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Abstract

Planar wave trains are traveling wave solutions whose wave profiles are periodic in one spatial direction
and constant in the transverse direction. In this paper, we investigate the stability of planar wave trains in
reaction-diffusion systems. We establish nonlinear diffusive stability against perturbations that are bounded
along a line in R2 and decay exponentially in the distance from this line. Our analysis is the first to treat
spatially nonlocalized perturbations that do not originate from a phase modulation. We also consider pertur-
bations that are fully localized and establish nonlinear stability with better decay rates, suggesting a trade-off
between spatial localization of perturbations and temporal decay rate. Our stability analysis utilizes point-
wise estimates to exploit the spatial structure of the perturbations. The nonlocalization of perturbations
prevents the use of damping estimates in the nonlinear iteration scheme; instead, we track the perturbed
solution in two different coordinate systems.
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1. Introduction

In this paper, we investigate the stability of spatially periodic planar traveling waves. Consider
a planar reaction-diffusion system of the form

= D(uyy +uyy) + fw), (x,y)eR® >0, uekR", (1.1)

where n € N, D € R"*" is a symmetric, positive-definite matrix, and f: R” — R" is a C 3.
smooth nonlinearity. We are interested in planar traveling-wave solutions to (1.1) of the form
u(x,y,t) = uso(kx — wt), where the profile uso(¢) is C3-smooth and periodic in ¢ with period
1, k € R denotes the spatial wave number, and w € R is the temporal frequency of the traveling
wave. From now on, we use the term wave train to refer to spatially-periodic traveling waves. We
note that the terms “rolls” and “stripes” are also used in literature to refer to planar wave trains.

Our goal is to determine whether, and in what sense, the planar wave train u(x,y,t) =
Uso(kx — wt) is stable under perturbations of the initial condition u(x, y,0) = uso(kx). Part
of our motivation stems from the case of planar spiral waves that resemble planar wave trains in
the far field: understanding the stability of wave-train solutions to (1.1) is a first step towards any
nonlinear stability analysis of planar spiral waves.

Before discussing the nonlinear stability of wave trains for the planar system (1.1), we re-
view the relevant results for the spatially one-dimensional case. Note that the function u(x,t) =
Uoo(kx — wt) is also a wave-train solution to the one-dimensional version

us=Duyy + f(u), xeR, >0, ueR", (1.2)

of (1.1). Throughout, we will assume that the wave train is spectrally stable and refer to §2.1 for
details on what this assumption entails. We then consider initial conditions of the form

u(x,0) =uco(kx + @o(x)) 4+ vo(x), @o(x) = ¢t as x — +00, (1.3)

where the perturbation vy is sufficiently small in an appropriate function space, so that we change
the phase, but not the wave number, of the wave train at time ¢ = 0. Let u(x, ) denote the
associated solution to (1.2): we may then ask whether i (x, #) converges in an appropriate sense
to U (kx — wt), or a translate, as time ¢ goes to infinity.

More generally, we can attempt to write the solution in the form

U(x,1) =uso(kx + ¢(x,t) — wt) + terms that decay at least pointwise in time. (1.4)

For the case |p4+ — ¢_| < 1, it was shown in [23] that (1.4) holds for a function ¢(x, ¢) that has
an asymptotically self-similar profile as t — oo: indeed, ¢ (x, t) converges to a moving Gaussian
if o4 = ¢_ and to a moving error function with amplitude ¢4 — ¢_ in the case where 0 <
o4+ — ¢_| < 1. Similar results, though without the explicit asymptotics, were also shown in [9,
13-15,24] using different methods — see Remark 1.1 below for more details. The results in [9]
were complemented with explicit asymptotics in [10], recovering the results of [23] for the case
0 < |o4+ — ¢—| < 1. The restriction that |¢4 — ¢_| is small was recently removed in [8]. We
emphasize that, although the initial phase off-set ¢g can be nonlocalized, the perturbation vy
in (1.3) has to be localized in all the aforementioned papers, that is, we need to assume that
vo(x) — O sufficiently rapidly as x — +oo.
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In this paper, we examine the nonlinear stability of planar wave trains u(x, y, t) = uxo(kx —
wt) that satisfy (1.1). We note that increasing the spatial dimension from one to two improves
the decay properties on the linear level: for instance, the solutions to the heat equation

U, =Axu, xeR? >0, ueR",
decay pointwise with rate r~¢/? so that increasing the spatial dimension d € N yields faster
decay in time. This leads to the natural question whether the additional decay can be exploited to
allow for a larger — or different — class of initial conditions. In this paper, we answer this question
in the affirmative by proving that planar wave trains are stable against a class of nonlocalized
perturbations vg(x, y) rendering our initial conditions complementary to those considered in the
literature for one spatial dimension — see Remark 1.3 below for more details.
More specifically, given initial conditions of the form

’Z(xv y90):u00(k-x)+vo(x7y)v (15)

we prove that the resulting solution i(x, y, ) to (1.1) decays pointwise with rate ~1/2 like a
diffusive Gaussian if vo(x, y) is bounded along an arbitrary, but fixed, line in R? and decays
exponentially in the distance from this line. We note that the obtained decay is optimal for this
class of perturbations — see Remark 5.1 below — although it is slower than one would intuitively
expect suggesting a trade-off between spatial localization of the initial perturbation and tempo-
ral decay rate. Indeed, our second result recovers the expected pointwise decay with rate !
provided vo(x, y) is sufficiently localized in all spatial directions in R2. Although this second
theorem provides an expected result, it seems not to be present in the literature at the moment —
see Remark 1.2 below.

The proofs of our main results depend on pointwise estimates that allow us to exploit the spe-
cific spatial structure of the perturbations. Therefore, we extend the pointwise Green’s function
estimates for wave trains proved in [14] in one spatial dimension to the planar case. However,
the nonlinear stability analysis in [14] — which is, in turn, based on [13] — does not extend to
our planar case: the L?-localization of the initial perturbation is utilized in [13,14] in a crucial
way in their nonlinear damping estimates, which are necessary to close the nonlinear iteration
arguments presented in [13,14]. The main challenge in our proof is to replace these damping
estimates: we rely instead on tracking the perturbed solution in two different coordinate systems,
where one of these coordinates is used to correct for the phase shift of the solution relative to the
original wave train.

We now comment briefly on open problems. A major open problem in the one-dimensional
case is the long-time dynamics of initial conditions of the form i (x, 0) = u,(ko(x)x), which
correspond to perturbations of the wave number instead of just the phase. In the planar case, not
much is known about the linear and nonlinear stability of spiral waves. Moreover, it is unexplored
whether, and in what form, planar wave trains are stable against an initial change in phase, that is
whether, and in what form, stability holds for initial conditions of the form #(x, y, 0) = uoo (kx +
wo(x,y)) + vo(x, y) with vg possibly nonlocalized. Finally, one expects even higher decay rates
in the stability analysis of wave trains in spatial dimensions d > 3, and one could therefore
attempt studying even larger classes of initial conditions in this setting.

Remark 1.1. There are various methods to prove nonlinear stability results of wave-train so-
lutions to reaction-diffusion systems in one spatial dimension. The proofs in [8,23] are based
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on a decomposition of phase and amplitude variables as in [5], mode filters to separate critical
(translational) modes from noncritical exponentially decaying modes, and on the renormalization
group techniques developed in [2,25]. On the other hand, in [9,13], L?-estimates on the Green’s
function (again obtained by separating critical from noncritical modes) are applied in a non-
linear iteration scheme that was originally devised in shock-wave theory. The set-up in [14,15]
follows [9,13], but employs pointwise Green’s function estimates instead. The use of pointwise
Green’s function estimates was introduced in [27] and further extended in [18] to the setting
of wave trains: it has the advantage of resulting in detailed information on both temporal and
spatial decay. Finally, in [24], a normal form about the wave train was constructed that arises as
a conjugation of the reaction-diffusion system (1.2) with a lattice dynamical system of discrete
phase equations. The normal form exhibits a conservation law associated with the translational
symmetry, which can be exploited to gain additional decay in the nonlinear stability argument.

Remark 1.2. Although this paper seems to be the first to consider the nonlinear stability of
wave trains in planar reaction-diffusion systems (1.1), the methods for proving nonlinear stability
in one spatial dimension — see Remark 1.1 — have been applied in higher space dimensions
to different systems. For instance, the renormalization approach from [25] is used in [26] to
prove that the planar Swift-Hohenberg equation admits nonlinearly stable wave-train solutions.
In addition, the methods in [9,13] are applied in higher space dimensions in [12,19] to prove
nonlinear stability results for wave trains in viscous systems of conservation laws. We emphasize
that, unlike in the current paper, localized perturbations were considered in these references.

Remark 1.3. In this paper, we consider initial conditions of the form (1.5), where the perturbation
vo(x, y) is bounded along a line in R? and decays exponentially in the distance from this line.
All initial conditions for one spatial dimension considered in the literature — see [9,13—15,24,23]
— are of the form (1.3), where the perturbation vo(x) is sufficiently localized and the initial phase
off-set ¢p(x) satisfies go(x) — @+ as x — £oo. This implies that, in the limit x — o0, the
initial condition u(x, 0) converges to the translate u o (kx 4+ @) of the wave train. In our case, the
initial condition (1.5) does not (necessarily) converge to a translate of the wave train when letting
[(x, y)| — oo over some line in RZ2. Indeed, we allow for instance for the perturbation vo(x, y) =
ee™” with 0 < ¢ <« 1. Thus, the nonlocalization of the perturbations in this paper does not
originate from a phase modulation, and our class of initial conditions is therefore complementary
to those present in literature.

2. Main results

In this paper, we establish nonlinear diffusive stability of the planar wave-train solution
u(x,y,t) =uco(kx — wt) to (1.1) against a class of spatially localized perturbations and a class
of spatially nonlocalized perturbations under the assumption that the wave train is spectrally
stable. Our nonlinear stability results and the associated spectral assumptions are most naturally
formulated by switching to a co-moving frame ¢ = kx — wt, which yields a stationary wave-train
solution u (¢, y, 1) = uso(¢) to

ur =D (KRee + 0y Ju+odcu+ f@), @»eR: 120, ueR'. Q)

Before stating our nonlinear stability results, we disclose what spectral stability entails.
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2.1. Spectral stability

The linearization of (2.1) about u(¢, y, ) = uso(¢) is
w="Lu,  Lu=D (K2 +dyy ) u+ wdou+ o), 2.2)

where L is a sectorial operator on L>(R?, C") — see [6,17] and note that £ is elliptic as D is a
symmetric positive-definite matrix. We apply the Fourier transform *, given by

(g, vy) = “Yu(e, y)dy,

1
— | e
N 2w /
R
in the transverse coordinate y to the linearization (2.2) and obtain
fy=Lod,  Loi=D (k2a;; - uf,) i+ wde i+ f (oo (§))il, 2.3)

where L, is a sectorial operator on L*(R, C") for each vy € R. The solution operator is repre-
sented via the inverse Fourier transform as

[e“"ul(¢, y) = WYLt i (g, vy)dvy. (2.4)

7=l
R

Since L, is a periodic differential operator on L%(R, C"), we can apply the Bloch transform
to (2.3) — see [5,20]. The composition ~ of the Bloch and Fourier transforms is given by

. 1 .
i(g.v) =Y R v +2mj.vy),  Fa(uw)(v) = - / e "Vu(g, y)dedy,
Jj€Z R2

where F» is the Fourier transform on R2, - denotes the dot product, v = (v, vy) and ¢ = (£, y).
Applying the Fourier-Bloch transform to (2.2) yields

i, =Lyii, Lyi=D <k2 (3 +ivy)” — uf) i+ @ + i)l + [ (Use(O))il, (2.5)

where L, is a sectorial operator on L%er([O, 1], C™) with compact resolvent for each v € Q :=

[—m, ] x R. The solution operator is represented via the inverse Fourier-Bloch transform as

e ul(c, y) = %/ei”'geL“’d(v,g)dv. (2.6)
Q

Furthermore, we obtain the spectral decomposition

o(L)=JoLy). 2.7)

veQ
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where the spectra o (Ly) are discrete for each v € Q as L, has compact resolvent.

Since u/,, is a solution to (2.2), 0 is an eigenvalue of Lo. Now, provided 0 is simple as an
eigenvalue of Lo, the implicit function theorem provides a surface Ag: U — C, where U C C?
is a neighborhood of 0, such that A¢(0) = 0 and Ao (v) is a simple eigenvalue of L, foranyv € U.
By symmetry of the spectrum of the real operator £ and the decomposition (2.7), the surface
A0[€2] C o (L) touches the imaginary axis generically quadratically. So, even in the most stable
scenario, where the spectrum of £ is bounded away to the left of the imaginary axis except for a
quadratic touching at the origin, there is no spectral gap. This leads to the following definition.

Definition 2.1. The planar wave train u(x, y,t) = uso(kx — wt) to (1.1) is spectrally stable if
there exists 7, € > 0 such that

(D1) Ly has no spectrum in Re()) > —n besides a simple eigenvalue A = 0;
(D2) It holds Re(o(Ly)) < —n|v|? for all v € Q with |v| <&¢;
(D3) It holds Re(o(Ly)) < —n for all v € Q with |v| > ¢.

Throughout this paper we require the spectral stability assumptions (D1)-(D3) to hold true.
Similar spectral assumptions are made in one spatial dimension — see [13,14,23]. We emphasize
that spectrally-stable planar wave trains to (1.1) can be generated from spectrally-stable wave
trains to (1.2) — see §3.1. Examples of such wave trains in one spatial dimension can be found
in [4,22]. Note that by Sturm-Liouville theory wave-train solutions to (1.2) can only be spectrally
stable if n > 1, i.e. if (1.2) is a proper system of reaction-diffusion equations.

2.2. Statement of results

Our results concern nonlinear diffusive stability of spectrally-stable planar wave-train so-
lutions u(x, y,t) = ux(kx — wt) to (1.1) against classes of spatially localized and spatially
nonlocalized perturbations. In our first result, we take a unit vector w € R? and consider nonlo-
calized W2’°°—perturbations that are bounded, when restricted to the family of lines

[zeRZ:w.z:a}, acR, 2.8)

but that are exponentially localized in any other spatial direction. We establish diffusive
Gaussian-like decay of the perturbation and its derivatives with rate r~!/2. In addition, the per-
turbation stays bounded for all times ¢ > 0 on lines of the form (2.8) and exponentially localized
in any other spatial direction. If we account for translational invariance and allow for a phase
shift, it is possible to obtain decay with rate log(¢)/¢. Thus, our result is as follows.

Theorem 2.2. Assume (D1)-(D3) hold true and let (B,y) € R* be a unit vector. There exist
constants Eg > 0 and C, M > 1 such that for all vy € W2 (R2, R") satisfying

12
supReW" (w0 (€. )1l + [ 8cv0(z. )| + e vo(. v)|) < Eo. 2.9)
;’ye

there exists a solution u(t) to (2.1), with initial condition u(0) = us + vo, for all time t > 0
satisfying
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fort,ye R andt > 0, where « is as in Lemma 3.1 and ¢ € ZQZO is a multi-index with |c| = 1. In
addition, there exists a function ¥ : R>o — W3’°°(]R2, R) such that

- log(2+1t) _lBs+yy+api?
lE@ + (& y,1),9,0) Q)| SC————e MTF

1+1¢
_|Bttyytapt? _ Bty ytapr?
) [ T 0] [
£ yv — ,\/l—_H 9 ;,y,t E) yv — 1 —|—t )

fort,yeR,t>0andbeZ> 2o with 1 <[b] <3.

Next, we study the stability of the planar wave-train solution u(x, y, t) = uxo (kx —wt) to (1.1)
against exponentially localized perturbations. We obtain diffusive Gaussian-like decay of the
perturbation with rate r !, which can be improved to # /2 by tracking the phase shift. Moreover,
the perturbation stays exponentially localized for all time ¢# > 0. This leads to the following result.

Theorem 2.3. Assume (D1)-(D3) hold true. There exist constants Eq > 0 and C, M > 1 such
that for all vg € WH® (R?, R") satisfying

2
sup e (luo(z. Il + |dv0(&, ) < Eo. (2.10)
¢, yeR

there exists a solution u(t) to (2.1), with initial condition u(0) = ux, + vo, for all time t > 0
satisfying

[g+ar|>+y?
~ e Ma+n
(g, y, 1) —ucc(O) < Cli-i—t’
- \(+m\2+v2 10g(2 +1)
d SV 1) — Uoo < Ce™ MOT
o (6, y,0) —use @) = Ce Nt
\{+m|2+\2 10g(2 +1)
0 , C
lovi. 3.0 <ce Vil +1)

fort,ye R andt > 0, where « is as in Lemma 3.1 and ¢ € Zéo is a multi-index with |c| = 1. In
addition, there exists a function ¥ : R>o — W32 (R2, R) such that

M@ + (&, y, 1), y,1) — (@) <C
~ <1+z)ﬁ
_‘(+m‘2+y2 \§+a[\2+\
solse Py <
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fort,yeR,t>0andbeZl,withl<]b|<3.

To prove Theorems 2.2 and 2.3 we decompose the temporal Green’s function associated with
the parabolic operator d; — £ and we obtain pointwise bounds on each of the components of the
Green’s function. These pointwise Green’s function estimates are given in Section 3. In Section 4,
we perturb the planar wave-train solution u (¢, y,t) = uso(¢) to (2.1) and establish nonlinear
equations for the perturbation and its derivatives. We track the perturbed solution in two different
coordinate systems, where one of these coordinates is used to correct for the phase shift of the
solution relative to the original wave train. This leads to a closed nonlinear iteration scheme. We
apply the pointwise Green’s function bounds to this nonlinear iteration scheme in Section 5 to
prove Theorems 2.2 and 2.3.

Remark 2.4. The pointwise nonlinear stability analysis of wave-train solutions in one spatial
dimension presented in [14,15] assumes only that perturbations are algebraically localized. More
precisely, perturbations vy € H 2(R,R") need to satisfy only that |vg(x)| < Eo(1 + |x|)™" for
x € Rwith 0 < Eg <« 1 and r > 2. The associated perturbed solution then exhibits both algebraic
decay and diffusive Gaussian-like decay. By transferring the estimates in [14,15] to our setting,
we expect that the exponential weights in our main results can be replaced by algebraic weights.
However, since the estimates in [14,15] are technically quite involved and the main point of our
analysis is the possibility of nonlocalized perturbations rather than their precise decay properties,
we chose to work with exponential weights in this paper for clarity of exposition.

3. Green’s function decomposition and pointwise estimates

In this section, we show that assumptions (D1)-(D3) on the spectrum of the linearization
L of (2.1) about the wave train u(¢, y,t) = uxo(¢) lead to a decomposition of the associated
temporal Green’s function. We obtain pointwise bounds on each of the components of the Green’s
function by following the (by now seminal) approach, which was introduced in [27] and further
extended in [14,18] to the setting of wave trains in one spatial dimension. The decomposition
of and the pointwise estimates on the Green’s function are the starting point of our nonlinear
stability analysis, which is performed in the §5.

3.1. Consequences of spectral assumptions

We apply the implicit function theorem to expand the spectrum of £ about the origin. The ob-
tained control on the spectrum is crucial for the decomposition of the temporal Green’s function.

Lemma 3.1. Assume (D1). We complexify v and consider the family L,,v € C? of operators on
Lger([O, 11, C™) given by (2.5). There exists a neighborhood U C C? of 0 and an analytic func-

tion Lo: U — C such that the spectrum of L, in Re(L) > —n consists of the simple eigenvalue
Ao(v) only. In addition, we have the expansion

M) =iav, —0v; —div; +HW),  v=(n,v)eU, 3.1)
with residual H: U — C satisfying |H(v)| < C|v|? for some constant C > 0 and coefficients

@ =2k (iiag, Ditlo )y +w €R,  dy = (ilaa, Dil,)2 €R, 6 €R,
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where Ui, € Ker(Lg) is the restriction of the 1-periodic wave train uq to [0, 1], tiyq is contained
in ker(Lg) such that (iiag, iiy,)2 = 1 and (-, -)2 denotes the Lger([O, 1], C™)-inner product.

Moreover, for all v € U the kernels of L, — Ao(v) and its adjoint (L, — Ly(v))* are spanned
by analytic eigenfunctions q: U — Lger([O, 11,C") and quq: U — Lger([O, 1], C™), respec-
tively, satisfying (q(v), gaa))2 = 1, q(0) = i, and qaq(0) = fiaq. Finally, the associated
derivative maps U — Lger([O, 11, C") given by v = 9:q(v) and v — 0;q.q(v) are also ana-
lytic.

Proof. Since (D1) is satisfied, it follows from standard perturbation theory [16] that for v in some
neighborhood U € C? of 0 the spectrum of L, in Re(1) > —n consists of a simple eigenvalue
Ao(v) only, which depends analytically on v. The fact that the associated eigenvectors g (v) and
qad(v) and their derivatives d;¢q(v) and d;gaq(v) are also analytic in v follows by writing the
eigenvalue problem (L, — A)u =0 as a first order system (0; — A(¢, A))p =0 with ¢ = (u, u;)
and applying perturbation results from [16].

Since Ag(v) is algebraically simple and L is Fredholm of index 0 by (D1), the inner product
of g(v) and g,q(v) cannot vanish by the Fredholm alternative for any v € U. Therefore, we can
assume without loss of generality that (g(v), gaa(v))2 = 1 and g(0) = i/, for any v € U. We
define it,g = ¢4(0). The derivative 9, g satisfies the equation

(Ly — 20()) [3,,g1(v) = [3,, ko] (0)g (v) — 2k%i D(3; + ivy)g (V) — wig(v), veU.

Taking the inner product with g,4(v) on both sides and evaluating at v = 0 yields [d,, A0](0) = «i.
Similarly, one obtains [va A0](0) =0, [9,, U),)»()](0) =0 and [av},vy)\o](O) = —2d,. Since L is a
real operator, its spectrum in C is symmetric in the real axis. Therefore, the decomposition (2.7)
yields that 6 := —[9,,,,A0](0)/2 must be real. The expansion (3.1) now follows by analyticity of
rM:U—-C. O

The spectral control about the origin obtained in Lemma 3.1 reduces the verification of as-
sumption (D2) to checking the signs of two Melnikov-type integrals.

Corollary 3.2. Assume (D1) is satisfied, then assumption (D2) is satisfied if and only ifd, , 6 > 0.

Notice that the linearization of the reaction-diffusion system (1.2) in one spatial dimension
about the wave train solution u(x,?) = ueo(kx — wt) is given by the operator Ly — see (2.3).
Spectral stability of u(x,?) = uso(kx — wt) as a solution to (1.2), in the sense of [13,14,23],
entails that 0 is a simple eigenvalue of L and that the spectrum of Ly lies to the left of the
imaginary axis, except for a quadratic touching at the origin. This leads to the following result.

Corollary 3.3. Assume the wave train u(x,t) = uso(kx — wt) is spectrally stable as solution
to (1.2), in the sense of [13,14,23]. If it holds d| > 0, then (D1)-(D2) are satisfied. Moreover,
if D =1, then the planar wave train u(x,y,t) = uso(kx — wt) is spectrally stable as solution
to (1.1).
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3.2. Pointwise Green’s function estimates

We follow [14,18] and decompose the temporal Green’s function associated with the parabolic
operator d; — L in a translational mode and a residual. We obtain pointwise estimates for each of
these components of the Green’s function.

Theorem 3.4. Assume (D1)-(D3) hold true. Let x: Rso — [0, 1] be a smooth cut-off func-
tion such that x (1) =0 for 0 <t <1 and x(t) =1 for t = 2. The temporal Green’s function
G(¢, ¢, y,t) associated with the operator d; — L in (2.2) can be decomposed as

G, L,y 1) =ub(0)e, Ty, 1)+ G, L,y 1),
X(t) e_\l*i;rtw\z_i;}'\fluad(g)*’ §,§7)’ER»I20, (32)
At /d |6

e({,g:, )’yf)=

where o, 0 and d, are as in Lemma 3.1 and u,q: R — R" is the periodic extension of the
eigenfunction li,q € Lger([O, 11, R") of the adjoint L{ (see also Lemma 3.1). For each j € Z>g

and multi-indices a, b € Z3>0 with |a| = 1 and |b] > 0, there exists C, M > 1 such that we have
the pointwise estimates

le=Z+er2+Iy)?
Mt

|G, 2,y 0] <Crit+n 2 i,

a Ses F 3ttty -
HDCE))G@,Q)’,I)HSCI 2e Mt s {,{,yER,t>O (33)

o] le—g+ar 4y
Mt

HD?,)utage(f’ Z,y, t)H <Cc+n "z,

To prove Theorem 3.4 we employ similar methods as in [14], where pointwise Green’s func-
tion estimates are obtained for wave-train solutions to reaction-diffusion systems in one spatial
dimension. To account for an additional spatial direction, we combine the methods in [14] with
those from [7], where pointwise bounds are established for spatially multidimensional viscous
shock fronts. Since the proof of Theorem 3.4 follows, by and large, the nontrivial, but by now
classical, approach introduced in [27], we decided to include the proof of Theorem 3.4 in Ap-
pendix A.

4. Nonlinear iteration scheme

In this section, we perturb the planar wave-train solution u(¢, y,t) = ux(¢) to (2.1) and we
establish nonlinear equations for the perturbation and its derivatives. To account for translational
invariance and exploit the decomposition (3.2) of the Green’s function, we introduce a phase
function that tracks the shift of the perturbed solution in space relative to the original wave train.
Our goal is to obtain a closed nonlinear iteration scheme for the perturbation and the phase
function, which will be employed in §5 to prove the nonlinear stability results in §2.2.

10
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4.1. Perturbation equations
We consider the perturbed solution

U, y, 1) =uco($) +0(¢, y,1),

to (2.1). The perturbation v and its ¢-derivatives satisfy

@ -0 oo =M, i=012, @.1)
with
No = flttoo + 1) = f(ttoo) = [ (o)1, Ni = (f' (oo + 1) = [/ (o) (g + ) »

No = oo + 8) o + 0) 0 + (" (oo + 9) (e + 0 ) — " (oo)tl)
+ (f (oo +0) — f(Uoo)) (ul + Bec)

where we suppress the argument (¢, y,7) of v and its derivatives, and the argument ¢ of uoo
and its derivatives for notational convenience. Using Taylor’s Theorem, one observes that N is
quadratic in 9, whereas ] and A, contain linear terms in ¥ or its derivatives. More precisely,
there exist constants B, C > 1 such that as long as ||0(¢) || < B, we have the bounds

INoc,y. 0] <= Clog, y, o>, M@y, 0 <Cloe, y, ol (1+]5:¢, v, 1)

).

“4.2)

and, as long as [|0()|lco, [V (1) llco < B, we have the bound

), 4.3)

forz, y € R and r > 0, where | - ||oo denotes the L (R?, R”)-norm. To account for translational
invariance — see Remarks 4.1 and 4.2 — we introduce another coordinatization for the perturbed
solution # to (2.1). As in [5], we write

ﬂ(; + w(gs yv t)s yv t) :uOO(é—) + U(C, yv t),

where the phase function 1 : R x R>o — R is to be determined later. By the mean value theo-
rem, there exist constants B, C > 1 such that as long as ||¥; (t)[lcoc < B, we have the bounds

F

[y =8) @yl = [Ty O]l o 19 @y O+ (i oo + [5eOf ) [y @0
[ (vey = 9ey) @y = € ([Teey O] o W @y DI+ [Tey O] [ @y
(e loo + 96 O] ) [¥3 @ 3.0
+ (Il oo + 15 O] ) ¥y @ v, 1)]

[t @ -9 v.0 < Ci (| use| _+ [0 5] ) |oi 7w von
=0

’

).

4.4

11
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for ¢,y eR,¢t>0andi =0, 1,2. Our next step is to derive an equation for the perturbation v,
the phase ¢ and their derivatives. We introduce

w(&, y, ) =@+ Y, y,1),9.1) =u(@)+v(,y,1).

Substituting w(¢, y, t) into (2.1), while using that (¢, y, t) solves (2.1), leads to the residue
induced by the phase

wy — D(kzw“ + wyy) —ow; — f(w) =
=iz + iy + D (i — vy — Gy, — K Gne); )
+ f@)yr,

which yields

(@ —L)v= (oo +v) — fluoc) = f(tts0)v

— iy + iy + D (it — vy — (), — KRGy ) + @,
4.5)

where we suppress the arguments (¢, y, #) of v, w, ¢ and their derivatives, the arguments (¢ +
v(¢,y,t),y,t) of u and its derivatives and the arguments ¢ of uo, and its derivatives. To avoid
confusion by suppressing the arguments of iz, we denote the partial derivative of & with respect
to its j-th argument by i ;. In order to obtain a closed system in v and ¥, we need to eliminate
the i-terms from the right-hand side of (4.5). Therefore, we express i1, ii» and i3 in terms of v,
Y and their derivatives as follows. First, we calculate

ugo—i—v; =we=u1(1+vY¢), v=w=u3+a1¥:, vy=wy,=il2+i1Vy,

yielding the identities

i = (up +v;) H2=v — (upo +ve), d3=vy—
¢ ¢
4.6)

where we suppress the arguments again. By employing the identities
@ — £ [uho ] = Lluso ¥ = D (Ko e)s + by ) = (DK + oule) s +
= = D (KAubewro): + oy ) + [ o)V + v,
O — L) [v¥e ] = vt + vy
-D (k2 (veg e +20eVee + v¥iege) + vy + 20y ¥y + W;yy)
— o (0¥ +v¥ic) = f o)y,

12
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and substituting (4.6) into the right hand side of (4.5), we obtain the perturbation equation

O — L) [v—ub¥ ]| =N — (3 — L) [vy¢], .7

where the nonlinearity AV is given by

N = (f (oo +v) = fuoo) = f'(oo)v) (14 Ve) +ve vy + v¥er — 0 (v by + vYree)

-D (v <’<21ﬂm + 1ﬂm) +og <3k21/fc; + 1/fyy) + 20y ey + 2o Ve + 2”0%)

+

e (2 (ul + vc) (wyw;y + k21ﬂ;1//;;> + (5 + v¢) (%2 + kZ‘ﬂ?))
- () e
¢ 4.8)

Using Taylor’s Theorem, it is relatively straightforward to observe that the nonlinearity (4.8) is
quadratic in v, ¥ and their derivatives. More precisely, there exist constants B, C > 1 such that
as long as it holds

Ol + Y [ D2, 00| <8

laj=1

we have the bound

W@y ol =c| | veyol+ Y | D8, ¥ .|

1<|a|<3

+| @ yol+ Y ot yol| X |pave ]|,

0<[b|<1 1=<|e|<2
(4.9)

for¢,yeRand ¢t > 0.

Remark 4.1. In the perturbation equation (4.7) for v, we grouped terms that are nonlinear
in (v, ¥) and their derivatives on the right-hand side, whereas the left-hand side contains all
contributions that are linear in (v, ) and their derivatives. This decomposition suggests new
coordinates (w, %) with w = v 4+ u/_ . The advantage of working in these coordinates is
that, by choosing  appropriately, the contribution u/, 1y accounts for the translational mode
uy,(0e(s, g:, v, t) of the Green’s function in the nonlinear iteration — see Remark 4.2. The prin-
ciple of canceling the slowly decaying translational mode via these type of coordinatizations
has been developed independently in [11,13] and [5,23] using different methods — see [9, Re-
mark 5.1] for a review.

In the nonlinear right-hand side of (4.7), we introduced the term (3; — L) [vw;] in order to
eliminate any temporal derivatives of v in the nonlinear iteration. Indeed, one observes from (4.8)

13
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that the residual nonlinearity A/ contains only ¢- and y-derivatives of v. In Remark 4.3 below,
we will explain how we control spatial derivatives of v in the nonlinear iteration.

4.2. Duhamel’s integral formulation

Our goal is obtain a closed nonlinear iteration scheme by integrating (4.7), while exploiting
the decomposition (3.2) of the Green’s function. Applying Duhamel’s formula to (4.7) yields the
equivalent integral equation

v(c,y,n:ugo(;)w(c,y,t)—v@,y,r)wg@,y,t)+fG(c,E,y—&,r>vo<5,y)d2d&
RZ

t
+/fG(§vg7y_)_)vt_S)N(é_-’)_)’S)dEd)_]dS’
0 R2
(4.10)

with ¢,y e R, >0 and vy(¢, y) = v(¢, y,0). Now we define the phase function i as the solu-
tion to the integral equation

V(. y. 1) =— / €.,y — 5.0 (&, 5)did5

R2
@.11)

t
—//e(g,f,y—y,r—s)N(E,y,s)dEdyds.
0 R2
Since it holds e(¢,¢,y,0) = 0 for all ¢,z,y € R by construction, we have thus taken

¥ (¢, y,0) =0 as initial condition for ¥. This choice of i leads via (3.2) to the system of
integral equations

D§ v(&,y.1) = — D§ u(&, y, DY (£, y, 1) + f D¢ G, ¢,y =3, v, )didy
R2

t
+//Dgy5(§,5,y—&,t—s)N(E,&,s)dEdids,
0 R2
DS, V(. y. )=~ f D}, (6. 2.y — 3. Ovo(E. )didy

RZ

t
_//D?,y,te(gvé_‘my_}_)’I_S)N(E75)vs)dgd}_)ds7

0 R2
4.12)

14
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with ¢,y € R, ¢t > 0, and multi-indices a € Z 20 and b € Z 20 satisfying 0 < |a| <1 and 0 <
|b| < 3, where we use that e(¢, ¢, y,0) =0forall £, ¢, y € R to determine the ¢-derivative of the
second integral in (4.11).

To obtain a closed nonlinear iteration scheme from (4.12), we still need to control the second
derivatives v¢; and vgy in the nonlinearity (4.8). We emphasize that we cannot obtain such con-
trol by differentiating the v, - and vy-equation in (4.12) with respect to ¢, since, as explained in
the subsequent Remark 4.3, the second spatial derivatives of the Green’s function G(; L, y,1)
do not permit ¢-integrable bounds. Instead, we proceed as follows. First, we eliminate the second
derivatives vy, and vy in the v-equation in (4.12) using integration by parts at the expense of
taking more derivatives of the ¥/-dependent terms. We note that this elimination is only possi-
ble due to the fact that all derivatives of v in (4.8) are paired with yr-terms and not with other
v-terms, and due to the fact that the pointwise bounds on the Green’s functions 9d; 5({ C,v,1)
and 0 G({ Z,y, 1), obtained in Theorem 3.4, are integrable over 7. Since we control also higher
order ¢- and y-derivatives of the Green’s function e(¢, ¢, y, t) via Theorem 3.4, we can apply
integration by parts multiple times in the yr-equation to eliminate all derivatives of v from the
nonlinearity. The elimination of (second) derivatives of v from the nonlinearities in the v- and
Y-equations in (4.12) lead to sharp estimates, which are necessary to close the nonlinear itera-
tion. However, the second derivatives of v cannot be eliminated from the nonlinearity in the v, -
and vy-equations in (4.12) using integration by parts, since this would again lead to second spa-
tial derivatives of the Green’s function 6(( ,C,y,1), which do not permit 7-integrable bounds.
To control the second derivatives vy, and vy, of v, we will append integral equations for the
derivatives Uz, Uy, Uz and Ug¢y of the ‘unshifted” perturbation v to the scheme.

Thus, exploiting that G(; C,v,1),e(C, ¢, y, t) and its derivatives are exponentially localized
in space and assuming that there exists a bound B > 1 such that

sup [ @ loe + e @loo+ Y- |DE )]
O=s=t 1=<[b|<3 >

we integrate by parts in (4.12) to obtain the following equivalent integral system

vy )= — vy, DY (C, v, 1) + f G, L,y — 3, Do, )didy
RZ

+ / / G5y — 5.1 — HNE. 5. 5)dEd5ds
0 R2

+//agé<;,5,y—y,r—swz(m,s)did&ds
0 R2

t
—}—//Z%,G({,E,y—j/,t—S)M(E,y,s)dfdﬁds
0 R2

15
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Df (&, y, 1) = — Df , [v(&, y, DY (&, y, 0]+ / D{ ,G(¢.2.y = 3.Hvo(C, y)dldy
R2?

t
4 / / DE,G(@ 8,y — 5.1 = INE, 3. 5)dEd5ds,
0 R2

DY, ey == [ DY, e £y =5 0m(E D)aEds
R2

t
+ Y / / DY, DS e £,y — 5.1 —)Ma(E. 5. 5)dEd5ds.
Of\a\fzo R2
(4.13)

with ¢,y € R, ¢t > 0 and multi-indices ¢ € Zio and b e ZS>0 satisfying |¢| =1 and 0 < |b] <3,
where the nonlinearity ] contains the term B

vy + kY]
Dug | 29y + <2k21p§ -2 L) ],
¢

I+,

with a derivative of v, whereas all other terms present in ] do not depend on derivatives of v.
Similarly, the nonlinearity A, only contains the term

2 2.1.2
Du; <2k21ﬁ; _ M)

1+,

with a derivative of v, the nonlinearity A3 only contains the term

—2Dv4~ Iﬂy .
with a derivative of v and the nonlinearities M, contain no derivatives of v for all multi-indices
ae Z2>o with 0 < |a| < 2. Using Taylor’s Theorem, one readily observes that the obtained nonlin-

earities \Vj, M are quadratic in v, ¥ and their derivatives. More precisely, there exist constants
B, C > 1 such that as long as

Olet+ Y. |DEvo] <8,

1=]b|<2

we have the bounds

[Nigyol=c| [veyol+ Y |8, vy

1<|b|=<3

16
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1<|c|=<2
2

Moy DI = C [ Gyl + Y. |DE, v y.0|

1=|b|<3

for ., yeR,t>0, j=1,2,3 and a € Z2>0 with 0 < |a|] < 2. Comparing the estimates on
./\/j, j =1,2,3 to the estimate (4.9) on NV, we observe that we have indeed gained one derivative
of v. Since the bounds on the first spatial derivatives of v, obtained in the subsequent analysis
in §5, exhibit stronger decay than those on the second spatial derivatives of v, this will lead to
sharp estimates on v, and on ¥ and its derivatives.

However, as mentioned before, the integral equations (4.13) do not give rise to a closed non-
linear iteration scheme yet, because we still need to control the second derivatives v;; and vy
occurring in the nonlinearity AV in the v, - and vy-equations in (4.13). This can be achieved by
appending integral equations for the derivatives V¢, Ury, Ur¢¢ and U ¢y of the ‘unshifted” pertur-
bation v to the scheme (4.13) and employing the estimates (4.4) — see also Remark 4.3. Applying
Duhamel’s formula to (4.1) yields

Dg iy = [ D2,GE.Ey~50okwE. HdEds
R2
(4.15)

+ [ [ 03,6685 =50 = 0RE 55)azdsas,
0 R2
with ¢,y e R, t>0,i=0,1,2 and a € Z2>0 satisfying 0 < |a|] < 1, where we used that
¥ (¢, y,0) =0 implies vo(¢, y) = v(£, v, 0) =10(g,y,0) for all £,y € R. Observe that by (4.2)
and (4.3) the nonlinearities N;,i =0, 1,2, can be estimated in terms of v, Uy and ;. Thus,

combining the integral equations (4.13) and (4.15) and the estimates (4.2), (4.3), (4.4), (4.9)
and (4.14) yields a closed nonlinear iteration scheme.

Remark 4.2. Applying Duhamel’s formula to (4.1) gives the integral equation

vy 1) = /G(f, ¢,y =3, 0v0(&, y)didy

R2
(4.16)

t
+f/G(c,E,y—&,r—s)ﬁo@,y,s)didyds,
0 R2

with ¢, y € R and ¢ > 0. Observe that (4.16) yields a closed nonlinear iteration scheme, since the
nonlinearity No depends only on v itself. However, because Ny is quadratic in v in general, the
Green’s function estimate

Je—Z+at+y2

|G, by, 0| <cite= 3, ¢, yeR, >0,

17
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obtained in Theorem 3.4 is not strong enough to close a nonlinear iteration argument. The de-
composition in Theorem 3.4 factors out the translational mode u/ (¢)e(¢, ¢, y, t) of the Green’s

function, which yields an additional decay factor 7~ 2 in the estimate of the residual. Moreover,
the introduction of the phase function (¢, y,t) in the nonlinear iteration scheme leads to a
contribution u/ v in (4.10), which cancels the translational mode of the Green’s function by a
judicious choice (4.11) of ¥. The additional decay of the residual mode of the Green’s function
can then be exploited to close the nonlinear iteration argument. The trade-off is that the introduc-
tion of the phase function ¥ (¢, y, t) yields derivatives of v in the nonlinearity, which needs to be
controlled — see also Remark 4.3.

Remark 4.3. In order to obtain a closed nonlinear iteration scheme from (4.12), one needs to
control the second derivatives v;y and v;; in the nonlinearity (4.8). Naively, one might introduce
integral equations for these second derivatives of v by differentiating (4.12). However, the second
order derivatives of the Green’s function satisfy the bounds

b S~ = 3 C1N L le=terP4y?
’P%ZyG@,LyJ)HgCt2(1+t2)e et

£.8,yeR,1>0,beZ, bl =2,

for some constants C, M > 1, which leads, after integration over E and y, to the nonintegrable
factor (f —s)~! in the estimation of the integral equations for vzy and v . Integrating by parts
to move a derivative from the Green’s function to the nonlinearity, introduces third derivatives
of v in the nonlinearity and thus transfers the problem of controlling second derivatives of v to
controlling third derivatives of v.

The same problem occurs in the nonlinear stability analyses [9,13—15] of wave-train solu-
tions to reaction-diffusion systems in one spatial dimension. There one establishes a nonlinear
damping estimate that controls the H*-norm of the perturbation v for k > 0 by its L2-norm and
by the H*-norm of (¥, ¥y). This yields nonlinear L' N H* — H*-stability in [13] and nonlin-
ear L' N HX — L>stability with nonlocal phase in [9]. The damping estimate from [9,13] is
also employed in the pointwise nonlinear stability analyses in [14,15]. Since the derivatives of
v are paired with -terms in the nonlinearity, one only needs L°°-bounds on the derivatives of
v in [14,15]. These L°°-bounds follow via Sobolev interpolation from H k_bounds on v that are
obtained using the damping estimate from [9,13].

One can establish a 2-dimensional equivalent of the damping estimate in [9,13], which bounds
the H*(RZ, R™)-norm of v in terms of its L2(R2, R")-norm and the H*(RZ, R")-norm of
(¥, ¥rr). However, such a damping estimate cannot be employed in our analysis, since we al-
low for nonlocal perturbations. More precisely, we consider planar perturbations that are not in
L%(R%, R"), whereas in [9,13-15] the perturbations are L?-localized on the real line (allowing
possibly for a nonlocal phase modulation). Since we consider perturbations that are only non-
localized in one spatial direction (say the y-direction), it may be possible to adapt the damping
estimate in [9,13] to work in the mixed LP-space LP(RZ, R™), where p is the tuple (2, c0), en-
dowed with the norm

L
2

llullp = sup /Ilu(c,y)llzdc
yeR R

18
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However, we expect that one needs to append a damping estimate of vy in L?*(R?,R") in or-
der to control the y-derivatives in the damping estimate of v in LP(R?, R"), thus requiring the
derivatives of v to be localized in R?.

In this paper, we choose an alternative approach by appending the integral equations (4.15)
for the derivatives of the ‘unshifted” perturbation v to the nonlinear iteration scheme (4.13). All
derivatives in the nonlinearity (4.8) vanish, when the phase function i is set to 0. Therefore,
the spatial derivatives of v can be controlled without running into problems due to nonintegrable
Green’s function bounds. Then, estimates like (4.4) can be used to control the derivatives of v.
The advantage over a possible LP (R?, R")-damping estimate is that we do not require localiza-
tion of any derivative of v in R2. The trade-off is that the obtained estimates on ver and vy are
not as strong as one might expect due to the fact that we do not correct for a phase shift relative
to the original wave train while estimating v and its derivatives. However, by combining these
estimates with the ones on the integral scheme (4.13) which does track the phase shift, they are
strong enough to close the nonlinear iteration argument — see Remark 4.2. Moreover, for fully
exponentially localized perturbations, our method yields the same optimal decay bounds as the
ones one obtains with a damping estimate in H*(R?, R") up to a possibly artificial log(2 + 1)-
factor — see Theorem 2.3 and Remark 5.1.

5. Nonlinear stability analysis

We prove the nonlinear stability results stated in §2.2 by applying the pointwise Green’s func-
tion estimates from Theorem 3.4 to the nonlinear iteration scheme consisting of (4.4), (4.13)
and (4.15). We start with the proof of Theorem 2.2 concerning nonlocalized perturbations.

Proof of Theorem 2.2. In this proof, the constant M > 1 is as in Theorem 3.4, whereas C > 1
denotes a constant, which is independent of Eg, ¢, ¢, y and 7, that will be taken larger if necessary.

Short-time existence theory for semilinear parabolic equations — see [6,17] — yields via a stan-
dard contraction-mapping argument that there exists a maximal 7y € (0, oo] such that (4.1) has a
mild solution (¢) in W**°(R?, R") on [0, Tp) with 3(0) = vo. The map ¢ — [|5(t)||yy2.00R2 Rr)
is continuous on [0, Ty) and, if Ty is finite, it must blow up as ¢ 1 Tp. By a similar contraction-
mapping argument, the semilinear parabolic system given by (4.1), (4.7) and (4.11) — and
hence the integral system given by (4.13) and (4.15) — has a solution (v(?), ¥ (#)) in Xoo :=
W2*°°(]R2, R™) x W3’°°(R2, R) on some maximal time interval [0, T), T} € (0, co] with initial
condition (v(0), ¥ (0)) = (vg, 0) such that the template function

. Iﬂ(+yy+tjf/3»r\2 (g, y, )l b
n(t)._os;;;<e e |:(1+s) 1%(2—+s)+1<|Xm:<3HDf’y’sw(g’y’s)H
¢,yeR ==
+ s ([ve @y )] + oy @y 9|
+||ﬁy(§,y,S)||)+x/1+s(||ﬁ(§,y,S)||+!Iﬁ;(g“,y,S)H+||1/f(§,y,s)ll)]
b (lvee @y ) [+ ey @y )| + [Bec €y )| + [5ey @y, 9)]) )
1+ /s
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is well-defined and continuous on [0, 77) and, if 77 is finite, then 7(¢) must blow up as ¢ 1 77.
Our goal is to prove that there exist constants B > 0 and C > 1 such that for all # > 0 with
n(t) < B we have

1) =€ (Eo+n?). .1)

Since n must be continuous as long as it remains small, we can apply continuous induction using
estimate (5.1). Thus, provided that Eg < %, it follows n(t) < 2CEy for all t > 0, which readily
yields the result.

We prove the key estimate (5.1). We employ two integral identities

_ _ 1BE+yy+apt?
_le=trerPy-52 _ |piyi2 - Mte M{T+0)
e M1 M d{dy =

J1+1 '
RZ
(5.2)
. _ _ Beyyapi?
_le=Eta=9)P+ly=52 _1pt+yi+aps?  _ _ Mm(t —s)a/1+ se M)
e M(—s) M(T+s) d;‘dy = s
V14t

RZ

with ¢, y,s,t € R satisfying 0 < s < ¢. These identities are obtained by adding the fractions in
the exponent of the integrand, while recalling that (8, y) € R? is a unit vector, and applying the
(standard) formula

/eaz(szb)dZ — ﬁe*“bz, a<0,beC, (5.3)
V/lal

R

twice to evaluate the double integral.

Let B > 1 be as in §4 and assume ¢ > 0 is such that n(r) < B. We start by bounding the
solutions to the integral system (4.13) in terms of 7(¢). By estimate (4.14) the nonlinearities
in (4.13) can be bounded as

v n e s - . , :
Nji.y,9)| <C ’ NG5l <C |
[N @ 5.9 (I +9)/s ING.5.9)] e

2 5 _IBLtyitapsi® .
[MaGE, 5,9)] < ¢ 102 00g@ L9 7e” WO
a s Vs < ’

(1+s)?2

with ¢, 7 e R,0<s <t, j=1,2,3and a e Z3>0 satisfying 0 < |a| < 2. Thus, applying the
pointwise Green’s function estimates in Theorem 3.4 to the integral system (4.13) and employ-
ing (5.2) and (5.4), yields

_ Bty ytaprl?

M) <n(t)210g(2+t) Eg
V1 +t I+ 4+t V1+t
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t
P 1 )
o 0/«/1+sﬁJ1+t—sds

log(2 + ¢ Lty y+apt?
Me* MV(VH‘;) s

= (Eo+n?) =5 -

_\/3{4;1}/(}1'1:?)&\2 ( )2 E ! 1
e n(t 0 2
D; (e, ,tHsC + +n(t /7ds
” ST Jt I+t J1+1¢ n() SNt —s
0

_ |Bttyytapt]?
M(1+1)

< (Eo+n?)*

NG ’
- [ (log2+ )
e og(2+s
1y 0l < 0 [ g4 ey [ LOECEI
¥yl —— | Eo+n) [T
e t
§C(E + t2> —
o+ n() T
- (log2 +5))?
e 0 ) og s
e, | =cC + () ds
” ;,),;W &y V1+t 1+t " J A+ 9)V1I+s/14+1—5
_ |Bttyytapt]?
<C(E + (t)2>e e (5.5)
— O '7 1+t 9 .

with ¢, y € R, and multi-indices ¢ € Z2 , and b € Z? ; satisfying |c| = 1 and 0 < |b] < 3.
Next, we use (4.4) to bound ¥(¢,y,1), U¢(¢, y, 1) and Dy(¢, y, ) in terms of n(r). Esti-
mates (4.4) and (5.5), and n(¢) < B yield

15, y. Ol < v, y. O+ (Juno| o, + [5: O] L) 1 &Ly DI

_|Bttyytapt?
M((1+1)

= C(Eo+n0?) eﬁ

[oc @y 0] = Joc @y Dl + (Juse] o + 15ec O] ) 1Y@ v 0
+ (Jubelloo + 5 @[ ) e 3. 0]

_|Btyytapr?
M(1+1)

<C (Eo + ﬂ(f)z) 67,

[3y@ .0 = oy @y 0 + 5y O] o 19 @y DI+ (Jule oo + [ O]0) ¥y 0]

-t

e

< (Botn?) 56
0+ 10?) —— (5.6)
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with £,y e R.
Subsequently, we bound solutions to the integral system (4.15). First, we establish a short-time
bound on v;. As n(t) < B, estimates (4.2) and (5.6) yield

_ |BL+yitaps?

~ M(T+s)
[ 5.9)] = € (Eo+n()?) eﬁ 5.7)

with E, y € R and 0 < s <t. On the other hand, the pointwise Green’s function estimates in
Theorem 3.4 imply

_le=ZtasP+yl?

— Ms -
“G((,{,y,s)”fce - £,z,yeR,s >0. (5.8)

Therefore, applying (5.7) and (5.8) to the integral equation for v, in (4.15) and employing (5.2),
we obtain

t
|50, y. )| < Ce™ iartr - o (N (Eo+77(f)2) / Las
£0 = VIt1 JI+1
0

(5.9)

1Be+yy+apt|?

=C (Eo + n(t)2> (1 + «/?) e~ M

with ¢, y € R. Thus, combining (5.9) (for short time) with (5.6) (for large time), we arrive at

_ Bty ytaprl?
M(1+1)

7. v.0] = € (Eo+n?) © f.yeR. (5.10)

J1+r

Second, we bound the third derivatives U;;; and v;zy. As 1(t) < B, estimates (4.3), (5.6)
and (5.10) imply

_|BLtyiraps?

~ - _ 2 i e M(T+s) (5.11)
¥ 5000 =€ (B0t n67) (142 )

with E ,y€R and 0 < s <t. Moreover, Theorem 3.4 yields

_lg=E+as 24y
Ms

— 1 e
|18:G (&, .y, 9)] 5C<1+$) e "

S -
[t—i4a |2+‘ ‘2 é" ;v y ER,S > O (512)
S

= e
||8yG(§v g» ) S)H = CT,

Therefore, applying (5.11) and (5.12) to the integral system (4.15) and employing (5.2), we
obtain
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o2 icte.v.0] < oS5 (B (1 L)
v , Y, =Ce — —
et NET AN

t
Eo+n(t)? ( 1 >( 1 )
b LA 1= — 1+ — (5.13)
+ T b/ +ﬁ + — ds

<C <ﬁ+ %) (Eo+n?),

with¢, yeRand a e Zzzo satisfying |a] = 1. Combining the interpolation inequality
% < Cllulloollu” oo, u€ WS R, R),

with the estimates on U, U¢¢¢, Uy and Uy, established in (5.6) and (5.13), we arrive at

1+ 1
N

Finally, combining estimates (4.4), (5.5), (5.10), (5.13) and (5.14) yields

35 ()lloos 15y Olloo < € (Eo +n(1)?) (5.14)

el = las ]+ €32 (8 o]+ [127'50] )3 v

J:
1+ J
Jt
lvey @] o = 56y @] o + € ([Feey @ ]| o 1¥ D llo + [Tey @ | o [ O] o
+([0ccuoo]| o, + [Tec O] ) [¥y @ [ o + ([Beuco | o + [5:O] ) [Wey @] )
1+
Jt

< (Bo+n?) —

= ¢ (Eo+n()?)
(5.15)

Now, estimate (5.1) follows from (5.5), (5.6), (5.10), (5.14) and (5.15), which concludes the
proof. O

The proof of Theorem 2.3 concerning exponentially localized perturbations has a similar set-
up as the proof of Theorem 2.2. However, the obtained decay estimates differ.

Proof of Theorem 2.3. In this proof, the constant M > 1 is as in Theorem 3.4, whereas C > 1
denotes a constant, which is independent of Ey, ¢, ¢, y and ¢, that will be taken larger if necessary.
Similar to the proof Theorem 2.2, we conclude that the template function

[Etas|“+ye +as|2+y
N = sup e [(1+s>«/ slv@y.ol+ Y |DE, @y
S 1<\bl<3

23



YJDEQ:10650

B. de Rijk and B. Sandstede Journal of Differential Equations eee (eeee) see—eee

f_v

+ A +9) E y. )N+ ¥ (@, y, 9D + 0z +5)

(@39 + Juctz. . s>||)]

is well-defined and continuous on some maximal interval [0, T) with T € (0, co] and, if T is
finite, it must blow up as t 1 T'. Again we prove that there exists constants B > 0 and C > 1 such
that for all # > 0 with n(¢) < B we have

n(t) <C (Eo + n(t)z) : (5.16)

Then, provided Ey < %, we have n(t) <2CEj for all t > 0 by continuous induction, which
yields the result.

Thus, we establish the key estimate (5.16) proceeding as in the proof Theorem 2.2. This time,
we consider the closed integral scheme, which consists of the v- and -equations in (4.13), the
Uz- and Vg -equations in (4.15) and the estimates (4.2), (4.4), (4.9) and (4.14). Moreover, we
employ two simpler integral identities

_ |§+at\2+y2
_le=trerPy-312 22452 - Mmte  M1+)

e i wodidy = ———,

141
R2
5.17)
_ ) ) ) M 1 _\{+m\2+y2
_ =i a=9)P+ly-31 _ [E+asP+5? w(t—s s)e MITDH
/e M(t—s) M(1+s) dgd' ( ) +5) ,
141

RZ

with ¢, y, s, t € R satisfying 0 < s < ¢. These identities are obtained by factorizing the double
integral into a product of an integral over ¢ and one over y, each of which can be evaluated
using (5.3).

Let B > 1 be as in §4 and assume ¢ > 0 is such that n(¢) < B. As in the proof of Theorem 2.2,
we bound the solutions to the integral systems (4.13) and (4.15) in terms of n(¢). Thus, by
applying Theorem 3.4, (4.14) and (5.17) to the integral system (4.13), we obtain

|;+m|2+_\,~2

TomaEn [ op()? Eo ) log(2 +s)
5+ +n(t)* | ——————ds
141t (141 J1+1¢ (145)/s/t—s
0

vz, y. 0l <

gt 4y?
M(1+1)

(1 (I +0VT+1

=€ (Eo+n)?

141 (1+s )2 141

_ |{+m|2+v
M(+1)

|pt,weyn|=c

n()zf
(1—|—s)2«/1+t—s

letar 242 _ a4y
M(1+t) 2 2 e M(1+t1)
1@ y.0ll < C——— (Eo-l-n(l) / s|=c(Bo+nw?) S,
1+t (
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_letar24y?
c (E +n?) (5.18)
<c(mrn0?) S .
1+ 1+1

with¢, y e R and b € Z3 o With 1 < |b] < 3. Similarly, by applying (4.2), (5.12) and (5.17) to the
integral system (4.15), we bound

 tar4y?

a+n 1 p 1 1
5 e " 1 2 b
lo:¢c.y. 0| <C o Eo(l-i-ﬁ)-i-n(f) /(1+S) (htm)ds

\{+ul\2+ log(2 4+ ¢
<C(E0+n(t) ¢~ T j%(TJ:[)

) \c+m\2+> log(2+1)
< (Eo+n®?)e v

_lear24y?
M(1+1)

[Sec. 0] < €————

\§+w\2+)
15,y <ct— [ By n()zf
1+ \vi (1+s)«/t—s

'
log(2 +s) 1
1+ —= 1 d
0/< +V1+Sﬁ)( +vt—S> ’
(5.19)

with £, y € R. Finally, we use ¥ (s) =0for0 <s <1, n(t) < B, (4.4), (5.18) and (5.19) to bound

19, y. 01l = @ y. DIl + (Juo | + |5 O | ) 1Y@y 01

_ letar?4y?
M(1+1)

’

<C (Eo + 77([)2) elT

lve @y 0] < 8@y D+ (Jule | o + [3ec O ) ¥ @y D+ (Jubo | oy G20
+] o] ) [ve @ y.0]
lt+w\2+x2 log(2 +1)
NN

with ¢, y € R. Estimate (5.16) follows from (5.18), (5.19) and (5.20), which yields the result. O

= C(Eo+n?)e

Remark 5.1. It follows from the decomposition of the Green’s function G (¢, E v, t) in Theo-
rem 3.4 that the leading-order linear contribution in the integral equation (4.16) for v(¢, y,t)
comes from the term

oo (©) f e, 8.y — . v (T, H)dEdT. (5.21)
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Using the explicit formula for the Green’s function e(¢,¢,y,t) given in Theorem 3.4, one
readily observes from (5.2) and (5.17) that for vy € W2 (R2, R") satisfying (2.9) the opti-
mal decay rate of (5.21) is t~Y2, whereas for vy € W (R2, R") satisfying (2.10) the optimal
decay rate of (5.21) is t~!. Thus, the decay rates of ¥(¢, y,t) = @i(¢, y,1) — Uoo(¢) in Theo-
rems 2.2 and 2.3 are optimal. Similarly, one can verify the optimality of the other decay rates
in Theorems 2.2 and 2.3. One finds that we have obtained a (possibly) suboptimal decay rate
only in estimating v(¢, y,t) = u(¢ + ¥ (Z, y,1),y,1) — upo(¢) in Theorem 2.2, in estimating
Ve (8, y,1) =g (g, y,1) —uy,(¢) in Theorem 2.3 and in estimating 0,(¢, y, 1) = iy (L, y, 1)
in Theorems 2.2 and 2.3. For the first, we establish a decay rate of log(2 4+ ¢)t~! in Theo-
rem 2.2, whereas one would expect that the optimal decay rate is r~! from the estimation of
the leading-order linear contribution. For the second, we establish a decay rate of log(2 4 )t ~!
in Theorem 2.3, whereas one would expect L Finally, for the third, we establish decay rates of
t=1/2 in Theorem 2.2 and of log(2 + 1)1~/ in Theorem 2.3, whereas one would expect that the
optimal decay rates are r~! and 1 ~3/2, respectively. This difference of a factor r~!/2, as well as
the (possibly) artificial logarithm, might come from our approach to dealing with derivatives of
the perturbation in the nonlinearity — see Remark 4.3.

Appendix A. Proof of pointwise estimates
A.l. Approach

We prove Theorem 3.4 by employing similar methods as in [14], where pointwise Green’s
function bounds are obtained for wave trains in reaction-diffusion systems in one spatial di-
mension. In the proof, we distinguish between two different regimes, that is we obtain pointwise
Green’s function estimates for (|¢ — ¢ 4+at|+|y|)/t large and for bounded (|¢ — ¢ +at|+|y])/1,
separately.

In the first regime, we proceed as in [7, Proposition 2.7]. We apply the Laplace transform
to (2.3) and write the solution operator e“n! asan integral

Lt :/em (ﬁuy _ )\)71 dx, (A.1)

Iy

for v, € C, where I, is a contour in the resolvent set p(Evy) containing the spectrum a(ﬁvy).

Consequently, the temporal Green’s function G(;,_g:, y,t) can be related via the Fourier and
Laplace transforms to the resolvent kernel Gy, (8, 8) associated with the elliptic operator £,,), —
A. Thus, (2.4) and (A.1) yield

_ 1 . _
G, l,y,1)= ——n MG (2, D)dAdvy. A2
€, ¢,y,1) zm,mR/F/e (8, 8)dAdvy (A2)

We regard the eigenvalue problem E,,yu = \u, associated with the resolvent kernel GU)_, 2(C, E),
as an ODE in the complex parameters vy and A. The behavior of this ODE is well-understood
when v, and A are contained in a certain set S C C?, sufficiently far away from the origin.
Thus, for (vy, 1) € S pointwise estimates on the resolvent kernel Gy, (¢, E) can be obtained.
These estimates can then be employed to bound the temporal Green’s function G (¢, Z, y, t) by
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deforming the contour integrals in A and vy in (A.2) to lie in S. We emphasize that, in order to
obtain this bound on G (¢, ¢, y, t), it is crucial that (|¢ — ¢ + at| + |y|)/¢ is sufficiently large to
compensate for the fact that the resulting A-contour lies partly in the right half-plane, far away
from the origin, causing the factor eMin (A.2) to blow-up as ¢ — oo.

In order to obtain sharp pointwise Green’s function estimates for (| — ¢ + at| + |y|)/t
bounded, it is necessary to minimize the factor e*’ in (A.2). This can be established by choos-
ing the contour I',, C p(L£,,) to lie as much into the left half plane as possible. However, since
the spectrum of Lo touches the imaginary axis at the origin, the obtained decay is not suffi-
cient to close an eventual nonlinear iteration argument — see Remark 4.2. Instead, we proceed
as in [13,14,18] and split off the slow-decaying translational mode first using the Fourier-Bloch
decomposition (2.6) of the solution operator. More precisely, we split (2.6) into an integral over a
small neighborhood Uy C €2 of 0, corresponding to the translational part, and a residual integral
over 2\ Uy to which we apply the Laplace transform. Since the resolvent set p (L) is contained
in Re(d) < —n forv € 2\ Uy by (D3), we can deform the contour to obtain exponential decay
from the factor ¢* in the Laplace transform formula. Finally, we approximate the translational
part by uno(¢)e(Z, ¢, y, t) using the expansion in Lemma 3.1.

This section is structured as follows. First, we establish pointwise estimates on the resolvent
kernels associated with the operators £, — A, v, € R and L, — A, v € Q. Then, we recall some
standard, but nontrivial, integrals that we will encounter in our estimation of the Green’s function.
Finally, we obtain pointwise estimates on the temporal Green’s function for (|¢ — ¢ +at|+|y|)/t
large and (|¢ — ¢ 4+ at| + |y|)/t bounded, separately.

A.2. Bounds on the resolvent kernel

We obtain bounds on the Green’s function Guy, 2 (¢, E ) associated with the elliptic operator
Evv — A for (A, vy) in a certain subset of C?, sufficiently far away from the origin. We proceed as
in [1, Section 3.2] and obtain these bounds from the behavior of the spatial eigenvalues associated
with the temporal eigenvalue problem L, u = Au.

Lemma A.1. Complexify vy and consider the family L, ,vy € C of operators on L*(R,C™)

given by (2.3). Denote by G, ;.(¢, ¢) the Green’s function associated with Ly, — . There exists
k1 €(0,1) and C, R, k2 > 1, such that for all (vy, A) € C? satisfying

oyl #1272 > R, ReG) = —k1 (IRe(u) + ()]} +rallmy), (A3)
A is in the resolvent set p(L,,) and the Green’s function may be bounded as follows

e~ (24 ))le=¢1/C

, . €R, A4
(|)\|1/2 + |1)y|)1_|a| é. ; € ( )

HD?,EG%A(C,E)H <C

where a € Zio is a multi-index with 0 < |a| < 1.

Proof. Throughout this proof, we denote by C > 1 a constant, which is independent of ¢, Z, A
and vy, that will be taken larger if necessary.
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Let f € L>(R, C"). We rescale the inhomogeneous problem (Ly, —Mu = f by setting z =
(A2 + [vy])¢ and ¢ = (u, d,u). This leads to the equivalent problem

0
(0: — A vy, D)) o =g vy 1), g@vy A= [ Dl (24w 7'2) |, (A5)
(A 11/2+vy 1)

where

0 I,
Az, vy, 1) := A(vy, 1) + B(z,vy,2), A(vy,A) = ( k2(v3+D™15) ) ,

1

A1+ o (R

and B is bounded on R x {(v),,k) eC?: vyl + DRSS R}. Since D! is symmetric and
positive-definite, there exists dpyi, > 0 such that v*D v > dpiy for all v € C" with |v| = 1.
We use the latter to explicitly bound the eigenvalues of the matrix A(vy, A), which are given by
the square roots of the eigenvalues of its lower-left block. Thus, take «1 € (0, 1) and 7 > 0 such
that 4«1 | D™ < min{2dmin, 1} and 2«5 > 5||D~!||. We find that for any (vy, A) € C? satisfy-
ing (A.3) it holds

’Re(a(A(v},k)))}_Zk\/mm{__HD rs dg}

i.e. A(vy, A) is hyperbolic with (vy, A)-independent spectral gap. We apply [21, Lemma 1.2] (see
also [3]) to the homogeneous problem,

(3, — A(z, vy, 1)) @ =0. (A.6)

Thus, taking R > 1 sufficiently large, system (A.6) has for all (vy, A) € C? satisfying (A.3) an
exponential dichotomy on R with constants independent of A and vy. Denote by T, A(z Z) the

stable and unstable evolution of (A.6) under the exponential dichotomy. Variation of constants
yields that the unique solution ¢ € L(R, C") to (A.5) is given by

Z e ¢]

@z, vy, A) = f T,fy,x(z,Z)g(Z,vy,K)dZ—/Tv'f,,A(Z, 2)8(Z, vy, Mdz.

—0o0 Z

Thus, rescaling back to the original coordinates, we obtain

(Gvy,x(é“,gz )z e O
9 Gvyn (8, 8) 0 I,
0 -
Ty, (A2 4 oyl & (1112 + [y 1) €) ( 1) ¢ =1,

D~
0 _
=Tt (112 + vy l) &0 (412 + oy 1) € ( 1) <¢,
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which yields the estimates on Guy, 2 (¢, E ) and B{Gv},, 2 (¢, E ) in (A.4). Finally, for the estimate

on BEG,,},,A(C, E) we observe that G,,y,x(;, E) = Hvy,;\(g:, £)*, where Hvy,k(g“, g:) is the Green’s
function associated with the adjoint operator (£, — )" — see also [27, Lemma 4.3]. Analogous
to the above, one obtains

|0 Hoy (¢, )| < Cem (WP HmDIe=2IC - 7 e R,

for any (vy,A) € C? satisfying (A.3) (by choosing R > 1 larger if necessary). This yields the
- - %
bound on 3; Gy, (. ) = (35 Hy 1, ;)) in(A4). O

Using the Bloch transform, Lemma A.1 yields pointwise bounds on the resolvent kernel
Gy.,(¢, ¢) associated with the operator L, — A given by (2.5).

Corollary A.2. There exist constants C, R > 1 and n > 0 such that for all (v, 1) € Q x C satis-

Jying
> R, Re(t) = —u (v + lImG)]).

A is in the resolvent set p(Ly) and the Green’s function G, (¢, ¢) associated with the operator
Ly — X satisfies

laj—1
s

D?,EQV»A(C,E)H <Clr 2

sup
vy €[l—m,m]

¢.¢€[0,1],
where a € Zio is a multi-index with 0 < |a| < 1.

Proof. It holds G, ; (¢, ¢) = ei”x@—f)GW,A(;, ¢) forany (v,1) € 2 x C and ¢, ¢ € [0, 1]. The
result now follows from Lemma A.1. O

Remark A.3.Let K be some compact set in £ x C such that for pairs (v,A) € K it holds

X € p(Ly). By analyticity of G, ; (¢, ¢) and its ¢- and ¢ -derivatives in A and v there exists C > 1
such that

swip D260 =c
(w,MeK,¢,2€[0,1] ’

where a € Zzzo is a multi-index with 0 < |a| < 1.
A.3. Some useful integrals

In the pointwise estimation of the Green’s function, we need to evaluate some standard, but
nontrivial, integrals. First, recall

/eaz(272b)dz — %eabz’ a<0,beC, (A7)
A |la

R
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from §5. In addition, we use the identities

1
/ 29 dz =T (a ; ) b DI, az0,b>0, (A.8)
R
o
e T
dz= YT b>0. (A.9)
0f Jz Vb

A.4. Pointwise Green’s function estimates for large (|¢ — ¢ + at| + |y|)/t

As described_ in §A.1, we obtain pointwise bounds on the Green’s function and its derivatives
for large (|¢ — ¢ + at| + |y|)/t by proceeding as in [7, Proposition 2.7].

Lemma A 4. A_ssume (D1)-(D3) hold true. There exist constants m > 0 and S,C, M > 1 such
that for any ¢, ¢,y € R, t > 0 satisfying

¢ — ¢ +at|+|y| > St,

the Green’s function G(¢,C, y, t) associated with the operator 8, — L enjoys the estimate

b p —1-8
”Dg)g)yG(gsé‘s yat)H SCI 2e e

e=itar P4y
Mt

where b € Z;o is a multi-index with 0 < |b| < 1.

Proof. Throughout this proof, we denote by C > 1 a constant, which is independent of ¢, ¢,y
and ¢, that will be taken larger if necessary.

Complexify vy and consider the family £, , vy € C of operators analytic in vy given by (2.3).
Let R, 1,2 > 0 be as in Lemma A.l and take

(1 = +at]| +|y)? A
A::eé 3 , a:=sgn(y) P

where g9 > 0 is to be defined. We consider (A.2) as a complex contour integral in vy,. By Cauchy’s
integral theorem we have

- 1 Lo -
a_ — i(z+ia)y+At pya .
D, G, & y.1) TimR/F/ e D; :Gotiap (¢, §)dMdz,

! (A.10)

2wA/2m

0,G (. Ty 1) = / f (o +ia)e CHO MG (¢ Ddidz,

R T,

where a € Z2>0 is a multi-index with 0 < |a| < 1. We take the contour
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={LeC: Re() = A — k1 ([Re(vy)]? + [Im(W) )}

Note that for every A € ', it holds

(A.11)

5 A —Re(}) A
[vy|” + |A] = max | [Re(})], >

T 14«

By (A.11) and the fact that A = K2a?, every vy € {z +ia:z€R}and A € I'y satisfy (A.3) for
A > 0 sufficiently large. Therefore, every A € I'y, is in the resolvent set of £, for Im(vy) =a.
Taking the lower bound S > 0 sufficiently large, we may assume

|y|+|t;—;| . |y|+|;t—;+at| lal> |y|+|¢2—t¢+°ﬂ|. (A.12)

Finally, by taking 9 > O sufficiently small, we are able to estimate (A.10) using Lemma A.1 and
identities (A.8), (A.9), (A.11) and (A.12)

1026 Eyunl =€ [ [ e RONDE G e, DldAd:
R T,

—av A r—f1/C— 2 la]—1
5C//e ay+AI= | e 16 =C1/ C—ar () +2 )I|Im(k)|aTd|Im(A)|dz
R R

, _Z+atD? al—
<Cf/e(Sé—SO/C)M—K}(\Im()»)H-ZZ)[|Im()\)|%dum()\‘)ldz

el e=tar®ayl?
<Ct 1-5 e ’me Mt

— ’

for some m > 0 and M > 1, where in the latter inequality we used that the lower bound S > 0
can be taken larger if necessary. Analogously, we estimate

19,G(¢. ¢, y.Dl<C / / (Iz] + la]) e TREDN G 1103 (¢, O ldrdz
R,

scR/ﬁ!(mwﬂ)

—a>+At 1+K1 £ =21/ C—ser (Tm() | +2%)1

<c//<| = §+at|>

o(e3—e0/ €) PEEEHD® i (1im(a) 422)0

X O] d|Im(A)|dz

IIm(A)|~ 2d[Im(%)|dz
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3 e _le=frar?4y2
<Ct 2¢ M Mt ,

forsomem >0and M > 1. O
A.5. Pointwise Green’s function estimates for bounded (|¢ — ¢ + at| + |y|)/t

As described in §A.1, we establish pointwise bounds on the temporal Green’s function and its
derivatives for bounded (| — ¢ + at| + |y|)/t following [14,18].

Lemma A.5. A_ssume (D1)-(D3) hold true and let S > 1. There exist constants C, M > 1 such
that for any ¢, ¢,y € R, t > 0 satisfying

¢ — ¢ +at|+|y| < St,

the Green’s function G({, ¢, y, t) associated with the operator 8; — L can be decomposed as

_le=Zrer? _ yl?

10t _4stu/OO(§)uad(E)* + g(fa Ev v, 1)

_ 1
G -
©.¢.3.1) 47tt«/dj_—96

where G(¢, E , ¥, t) enjoys the estimates

_le=Ctar?4y?
Mt

|G 2.y 0 <Cr i +n 1w,

3 E—itar24ly?
Mt

H D?,g,yg(c, C,y, t)H <Ct Ze

where a € Z3>0 is a multi-index with |a| = 1.

Proof. Throughout this proof, we denote by C > 1 a constant, which is independent of ¢, ¢, y
and ¢, that will be taken larger if necessary.

Without loss of generality we may assume that {v € C2: |v| < 2¢} C U, where ¢ is as in (D2)-
(D3)and U C C2 is the neighborhood of 0 from Lemma 3.1. Let ¢: C?% — [0, 1] be a smooth
cut-off function satisfying ¢(v) =1 if [v| <& and ¢(v) =0 if |v| > 2¢. Let 6": R™ — R be
the Dirac delta function centered at z € R™. Applying the Fourier-Bloch transform — see §2.1 —
yields 2715(25.0) w,¢)= e_i”'*er% (¢)- So, using (2.6) and Lemma 3.1, we decompose the Green’s

function of problem (2.2) as

G(E.L,y.n= [eﬁ’aé’o)] Cy=I1+I11,

i 1
)Py s (v, 1T:=—
¢ 4772

Q Q

I .

=10 V(1 — o) PW))er 51 (5)dv,

where & := ({ — ¢, y) and P(v) := (gaa(v), -)2¢g (v) is the spectral projection in Lger([O, 1],C™)
onto ker(L, — Ao(v)). By Lemma 3.1, P(v) is well-defined for any v € U and depends ana-
lytically on v. It holds P(v)el’ = ™ P(v) for v € U. Thus, we calculate using (A.7) and

Lemma 3.1
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421 = [ ) Po) Ly
Q

= / eVEQ)e M g (v, £)gaa(, £)*dv

|V|R252€
. . 2 2 -
:[e”"ge(mv)‘79‘{*7dLUY)tugo(§)uad(§)*dv
R2
T p
_ oiVE pliav—0v] alvy)tugo(é-)uad(g')*dv

[v|R2=2e

b [ e R (w0, 009 )~ (0.0 0.8 ) v

[v|p2=<2e
T OB 4 14 T
= e ' Lu U, + + .

Letb e Z3>0 with 0 < |b| < 1. Using (A.8) we estimate

b_ /
HDM,y”

2 2
<C / (14 [uel + vy ) =@+ gy

‘V‘RZZZS

2¢e
§C//(1+|vx|+|uy|)“"e—"vffduxe—di”?’duy
-2 R

2¢e
+c/ / (1 + [l + vy ) e v e av,

R —2¢
-1 —BIN  _2¢2min{d, 0}
<Ct (1+z 2>e o)

_[g=iar P4y
M1

’

116 _
<Ct 1772,

for some m > 0 and M > 1, using that (| — ¢ + at| + |y|)/¢ is bounded in the latter inequality.
The estimation of 711’ is more elaborate. As in [18] define

Sy t
_ % ay = %ﬁ 1.2 = sgn(ar.2) min{2e, la1 2},

aj
and abbreviate

_ o ey — V2 12 -
0 03,68, o) i e E D (PO g ) 0, €)gaa (v,

—q (07 C)qad(ov E)*) .
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We consider 711’ as a double complex line integral. By Cauchy’s integral theorem the integral
of h(-,vy,¢, E t) over [—2¢, 2¢] equals the integral over the other three sides of the rectangle in
C formed by the points £2¢, £2¢ + ia;. Denote by I'j C C the curve consisting of these three
sides and define I'; C C similarly by the points 42¢, +2¢ + ia;. Using Cauchy’s theorem twice
we rewrite 111’ as

a
D;;y”I _/‘fD“}h(vx,vy Z, ; v, )dvydvy. (A.13)
ry o,

Our next step is to bound the integrand D“g h(vx, vy, 2, ,y,1) as a complex function of v €
I't x T'p. Forv eI'y x I'y C U we bound using Lemma 3.1

[ o@D, (g0, 0)gua.©) = DE; (a0 £)qua 0. 9))

<[ 1| fowp? (9. O, 0|
+|e0DE; | (4w, Oqu®. D) = D2 (400, 0)gua(0,)")

< (M~ 14 )

= € (IHO) 1™ 4o, + v, )

(A.14)

A

y 242
= C (el + Iy 1)1 4+ vy 4 o) 050557,

where ¢( is a constant independent of ¢. By taking ¢ > 0 smaller if necessary, we may assume
2coe < 0,d . We apply the triangle inequality to (A.13) and bound the integrand using (A.14).
This leads to a sum of terms of the form

cim [ [le

. a2 g2 2,2
lv-Ee(lO[vx Ovy dlvy)l+coe(vx+vy)t|vx|k|vy|l‘dv
INI)

=Ctm/ e |vx|kdvx/

I I

(A.15)

ivx(§—2+at)—(9—cos)v§t iv},y—(dL—coa)ugt

e |vy|ldvy,

with integers k, [, m > 0 satisfying k 4+ [ — 2m > 1. Using (A.8) and the identities

—Gpy < —2d,33t, —zy<—2di|zllaalt < —2d, 71, ze€l0,anl,

we estimate the second factor in (A.15)

/ei"}'y_(dL_Cog)”«%t vyl'dvy,
I
2¢
SC/ ol @Hi@Y—(dL—coe)+i@)t |\ | ol gy
—2¢
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a
—l—C/ ei(28+iz)y—(dl—cos)(2£+iz)2t |2€+i2|ldz
0
I 2¢ 1 @z
_ ~2 _ _ 2 _ - . _ 2 _ _ 2 s .
<Ce di“Z’/zz / e~ Lm0 17T\ Gy | d g 4 Ce™24LE tz / e~ AL=c0®)T | 1|I=i g g7
=05, j=07p

) 1
< Co— )2 Z min { 1, e~ 0H=DP2 )i } 1 e 2die?t)2 Z min { 1=/ }
Jj=0 Jj=0

< Cefdlégt/4 min{l,f(lﬂ)/z} +ede52z min[l, f(1+1)/z]

<C(1 41~ (b2 (efdjzgt/zl +e*di€2’)

b2

<Cc(+ t)*(1+l)/26 W,

for some M > 0, using that (|¢ — ¢ + at| 4 |y])/t is bounded in the latter inequality. Similarly,
one establishes the bound on the second factor in (A.15)

/

I

- 7 2
ol Vx (E =S +an—(0—coe)vit vy [Kdv, §C(1+t)_(l+k)/2g_%’

for some M > 0. We employ the latter two estimates to bound the summands of the form (A.15)
in order to obtain

Je=T+at+ly2
32, k-braley?

’

a /
|2z, 111

5//HDZE,yh(”’“”}"95:%0” dvydvy <C(1+1)"
I

using k + 1 —2m > 1 holds in (A.15).

Next, we split /1 into two integrals

An’1] = f ei"'g(l—<p(v)P(v))eL“’<§g:(v,§)dv

VIg2=<e

+ / eV (1= () P(v)e"' 85 (v, £)dv

veQ,|v|R2 >e
=T+11.
We start estimating I'T. Note that by assumption (D3) the spectrum o (Ly) is confined to Re(A) <
—n for v € Q with |v| > ¢. Combining this with Corollary A.2 yields that there exists x > O,
independent of v and A, such that the contour

I'y:={AeC:Re(r) =—«(1 +v§+ Im(2)])}, (A.16)
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is contained in the resolvent set of L, for v € Q2 with |v| > ¢. Using the Laplace transform we
rewrite /] as

=L / f M EV (1 o(0) P1))Gy 1 (¢, T)dAdv,

2mi
veQ,|v|>e Ty

where G, 5. (¢, ¢) denotes the Green’s function associated with the operator L, —A. Let j € {0, 1}.
Using Corollary A.2, Remark A.3 and the integral identities (A.8) and (A.9) we estimate

iilzc [ [ o ool aa

veQ,v|>e 'y

_ [vy ]! J et (MO0 |42
< Ce Kl// Pyl —kt(|Im( )|+vy)d ImO I dvy
00| [Im(A)|dvy

<Cr 1=t

; a4y
< Cr et~

for some m > 0 and M > 1, using that (| — ¢ + at| + |y|)/t is bounded in the latter inequality.
Letce Zzzo be a multi-index with |¢| = 1. Analogously, we estimate

L CL I R L R e

veQ,|v|>e Ty

//( IIm(A)I)e_Kl(Imu)+U§)d|lm()‘)|d"y

<cr! (1 +z—1/2) e Kt

¢ —~Z a2+ [y
Mt

3

< Ct73/267mtef

for some m >0 and M > 1.

For the estimation of 7 we note that @) =1 for [v|g2 < ¢. For |v|g2 < ¢ the spectrum of
the operator L, restricted to ker(P (v)) is confined to Re(A) < —n by Lemma 3.1 (by taking n
smaller if necessary), since P (v) is the spectral projection associated with the critical eigenvalue
Ap(v) of L,. Therefore, we may assume (by adapting « > O if necessary) that the contour T,
defined in (A.16) lies in the resolvent set of Ly |ker(p(v)) for all [v|g2 < & by Corollary A.2. Esti-
mating / is therefore similar to estimating /1. Let Gy, (¢, ¢) be the Green’s function associated
with the operator Ly |ker(P(v)) — A. Let K be some compact set in 2 x C such that for pairs
(v, 1) € K itholds A € p(Ly|ker(P(v)))- By analyticity of the Green’s function in A and v it holds

sup H D; ;:gv,)u(é‘v E)H <C,
v,A)eK, ’
¢,2€l0,1]
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where ¢ € Zio is a multi-index with 0 < |¢| < 1. Thus, using the Laplace transform, Corol-
lary A.2 and the integral identities (A.8) and (A.9) we estimate

H % TH =C / / oy [ R Gy 5, 8 || dndv

[V|p2=e Aely,|A[<R

e / / oy PR G, (2.7 drdv

[V|g2=e Aely,|A[>R

. _”f / ¥ ( )] (x)l)e_mImml+v"2')d'lm@>ldvy

¢ —=Z+ar2+]y]?
Mt

)

i _ _
<Ct 172,

for some m > 0 and M > 1, using that (|¢ — ¢ + at| + |y|)/t is bounded in the latter inequality.
Analogously, we estimate

| T[=c f f RO (10, |G, O + | DS 15, D) ) drav

|v\R2 <e rely,|A|<R

wo [ [ O (|G D] + DS Gunie D] dnav

[vg2 <6 A€l 21> R

//( IIm()» |>e_m(llm(k)lﬂg)dumo‘)|d”y

—itat Py
< Cf%e*mlefw,
forsomem >0and M > 1. O
A.6. Proof of Theorem 3.4

We employ Lemmas A.4 and A.5 to prove Theorem 3.4. First, observe that a direct calculation
establishes the estimates in (3.3) on e(¢, ¢, y,t) and its derivatives. Now, let S > 1 be as in
Lemma A.4. It holds by Lemma A.5

é(é"E’y’ t)

le=itar?  y12

G Loyt e I T ©uaa@)" e~ T +arl+ Dyl < 8t

G i, y.0)—e(, L, y.1) if | — ¢ +at]| + |y| > St,

for £,¢,y € R and t > 0. The bounds in (3.3) on G({, ¢, y, ) and its derivatives follow for
¢, .,y € R,t > 0 satisfying [¢ — ¢ + at| + |y| < St from Lemma A.4 and the fact that ¢ >
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1 — x(¢) vanishes for ¢t > 2. The bounds in (3.3) on G(¢, ; v, t) and its derivatives follow for
¢, ¢,y R, t > 0satisfying |¢ — ¢ + at| + |y| > St from Lemma A.5 and the estimate

l¢— ;+ar\2+\y|2 52 le=F+ar2+1y]?
2Mt s

HD e(g,E,y,t)H<C(1+t) L= =0 < C( 1)l tlem

6.8,y

where C, M > 1 are some constants, which are independent of £, ¢, y and t. O

References

[1] M. Beck, T.T. Nguyen, B. Sandstede, K. Zumbrun, Nonlinear stability of source defects in the complex Ginzburg-
Landau equation, Nonlinearity 27 (4) (2014) 739-786, https://doi.org/10.1088/0951-7715/27/4/739.

[2] J. Bricmont, A. Kupiainen, G. Lin, Renormalization group and asymptotics of solutions of nonlinear parabolic
equations, Commun. Pure Appl. Math. 47 (6) (1994) 893-922, https://doi.org/10.1002/cpa.3160470606.

[3] W.A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Mathematics, vol. 629, Springer-Verlag, Berlin-
New York, 1978.

[4] B. de Rijk, Spectra and stability of spatially periodic pulse patterns II: the critical spectral curve, SIAM J. Math.
Anal. 50 (2) (2018) 1958-2019, https://doi.org/10.1137/17TM1127594.

[5] A. Doelman, B. Sandstede, A. Scheel, G. Schneider, The dynamics of modulated wave trains, Mem. Am. Math.
Soc. 199 (934) (2009), viii+105, https://doi.org/10.1090/memo/0934.

[6] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics, vol. 840, Springer-
Verlag, Berlin-New York, 1981.

[7] D. Hoff, K. Zumbrun, Pointwise Green’s function bounds for multidimensional scalar viscous shock fronts, J. Differ.
Equ. 183 (2) (2002) 368—408, https://doi.org/10.1006/jdeq.2001.4125.

[8] S. Iyer, B. Sandstede, Mixing in reaction-diffusion systems: large phase offsets, Arch. Ration. Mech. Anal. 233 (1)
(2019) 323-384, https://doi.org/10.1007/s00205-019-01358-9.

[9]1 M.A. Johnson, P. Noble, L.M. Rodrigues, K. Zumbrun, Nonlocalized modulation of periodic reaction diffusion
waves: nonlinear stability, Arch. Ration. Mech. Anal. 207 (2) (2013) 693-715, https://doi.org/10.1007/s00205-012-
0573-9.

[10] M.A. Johnson, P. Noble, L.M. Rodrigues, K. Zumbrun, Nonlocalized modulation of periodic reaction diffusion
waves: the Whitham equation, Arch. Ration. Mech. Anal. 207 (2) (2013) 669-692, https://doi.org/10.1007/s00205-
012-0572-x.

[11] M.A. Johnson, K. Zumbrun, Nonlinear stability of periodic traveling wave solutions of systems of viscous conser-
vation laws in the generic case, J. Differ. Equ. 249 (5) (2010) 1213-1240, https://doi.org/10.1016/j.jde.2010.04.015.

[12] M.A. Johnson, K. Zumbrun, Nonlinear stability of periodic traveling-wave solutions of viscous conservation laws
in dimensions one and two, SIAM J. Appl. Dyn. Syst. 10 (1) (2011) 189-211, https://doi.org/10.1137/100781808.

[13] M.A. Johnson, K. Zumbrun, Nonlinear stability of spatially-periodic traveling-wave solutions of systems of
reaction-diffusion equations, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 28 (4) (2011) 471-483, https:/
doi.org/10.1016/j.anihpc.2011.05.003.

[14] S. Jung, Pointwise asymptotic behavior of modulated periodic reaction-diffusion waves, J. Differ. Equ. 253 (6)
(2012) 1807-1861, https://doi.org/10.1016/j.jde.2012.05.014.

[15] S. Jung, K. Zumbrun, Pointwise nonlinear stability of nonlocalized modulated periodic reaction-diffusion waves, J.
Differ. Equ. 261 (7) (2016) 3941-3963, https://doi.org/10.1016/j.jde.2016.06.013.

[16] T. Kato, Perturbation Theory for Linear Operators, Classics in Mathematics, Springer-Verlag, Berlin, 1995, reprint
of the 1980 edition.

[17] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Progress in Nonlinear Differential
Equations and Their Applications, vol. 16, Birkhduser Verlag, Basel, 1995.

[18] M. Oh, K. Zumbrun, Stability of periodic solutions of conservation laws with viscosity: pointwise bounds on the
Green function, Arch. Ration. Mech. Anal. 166 (2) (2003) 167-196, https://doi.org/10.1007/s00205-002-0217-6.

[19] M. Oh, K. Zumbrun, Stability and asymptotic behavior of periodic traveling wave solutions of viscous conservation
laws in several dimensions, Arch. Ration. Mech. Anal. 196 (1) (2010) 1-20, https://doi.org/10.1007/s00205-009-
0229-6.

[20] M. Reed, B. Simon, Methods of Modern Mathematical Physics. IV. Analysis of Operators, Academic Press [Har-
court Brace Jovanovich, Publishers], New York-London, 1978.

[21] B. Sandstede, Verzweigungstheorie homokliner verdopplungen, Ph.D. thesis, University of Stuttgart, 1993.

38


https://doi.org/10.1088/0951-7715/27/4/739
https://doi.org/10.1002/cpa.3160470606
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib97AFC5C19A02014CFDE1C064281437C5s1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib97AFC5C19A02014CFDE1C064281437C5s1
https://doi.org/10.1137/17M1127594
https://doi.org/10.1090/memo/0934
http://refhub.elsevier.com/S0022-0396(20)30576-3/bibA79D9A996E8857F205103B9E53341C11s1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bibA79D9A996E8857F205103B9E53341C11s1
https://doi.org/10.1006/jdeq.2001.4125
https://doi.org/10.1007/s00205-019-01358-9
https://doi.org/10.1007/s00205-012-0573-9
https://doi.org/10.1007/s00205-012-0573-9
https://doi.org/10.1007/s00205-012-0572-x
https://doi.org/10.1007/s00205-012-0572-x
https://doi.org/10.1016/j.jde.2010.04.015
https://doi.org/10.1137/100781808
https://doi.org/10.1016/j.anihpc.2011.05.003
https://doi.org/10.1016/j.anihpc.2011.05.003
https://doi.org/10.1016/j.jde.2012.05.014
https://doi.org/10.1016/j.jde.2016.06.013
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib77EDBD434634B894E9C80B689F18908Cs1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib77EDBD434634B894E9C80B689F18908Cs1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bibB26E74ED6E2892C7E2BB95E414D460C6s1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bibB26E74ED6E2892C7E2BB95E414D460C6s1
https://doi.org/10.1007/s00205-002-0217-6
https://doi.org/10.1007/s00205-009-0229-6
https://doi.org/10.1007/s00205-009-0229-6
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib2B6B9FA27C589426244D6D4C8EA40037s1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib2B6B9FA27C589426244D6D4C8EA40037s1
http://refhub.elsevier.com/S0022-0396(20)30576-3/bib13DA187FA15D82C2BC16730226D47537s1

YJDEQ:10650

B. de Rijk and B. Sandstede Journal of Differential Equations eee (eeee) see—eee

[22] B. Sandstede, A. Scheel, On the stability of periodic travelling waves with large spatial period, J. Differ. Equ. 172 (1)
(2001) 134-188, https://doi.org/10.1006/jdeq.2000.3855.

[23] B. Sandstede, A. Scheel, G. Schneider, H. Uecker, Diffusive mixing of periodic wave trains in reaction-diffusion
systems, J. Differ. Equ. 252 (5) (2012) 3541-3574, https://doi.org/10.1016/j.jde.2011.10.014.

[24] A. Scheel, Q. Wu, Diffusive stability of Turing patterns via normal forms, J. Dyn. Differ. Equ. 27 (3-4) (2015)
1027-1076, https://doi.org/10.1007/s10884-013-9335-0.

[25] G. Schneider, Diffusive stability of spatial periodic solutions of the Swift-Hohenberg equation, Commun. Math.
Phys. 178 (3) (1996) 679-702, http://projecteuclid.org/euclid.cmp/1104286771.

[26] H. Uecker, Diffusive stability of rolls in the two-dimensional real and complex Swift-Hohenberg equation, Commun.
Partial Differ. Equ. 24 (11-12) (1999) 2109-2146, https://doi.org/10.1080/03605309908821496.

[27] K. Zumbrun, P. Howard, Pointwise semigroup methods and stability of viscous shock waves, Indiana Univ. Math.
J. 47 (3) (1998) 741-871, https://doi.org/10.1512/iumj.1998.47.1604.

39


https://doi.org/10.1006/jdeq.2000.3855
https://doi.org/10.1016/j.jde.2011.10.014
https://doi.org/10.1007/s10884-013-9335-0
http://projecteuclid.org/euclid.cmp/1104286771
https://doi.org/10.1080/03605309908821496
https://doi.org/10.1512/iumj.1998.47.1604

	Diffusive stability against nonlocalized perturbations of planar wave trains in reaction-diffusion systems
	1 Introduction
	2 Main results
	2.1 Spectral stability
	2.2 Statement of results

	3 Green’s function decomposition and pointwise estimates
	3.1 Consequences of spectral assumptions
	3.2 Pointwise Green’s function estimates

	4 Nonlinear iteration scheme
	4.1 Perturbation equations
	4.2 Duhamel’s integral formulation

	5 Nonlinear stability analysis
	Appendix A Proof of pointwise estimates
	A.1 Approach
	A.2 Bounds on the resolvent kernel
	A.3 Some useful integrals
	A.4 Pointwise Green’s function estimates for large (|ζ−ζ̄+αt|+|y|)/t
	A.5 Pointwise Green’s function estimates for bounded (|ζ−ζ̄+αt|+|y|)/t
	A.6 Proof of Theorem 3.4

	References


