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Abstract

We consider the Cauchy problem for the Green—Naghdi equations with viscosity, for small initial data.
It is well-known that adding a second order dissipative term to a hyperbolic system leads to the existence
of global smooth solutions, once the hyperbolic system is symmetrizable and the so-called Kawashima—
Shizuta condition is satisfied. In a previous work, we have proved that the Green—Naghdi equations can be
written in a symmetric form, using the associated Hamiltonian. This system being dispersive, in the sense
that it involves third order derivatives, the symmetric form is based on symmetric differential operators. In
this paper, we use this structure for an appropriate change of variable to prove that adding viscosity effects
through a second order term leads to global existence of smooth solutions, for small data. We also deduce
that constant solutions are asymptotically stable.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The Green—Naghdi system is a shallow water approximation of the water waves problem
which models incompressible flows. The vertical and horizontal speeds are averaged vertically.
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Moreover, vertical acceleration is supposed too small to be considered [13]. In other words,
Green—Naghdi equations is one order higher in approximation compared to the Saint-Venant
(called also isentropic Euler) system [3]. To obtain the latter system, not only the vertical accel-
eration but also the vertical speed are neglected. This leads to a hyperbolic system of equations
whereas the Green—Naghdi equation is dispersive due to the term ah?h defined below. In this
work, we focus on the Green—Naghdi type equation with a second order viscosity:

dth 4 0y (hu) =0,

3y (hu) + 9y (hu®) + 0, (gh%/2 + ah?h) = udy (hdyu) M

We assume that h(x,7) > 0, « and w are strictly positive and g is the gravity constant. The
unknown / represents the fluid height and u its average horizontal speed. Moreover, the material
derivative () is defined by () = 9;() + ud, ().

Remark 1.1. Let us note that the &« = 0 case gives us the Saint-Venant system. We can also
learn more about the derivation of the system in [21,1,15] for (u, ) = (0, %), and in [7] for

(. 0) = (0, 7).
It is worth remarking that (1) admits the following energy equality [11,7],
O E + 0x u(E + p)) = pudy (hoyu), 2)
where
E(h,u) = gh®/2 + hu®/2 4+ ah?(0,u)? /2,
and
p(h,u)=gh*/2 + ah’h.

Then, we can check that (1) admits a family of relative energy conservation equalities given by

0 Engu, + Ox Pryu, = (e — ue)0x (hoxu), 3)
where
Eppu, (hyu) = g(h = he)? /24 h(u — ue)* /2 + ah® (05u)* /2, (4)
and
Ppyu,(hyu) =uEp, y,(h,u) + (u—uc)p(h,u) — gThgu- (4b)

This family is parametrized by (h,, u,) € R2 with &, > 0.

Remark 1.2. Let us assume that @ = 0. Then, E(h, u) and Ej, ,, (h, u) are convex entropies for
Saint-Venant system.

The dissipative term pd,(hd,u) considered here in the right hand side of (1), is presented
in [12] and some other references, as the viscosity for Saint-Venant system. Indeed, Saint-
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Venant system with this viscosity is derived in [12] from the Navier—Stokes equations under
the shallow water assumption. On the one hand, this term is stabilizing for the hyperbolic Saint-
Venant system. On the other hand, Green—Naghdi equation is a higher order approximation of
the water waves problem and contains Saint-Venant system in addition to some dispersive terms.
Therefore, we are interested to learn more about the role this viscosity plays on Green—Naghdi
equations. Following the result of this work, we see that the dispersion does not cancel the stabi-
lizing effect of the viscosity.

The aim of this paper is to study the stability of equilibriums based on the symmetric structure
of the system. The intuition comes from the Kawashima—Shizuta works on hyperbolic—parabolic
systems [24,17] and Hanouzet—Natalini and Yong [14,26] on entropy dissipative symmetric
hyperbolic equations. All these results have been proved using the symmetric structure of hy-
perbolic systems. In particular, Saint-Venant system with friction can be treated by the general
result obtained in [14,26] whereas Saint-Venant system with viscosity fits the general frame con-
sidered in [24,17].

The notion of symmetric structure and of Godunov systems has been extended to some dis-
persive systems in [18]. In particular, the Green—Naghdi equations enter in this framework and
then can be written under a symmetric structure which is recalled in Subsection 1.1. We show in
this work how this structure enables us to extend the techniques used in [17,14,26] for symmetric
hyperbolic equations to the dispersive Green—Naghdi equations.

Remark 1.3. The order of the dissipative term wd,(hd,u) plays a very important role in this
work. Indeed, we can prove the global existence for small initial data only if the dissipative term,
considered in the right hand side of (1), is a second order term with respect to u. For instance,
we are not able to generalize the results presented in Section 2, if we replace the dissipative term
Woy (hoyu) with a friction type term such as —«ku for some x > 0. Likewise, if we consider a
fourth order dissipation such as —;Laf (hoy (hoyu)) /4 (suggested in [7]) instead of the second
order woy (hoyu), the estimates we find are not sufficient to conclude the global existence.

In all this work, partial derivatives with respect to x of any differentiable function f are
presented by 9, f. The differential of the application F at U is symbolized by Dy F(U). The
adjoint of the operator .4 is denoted by .A*.

1.1. Symmetric structure

Following Li’s notations in [21], we use the unknown U = (h,m) defined by a Sturm—
Liouville operator called L:

m = hu — ady(h3ou) = L ().

Let us note that £;, : H* (R) — H*~2(R) is an isomorphism if & is strictly positively bounded by
below and s > 2. Therefore, System (1) can be written under

U+ 0, F(U)=Q0(U),
where

-1
hL, " (m) )’ )

FWU)=
“© (mﬁh Lom) = 20030, L}, (m))? + §h* — §h2
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and
owy=( . ©)
— \ dy (hoyu)

Based on the structure presented in [21], it is easy to check that the unknown U enables us to
write (1) under a Hamiltonian structure where the Hamiltonian Hy, ,, is defined by the integral

of the relative energy i.e. by
Hhe,ue = / En,.u,-

R

This unknown presents also another advantage. In fact, we can recover the physical variable
V = (h,u) from U using the interesting change of variable V = (h, §,,Hp,.u, (U)), where §,,
denotes the variational derivative with respect to m.' This consideration, as suggested in the
following theorem, enables us to symmetrize the system in the physical variable with a diagonal
locally definite positive operator (see Appendix A for more details).

Theorem 1.4. (See [18].) Let V, = (he, u.) be a constant solution of (1) with h, > 0. Let also
s > 2 be an integer. Then, as long as the solution V = (h, u) remains close to V, for the usual
norm of H* (R) x H1(R), the system is equivalent to the following symmetric form.:

0
Ao(V)aV + Ar(V)3, V = (uax (haxw) v

where

Ao(V) = DyU*(V) (55%) DyU(V)

_ 2
:<g 3“g(axu) £h> )

is a positive definite operator and
AL(V) = DyU*(V) (85 1) (Dy FW) Dy U (V)
gu — 3ahu(8xu)2 gh— 3oehz((’ixu)2
- (gh —3ah?(3,u)?  hu+2ad, (B3 du) — ady (hPu)dy — ah3ua§> ©
is a symmetric one.

Proof. Let us consider the conservative form

U+ 0 F(U)=Q0).

1 We have 5 5
uc—u 3
- E(xhz(axu)z,

‘ShHhe,ue (U)=gh—he) —

and
amﬂhe,ue(U) =U—Ue.
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Obviously, we have
DyU(V)o,V+ Dy F(U)DyU(V)d,V=0(U).

Then, acting Dy U*(V) (8%/7-[;16,“6) on the system and considering the fact that Q(U) is an in-
variant vector of Dy U* (V) (BZU’Hh(,,ug), we get the result (See Appendix A for more details). O

Let us note that Ag(V) and A1 (V) are linear second order differential operators. Therefore,
they can be decomposed as

Ao(V) = AY(V) + AL (V)d, + A2(V)d? (10)
A1 (V) = AA(V) + AL(v)a, + A2(V)d? (11)

where the expressions of symmetric matrix Alj (V) fori, j € {0, 1,2} are given by

—3ah(du)® 0 0 0 0 0
Ag(V)=<g ao( " h> Aé(v)z(o —3ah28xh)’ A%(V)=<o —ah3>’

—3ahu(@u)®> gh —3ah®(dcu)? 0 0
= . Al =< )
AV (gh—3ah2(8xu)2 hu + 20, (h3d,u) ArV) 0 —ady(hu)

2 (0 0
AT(V) = (O —ah3u> ’

Remark 1.5. The definite positivity of a real matrix is equivalent to its coercivity. However,
this fact does not necessary hold true for definite positive operators i.e. some definite positive
operators are not coercive. It is important to point out that, as illustrated in Section 3, one of
the keys which lets us generalize the hyperbolic methods to our symmetric system is actually the
coercivity of Ay(V) for the convenient norm. This means that we would not be able to generalize
the method if A (V) was definite positive but not coercive.

We can also remark that the symmetric structure suggested in this section is similar to the
structure used in [16] to study the local well-posedness of the Green—Naghdi equations without
viscosity.

1.2. Outline

We are going to study the global existence of solutions of the viscous Green—Naghdi type
equations for smooth initial data close to equilibriums. A local well-posedness result is proved
in Appendix B. Let us also mention that some similar writings as (7) have been used to study the
local well-posedness of some dispersive systems (see [23] and [9] for instance). Then, we use the
dissipative character of the viscosity as well as the symmetric structure of the system to prove
the global existence of the local solution. In fact, the first step of the proof contains some initial
estimates obtained by taking the scalar product of the s derivative of the equation with the s™
derivative of the solution. As it is exposed in Subsections 3.1 and 3.2, these estimates are obtained
by almost the same approach as in the hyperbolic case ([14] and [26]). Then, the second step is
to estimate the time integral of the norm of the solution. In the case of hyperbolic systems, this

Please cite this article in press as: D. Kazerani, Global existence for small data of the viscous Green—Naghdi type
equations, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.03.022




YJDEQ:8306

6 D. Kazerani / J. Differential Equations eee (eeee) eee—see

estimate is found by using the Kawashima—Shizuta condition. This condition has been introduced
in [24] as a stability condition for constant solutions. It is based on the existence of a constant
real matrix such that its product with the definite positive matrix (the one equivalent to .4p)
is skew-symmetric at equilibrium while the symmetric part of its product with the symmetric
matrix (the one equivalent to .A;), added to the right hand side term matrix, gives a definite
positive matrix. However, in the case of Green—Naghdi system, we have not been able to find
any operator generalization of the Kawashima—Shizuta condition. Hence, we must use a slightly
different approach to find a convenient estimate. Indeed, we can find a null diagonal real matrix K
such that K A;(V,) is a symmetric definite positive matrix for all equilibriums V, with u, = 0.
However, K A (V,) is not a skew-symmetric operator. Nevertheless, we are able to put some
non-straightforwardly controllable term under a time integral of a time derivative” and estimate
the remaining terms in a convenient manner (see Subsection 3.3). Then, using a symmetry group
of the system, we can generalize the result to the case of equilibriums V, with u, # 0.

This paper is organized on 4 sections. The global existence theorem and its corollaries are
presented in Section 2. Section 3 contains the steps of the proof. Some perspectives are sug-
gested in Section 4. The advantages of the symmetric structure used in this study are explained
in Appendix A. So we can see why this symmetric structure is more appropriate than others.
Appendix B contains the proof of the local well-posedness Theorem 2.1. Appendix C highlights
one of the other utilities of the symmetric structure. In fact, linear stability of equilibrium of
non-viscous Green—Naghdi can be proved using this structure.

2. Main results

The local well-posedness of (1) has been studied in [16] and [21] for the case © = 0. We
see here that we can prove the local well-posedness of (1), around constant solutions, based on
the idea used for symmetric hyperbolic systems. To do so, we first note that the set of constant
solutions of (1) is

{Vo=C(he,u.); he >0,u, € R}.

We may also call these solutions the equilibriums of the system.
We denote the norm associated with the affine space X*(R) = (H* (R) + /) x (HTH(R) +u,)
by

I CFo @) W= f Wgs + 11 8 g -

Moreover, the s-neighborhood of radius 6 and center V, is presented by Bs(V,,8) ={V €
XS(R), || V =V, |Ixs < 8} for all integer s € R.
Let us also denote by C the universal constant of the following Gagliardo—Nirenberg inequal-

ity:
L 1
If o< Cllocf L0 fl7, VfeH ®). (12)

2 The skew-symmetry of K A for hyperbolic systems lets us put the non-straightforwardly controllable terms under a
time derivative. Therefore, we can deal with them by taking the time integral. Although, we are not able here to obtain a
skew-symmetry K Ag, we try to deal with non-straightforwardly controllable terms by a similar idea.
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We are now able to announce the local well-posedness theorem,

Theorem 2.1. Let s > 2 be an integer and consider a constant solution V, of System (1). Then,
there exists 0 < § < h, such that for all initial data Viy € Bs(V,, §), there exists T > 0 such that
the system admits a unique solution which belongs to C ([0, T), X*(R)).

The proof of the theorem is given in Appendix B. The steps of the proof are the same as
for hyperbolic systems (see [8,5] for instance). However, the necessary estimate to reach the
final result of each step, is obtained by the same technique used in Section 3.2. In fact, we can
see again in this part, how the generalized symmetric structure (7) of the system enables us to
generalize the techniques used for symmetric hyperbolic systems.

An immediate corollary for Theorem 2.1 is the following. It states the positivity of the water
height for small data and for short times.

Corollary 2.2. Let s > 2 be an integer and consider a constant solution V, of System (1). Let us
also consider § € (0, h”) and 0 < T both conveniently small, and Vo € Bs(V,, §) such that (1)
admits a unique solutlon (h,u) € C([0, T), X*(R)). Then, for all ng € (0, 1nfho(x)) there exists
atimeT e (0, T) such that

inf h(t,x) >no Vrel0,T]. (13)
xeR

Proof. Let us first note that inf ho(x) > 0. This is a consequence of the Gagliardo—Nirenberg
inequality. Indeed, rek

I ho — he llue < C Il ko 1231 o — e ||§Lz .
Considering the fact that Vo € B;(V,, §) with s > 2 and § < %, the inequality becomes
I ho — he lLo< C8 < he.
Therefore,
O<h,—Cé<ho(x)<h.,+Cs<2h, VxeR.
Then, we conclude that

inf ho(x) > h, — CS6 > 0.
xeR

Let us now fix 5o € (0, infyer ho(x)). The unique solution of (1) belongs to C([0, T), X*(R)).
Hence, there exists T € (0, T') such that

inf h — -
| h(t) = ho llxe < W Vi e[0, 7.

Again, Gagliardo—Nirenberg inequality leads us to

| h(t) — ho |l < inf ho(x) —no VYt €0, T].
xeR
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Then, we have

no = inf ho(x) < h(t,x) —ho(x) ¥(x,1) R x [0, T1,
xXe
and finally

no < 1o + ho(x) — inﬂgho(x) <h(t,x) Vx,H)eRx[0,T]. O
xXe

The main result of this study is the following theorem on the asymptotic stability of equilibri-
ums.

Theorem 2.3. Let us consider an equilibrium V, = (h., u.) of (1) and s > 2 an integer. Then,
there exists § > 0 such that for all initial data Vo = (ho, ug) € Bs(Ve, 8), the solution V exists
for all time and converges asymptotically to V,.

In other words, every constant solution V, = (he, u.) of (1) is asymptotically stable.

Let us remark that we can prove Theorem 2.3 by considering u, = 0. This is due to the fact
that v =19, + 9, is a infinitesimal generator of a symmetry group of (1). This means that

Vg = (h(x — Bt, 1), u(x — Bt, 1) + )

is also a solution of (1) for all solution V = (k, u) and all 8 € R. This fact has been mentioned
in [20,2] for the case u = 0. It is easy to check that the second order viscosity right hand side
does not change this symmetry group. Hence, from now on, all the equilibriums considered in
this work are of the form

Ve = (h€1 0)

The key of this study is the following proposition which is a consequence of the primitive
estimates in X* and the estimation of the time integral of the H*~! norm of 4, obtained in
Section 3. In order to understand this study, let us mention that symbol Cs(§) stands for a function
of §, defined by the elements of the set §, which converges to a strictly positive limit while §
goes to 0. On the other hand, ®g(8) stands for a function, defined by the elements of the set S,
which converges to zero while § goes to 0. Let us also mention that the estimate suggested in
Proposition 2.4 has a similar structure to the estimate given in Theorem 3.1 of [26].

Proposition 2.4. Let us consider an equilibrium V, = (h,, Q) of System (1), an integer s > 2 and
8 > 0 such that the system is locally well-posed for all initial data Vo € Bs(V,, §). Assume also

that there exists T > 0 such that the unique local solution V satisfies V(t) € Bg(V,, 8) for all
0 <t < T. Then, the following estimate holds true for all t € [0, T),

t
(1= Oy ) | V(1) = Ve I3 +Cihy. 1y () f I et 125 < Ciny.cy ) | V(O) = Ve I
0

t
+®{he,u,a}(5)/ Il Bt |3
0

Please cite this article in press as: D. Kazerani, Global existence for small data of the viscous Green—Naghdi type
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Besides, if § is conveniently small, this inequality leads to
t
V@) = Vel +C{he,ﬂ}(5)/ 10t lFss < Cinp.ay(®) | VO) = Ve [1% -
0

Now, we get the global existence theorem as a result. In fact, we have

Theorem 2.5. Let us consider an equilibrium V, = (h,,0) of (1) and an integer s > 2. Then,
there exists v > 0 such that for all initial data Vo = (hg, ug) € Bg(Ve, v), the solution V exists
for all time.

In other words, the equilibrium solutions V, = (h,,0) of (1) are stable.

Proof. Let us first remark that if § > O is small enough, we have

1 Clhey®) = Opepa)(®)

1 -0« >= and 0.
the.a} 2 1= O, (8)

Let us also assume that § satisfies the assumptions of Proposition 2.4. Then, as long as V €
B;(V,, ), it satisfies

Cihe,)(8) = Oty 0
1 — O, (6)

t
(8)
I V() = Ve % + } Il 8xtt 12 < Clg.ne.c)8) | Vo — Ve I3
0

Therefore, while V € B;(V,, §),
I V() = Ve lI3< L) | Vo— Ve 1%

where L is a function of § such that 6lir%L((S) =1 > 0. Setting v < § such that L(8)v < §/2, we

have
IV = Vel <8/2, while V(1) € By(Ve.9).

Then, considering the uniqueness of the local solution as well as its continuity for the norm X*
we have the following conclusion: For V (0) € B;(V,, v), the local solution can not go out from
B (V,, 6/2) for any time. Therefore, the norm of the local solution does not blow up. Hence, the
unique local solution exists for all time. O

Corollary 2.6 (Asymptotic stability of equilibriums). Let s > 2 be an integer and consider the
equilibrium V, = (h,, 0) of (1). Then, there exists § > 0 such that for all initial data Vo = (hg, up)
in By(V,,$), the global solution V (x, t) in X*(R) of (1) converges asymptotically to V,. In other
words, tl_l)I‘go V(x,t)=V, forall x e R.

Proof. We use a similar logic to the one used in [26] for symmetric entropy dissipative hyper-
bolic systems satisfying the stability condition. We first take the x derivative of the first equation
of (1), the time integral on [f1, 12] and consider the IL? norm. This leads us to
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[5)
| 9xh(22) — dxh(r1) Il 2=l faxx(h”) Iz - (14)
3]

Therefore,

[ 9xh(r2) — Oxh(t1) 2= |2 — 11 ( sup || Oxx (hu) ||]L2> :

n=t=n

Considering the fact that || dyx (hu) |12 is bounded by Proposition 2.4, there exists C > 0 such
that we have for all #1, #, positive,

[ 0xh () g sz — I 9ch(@2) Nl | <N Bxh(r2) — ch(tr) 2 < Clia — ).

This means that ¢ — || dh () || 2 is Lipschitz continuous. On the other hand, it is L2 ([0, 00)) ac-
cording to the estimate of the same proposition together with Proposition 3.12 of Subsection 3.3.
Therefore, || 9y (¢) |2 converges to O at the limit  — oo.

Let us now consider the second equation of (1) which writes [9] also

w = —udou — L9, (gh2/2 +2ah3(Bu)? — ,maxu) .

Again, we derivate with respect to x, take the [#1, 2] time integral and consider its L2 norm:

5]
| Bxue(ta) — deu(ry) llp2=ll / By (—uaxu — ', (gh2/2 +2ah3 (Bu)? — ,uhaxu» Iz -
n

Therefore,
| Oxu(t2) — Oxu(tr) llp2

<l -1 ( sup | 0y (—udyu — £ 0 (gh/2+ 20 @,0)? = phiu)) ||Lz>-

n<t<t
Considering the fact that || dy (mﬁ,;l(m) — 2ah3(8x£;1 (m))* + %hz - uhaxu) [l1.2 is bounded,

the Lipschitz continuity of ¢ || dyu(t) |l;2 is concluded. This together with the fact that
t || ux(t) |2 is square integrable (according to the estimate of Proposition 2.4), leads to

lim || dyu(t) [|p2=0.
11— 00

We just now need to consider Gagliardo—Nirenberg inequality

1

V) = Vel

1
” V(t) -V ||]L°°><]L°°§ C “ axv(t) ”]iz ]izx]Lz .

x]L2|

1 1
Then, considering the facts that | V(t) — V, ||£2X]L2 is bounded by +/8 and || 8,V (r) ||£2
converges to 0, the uniform convergence of V(x, t) to V, is concluded. O

xI.2
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Remark 2.7. In addition to the asymptotic stability of constant solutions, the question of de-
cay rates naturally arises. This point has been studied in [25] for linear symmetric systems of
hyperbolic—parabolic type, by means of Fourier techniques in the frame of an energy method.
Then, the result is used in [17] for the linearized symmetric hyperbolic—parabolic system to ob-
tain a polynomial decay rate for the non-linear equation. The study of decay rates of linearized
Green—Naghdi equations with viscosity, seems to be necessary to obtain a decay rate for the
non-linear system and beyonds the scope of this work.

3. A priori estimates

The goal of this part is to obtain some a priori estimates of (1) similar to the estimate obtained
in [14,26,24,17] for hyperbolic systems. To do so, we use the Hamiltonian dissipation to find a 0™
order estimate. We then take the ¢ order derivative of the symmetric equation and consider the
scalar product with the 1 order spatial derivative of the solution for all 1 < ¢ <. Then, using
the properties of the operators Ag(V) and A;(V), especially the coercivity of .A¢(V) and their
symmetry, we get a 2™ order estimate for the solution V € Bg(V,, ). Then, in Subsection 3.3,
we get an estimation of fOT | B)fh ||]i2 for all 1 < ¢ < s which together with the first estimates
leads us to Proposition 2.4. These estimates are obtained by acting a hollow real matrix on the
system. The equilibrium V, we consider in all this section is of the form V, = (k,, 0) and s is an
integer equal or greater than 2.

3.1. Estimate in X0

System (1) admits a X° estimation which is obtained by using the dissipation of the inte-
gral Hy, o of the relative energy Ej, o defined in Section 1. In fact, the following proposition
holds true.

Proposition 3.1. Let §, t > 0 be small and Vy € By (V,, §) such that System (1) admits a unique
solution (h,u) € C([0,t], X(R)), with h uniformly in time, strictly positively bounded by be-
low.? Then,

Hhn,,0(ho, uo)
min{infycg 7(1)/2, o infyeg h3(1)/2}

() I < (15)
and

2
17t = he |17, < o Tthe0(ho. o) (16)

Proof. We take the spatial integral of the both sides of the relative energy equality (3) with
ue = 0. On the other hand, (A, u) € (H*(R) + h.) x H*+!(R) and s > 2. Therefore, an integration
by part leads us to the dissipation of the Hamiltonian H, o:

d
T Hi () =~ f h(@1)* <0.
R

3 The existence of such § and 7 is guaranteed by Theorem 2.1 and Corollary 2.2.
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In other words,

t
Hhie,0(h(t), u(t)) — Hp,,0(h(0), u(0)) = —/L//h(axu)2 <0. (17
0 R
Thus,
Hp,0(h(1), u(?)) < Hn,,0(h0), u(0)). (18)

On the other hand, Hy, o is defined by

Hp,.0(h, u) = / g(h — he)? )2+ hu )2 + ah® (3,u)? )2,
R

and # is strictly positively bounded by below. Therefore,

3
8 2 . 2 . 2
5 Il () —he lly2 + (;2&“0) ully, +o <Xllelﬂgh(l)) I Oxue [I72< H,,0(h(2), u(t)).

This together with (18) gives us the inequalities of the proposition. O

Let us also remark that the Hamiltonian #j, ¢ is locally Xo-quadratic on V., in the sense that
the following relation is satisfied for s > 2 and § > 0 small:

Clhe.ay®) IV = Ve 120= Hpp ot t) < Citocy O |V = Ve 12 YV € By(Ve, 8).

This together with the dissipation equality (17) of Hj, 0 gives us the following 0t order
estimate around equilibriums.

Proposition 3.2. Let s > 2 be an integer and V, be an equilibrium of (1). Let us also assume that
there exist 8, T > O such that the solution V of the system satisfies

V(t) e Bg(V,,8) Vtel0,T).

Then, the following estimate holds true for such time:

t
I V() = Ve 50 +Cohep.ar) (8) / I 9214 117 2= Clhe.c) 8) | VO) = Ve 130 - (19)
0

3.2. Estimate in X*

The main objective of this part is to obtain a convenient a priori estimate of £ order, for
all integer £ € [1, s]. This is done by a similar strategy as for hyperbolic systems. This analogy
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works here due to the structure of differential operators .4¢g and .4;. More precisely, the operator

Ao writes
(g O —3ah(@u)®> 0 0 0
A0 =(§3)+ (775 0) (0 —antinn) 0
Likewise, A (V) writes
_(gu gh —3ahu(du)®> —3ah?(du)? 0 0
AI(V)_<gh hu>+<—3ah2(8xu)2 20y 3oy ) T\O —ad hPudee) ) PV

Indeed, the first term of the right-hand sides of (20) and (21) gives the hyperbolic part of the
system i.e. the part which corresponds to Saint-Venant system. Therefore, it can be treated exactly
as in [17]. The other terms need a specific treatment but they are not an obstacle to the result.
On the one hand, this is due to the fact that the space of local well-posedness for u, is one order
higher in regularity compared to the case of the hyperbolic Saint-Venant system. On the other
hand, the conservative structure of the last term of (20) and (21) plays an important role in the
treatment of the third order terms of (1), responsible for dispersion. For this reason, all along this
subsection, different terms of operators AOB and A232 (resp. Ald, and A?32), introduced by
(10) (resp. by (11)), are matched together to form the conservatlve term presented in the last part
of the right hand side of (20) (resp. (21)).

We start the computations by taking the £ derivative of (7) with respect to the spatial variable,
taking the scalar product with BfV and integrating on [0, T) x R:

T T T
[/Bf(Ao(V)B[V)-8fv+//3f(A1(V)8xV)-8fV:Mff8f+1(h8xu)8fu (22)
0 R 0 R 0 R

Then, using basic computations and the Leibniz formula, we remark that*

/a‘(Ao(V)a,V) BZV———/AO(V)(‘J@V a‘fV——/(A + A0, + A3 02) 0LV oLV
R R

+Z(f)/( o+ Al + A3 02) 00TV LY,
i=1 R

where, Aéi is another notation for 3)’; (Aé(V)), the i™ spatial derivative of Aé(V), for all j €
{0, 1,2} and for any i € N.
On the other hand, the integration by part and the symmetry of A imply that

/Bf(Al(V)axV)-BfV: (z—%)/(A?erA}xaﬁA%xa)?) atv .oty
R R

14

() [l
i=2 R

4 For sake of simplicity, we use sometimes A or A instead of A; (V) or Ay(V).
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We have also

4

/af“(haxu)afu - _/h(af“u)z -> (f) /(a;h)(aﬁ—f+1u)(af+‘u).
= R

R R i=1

Hence, (22) becomes

/AO(V)B V(T) -9 V(T)+2M//h(af+1 =/A0(V)afV(0).a§V(0)

< )// A AL, + A2, x)a,a@ iy gty

+ / (A5, + Ady o + A3 02) 0LV - otV

-2

an

i=1

O\’ﬂ

+(1—2e)f/ (A, + AL o+ A302) 0l - oV
R

14

T
—2Z< )// A Ala, + A2 x)af ity .ty
0 R
—mZ( )/(a m @y w0 w). (23)

The two following lemmas present two results which are used several times in the rest of this
section. The first one is on the X°-quadraticity of Ay(V):

Lemma 3.3. There exists § > 0 such that Ay(V) is quadratic on Bs(V,, 8). In other words, we
have for all V. = (h,u) € Bs(V,,8) and all f = (f1, f>2) € XO(R),

Cony®) 1| f 120 / Ao(V)f - f < Clny @) 11 £ 120
Proof. The expression (8) of Ag(V) leads to

/ AV f - f = / (¢ = 3ah(@u)D) f2 + fol fo.
R R

On the other hand, Gagliardo—Nirenberg inequality (12) leads to

| h—he llLe=< C8,

Please cite this article in press as: D. Kazerani, Global existence for small data of the viscous Green—Naghdi type
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or equivalently to
he—Cé<h(x)<h.,+C§ VxeR.
We also apply this inequality to d,u to get
| dxu [lee < C8,
or equivalently
—C8 <oyu(x)<Cs VxeR.
Thus,
—3ah(dcu)* > —3a (he + C8) (C?6%),

and, if § is conveniently small,

Bah(du)? = 5.
2
Consequently
gl fill? .
S minthe — 8, athe — 5} | £ 13 < /Ao(V)f f
R

<gll fillf, +max{he +8,alhe + 8} f2ll3 . O

The second lemma is on the smallness of the IL.°® norm (in time and space) of 9,4 and d,u and
some of their spatial derivatives as long as V € B(V,, §). Actually, the following lemma holds
true.

Lemma 3.4. Let us assume that the solution V (t) of (1) belongs to Bg(V,,§) forall t € [0,T).
Then, we have forall 0 < j <s —2andall0 <l <s — 1,

lim || 0{0h |lL~=0, lim | 8'8u [[Lo=0. 24)
§—0 §—0
VeB(V,,8) VeB(V,,8)

Moreover, we have for all 2 <k <,

105 9;1t 2= Cing. a0y B) (Il xte llgge + 1| D llpze—z) - (25)

Proof. The first equation of System (1) gives us ;2 = —hd,u — ud,h. Therefore,

J J
j i aj—it+] i aj—itl
10dach o<l > 0LRd ™ flioe + 1Y 9iud{ ™ h [l < O, (6)
i=0 i=0
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Likewise, the second equation of the system can be written under the following form,
du = —udyu — L, 9y <gh2/2 + 20k’ (0,u)* — Mh8xu> . (26)

This form can be obtained by applying .Ao(V)~! to (7) and coincides with the form suggested in
[16,19].

On the other hand, £, : H"™(R) — H™~2(R) is bounded for all 2 < m < s. This is due to the
facts that | & — h, ||ms < 8 and § is small. Indeed,

I L) lggn-2=1 hu — 3ach®dhdcu — ah®97u ||ggn-2 < Cing.ay (8) Il u |17 -
Therefore, £j, is a linear bijective bounded application from the Banach space H™(R) to the

Banach space H™—2(R). We now use the Banach theorem (see [6] for instance) to conclude that
E;l - H"2(R) — H"™(R) is bounded. Thus, there exists C > 0 such that

I 50 e <1 F Gudaan) e + 11025 0, (8272 + 20k @u)? = i) o
1 p—1 2 3 2
<O©®) +C oL, (gh /2 + 2ah® (deu)? — ,uhaxu) g
<0®) +C Lo (gh2/2 +2ah?(9,u)? — ,maxu) e
<O©) + Cphoay (O | ¢ (gh2/2 + 20h? (Byu)* — ;maxu) l[gge-1
= O() + Cptpa)O) 1| 0x (8h7/2 4+ 20 @.a0)* = phdyu ) g

<O@) + Cin,,a) ()O(h,,0,u)(8) < Oy ,10) (8).

To prove (25), we use similar computations. Indeed,

I 8%8,u s <11 9% wdeu) Il + 1 8L, 8y (gh2/2 + 2ah3(3u)® — Mh8xu> .2

Il
o

105w 9 u [l + 1| £ B, (gh2/2 +2ah3(0,u)? — Mhaxu) g

IA

O) || Byt llgge + |l B¢ (gh2/2 + 20k (3,u)* — uhaxu> Il e
(8) Il Oxtt gk +Cinyy(8) I Och llgg—2 + (O} 8) + Cing, iy (8)) Il Ot [l gge—2

<0
< Clhe.pay®) (I 3t llgge + 11 5k lgme2) . O

We are now able to prove the following lemma which is the key step to achieve the appropriate
£ order estimate.

Lemma 3.5. Let us consider the solution V of (7) and assume that it belongs to Bs(V,, §) for
some § > 0. Then, the following estimates hold true for all integer 1 < { <,

Please cite this article in press as: D. Kazerani, Global existence for small data of the viscous Green—Naghdi type
equations, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.03.022




YJDEQ:8306

D. Kazerani / J. Differential Equations eee (eeee) eee—see 17

4 {+1

l
» (l.>/A8,-af V0LV <O ) [ D ||a’u||L2+§ lalni, |. @
i=1 R

Jj=1 Jj=1

/ A0V -8 | < Oty @ (106 122 4+ 18R 1) (28)

4 4
Z( )/ AOza +AOz x>8l 0,V - 3ZV < O,y (8) (Z l 3 h ||]Lz+ [l Oxue ”H@)
i=l1

i=1

(29)
/ A+ A302) 0LV 00V | < Op g ) (105w 112,). (30)
R

[ L+ A3,02) 00V -0V | < 01,0 @) (N0fR 12 + 0 12, ) . GBD)

14
£
() [ (AL + Al 4302) 61V 00| < 0000 5) (10 s 1 )
R

i=2

(32)
Proof. Let us first prove (27). The expression of Ag gives us the following equality for all 1 <
i<¢,
/Agiaf—" OV -3V = —3adl (h(d,u)*) 85 8;h 3h 4+ 8Lk 85 dpu du.
Therefore,

; A Bu I
/Agiaf—’alv.afv <0 e 2’” I

(EQHSEES
i—1
_— . . ER 1
105 0l | 1 95R 172 + 11 3erdih ew)® 12, + 11 60 " 0dh D 0 e |17,
j=0
e—i o
Smax{II 0y ' Oru I

T ) 9 ||Loo} (Wouh 12y + 11 e 1)

Then, considering (24), the proof of (27) is complete.
We are now going to prove (28). To do so, we should first remark that

/Agtafv 23'V = —3a, (h(axuﬁ) B°m)? + hy (35u)?.
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Then,
/ ALV -0tV | <1 300, (h@a0?) Il 0k 12, + 1 e Nl 0 12,
R

Now, we use (24) to get the result.
The first step to prove (29) is to notice that we have forall 1 <i </

/ (A}),.ax + A%,.af) 3¢,V 8V =« /(a;;;ﬁ) 3 (@ 9,u).
R R
Hence we have forall 2 <i < ¢,

Il oedg ™ By |l
2

/ (Aéi8x+A%,-8§) 0TV -9, V| < (u OLn 12, + 1 9t u ||%L2)

R

_led

i
< 5 Ciney®) Y N OLh 72+ 105w 117,

j=1

Considering (24), we obtain the estimate on the terms where 2 <i < £. It remains to consider the
case i = 1. This leads to

/ (Aélax + A%laf) AV dlV =a /(axh% 0w (8L0,u).
R R

Therefore,

3
< IeB D e
- 2

/ (A(‘)]ax +A3]a§) oo v-alv 130w (17, + 1l 95 u ||12L2)

R

< O ®) (1l 800 I, + 10w 12,).
We now use (25) and find

/ (Ab1s +43,02) 070,V - 0LV | < O @ (110 130+ 1l e 1)
R

In order to prove (30), we first remark that

/(A(‘)tax +A§ta§) v . atv =f3ahza,h(af+1u)2.
R R
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Again, using (24), we find

/(Ao,a +AZO2)ALV ALV | <@g ) 1 I,
R

To prove (31), we use an integration by part:

/(A d + A7, x) 3tV .ty = /—aaf(h%)af“uafu—aax(h%)af“uafu

R R
=/—a3x (ax(h3u)af+‘u) aﬁ“u:/aax(h%)(af“u)z.
R R
Hence,

f(A By + A3, x) LV 9LV | < Oy w8 10 u |12, .
R

‘We have also

/A?xaﬁv oty = [ o, (gu - 3ozhu(8xu)2> (@Lh)? +2/ 9y (gh - 3(xh2(8xu)2) ath 8tu
R

+ | o (hu +2a8x(h38xu)) (0lu)?.

%\ %\

Therefore,
/A?xaj;’v 9ty /ax ou — 3ahu(8xu)2> @'h)> +2/ 3, (gh - 3ah2(3xu)2) 9th 9tu
R R

2[ hu+2a8 h3a u)) w3,
R

Then,
/ A3V -0V | = Ops,a1 @) (1080 IF: + 11950 1))

The last estimate (32) is just a consequence of the following fact which holds true for all
2 <i < {.1Itis due to the structure of A} (V) and A%(V) together with an integration by part:

/(A 8 +All x)al l+1V a[ _af(a (l’lz )) 8( i+2 (8€+1 )
R
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Hence, aslong as V € Bg(V,,6) and2 <i </{ — 1,

_; | «di(h3u) ||~ »
/ (A%i8x+A%,-83) o v oy sxf(n A2 2, + ) 9 ||%L2)

R
< O ® (I 972 12, + 1 0w 12,).
On the other hand,
R R
Therefore,

/ (Aleos +A303) 0.V - 0LV | < 01 ) (050w 12, + 110w 112,)
R

= O ) (Il 04k s + 110t 1)

Let us now treat the remaining terms of the left hand side of the estimate. In fact, we have for
all2 <i<t-—2,

/ AV YV LotV <2 AY, e (|| W U T+ 0w T, + 110 h 17, + 1l 9k ||12L2)
R

< O @) (10,7 120+ 1 0fu 12+ 1057 h 12, + 1100 12,
since the structure of A(l) gives us for all integer i € [2, £ — 2],

: 0
lim || Ali ||]Loo: 0.
§—0
VeB;(Ve.d)

On the other hand,

0 2 t 0 l
/Al(lil)axv * 8XV +A1l8xv * axV
R

<max{|| 85 (gu — 3athu(dxu)?) Lo, || 95" (gu — Sathu(dcu)?) [|L~} (|| ach Iz + 1 9k ||Iiz)

o+ max{[| 9 (gh — 30> @) e, 10" (¢h — 3aeh? @)l (I B 12, + 1 00 1)

+ /ax (8f_1(hu+2aax(h38xu)) 8xu> 8%ul .
R
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Therefore,

[A?(Hafv ALV + A0V 9LV | < Oh,.a)(8) (|| Oh 3t + |l ||%;Hg_.)
R

+ /aﬁ—l(lm + 208, (h30,u)) deu 05 u
R

< O} (8) (|| Oh 3t + |l ||%;HZ) :
Hence, estimate (32) is totally proved. O

This lemma together with the coercivity of .4y and relation (23) leads us to the following
propositions.

Proposition 3.6. Let us assume that there exists § > 0, T > 0 such that the solution V of (1)

satisfies V(t) € Bg(V,, ) forallt € [0, T). Then, we have forall 1 <{ <s,

t
195 (V(£) = Vo) 50 +Cthey (8) / 15 w112 < Cneay 8) 1185 (V(0) = Vo) [130
0

t
+ Oy} (6) / 19:V 5o -
0

Then, considering this proposition together with the 0" order estimate of Subsection 3.1,
we reach the final primary estimate which is given in the following proposition. This estimate
together with the result of the next part enables us to prove the main theorem.

Proposition 3.7. Let us assume that there exists § > 0, T > 0 such that the solution V of (1)

satisfies V(t) € Bs(V,,d) forall t € [0, T). Then, we have for such T,

t
V@) = Vel ‘|’C{he,p,}(5)/ 1 0xtt [1Fgs < Cpine.ay @) | V(O) — Ve %
0

t
+ Oy, 1) (8) / 0V e - (33)
0

3.3. Estimate on [y || 03h |2,

This part is the final step to prove Proposition 2.4. In fact, we need to find a convenient
estimate on fot | 9,V ||§§H to be able to control the right hand side of (33). This idea has been
used in [26,14] and [24]. Actually, Estimate (33) has a similar appearance as the estimate found
in these references for symmetric hyperbolic systems with dissipative terms. Then, they use the
Kawashima stability condition to control the norm of spatial derivatives of first components of
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the solution. Let us note that, as in the case of hyperbolic system, we do not need to control the
norm of second components. This is due to the presence of the second term of the left hand side
of inequality (33). Therefore, what we need to control in the case of Green—Naghdi equation, is
the time integral of the norm of the spatial derivative of 4. Nevertheless, the main difficulty is the
generalization of the Kawashima—Shizuta condition. Actually, we have not been able to find any
operator version of the Kawashima—Shizuta condition for Green—-Naghdi equation. However, we
are going to see that it is possible to find an appropriate upper bound for fot Il 93h ||12L2 by using
a slightly different technique from the hyperbolic case. To do so, we consider the 2 x 2 hollow
real matrix K (V,) defined by

0 1
K(Ve) = <_& 0). (34)
8

As we will see further, the reason why we consider this matrix, is the fact that K (V,).A;(V,)
is a diagonal real matrix with a strictly positive first component. In other words, there exists a

matrix of the form B = (8 2) with L > 0 such that K(V,).A;(V,) + B is definite positive.

This enables us, as in [26,14], to get an upper bound for fot | 03h ||ﬁ2. This upper bound is conve-
nient even though, unlike the case of hyperbolic systems, K (V,).Ap(V,) is not a skew-symmetric
operator. This is due to the fact that we can extract from K (V,).Ay(V), a part which plays a quite
similar role to a skew-symmetric operator such that the norm of the remaining part is controllable
in a suitable manner. So, let us write (7) under the form

Ao(V)oV + A1(Ve)oxr V = H(V), (35)

where H (V) is defined by

0
HV) =[A1(Ve) = A1(V)19:V + (uaxmaxu)) : (36)

We then take the action of the operator K (Ve)af_l on (35) and take the scalar product with af V.
This leads us to

//K(V)a‘Z L (Ao(V)a, V) - a@v+//K(V)A1(V)aeV atv

//K(V)al YHWV)-8tv,

or equivalently to

f/K(V)Al(V)a‘fv a3tV = /K(V)a‘ "HWV) -8V
R

o\aﬂ o\wﬂ

/K(Ve)af_l (Ao(V)d, V) - 8LV, (37)
R
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Let us note that

kovoavo= (% ). (38)

e

Hence,

T T
//K(Ve)Al(ve)aﬁv-afv://(ghe(aj;’h)z—hg(afu)z)
0 R 0 R

T T
= ghe / 1 9th |12, —h; / 1ok 17, . (39)
0 0
Gathering (37) and (39), we get

T T T
1
¢ [ 1ot E=he [0t 4o [ [0 KRODHEE) = KT AWV 3LV,
0 0 ¢ 0 R
(40)

It is now sufficient to give a convenient estimate on the last term of (40). This estimation is
given in the following lemma.

Lemma 3.8. Let V, = (h,,0) be an equilibrium (with h, > 0) and § > 0 be small such that

System (1) admits a local solution V € co ([0, T); X5 (R)) for initial data in Bs(V,, 8). Then, as
long as V remains in Bs(V,,§), we have forall 1 </{ <,

/K(Ve)af’l(H(V)—AO(V)B,V)~8fV=/8, (8f’1£hu~8fh) + udt (ho,u)d’h

R R
+ R[h, u], 41
where
/ R, 1] < Oph 0y 8) 1| 9l 1201 +Coeay (8 1l Bt 12 - 42)
R

Proof. First of all, we look at the first term of the left hand side of (41). To do so, we first remark
that

g(he — h) 4+ 3ah?(Bu)®  —hu —2ad; (h3d,u) + ad, (h3ud ()
(43)

_ 2 B ) 5
A1 (V) — A (V) = ( gu~+ 3ahu(d,u) g(he — h) +3ah”(0,u) ) .

Thus, the definition (36) of H (V) leads to
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KV " H(V) -tV =|udb (hdyu)dth|+ 987! (g(he — h)(8,h) + 3ah2(8xu)28xh) ahn

3ah, 3ah,

Lt (heuﬁxh B huaxh(axu)Z) 9tu — 3t <he(he —h)(Oxu) + h2(8xu)3> dgu

= 0" (e + 200, (00 00) 00 +|df (Pudu) oL “44)

Let us remark here that all of the non-boxed terms of (44) are straightforwardly controllable as
in (42).
We now consider the second term of the left hand side of (41) and observe that

K (V) Ao(V) ( 0 E") (45)
e 0 = 3a .
—h, + ?heh(axu)z 0

Therefore,

3ah
K (V) (Ao(V)3, V) -85V = 0571 Ly (Byu) - 8h + 98! (%h(axu)zath - heath) tu.
(46)

Now, we need the following lemma to deal with non-straightforwardly controllable term of the
right hand side of (46).

Lemma 3.9. Assume that (h, f) € coo, T1, X (R)) for some T > 0. Then, we have
Lydif =9 Lnf — foh+ 3ad (h2a,haxf) . 47)
We now use the lemma to rewrite (46):
K(V)at =l (Ao(V)a, V)-8tV =8, (af—lﬁhu : afh) — 9 Lhu - 805
— 95 wdh) - 94h + 3ad (hza,haxu) ath + 9t (%h(axu)zh, - heh,) 8u. (48)

We then use the mass conservation equation, #; = —d, (hu), to find

K(V)a (Ag(V)3, V) -8tV =, (af*‘chu-afh) +

0 L - 0t (hu) |

+ 35 udy (hu)) - 3Eh — 3adt (hZBx (hu)ax”) och
3ah
gt (&h(axuﬁax (hu) — hedy (hu)> ogu.  (49)
g

Considering the fact that all of the non-boxed terms of (49) are straightforwardly controllable as
in (42), we notice that the form (49) of K(Ve)af’1 (Ap(V)o, V) - BfV is very interesting. This
is due on the one hand to the fact the non-desirable term ng (h?)2) afh is hidden in the boxed
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time derivative term o, (Bf_lﬁhu . afh). Therefore, we can easily deal with this term by a time
integration. On the other hand, as detailed in the following lemma, this formulation gathers the

other non-straightforwardly controllable term under the boxed term 8¢~!Lju - 3+ (hu) which
is cancellable with the boxed term d! (h3ud?u) dh of (44).

Lemma 3.10. Assume that V € Bs(V,, §). Then, we have forall 1 <l <,

/ ad) (h3ua§u) ach — L Lo - 95 (hu) | < O g0y (8) 1| 0k 301 +Coinay (8) [ Bxt 175

R
(50)

We just now need to consider (44), (49) together with Lemma 3.10 to complete the proof. O
Proof of Lemma 3.10. We first use an integration by part and the definition of £, to write

faaf (h3ua§u) 9th — ' Lo - 04 (hu) = /aaj;’ (h3ua§u) 0th + 0" Lyu - 0 (hu)
R R

=/aaf (h3ua§u) th + 8% (hu) - 8 (hu) —/aa§+1(h3axu) -9 (hu).
R R

Then, we use a simple development to get

14
/aaf (h3ua§u) 9th — ' Lo - 04 (hu) = /oz olh | Y ol (hiu) i Pu
R R j=1

)

4
+ (‘a)f(hu))2 —adf () | Y af (o u /ajf(hu) 0+ (h3)a,u | (51)
j=1 R

We now see that the term fR Bf (hu) 8f+1 (h3)d,u may be the only obstacle to the estimate (50).
However, we can treat this term as following to get the desired estimate. Indeed, we use the fact
that

T (%) =3h%05  h 4 [88, 3h%10,h,

to write

/af(hu) 3 () d,u =3/a§(hu) B2 95 (h)dyu 4 8L (hu) ([af,hz]axh) By,
R R

5 Asin [26], symbol [8f, AU represents the commutator of A € H¥(R) and U € ! (R). In other words, we have

[af, AJU =98 (AU) — AdtU.
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Likewise, we have

/af(hu) 3t (r3)ou = 3/uh28xu 3h a5 h + h*du ([af, u]h) 3¢t
R R

+ 9 (hu) ([af,h2]axh) dyut.

We just now use an integration by part to get

/af(hu) af+1(h3)axu=—3/ax (uhzaxu) @'h)? + 0, ((hzaxu ([af,u]h)) ath
R R

+3/af(hu) ([8f,h2]8xh> 3.
R

Therefore,

o / 3% (hu) 9T (W) dxu| < O,y (8) Il 9xh 13501 +Chec) (8) 1| Bxte [I2 -
R

This together with (51) leads to

/aaf (h3ua§u) 3th — ' Lo - 94 (hur)
R
< Ot} (®) 1| 9k 3301 +Clhec) (8 I Bxte 17, . O

The last step to get the estimate of Proposition 2.4 is to give an estimate on the first two terms
of the right hand side of (41). This is done in the following lemma.

Lemma 3.11. Ler V = (h, u) be in C° ([0, T); X5(R)) and assume that it belongs to Bs(V,, )
forallt €0, T). Then, we have forall 1 < <s,

8
I 135 (0 < Oy (8) 0V igems +Criany ) 19w IE2 +5 105 N1E2, (52)
and
t
[ [o (3 2 -8i8) = Concar8) (110 B + 188000 1)
0 R

+ Clrea)® (14O 1 + 19O 12:). 53)
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Proof. The first estimate (52) is a consequence of Leibniz formula and the fact that

2u(he+9) 2 2
al-‘rl a@h’ L Ve TP a(-i—l 5 afh )
P = S (0 )+ g 5 (060)

To prove (53), we use the definition of £, to write

3 Lpu - 9h| =108 (hu) - 9h — adb (B39 u) - 3k

Then, the estimate is obtained by very basic computations. Indeed,

3 (huy - 8%h — ad®(h30,u) - 9h| < [0 (hu) - 8°h

n ‘ot8£(h38xu) “oth

On the other hand, we have

3¢ (hu) - 8th

= Ca® (s + 106012,
and

’aaf(h38xu) -olh

= Cra® (1100 12 + 1050 12,
Hence, the lemma is proved. O

We now sum (40) for 1 < ¢ <s. This together with (41) and Lemma 3.11 enables us to give
an estimation on fOT | Ay ||%IH:

Proposition 3.12. Let us assume that there exists T > 0 such that the local solution of (1) satisfies
V(t) € Bs(Ve, ) forall t € [0, T). Then, we have,

t t
/ 192k 351 < Cphrepy (8) / [EX +c{he,a}<a>(||u(t> 3551 + Il b (t) ||H24F71)
0 0

+ Clteat® (111000) 13+ 11 3k ) 1,1) (54)
This proposition together with Proposition 3.7 gives the a priori estimate of Proposition 2.4.

Remark 3.13. In this work, o and p are supposed to be strictly positive. However, we can use
the same approach and computations for the viscous Saint-Venant system i.e. for « = 0. In this
case, the system fits the general framework considered in [17] and our approach, as wall as our
result, is exactly the same. Indeed, the main difference between the case o = 0 (Saint-Venant
system) and the case a > 0 (Green—Naghdi system) is the space on which the Hamiltonian Hy, o
and the operator Ao (V') are quadratic: this space is (H*(R) + 4,) x H*(R) when o = 0 whereas
it is X*(R) when « > 0. As a matter of fact, in both cases, the space of quadraticity of H, o
and Ao (V) is the same as the space on which the system is locally well-posed. For this reason,
instead of the estimate of Proposition 2.4, we find the following estimate
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T
(1= Oy ) | V(T) = Ve Il wpe +C{h@,u}(5)/ I Bt [
0

T
< Ciny ) I VO) = Ve 115 s +Ohe 1) (8) / iy 13,
0

which writes for small § > 0,

T
I V(T) = Ve llfs g +C{he,u}(5)/ 10t I < Cpny 8) | VO) = Ve I s -
0

Remark 3.14. The dissipative right hand side term, @o, (hdsu), plays a very important role to
obtain the stability result in both hyperbolic and dispersive cases. Indeed, it is well-known that
equilibriums of Saint-Venant system without any dissipative term, are unstable® (see [8] for in-
stance). Such an instability result does not exist for the Green—Naghdi equations. However, we
are not able to prove the global existence result if the dissipative term is absent, i.e. if u =0.
More precisely, the presence of the fOT | Oxut ||%[S term in the left hand side of the estimate of
Proposition 2.4 is due to the strict positivity of u. Therefore, this term disappears if © = 0. This
means that the estimate of Proposition 2.4 becomes

T
(1= Oy ) | VT) = Ve < Cpiny.cry 8) 1| VO) = Ve %5 +O ) () / Il e 113 -
0

Hence, || V(T) -V, || %Q is not any longer controlled by the norm of the initial data and the global
existence for small data can not be concluded.

4. Conclusion and perspectives

During this study, we proved the global existence for small data and the asymptotic stability of
constant solutions of the Green—Naghdi system with a second order viscosity. This result is ob-
tained by generalizing the technique used for symmetric entropy dissipative hyperbolic equations
thanks to the generalized symmetric structure of the system. The study of the rate of convergence
to equilibrium is one of the perspectives of this work. [17].

Let us however recall that the result found in this study can not be generalized by this method
to the Green—Naghdi system with friction —«u (with ¥ > 0), without the viscosity pudy (hoyu).
In fact, in absence of this term, the first estimations are not coherent with the estimation of
fé | Ox A ||]%IH , in the sense that there are of one order less than the estimation of fot | Ox ||]12_]IH .
Furthermore, if we add higher order viscous terms (order 4 or more) such as — uaf (hoy (hoxu)),
we are not able either to generalize the technique used in this work. In fact, in this latter case,

6 in the sens that in all neighborhood of constant solutions, there exists an initial data for which a shock is created in a

finite time.
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the order of the first estimations are always less than the order of the estimates of f(; | 9xh ||12HIS_1 ,

with or without —«xu + pudy (hdyu). This means that the order 2 seems to be the only order of
viscosity, our approach can be used for.

One of the other perspectives of this work is to study, in a general frame, the stability of
equilibriums of locally-wellposed symmetrizable systems with a convenient friction or viscous
term. In fact, the main difficulty of this generalization is to find the condition which leads to
convenient estimates on the time integral of the spatial derivative of the solution. Let us note that
in the case of hyperbolic systems, there are other equivalent formulations of the Kawashima—
Shizuta condition [24,17] which may be more convenient for the generalization. One of these
formulations for hyperbolic systems is the emptiness of the intersection of the eigenspaces of the
symmetric positive definite matrix (the one equivalent to .4¢) and the symmetric matrix (the one
equivalent to A1) with the kernel of the viscosity matrix at equilibriums. It is also interesting to
mention that the Kawashima—Shizuta condition is not sharp for hyperbolic systems (see [22] or
[4] for instance). A generalization of less sharp conditions may be another way to follow. The
answer to this question may let us for instance, investigate the stability of equilibriums of 2D
Green—Naghdi system. Let us recall that Ag(V) in 2-dimensional case is given by [18]

g — 3ah(div(u, v))? 0 0
Ao(V) = 0 h—ad(h3dy)  —ad (h3dy)
0 —ady(B?3y)  h—ady(hdy)

where u (respectively v) represents the vertically averaged x-component (resp. y-component) of
the speed. In this case, Ao(V) is quadratic near equilibriums, for the norm || . ||xo defined by

I f 130=I £ 1172 + Il div(f) I35 .

This is also the 0" order norm of the local well-posedness space of the 2-dimensional system [1].
Indeed, the symmetric structure is coherent with the well-posedness space.
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Appendix A. Special symmetric structure

In this section, we consider a system of the form
oW+ 0, F(W)=0. (55

The unknown W is supposed to belong to C ([0, T'); X') for some T > 0 where X is a Banach
subspace of continuous functions of (R, RY) converging to 0 at infinity. We also assume that
the derivative of all elements of X belongs to X'. Additionally, F is not anymore a function of R"
but a smooth application defined from X" to X'. We also assume that (55) is a general Godunov
system [10,18]. Therefore there exists a strictly convex functional 7 defined on a convex subset
Q of X such that 8>H(W)DF (W) is symmetric. Under theses assumptions, System (55) is
symmetrizable under any change of unknown (see [ 18] for more details).

Please cite this article in press as: D. Kazerani, Global existence for small data of the viscous Green—Naghdi type
equations, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.03.022




YJDEQ:8306

30 D. Kazerani / J. Differential Equations eee (eeee) eee—see

Proposition A.1. Let us consider the decomposition W = (U, V) of the unknown. Assume also
that the application

U, V)~ (U,svH(U, "))
is a diffeomorphism. Then, (55) is written under the unknown w = (U, §y H(W)), as following
Ao(w)dyw + Ay (w)dyw =0. (56)

Moreover, Ag(w) = Dy, W*(w) Sa,H(W) Dy W (w) is a symmetric definite positive bloc diago-
nal operator and Ay (w) = Dy, W*(w) Ba,H(W) Dy F(W) Dy, W(w) is a symmetric one.

Proof. Let us set u = U and v = §y H(W). Therefore w = (u, v). It is easy to check that we
obtain (56) by acting D,, W*(w)827-{,(w) on System (55). Let us now remark that

10
DW= (DMV va)’

and
2 2
s3Hw) = ( 0T Sy W)
Sy HW) S HW)
Hence,
Ap(w) =

SEHW) + 82, H(W) DV + (D V)T 85, HW) + (D V)T 8L H(W) DV 82, H(W) D,V + (D, V)T 82 H(W)D, V
(DT 8%, H(W) + (D, V)T 83 H(W) D, V (DyV)T 83 H(W) D,V ’

Then, Ag(w) is bloc diagonal considering the fact that
(D,V)T 85, H(W) + (D, V)T 83 H(W) D,V =0.
Indeed, v =8y H(W) and u = U give us

(DT 83, H(W) + (D,V)T 83 H(W) D,V = (D, V)T Dyv+ (D, V)T Dyv D,V
= (D,V)T Dyv DU + (D,V)" Dyv D,V =(D,V)T (Dyv D,U + Dyv D,V)
=D,V) D,v=0. O

Let us now add a right hand side term of the following form to (55)

(57

U + 0, F1(U) =0,
0V + o F2(V) =q(W),

where ¢ is a smooth application of W and (U, V) is a decomposition of W satisfying the as-
sumptions of Proposition A.1. Again, we act D, W*(w)SzH(u}) on System (55) to find
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Ao(w)dyw + A (w)dyw = G(w),
with
G(w) = (Dyy W) 83, H(W)Q(W).

We are now going to see that Q(W) = (0, q(W)) is an eigenvector for the eigenvalue 1 of
(Dy, W)TS%VH(W). In fact, the following proposition holds true.

Proposition A.2. The right hand side term G(w) is equal to Q(W).

Proof. We have by assumptions

G(W) = (DyW)T 53, HW)Q(W) = (‘%UH (W) + (D V)" 8y H q(W)> .

(D,V)T 83 H q(W)

Considering the fact that the first components (associated to U) of G(W) are the same as the up
non-diagonal bloc of the operator Ag(w) considered in the proof of Proposition A.1 acting on
q (W), these components vanish. On the other hand,

(DT 831 q(W) = (D, V)T S H)T q(W) = (D, V)T (Dyv)T g(W)
= (Dyv D,V)T q(W) = (Dyv (Dyv) ™ HT g(W)=q(W). O
Appendix B. Local well-posedness

Let us first note that there exists 0 < § < h, such that Ay(V) is invertible forall V € By(V,, §).
Then, consider the associated linear problem

0
a,V+A0‘(Z)A1(Z)8xV=< ) (58)

Ly (B (hiyu)
V(0,%) = go(x)

where V e C([0, T]; X*(R)) and 9,V € X*~!(R) for some s > 2 and gy € X*(R). It is proved
in [16] that the problem admits a unique solution V in C([0, T']; X*(R)). We now consider the
following iteration scheme

Ao (VY3 VT 1+ Ap (VR v+ =< 0 )

(R duk) (59)

Vk+l (0’ x) — gk—i-l(x)

where gkt = kv « p(:k) for some mollifier p’ with the positive real set ek = ;ik, with 8 > 0.

7 p:R—>Rtis infinity derivable compactly supported in the unit ball with fR p=1.
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We initialize the iteration by g = V. We know that (59) admits a unique solution for all positive
integer k. Let us now assume that v! (t) € Bs(V,,96) forall ] <k and all ¢ € [0, T']. This implies
by triangle inequality that

V= g% llcqo.ryxs) < 28 (60)

for all / < k. We can show that there exists a suitable 7" > 0 such that the estimate (60) holds
also true for [ = k + 1. In fact, we consider the 5 derivative of (59), take the scalar product with
8§+I(V"‘+1 — go) and we sum over § € {0, ..., s}. Then, using very similar logics as in 3.2, we
find forall0 <t <T,

t
V) = 8° 1 =< Cpgoyyoe) B 185 = 8% 15 +C1g01 0 D) f IV — g% 1% dr’
0

+ Cljig0 g0,y (D)1

Then, Gronwall lemma leads us, for § small enough, to

IV = g0 12 o 7= €M (1185 = ° I +7).

where C and A are strictly positive reals independent of k. On the other hand, there exists by
assumption, €g > 0 such that

k+1 _

I g llxs<e forall keN.

Then, choosing § small enough (therefore €p small enough), there exists 7 > O such that the
condition (60) is satisfied for all / € N. We assume from now that T and 8 are small enough to
give us (60) for all positive integer. Then, we consider the st derivative of (59) for iterations k

and k — 1, take the scalar product with 8;‘“ (VA1 — vk)_ subtract the two equations and sum
over 5 € {0, ..., s}. Likewise, we get

t
I VEL @) = VEO) 1k < v 185 — g8 1% +0 / | VE@) — Vv Ay 1% dr!
0
t
+6 / | VAL @y — vE@) 1% dr!
0

for some convenient positive y, 6.
Applying the Gronwall lemma, we have for all k € N

T
VA = VE IR o7y = €T [ 18! = g8 1% +6 / | VEEH = VELE) I de” | . (61)
0
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Now, we sum (61) on k € N. This leads us to

(1 _ eTe)\,T) Z ” Vk+1 _ Vk ”%‘([O’T]’XY)S e)LT Z ” gk-‘rl _ gk ”%gs i
keN keN

Then, considering the fact the 7 is small and the fact that the sum ), || gkt — gk II§Q is

convergent, we conclude that the set vk is convergent in C([0, T]; X*(R)). The uniqueness
can be proved by the same way. In fact, we obtain a very similar approximation to (61) for
| VI — V2 ||xs considering two solutions V!(x,¢) and V2(x, t) for the initial conditions V(x)
and V»(x). Hence, the local well-posedness is proved.

Appendix C. Linear stability of equilibriums of the Green—Naghdi equation

In this part we are going to see another use of the symmetric structure of the Green—Naghdi
equation. In fact, this structure enables us to prove the linear stability of an equilibrium V, =
(he, ue) with h, > 0, for the system without any dissipative right hand side term. To see this, let
us consider the solution V € C([0, T); X*(R)) of the linearized system

Ao(Ve)a, V + A1 (Ve)dy V =0, (62)
act 8f on (62) for 0 < £ <s, and take the scalar product by Bf(V —V,):

t T

//Ao(ve)a,afv-af(v — Ve)+//A1(Ve)af+lv-af(V— V,) =0. (63)
0 R 0 R

Now, considering the facts that

2dt

1d
/AMWM%VﬂﬁV—%ﬁ?_—1%MMQV—%%%W—%%
R R

and

t

//Al(ve)af“v 5V =V, =0,

0 R
together with the X°-quadraticity of Ag(V,), we get the following estimate,
195 (V (1) = Vo) 50= C 1 95(V(0) = Vo) [150- (64)

where C is a strictly positive constant depending only on /., « and g. Hence, we have the fol-
lowing proposition,
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Proposition C.1. Let s > 2 be an integer and consider the initial data Vy € X°(R). Then, there
exists C > 0 such that the solution V of (62) satisfies for all time,

IV @) = Ve < Cll Vo= Ve I - (65)
This gives us the linear stability of the equilibrium of (1).

Theorem C.2. Let s > 2 be an integer and consider the Green—Naghdi system,

oth + dchu =0,

. 66
Ohu + 3y (hu?) + 8, (gh?/2 + ah?h) = 0. (66)

Then, the equilibrium solutions V, = (he, u.), with he > 0, are linearly stable for the X* norm.

Let us note that this theorem can be generalized to all locally well-posed symmetrizable sys-
tem of the form (62) such that A4y(V,) is quadratic.
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