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1. Introduction

In this paper we study the asymptotic behavior of the energy of weak solutions to the Navier-
Stokes equations in R", n > 2,

ou
— —Au+W-VYu+Vp=0, inR" x (0, 00),

ot
divi =0, in R" x (0, 00), (N-5)
u(x,0)=a, in R,
where u =u(x,t) = (uy(x,t),...,un(x,t)) and p = p(x, t) denote the unknown velocity vector and the
pressure of the fluid at point (x,t) € R" x (0, o0), while a =a(x) = (a1(x), ..., ay(x)) is a given initial

velocity vector field.
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For the existence of weak solutions of (N-S), Leray [4] constructed a turbulent solution
on R3 which satisfies the strong energy inequality and he proposed the problem whether or not
lim¢—, oo [[u(®) |l 2(r3) = O (for the definition of the turbulent solution, see Definition 2.1). Masuda [5]
first gave a partial answer to Leray’s problem and clarified that the strong energy inequality plays an
important role for L2-decay of weak solutions. Kato [3] proved the L"-decay properties for strong so-
lutions on R" with small initial data (for the definition of the strong solution, see Definition 2.2). He
also constructed a turbulent solution in R*. Using the uniqueness criterion for weak solutions given
by Serrin [8], we may identify the turbulent solution with the strong solution after some definite
time.

For L2-decay property of solutions of (N-S), there are many results. Kajikiya and Miyakawa [2]
proved that there exists a weak solution of (N-S) which behaves like the Stokes flow e~4a asymptot-
ically, where A denotes the Stokes operator. Later, Wiegner [11] proved that turbulent solutions have
the L%-decay property in Kajikiya and Miyakawa [2]. On the other hand, Schonbek [7] proved that
there exists a weak solution which has the lower bound of L%-decay.

Recently, another aspect of asymptotic behavior of the energy of solutions has been investigated.
Skalak [9,10] proved the asymptotic energy concentration in the following sense:

E)u(t
NEu©l2 _ an
t=oo Jlu®)ll2
under the assumption that limsup,_, o [|A"2u(t)||l2/llu(t)|l2 < oo for the strong solution of (N-S),
where {Ej}y>o0 is the spectral decomposition of the Stokes operator A. With the Fourier transfor-
mation, we have E,u(&,t) = xug‘gﬁ}ﬁ(s,t), where X(le1<v/A) denotes the characteristic function on

the set {|£] < +/A}. Hence the neighborhood near & = 0 in the phase space plays an important role for
the behavior of the energy of solutions asymptotically.

The purpose of the present paper is to characterize the set of initial values that causes (1.1). For
this aim, we consider the set of initial data that causes a lower bound of the energy of solutions.
More precisely, we introduce the set

Kh o =1{¢ €L |6 > alt™ for |£] <6} (12)

for @,8 > 0 and m > 0. The set Kﬁw is a generalization of the set given by Schonbek [7]. We prove
that if the initial data a belongs to K,fw, then the turbulent solution satisfies the energy concentration
such as (1.1). Furthermore, the explicit convergence rate of u(t) in (1.1) is shown.

In Section 2, we shall give our main results. Section 3 is devoted to preparing some lemmas, some
of which were shown in the previous papers, Schonbek [7], Borchers and Miyakawa [1], Kajikiya and
Miyakawa [2], Wiegner [11] and Kato [3]. However, we give an independent proof. In particular, the
difference of decay rates between the solutions of (N-S) and Stokes flows is clarified, which yields
the lower bound of the L2-decay of the solution of (N-S). In Section 4, we prove main results. In
Appendix A, we introduce the initial values which satisfy the assumption of Theorem 1 and of Theo-
rem 2.

2. Results

Before stating our results we introduce some function spaces and give our definition of turbulent
solutions of (N-S). Cg%, denotes the set of all C°°-real vector functions ¢ with compact support in
R" such that divg = 0. Ly, is the closure of C§°, with respect to the L'-norm || - ||; (-,-) is the inner

product in L2, L" stands for the usual (vector-valued) L"-space over R", 1 < r < oo. H(l) - is the closure

of Cg°, with respect to the norm [|¢|ly1 = ||¢ll2 + [|Vll2, where Vo = (3¢;/0X;)i j=1,...n. When X is
a Banach space, we denote by | - ||x the norm on X. C™([t1,t2]; X) and L"(t1,t2; X) are the usual
Banach spaces, where m=0,1, ..., and t; and t, are real numbers such that t; < t. In this paper we

denote by C various constants.
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Definition 2.1. Let a € Lg. A measurable function u defined on R" x (0,00) is called a turbulent
solution of (N-S) if

(i) u e L®(0,00; L2) NL*(0,T; H ) for all 0 < T < oo;
(ii) the relation '

T
/[—(u, 3 /3t) + (Vu, V) + (u - Vu, ¢p)]dt = (a, $(0))
0

holds for almost all T and all ¢ € C'([0, T); H} , N L") such that ¢(-, T) =0;
(iii) the strong energy inequality '

t
w3 +2 [ [vum)3ar < Juo); @)

holds for almost all s > 0, including s =0, and all t > s.

We call a function u satisfying the above conditions (i) and (ii) a weak solution of (N-S). We can
redefine any weak solution u(t) of (N-S) on a set of measure zero of the time interval (0, c0) so that
u(t) is weakly continuous in t with values in L(Z,. Moreover, such a redefined weak solution u satisfies
foreach 0 <s <t,

t

/[—(u, 3¢ /t) + (Vu, V) + (u - Vu, )| dt = —(u(t), (1)) + (u(s), #(5)) (2.2)

S

for all ¢ € C1([s, t1; H(l)yg N L"), see Prodi [6]. The existence of turbulent solutions for n =3 and n=4
was given by Leray [4] and Kato [3], respectively.
Let us define the Stokes operator A, in Li,. We have the following Helmholtz decomposition:

L'=L] &G, 1<r<oo,

where G" ={Vp el"; pelj,.}. P, denotes the projection operator from L" onto Lj. The Stokes

operator A; is defined by A, = —P, A with domain D(A;) = H>' N LY.. A3 is nonnegative and self-

adjoint operator on Lﬁ. For simplicity, A denotes the Stokes operator A; if we have no possibility of

confusion. {E;},>o denotes the spectral decomposition of the nonnegative self-adjoint operator A.
Let us introduce the definition of strong solution of (N-S).

Definition 2.2. Let n <1 < 00, a € L}. A measurable function u defined on R" x (0, 00) is called a
global strong solution of (N-S) if

u eC([O,oo);LZ)ﬂC((O, oo);Lr), (2.3)
E;—Ltl,Au € C((0,00); L}), (2.4)

and u satisfies

au
§+Au+P0(u~Vu)=O, t>0.
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Now our results read:
Theorem 1. Let 2 <n <4, andletr >1and m > 0 be

(i) forn=2,

(ii) forn=3,4,

n n
1<r<——, o<m<—-—mn-1).
n—1 r

Suppose that K3, , is the same as (12). If a € L, N L2 N K}, , for some «, 8 > O, then for every turbulent
solution u(t) there exist T > 0 and C(n,r,m, 8, o, a) > 0 such that

IEsu®llz | o € —rnt1-m) (2.5)
ol A ‘

holds for all » and forallt > T.
Theorem 2. Letn > 5, and letr > 1 and m > 0 be

n n
IT<r<——r, o<m<—-—(mn-1).
n—1 r

Then there exists y > 0 such that if a € Ly, N LE N Kﬁw for some o, > 0 and if a satisfies ||a|ln < ¥,
then there exists a unique global strong solution u(t) with the following property. There exist T > 0 and
C(n,r,m,$,a,a) > 0 such that

< Etf(n/rfrhtlfm) (2.6)

lExu)ll2 _1
)

lull2

holds for all » and forallt > T.

Remark 3. Skaldk [10] proved energy concentration (1.1) wunder the assumption
limsup,_, o, [|AY2u(t)||l2/llu(®)|l2 < oc. From the assumption of Theorem 1 and of Theorem 2, we
can show that lim;_, o [|AY2u(t)||2/llu(t)]2 = 0. On the other hand, our advantage seems to char-
acterize the set of initial data which causes an energy concentration. Moreover, we get the explicit
convergence rate of (1.1). We introduce the set K,‘;’a of initial data that causes (1.1), especially, causes

the lower bound of the L2-decay of the solutions of (N-S). (See also Schonbek [7].)

Remark 4. It seems to be an interesting question whether the similar energy concentration occurs in
exterior domains where the Poincaré inequality does not hold. For that purpose, we need to obtain
the lower bound of ||u(t)||2 as t — oo, which will be discussed in the forthcoming paper.

3. Preliminaries

Lemma 3.1. Letn > 2, and let r be

(i) forn=2,1<r<2,
(ii) forn>3,1<r<n/(n—1).

Ifaell N Lg then every turbulent solution u(t) of (N-S) liesin L], forallt > 0.
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Proof. For each ¢ € C5° we put ¢ (1) =e~ "4, We substitute ¢ for the test function in (2.2) and
obtain

t
(u@®), ) = (u(s), e 94¢p) — /(u Vu,e” D) dr (3.1)

for all t > s > 0. Since u(t) is weakly continuous and uniformly bounded with respect to t, by the
Holder inequality we have

|(u(0), e™p)| = |(a.e™ )]

< lallrle~"e

r

< lalir i@l (3.2)

First, we consider the case n =2. Let 1 < q <r. By the Hélder and the Gagliardo-Nirenberg inequali-
ties we have

[(u-Vu,e” D) < |(u- Ve D%, u)|
< llull3g [ Ve~ ],
<Nulyvuy e — o)~ Vr=VO=2 ),
<lally/ ¢ — o)~ Van=12 gy 57 g, (33)
Noting that 1 —q/r +q/2 < 1, we obtain
1 1

t t t
2-2 ,(l,l),l 2 d 14944 !
/||VUI|2 “t—t) a7 2dr < /||Vu||2dr /(t—r) troidr
0 0 0

2/q'
< Ctllally™,

where constant C; depends on t, which implies

t

/ (u-Vu, e g)dr| < CellalZalZ gl (34)
N
So (3.2), (3.4) and (3.1) with s =0 yield by duality,
(. 9)
Ju], = sup -2
T

2
< llallr + Cellalls.

Next we consider the case n > 3. Since 2 < 2r'/(r' —2) < 2n/(n—2), by the Hélder and the Sobolev
inequalities we have
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|(u- Vu,e=D49) | < Cliglv lullr /-2 I Vull2

1-n/r’
<Cllgleluly™

n/r'

30 m—2)

IVull2

1-n/r’
<Cllglrluly™

1-n/r’
<Cllglrllaly™

1+n/r’
[Vully ™

1+n/r'
Vull, ™ .

Since

t t 1/24n/2r'
/||Vu||%+n/r dt <t1/2"/2r’</ ||Vu||§dr> ,
0 0

we have with some constant C;

t

f(u Vu,e”"DAp) dr

S

2
< Cellaliz el

So the same argument as the case n =2 can be applied. The proof of Lemma 3.1 is complete.

Lemma 3.2. Letn > 2 and put v(t) =e *4a. Ifa e L2 N K}

m.o» then v(t) satisfies
[vol, > ce2m®

forallt > 1, where C depends onm, n, §, .

Proof. By Plancherel’s theorem and changing variables we have

vol=lvol> [ e 1€ aPde

1§1<8

>a? [ e 2| g

[E1<8
8
_ a2|Sn71 } / e72tp2p2m+nfl dp
0

J2ts

2
/ eS g2mHn—1 g
0

_ a2|§ﬂ—1|
- (Zt)f(m+n/2)

> ct—(m+n/2) ,

where we put

a2|SH—1 |

2
—s° .2m+n—1
C= mnz e's ds.

This completes the proof of Lemma 3.2. O

(3.5)

O

(3.6)
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Lemma 3.3. There is a constant C depending only on n such that
|EsPotu- Vv < CA™ 24 ullz|lv) (3.7)
holds for all . > 0 and for all u, v € H} , withu - Vv € L2,

The proof is given by Kajikiya and Miyakawa [2].
The following lemma is originally proved by Wiegner [11]. However, we here give an independent
proof which is based on the spectral decomposition of A.

Lemma34.let1 <r<2andaell N L?,. We put v(t) = e~"Aa. Then every turbulent solution u(t) of (N-S)
has the following property:

— —n/4—1/2 1 1

O(t=M/r=n/A=12) - n( —3) <1,

lu®) = v ], = 0@+ Dlogr), n(G —3) =1,
—(n/4+1/2 1 1

O~ ™WHY2) G- > 1,

ast — oo.

Proof. Let w(t) =u(t) — v(t). Since u(t) and v(t) satisfy strong the energy inequality (2.1), we obtain

t
[wols+2 [ [vwe r

t
= [u®|? + vo|; —2(u®, v©) +2 /[HVu(r)H§ + Vv |3 = 2(Vu(@), Vv(r)]de

s

t
<Ju@ 2+ v | - 2(u©), vo) - 4/(Vu(r), Vv(r))dt (3.8)

S

for almost all s > 0, including s =0, and all t > s. We substitute ¢ (t) = v(t) for the test function
in (2.2) and obtain

t t

(u@®),v(©) + 2/(Vu(1:), Vv(r))dt + /(u(r) SVu(r), v(1)) dT = (u(s), v(s)) (3.9)

S N
for almost all s > 0, including s =0, and all t > s, since dv/dt = —Av. Hence (3.8) and (3.9) yield

t t
|}w(t)|\§+2/||Vw(r)||§dr < Hw(s)”i+2/(u(r).w(r),v(r))dr (310)

S

for almost all s > 0, including s =0, and all t > s. We estimate the last term in (3.10). Since (u -
Vv, v) =0, by the Hélder and the Young inequalities we have
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|(u() - Vu(r), v(v))| = |(u(x) - Vw(r), v(1))|
<Ju@l,[vw@ |, [vo |

<Ct 2 u() |, | Vw® |, llal,

1 C
< Ivwf+ 5 Ju@[Glale ™. (3.11)
Hence (3.10) and (3.11) yield
t t
ol + [1vw3de < Jwol; +c [ e uw | de (3.12)
N N

for almost all s > 0, including s =0, and all ¢t > s. Let A be any smooth positive function on (0, c0).
From (3.12) and the estimate

o0
[vwco =4 2w 3= [ paie,wi3
0

oo

> / pdlE,wli3
A(T)

> 1@[|w@|: = |Exmw@ ]3],

we obtain

t

we) H§+/A(1)Hw(r)|\§d1

t t
< HW(S)HE+/A(1)HEA(1)w(t)H§dt+C/r’”/rHu(t)H;HaHEdt. (3.13)

N N

To estimate the term | E,qw(t)|l2 we go back to (2.2). Since E ¢ € L" for all ¢ € Cgf’a and for all

A >0, we may choose ¢ (1) =e C"DAE, ¢ as the test function of (2.2). It follows that

t

(Exyw(®), @) = (u(s), () — (v(s). 9(s)) — /(u(r) -Vu(r), (1)) dt

N

t
= (w(s),e " E ) — /(u(t) -Vu(t), ¢ (1)) dt (3.14)
S

for all t > s > 0. By Lemma 3.3 we have

|(u(r) - Vu(r), ¢(0))| = |(Erivy Po [u(r) - Vu()], e—(t—r)A¢)|
= | Exy Po[u(r) - Vu(@)]|, e 4g],

< O™ 4 u@)| 2l (315)
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Since w(t) is weakly continuous in Lg and ||w(t)||2 is bounded with respect to t, we have by (3.14)
and (3.15) with s =0 that

t
|Exow®], < cx(t)m“)/“/Hu(r)”;dr. (3.16)
0

Hence (3.13) and (3.16) yield

t

}|w<t>||§+fx(r>||w<r>||§dr
S

t T 2 t

< Uw(s)”§+c/A(r)<“+4>/2(/Hu(o)”jdo) dr+c/r*"””u(r)”j\|a||fdr. (317)
N 0 N
In (3.17) we put
2
y =[wo|;,

t

T 2 t
g(t,s)=c[//\(r)“’“)/z(/||u(a)||§da) dt+/t_”/r||u(r)||§dr:|,
0

s N

and obtain

t
y(@) —g(t,s) +/A(r)y(t)dr <y(s) (3.18)

S
for a.e. s € (0,t). We now want to apply Gronwall’s lemma to (3.18) with respect to s. Consider the

function h(s) = f; A(T)y(T)dTt, which is almost everywhere differentiable in (0, t) with h’ € L*°((8, t))
for small § > 0. From (3.18) we have

W(1) =—A(0)y(T) < —MD)[y(®) + h(r) — g(t, T)]. (3.19)

Let H > 0 be a solution of the equation H'(t) = A(t)H(t). Multiplying (3.19) by H and then integrat-
ing over [s, t], we have

t
(H(t) — H(s))y(t) < H(s)h(s) + / H'(t)g(t, v)dr, (3.20)

S

since h(t) = 0. Applying (3.18) to the right-hand side in (3.20) and integrating by parts, we obtain

t
3
H(t)y(t)<H(s)y(s)—/H(r)a—f(t, T)dr, (3.21)
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since g(t,t) = 0. Now choose A(t) =mt~!, m > 0, so that H(z) = t™. Since (3.21) holds for almost
every s > 0 and since y(s) is bounded, by taking m sufficiently large we can pass the limit s — 0 in
(3.21) to obtain

t T 2 t
" w)? < C|:tm"/22 / ( / ||u(o)||§da> dt 4t / ||u(r)|}§dr}. (3.22)
0 0

0

Now we note that the turbulent solution of (N-S) becomes the strong solution of (N-S) after some
definite time. So by the energy inequality and by the decay estimate proved by Kato [3], for each
turbulent solution u(t), the estimate

”u(t)”z < /=172

holds, if the initial data ae L, N L2, 1 <r <2.
First we consider the case n(1/r —1/2) < 1. Since [|u(7)||3 < Ct~"1/"=1/2)(3.22) yields

[wi [ < cersmz=2n
We next consider the case n(1/r —1/2) = 1. Since ||Ll(‘L')H% <CA+1)"! we have
w2 < [ (log(1 + D) + "/ log(1 + )]
<wakwmy1+mf
for large t.

Finally we consider the case n(1/r —1/2) > 1. Since |ju(7)[|3 < (1+7)~'7# for some B > 0, and
s0 [o° llu(m)3dt < oo, (3.22) gives

w5 <[ =2 4. (3.23)
Since 1+n/2 <n/r, we obtain the desired result. The proof of Lemma 3.4 is complete. O
Lemma 3.5. Let n > 2, and let r and m be as
(i) 1<r<2n/n+2),0<m<1,
or
(ii) 2n/n+2) <r<2n/(n+1),0<m<2n/r—n—1.

Ifaell N Lg N ng forsome o, § > 0, then for every turbulent solution u(t) of (N-S) there exist T > 1 and
constant C such that

Ju@|, > ce3mD (3.24)
forallt >T.

Proof. Let v(t) = e~t4a. It suffices to show that

u—v
im 1= Vl2 _ g (325)
oo vilz
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due to Lemma 3.2. Indeed, under the condition (3.25), there exists T > 1 such that

[u® —vOlz 1
vil2 T2

for all t > T. Hence by the triangle inequality and Lemma 3.2 we have

Ju®], > [vol, - uo -vol,

lu® - vl
= 1- —=
lv® ”2( VOl )

forallt >T.
Now it remains to prove (3.25). First we consider the case 1 <r < 2n/(n + 2). The assumption (i)
implies n(1/r —1/2) > 1 and (m +n/2)/2 < (n/4+ 1/2). Hence from Lemmas 3.2 and 3.4 it follows

that

lu®) —v(e)ll2 —(/4+1/2)
< —
vl t—(m+n/2)/2

0,

as t — oo.
Next we consider the case r =2n/(n+2). Since m < 1 and n(1/r —1/2) =1 by the assumption (i),

we have
lu(®) — v(©)ll2 t~/4F1/2) Jogt
vl - min/2)/2

tCn/AH1D (ogt
(#%)

= C e

— 0,

as t — oo.
Finally we consider the case 2n/(n + 2) <r < 2n/(n + 1). The assumption (ii) implies n(1/r —
1/2) <1 and (m+n/2)/2 <n/r —n/4 — 1/2. Hence we obtain

lu@®) —v(o)lly _ t=O/r=n/4=1/2)

ol S cmmpz 0
as t — oo. The proof of Lemma 3.5 is complete. O
Lemma 3.6. Let 2 <n < 4. Let r and m be as
(i) forn=2,
1<r<-—, 0<m<il—3,
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(ii) forn >3,

n n
I<r<——r, o<m<—-—mn-1).
n—1 r
Ifae Ll NLE NK} . then every turbulent solution u(t) of (N-S) satisfies
vu(t)|?
1Vu®ly ()!2 < O m/rmntl=my, (3.26)
lu@®lly

ast— oo.

Proof. By the well-known Leray’s structure theorem, every turbulent solution of (N-S) becomes the
strong solution after some definite time. Furthermore, it is shown by Kato [3] that the strong solution
u(t) decays in the same way as the Stokes flow e~t4a as t — oo. Since a € L. N L% for 1 <r <2, we
have || Vu(t)|y < Ct—1/r=1/2/2=1/2 for sufficiently large t. Hence by Lemma 3.5, we obtain (3.26). O

4. Proof of main results
4.1. Proof of Theorem 1
As we mentioned above, turbulent solutions of (N-S) become strong solutions after some definite

time. So for the turbulent solution u(t) of (N-S) there exists T, > 0 such that u(t) is strong solution
of (N-S) on [T, c0). Hence we have the energy identity

d
@[3 +2]a"uw]3=0 (41)

for t > T,. For any fixed A > 0, the second term in (4.1) is estimated from below as

||A”2u<r)||§=/pd||Epu||§>/pd||Epu||%
0 A
r A
> [aigpui > 5 (luo ;- [Euo]). (42)
A
From (4.1) and (4.2) we have
d
O+ w3 <A|Eu]. (43)

Dividing both sides of (4.3) by )L||u(t)||§, we obtain

d 2 2
alu®ll3 1< IE>u®ll3

< . 44
Mu®13 lu@13 .

On the other hand, by (4.1), we have (d/db)|lu(®)||? = —2[|AV2u(t)||3 = —2||Vu(®)|3, from which and
(4.4) it follows that

B3 _2vuol3
lu®3 = * Jlu®l3
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Hence by Lemma 3.6, there exists T such that

||Elu(t)||%_ ‘ C (n/r—n+1—m)

22 -1 < ~t”
u@®lz A

for all t > T. This completes the proof of Theorem 1.

4.2. Proof of Theorem 2

Take y sufficiently small so that if |la|l, < y there exists a unique global strong solution u(t) of
(N-S) satisfying the following decay properties

1_1

Juy],=0("2),

==
|
NI
-
|
NI
~

[vum],=o(%
as t — oo. Since the strong solution becomes necessarily the turbulent solution and since Lemma 3.6
does work for n > 5 under the assumption of Theorem 2, we see that the same arguments in the
proof of Theorem 1 can be applied. The proof of Theorem 2 is complete.
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Appendix A. Example of initial values
We can construct the initial values satisfying the assumption of Theorem 1 and of Theorem 2

when the dimension n is even.
Let n = 2k for some k € Z. For each 1 < j <k, we put

o 0 sz
M= (_R21—1 0 > ’

where Rj = (3/3x;)(—A)~1/2 denotes the Riesz operator. Then we set
M; ... 0 e~
6 L. Mk e*]X‘Z

With the Fourier transformation, we have

~ —C *|§|2/4(,'5727'i’.“’,'sik,'%‘y(i]). Al
aE)=ce Nl e e e (AD

Since i& - a(¢) =0, we obtain diva =0.
On the other hand, for any fixed § > 0, (A.1) yields

lae)| = ce=5"/4

for all |&] < 4. So it follows that a € Kg o for some «, 8 > 0.



908 T. Okabe / J. Differential Equations 246 (2009) 895-908

References

[1] W. Borchers, T. Miyakawa, Algebraic L? decay for Navier-Stokes flows in exterior domains, Acta Math. 165 (1990) 189-227.
[2] R. Kajikiya, T. Miyakawa, On L? decay of weak solutions of the Navier-Stokes equations in R", Math. Z. 192 (1986) 135-148.
[3] T. Kato, Strong LP-solution of the Navier-Stokes equation in R™, with applications to weak solutions, Math. Z. 187 (1984)
471-480.
[4] J. Leray, Sur le mouvement d’un liquids visqeux emplissant I'espace, Acta Math. 63 (1934) 193-248.
[5] K. Masuda, Weak solutions of the Navier-Stokes equations, Tohoku Math. J. (2) 36 (1984) 623-646.
[6] G. Prodi, Un theorema di unicita per le equazioni di Navier-Stokes, Annali di Mat. 48 (1959) 173-182.
[7] M.E. Schonbek, Large time behaviour of solutions to the Navier-Stokes equations, Comm. Partial Differential Equa-
tions 11 (7) (1986) 733-763.
[8] J. Serrin, The initial value problem for the Navier-Stokes equations, in: R.E. Langer (Ed.), Nonlinear Problems, University of
Wisconsin Press, Madison, 1963, pp. 69-98.
[9] Z. Skaldk, Asymptotic behavior of modes in weak solutions to the homogeneous Navier-Stokes equations, WSEAS Trans.
Math. 3 (5) (2006) 280-288.
[10] Z. Skaldk, Some aspects of the asymptotic dynamics of solutions of the homogeneous Navier-Stokes equations in general
domains, preprint.
[11] M. Wiegner, Decay results for weak solutions of the Navier-Stokes equations on R", ]. London Math. Soc. (2) 35 (1987)
303-313.



	Asymptotic energy concentration in the phase space  of the weak solutions to the Navier-Stokes equations
	Introduction
	Results
	Preliminaries
	Proof of main results
	Proof of Theorem 1
	Proof of Theorem 2

	Acknowledgment
	Example of initial values
	References


