all ε ∈ (0, 1) with Mn introduced as in Section 6, whereupon an integration 
over (0, t) yields

1

2θ − m + 1

∫
�

n2θ−m+1
ε (·, t) + CD(2θ − m)

2

t∫
0

∫
�

n2θ−2
ε |∇nε|2

≤ 1

2θ − m + 1

∫
�

n2θ−m+1
0 + M2θ−2m+2

n (2θ − m)

2CD

t∫
0

∫
�

|∇cε|2

for all t > 0 and ε ∈ (0, 1). In view of (8.3), we can find certain ε∗ ∈ (0, 1) and C2 > 0 such that

∞∫
0

∫
�

|∇nθ
ε |2 ≤ C2 for all ε ∈ (0, ε∗),

which in conjunction with the Poincaré inequality provides some C3 > 0 satisfying

∞∫
0

∥∥∥nθ
ε (·, t) − γ θ

ε (t)

∥∥∥2

L2(�)
dt ≤ C3 for all ε ∈ (0, ε∗),

where γε(t) :=
{

1
|�|
∫
�

nθ
ε (·, t)

} 1
θ

for t > 0 and ε ∈ (0, 1). Since (7.7) together with the domi-

nated convergence theorem implies

∥∥∥nθ
ε (·, t) − γ θ

ε (t)

∥∥∥2

L2(�)
→
∥∥∥nθ (·, t) − γ θ (t)

∥∥∥2

L2(�)
as ε = εl ↘ 0

with γ (t) :=
{

1
|�|
∫
�

nθ (·, t)
} 1

θ
for t ∈ (0, ∞) \ ℵ, we thus make use of Fatou’s lemma with 

respect to time on (0, ∞) to infer that

∞∫ ∥∥∥nθ (·, t) − γ θ (t)

∥∥∥2

L2(�)
dt ≤ C3. (8.31)
0
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In light of (7.7) and (7.13), another application of the dominated convergence theorem to (2.11)
entails that as ε = εl ↘ 0

∫
�

n(·, t) −
∫
�

ρ(·, t) =
∫
�

n0 −
∫
�

ρ0 for each t ∈ (0,∞) \ ℵ,

which implies

∫
�

n(·, t) ≥
∫
�

n0 −
∫
�

ρ0 for each t ∈ (0,∞) \ ℵ

due to the nonnegativity of 
∫
�

ρ(·, t) for all t > 0. Thus, the Hölder inequality warrants that in 
the case when 

∫
�

n0 >
∫
�

ρ0

|�|n∞ =
∫
�

n0 −
∫
�

ρ0 ≤
∫
�

n(·, t) ≤ |�|1− 1
θ ·
⎧⎨
⎩
∫
�

nθ (·, t)
⎫⎬
⎭

1
θ

for each t ∈ (0,∞) \ ℵ.

This shows n∞ ≤ γ (t) for each t ∈ (0, ∞) \ ℵ. From the fact that |ξθ − ηθ | ≥ ηθ−1 · |ξ − η| for 
any ξ ≥ 0 and η ≥ 0, it follows that

∣∣nθ (·, t) − γ θ (t)
∣∣2 ≥γ 2θ−2(t) · |n(·, t) − γ (t)|2

≥n2θ−2∞ · |n(·, t) − γ (t)|2

a.e. in � for each t ∈ (0, ∞) \ ℵ, whence (8.31) implies

∞∫
0

∥∥n(·, t) − γ (t)
∥∥2

L2(�)
dt ≤ C4 (8.32)

with C4 := n2−2θ∞ · C3. Recalling (8.5), (8.8) and Lemmas 8.3–8.4, we combine with (8.32) to 
infer that for given δ > 0 there exists some t ′ > 1 large enough such that

∞∫
t ′−1

∥∥n(·, t) − γ (t)
∥∥2

L2(�)
dt ≤ δ

24C1
(8.33)

and ∣∣∣∣∣∣
∫
�

n(·, t) − |�|n∞

∣∣∣∣∣∣≤
√

δ|�|
24C1

for each t ∈ (t ′ − 1,∞) \ ℵ (8.34)

as well as
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∞∫
t ′−1

∫
�

ρn ≤ δ

4C1
, (8.35)

and that ∫
�

|∇c(·, t)|2 ≤ δ

4C1
for any t > t ′ − 1 (8.36)

as well as ∫
�

|∇ρ(·, t)|2 ≤ δ

4C1
for any t > t ′ − 1. (8.37)

Since for each t > t ′ (8.33) allows for a choice of certain t∗ = t∗(t) ∈ (t − 1, t) \ ℵ fulfilling

∫
�

∣∣n(·, t∗) − γ (t∗)
∣∣2 ≤ δ

24C1
, (8.38)

we invoke the Cauchy–Schwarz inequality to obtain

|�| · |n(·, t∗) − γ (t∗)| =
∣∣∣∣∣∣
∫
�

(
n(·, t∗) − γ (t∗)

)∣∣∣∣∣∣

≤|�| 1
2 ·
⎧⎨
⎩
∫
�

(
n(·, t∗) − γ (t∗)

)2

⎫⎬
⎭

1
2

≤
√

δ|�|
24C1

,

and thereby

∫
�

(
n(·, t∗) − γ (t∗)

)2 ≤ δ

24C1
. (8.39)

Moreover, due to t∗ ∈ (t − 1, t) \ ℵ ⊂ (t ′ − 1, ∞) \ ℵ, (8.34) entails

∫
�

(
n(·, t∗) − n∞

)2 ≤ δ

24C1
. (8.40)

Collecting (8.38)–(8.40), we have



50 J. Liu / J. Differential Equations 269 (2020) 1–55
∫
�

(
n(·, t∗) − n∞

)2 ≤2
∫
�

(
n(·, t∗) − γ (t∗)

)2 + 2
∫
�

(
γ (t∗) − n(·, t∗)

)2

+ 2
∫
�

(
n(·, t∗) − n∞

)2 ≤ δ

4C1
.

(8.41)

Since t ∈ (t∗, t∗ + 1) \ ℵ, it follows from (8.30), (8.35)–(8.37) and (8.41) that

∫
�

(
n(·, t) − n∞

)2 ≤ C1 ·
{

δ

4C1
+ δ

4C1
+ δ

4C1
+ δ

4C1

}
= δ,

which verifies (8.29) thanks to the arbitrariness of δ.
Based on Lemma 8.6, an interpolation type argument in conjunction with the continuity prop-

erty of n attained in Lemma 6.2 enable us to achieve the stabilization of n in the sense asserted 
in Theorem 1.1.

Corollary 8.7. For any p ≥ 1, we have

n(·, t) → n∞ in Lp(�) as t → ∞. (8.42)

Proof. Here we only prove (8.42) for 
∫
�

n0 ≤ ∫
�

ρ0, while for 
∫
�

n0 >
∫
�

ρ0 the reasoning can 
proceed along a similar procedure. In light of the boundedness of �, it is sufficient to verify the 
validity of (8.42) for p > 1. By the Hölder inequality and (7.8), we have

‖n(·, t)‖Lp(�) ≤ ‖n(·, t)‖
p−1
p

L∞(�)‖n(·, t)‖
1
p

L1(�)
≤ M

p−1
p

n ‖n(·, t)‖
1
p

L1(�)
for any t > 0

with Mn defined as in Section 6, whence for arbitrary δ > 0 (8.28) in Lemma 8.6 warrants the 
existence of certain t ′ > 0 fulfilling

‖n(·, t)‖Lp(�) ≤ δ for each t ∈ (t ′,∞) \ ℵ. (8.43)

Next, we try to show that (8.43) actually holds for any t > t ′. Due to the density of (t ′, ∞) \ ℵ in 
(t ′, ∞), we can take (tj )j∈N ⊂ (t ′, ∞) \ ℵ such that tj → t as j → ∞. Since the boundedness 
of ‖n(·, tj )‖Lp(�) guaranteed by (8.43) allows for an extraction of a subsequence (tjk

)k∈N from 
(tj )j∈N fulfilling n(·, tjk

) ⇀ z in Lp(�) as k → ∞, this implies n(·, tjk
) → z in (W 2,2

0 (�))∗
as k → ∞, which in conjunction with the generalized continuity property of n with respect to t
exhibited in Lemma 6.2 shows the identity between z and n(·, t). As a result,

‖n(·, t)‖Lp(�) ≤ lim inf
k→∞ ‖n(·, tjk

)‖Lp(�) ≤ δ,

as desired. �
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8.6. Decay of u

In the final, by means of standard regularity theory and the convergence of ρ and n, we are 
able to detect the asymptotic behavior of u as time goes to infinity.

Lemma 8.8. We have

u(·, t) → 0 in L∞(�) as t → ∞. (8.44)

Proof. Throughout the proof, we use P to denote the Helmholtz projection from L2(�) to 
L2

σ (�). Since the set W 2,∞(�) lies in the kernel of P , and since n∞, ρ∞ ∈ R, we can rewrite 
uε-equation in (2.1) as

uεt + Auε = P
[
(nε(·, t) − n∞)∇φ

]
+P

[
(ρε(·, t) − ρ∞)∇φ

]
, x ∈ �, t > 0,

whence by variation-of-constants formula, we further have

uε(·, t) =e−tAu0 +
t∫

0

e−(t−s)AP
[
(nε(·, s) − n∞)∇φ

]
ds

+
t∫

0

e−(t−s)AP
[
(ρε(·, s) − ρ∞)∇φ

]
ds for any t > 0.

Due to D(Aα) ↪→ L∞(�) with some α ∈ ( 3
4 , 1) by a known embedding result ([11,12]), an 

application of the regularized properties of the analytic semigroup (e−tA)t≥0 ([10,23]) yields 
that

‖uε(·, t)‖L∞(�) ≤C1

∥∥∥Aαe−tAu0 +
t∫

0

Aαe−(t−s)AP
[
(nε(·, s) − n∞)∇φ

]
ds

+
t∫

0

Aαe−(t−s)AP
[
(ρε(·, s) − ρ∞)∇φ

]
ds

∥∥∥
L2(�)

≤C2‖Aαe−tAu0‖L2(�)

+ C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(nε(·, s) − n∞)∇φ

]∥∥∥
L2(�)

ds

+ C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(ρε(·, s) − ρ∞)∇φ

]∥∥∥
L2(�)

ds

(8.45)

for any t > 0 with C1 > 0, C2 > 0 and certain λ > 0. From (1.10) and (5.4), we can infer that
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C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(nε(·, s) − n∞)∇φ

]∥∥∥
L2(�)

ds

≤C2(Mn + n∞)‖∇φ‖L∞(�)|�| 1
2

t∫
0

(t − s)−αe−λ(t−s)ds

≤C2(Mn + n∞)‖∇φ‖L∞(�)|�| 1
2 · C3 for any t > 0,

(8.46)

where Mn = supε∈(0,1) ‖nε‖L∞(�×(0,∞)) has been defined in Section 6 and C3 :=∫∞
0 σ−αe−λσ dσ . Recalling (2.12), the integrability of 

∫ t

0 (t − s)−αe−λ(t−s)‖P[(ρε(·, t) −
ρ∞)∇φ]‖L2(�)ds can be also verified through a similar reasoning. Moreover, again based on 
(2.12) and (5.4), we make use of the dominated convergence theorem along with (7.7) and (7.13)
to deduce that as ε = εl ↘ 0 ‖nε(·, t) −n∞‖L2(�) → ‖n(·, t) −n∞‖L2(�) for each t ∈ (0, ∞) \ℵ
and ‖ρε(·, t) −ρ∞‖L2(�) → ‖ρ(·, t) −ρ∞‖L2(�) for all t > 0. Thus, in view of (7.16) and the in-
tegrability warranted by the reasoning of (8.46), we once more apply the dominated convergence 
theorem to the right-hand side of (8.45) and infer that

‖u(·, t)‖L∞(�) ≤C2‖Aαe−tAu0‖L2(�)

+ C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(n(·, s) − n∞)∇φ

]∥∥∥
L2(�)

ds

+ C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(ρ(·, s) − ρ∞)∇φ

]∥∥∥
L2(�)

ds for any t > 0.

(8.47)
In accordance with (14.9) in [10, p.160], the first term on the right-hand side of (8.47) can be 
controlled as

‖Aαe−tAu0‖L2(�) ≤ C4

tα
e−εt‖u0‖L2(�) for any t > 0

with some C4 > 0 and ε > 0, whereupon for given δ > 0 we can find some t∗ > 1 sufficiently 
large such that

‖Aαe−tAu0‖L2(�) ≤ δ

5C2
for any t > t∗. (8.48)

Apart from that, Lemma 8.3 together with Corollary 8.7 also guarantees the existence of t∗ > t∗
such that for arbitrary t > t∗

‖n(·, t) − n∞‖L2(�) ≤ δ

5C2C3‖∇φ‖L∞(�)

and ‖ρ(·, t) − ρ∞)‖L2(�) ≤ δ

5C2C3‖∇φ‖L∞(�)

.

(8.49)
Now, let
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t1 := t∗ +
(

5C2‖∇φ‖L∞(�)(Mn + n∞)|�| 1
2

δλ

) 1
α

and

t2 := t∗ +
(

5C2‖∇φ‖L∞(�)(‖ρ0‖L∞(�) + ρ∞)|�| 1
2

δλ

) 1
α

,

then thanks to (8.49), for any t > t1, we have

C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(n(·, s) − n∞)∇φ

]∥∥∥
L2(�)

ds

≤C2

⎧⎨
⎩

t∗∫
0

(t − s)−αe−λ(t−s)
∥∥∥P[(n(·, s) − n∞)∇φ

]∥∥∥
L2(�)

ds

+
t∫

t∗
(t − s)−αe−λ(t−s)

∥∥∥P[(n(·, s) − n∞)∇φ
]∥∥∥

L2(�)
ds

⎫⎬
⎭

≤C2

⎧⎨
⎩

t∗∫
0

(t − s)−αe−λ(t−s)‖n(·, s) − n∞‖L2(�)‖∇φ‖L∞(�)ds

+
t∫

t∗
(t − s)−αe−λ(t−s)‖n(·, s) − n∞‖L2(�)‖∇φ‖L∞(�)ds

⎫⎬
⎭

≤C2‖∇φ‖L∞(�)(Mn + n∞)|�| 1
2 (t − t∗)−α

t∫
0

e−λ(t−s)ds

+ C2‖∇φ‖L∞(�) · δ

5C2C3‖∇φ‖L∞(�)

t∫
t∗

(t − s)−αe−λ(t−s)ds

≤C2‖∇φ‖L∞(�)(Mn + n∞)|�| 1
2 (t − t∗)−α · e−λ(t−t1)

λ
· (1 − e−λt1)

+ C2C3‖∇φ‖L∞(�) · δ

5C2C3‖∇φ‖L∞(�)

<C2‖∇φ‖L∞(�)(Mn + n∞)|�| 1
2 · δλ

5C2‖∇φ‖L∞(�)(Mn + n∞)|�| 1
2

· 1

λ
+ δ

5
= 2δ

5
.

Similarly, for each t > t2,
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C2

t∫
0

(t − s)−αe−λ(t−s)
∥∥∥P [(ρ(·, s) − ρ∞)∇φ

]∥∥∥
L2(�)

ds <
2δ

5

also holds. Consequently, setting t0 := max{t1, t2}, we collect (8.47)–(8.49) to derive

‖u(·, t)‖L∞(�) < δ for any t > t0,

which entails (8.44) thanks to the arbitrariness of δ > 0. �
8.7. Proof of Theorem 1.1

The derivation of our main results relies on a combination of the precedent detections.

Proof of Theorem 1.1. The conclusion on global solvability in the weak sense along with the 
regularity properties that the solution fulfills in (1.12) has been claimed by Proposition 5.2. The 
stabilization exhibited in (1.13) precisely follows from Lemma 8.3, Lemma 8.4, Corollary 8.7
and Lemma 8.8. �
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