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Abstract

We study the effects of diffusion and advection for a susceptible-infected-susceptible epidemic reaction—
diffusion model in heterogeneous environments. The definition of the basic reproduction number R is
given. If R < 1, the unique disease-free equilibrium (DFE) is globally asymptotically stable. Asymptotic
behaviors of R for advection rate and mobility of the infected individuals (denoted by d; ) are established,
and the existence of the endemic equilibrium when R > 1 is studied. The effects of diffusion and advec-
tion rates on the stability of the DFE are further investigated. Among other things, we find that if the habitat
is a low-risk domain, there may exist one critical value for the advection rate, under which the DFE changes
its stability at least twice as dj varies from zero to infinity, while the DFE is unstable for any d; when
the advection rate is larger than the critical value. These results are in strong contrast with the case of no
advection, where the DFE changes its stability at most once as d; varies from zero to infinity.
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1. Introduction

The spatial spread of diseases in heterogeneous habitats has received considerable attention
recently, as the environmental heterogeneity can be an important factor in disease dynamics.
The following SIS (susceptible-infected-susceptible) epidemic reaction—diffusion model, which
incorporated spatial heterogeneity, was proposed by Allen et al. in [3]:
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r =ds ﬁ()S+I y (x)
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where S(x, 1) and I(x,t) denote the density of susceptible and infected individuals in a given
spatial region €2, which is assumed to be a bounded domain in R (m > 1) with smooth bound-
ary 0€2; the positive constants dg and d; are diffusion coefficients for the susceptible and infected
populations; the positive functions 8(x) and y (x) are Holder continuous on € and represent the
rates of disease transmission and recovery at location x, respectively. The main results of [3]
concern the existence, uniqueness and asymptotic behaviors of the endemic equilibrium as the
diffusion rate of the susceptible individuals approaches to zero. Allen et al. also investigated a
discrete SIS-model in [2]. In [22] Peng and Liu discussed the global stability of the endemic
equilibrium in some special cases. The effects of large and small diffusion rates of the suscepti-
ble and infected population on the persistence and extinction of the disease were considered in
[21,23]. Peng and Zhao [24] recently considered the same SIS reaction—diffusion model, but the
rates of disease transmission and recovery are assumed to be spatially heterogeneous and tempo-
rally periodic. Ge et al. introduced a free boundary model for characterizing the spreading front
of the disease in [11]. They showed that if the spreading domain is high-risk at some time, the
disease will continue to spread till the whole area is infected; while if the spreading domain is
low-risk, the disease may vanish or keep spreading, depending on the expanding capability and
the initial number of infected individuals.

In some circumstances populations may take passive movement in certain direction, e.g., due
to external environmental forces such as water flow [17-19], wind [8] and so on, which usually
can be described by adding an advection term to the equation. Here, we consider a SIS epidemic
reaction—diffusion model with advection. We are particularly interested in how the advection and
diffusion affect the disease transmission.

1.1. SIS epidemic reaction—diffusion—advection model

In this paper, we will study the following SIS epidemic reaction—diffusion model with advec-
tion in one-dimensional space domain:
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dSSX—qud,ix—qizo, x=0,L, t>0,
S(x,0)=8y(x)>0, I(x,00=1Ip(x)>0, 0<x<L,

where S(x, ) and I (x, 1), respectively, represent the density of susceptible and infected individ-
uals at time ¢ and location x on the interval [0, L]; L is the size of the habitat, and we call x =0
the upstream end and x = L the downstream end; ¢ is the effective speed of the current (some-
times we call g the advection speed/rate, and we remark here that ¢ should be non-negative since
x = L is defined to be the downstream end). Here we impose no-flux boundary conditions at the
upstream and downstream ends, respectively. It means that there is no population net flux across
the boundary x = 0 and x = L. As mentioned in [3], since the term SI/(S + I) is a Lipschitz
continuous function of § and / in the open first quadrant, its definition can be extended to the
closure of the first quadrant by setting it to be zero when either § = 0 or = 0. We also assume
that there is a positive number of infected individuals, that is,

L
(A) fi(x, 0)dx > 0, with §(x,0) >0 and I(x,0) >0 for x € (0, L).
0
By the maximum principle [25], both S (x,1) and I (x,1) are positive for x € [0, L] and ¢ €
(0, Thax), where Ty _is the maxir_nal existence time for solutions of (1.2). Then, by the maximum
principle again, both S(x, ¢) and I (x, t) are bounded on [0, L] x (0, T;,4x). Hence, it follows from

the standard theory for serpilinear_parabolic systems that 7;,,, = oo and system (1.2) admits a
unique classical solution (S(x, t), I (x,t)) for all time [13]. Let

L
ng/ [5(x,0)+ I[(x,0)]dx > 0 (1.3)
0

be the total number of individuals in (0, L) at t = 0. Summing two equations of (1.2) and inte-
grating over (0, L) gives

L L L
P o _ _ _
% /(S + Ndx = f(dSSxx +diliy)dx — g f(Sx +I,)dx =0, t > 0. (1.4)
0 0 0
Thus the total population size is constant in time, i.e.,

L
/[S(x,t)+i(x,r)]dx:1v, t>0. (1.5)
0
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From (1.5), we know that any solution (S(x, 1), I(x,1)) satisfies L! space bound uniformly
for t € [0, 00). In fact, it can be concluded that for any fixed ¢ > 0, ||S’(-,t)||Loo([o,L]) and
||I_ (s )l oo (o, ) are also uniformly bounded in [0, c0), by following the argument in [1] (see
also Exercise 4 of Section 3.5 in [13]). Unless otherwise stated, we assume that (A) holds and N
is a fixed positive constant throughout this paper.

By adopting the same terminology as in [3], we say that x is a low-risk site if the local disease
transmission rate B(x) is lower than the local disease recovery rate y (x). A high-risk site is
defined in a similar manner. We call that (0, L) is a low-risk domain if fOL Bx)dx < fOL y (x)dx
and a high-risk domain if fOL B(x)dx > fOL y (x)dx. Here we note that (0, L) is called a high-risk
domain if fOL Bx)dx > fOL y (x)dx in [3]. For the sake of simplicity we do not consider the case

fOL B(x)dx = fOL y (x)dx, though some arguments still hold in this case.
1.2. The equilibrium problem

We are mainly interested in non-negative equilibrium solutions of (1.2), that is, the non-
negative solutions of the following system:

. ~ S1 ~
dsSxx —qSx —BX)z=——=+y(x)[ =0, O0<x<L,
S+1
- - ST - (1.6)
diliy — gl + B(x)——= —y(x)I =0, O<x<L,
S+1
dsSy —qS=d;I, —ql =0, x=0, L.

Here, S(x) and I(x) denote the density of susceptible and infected individuals, respectively, at
x € [0, L]. In view of (1.5), we impose the additional hypothesis

L
/[S‘(x) +1(x)]dx = N. (1.7)
0

It is clear that only solutions (S‘(x), f(x)) satisfying S‘(x) > 0 and f(x) > on [0, L] are of
interest. A disease-free equilibrium (DFE) is a solution of (1.6)—(1.7) so that I (x) = 0 for every
x € (0, L); An endemic equilibrium (EE) of (1.6)—(1.7) is a solution in which I (x) > 0 for some
x € (0, L). We denote a DFE by (S, 0) and an EE by (S, I). By direct computations and con-
dition (1.7), we get S= qu(q/dS)x/dS(eqL/dS — 1). Thus (1.6)—(1.7) has a unique disease-free
equilibrium, which is spatially inhomogeneous.

1.3. Statement of main results

According to the definition of the basic reproduction number in literatures [9,30,31], we define
the basic reproduction number for model (1.2) as follows:

L Lx o
Bx)ed” p=dx
Roldr,q) = sup fo

7 7
weHl;(é((()),L)) d; fOLedlxq)%dx +fOLy(x)edlx<p2dx
¢
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From the definition of the basic reproduction number of (1.1), it can be seen that R is a smooth
function of d; and g. For the sake of convenience, we shall denote the basic reproduction number
by Ry. If the advection rate ¢ = 0, we denote the basic reproduction number by Ro, s0 Ro is a
smooth function of d; only. The basic reproduction number Ro was introduced in [3], where it is
shown that Ry is a threshold value for the stability of the disease-free equilibrium: if Ro < 1 then
DFE is globally asymptotically stable, and if Ro > 1 then the DFE is unstable. We can extend
this conclusion to the model (1.2).

Theorem 1.1. If Rg < 1 then the DFE is globally asymptotically stable, but if Ro > 1 then it is
unstable.

We now establish some qualitative properties of the basic reproduction number Ry, in terms
of dj and q.

Theorem 1.2. The following statements about R hold.

(i) Given any g > 0, Ro — B(L)/y(L) as d; — 0 and Ro — [ B(x)dx/ [} y(x)dx as
d; — 00o;
(i1) Givenany d; >0, Ry — Ro as q— 0and Ro— B(L)/y (L) as g — oo;
(i) If B(x) > (<)y(x) on [0, L], then Ro > (<)1 for any dj > 0 and g > 0.

Part (i) shows that for any positive advection speed, the basic reproduction number R tends
to the local reproduction number at the downstream end as d; becomes arbitrarily small. This is
in strong contrast with the case ¢ = 0, for which 7%0 — maxjo,z] B(x)/y (x) as df — 0O (see [3]).

It is known that 7A20 is a monotone decreasing function of dj (see [3]), but for positive advec-
tion rate, parts (i) and (ii) suggest that the monotonicity of Ry with respect to dj or g generally
do not hold, as the condition at the downstream end plays a critical role in determining the dy-
namics of the model. From the biological point of view, since the influence of advection is from
the upstream to the downstream, small diffusion or large advection tends to force the individuals
to concentrate at the downstream end. Thus, when advection is strong or the diffusion is small, if
the downstream end is a low-risk site, the disease will be eliminated; and if the downstream end
is a high-risk site, the disease will persist.

Part (iii) of Theorem 1.2 shows that if every site of the domain is low-risk, the disease will be
eliminated regardless of the advection speed and diffusion rate; and if every site of the domain
is high-risk, the disease will persist for arbitrary advection speed and diffusion rate. It is natural
to consider the case that the domain contains both high-risk sites and low-risk sites, i.e., the
function B(x) — y(x) changes sign in the interval (0, L). It turns out that this situation is much
more complicated, as the answer may depend upon both locations and numbers of high-risk sites
and low-risk sites. We will offer some discussions in the following theorems, which are the main
analytical results of this paper.

We first study the stability of the DFE and the existence of the EE when 8(x) — y (x) changes
sign exactly once in (0, L). It means that the domain contains only one high-risk sub-domain and
one low-risk sub-domain. Moreover, from Theorem 1.2 we know that the stability of the DFE
depends upon whether the downstream site is high-risk or low-risk. More precisely, we consider
B(x), y (x) satisfying the following assumptions:
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(C1) B(x) — y(x) changes sign from negative to positive, i.e., 8(0) — y(0) < 0 < B(L) —
y (L),

or
(C2) B(x)— y(x) changes sign from positive to negative, i.e., (0) —y(0) > 0> B(L) — y(L).
For the biological point of view, assumption (C 1) implies that all lower-risk sites are located at
the upstream and all high-risk sites are at the downstream. Similarly, assumption (C2) implies
that high-risk sites are distributed at the upstream and lower-risk sites are at the downstream.

In [3], for the model without advection, the stability of DFE is different when the habitat is a

high-risk domain or lower-risk domain. We also analyze our model under these two cases. First
we consider the case when the habitat is a high-risk domain.

Theorem 1.3. Suppose that fOL B(x)dx > fOL y (x)dx.

(i) If (C1) holds, then the DFE is unstable for any ¢ > 0 and d; > 0;
(i) If (C2) holds, then there exists a unique curve

't ={(dr, p1dD) : Ro(dr, p1(dp)) =1,d; € (0, 00)}
in di — q plane such that for every djy > 0 the DFE is unstable for 0 < q < p1(dy) and the

DFE is globally asymptotically stable for g > p1(d;). Moreover, the function p1 : (0, 00) —
(0, 00) satisfies

d
lim pi(d;) =0, lim 219D g
d]—>0+

dj—o00 d]

where 01 is the unique positive solution of

L
f [B(x) — y(x)]e”"dx = 0.
0

For different values of dj, g > 0, the stability of the DFE will be different under suitable
assumptions about 8(x) and y (x). To be more precise, we give the following definitions:

Definition 1.1. Denote the regions on the d; — ¢ plane identified in Theorem 1.3 as follows:

L L
Qy=1Urng):Ro<1, /ﬂ(X)dX>/V(X)dx, BL)>y(L) ¢,
0 0
L L
Q=119 Ro>1, /ﬁ(X)dX>/J/(X)dx, BL)>y(L) ¢,
0 0
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Fig. 1. Illustration of the parameter regions of (dj,q) in Theorem 1.3 part (i): If S(x), y(x) satisfy fOL B(x)dx >
fOL y (x)dx and B(L) > y (L), then the DFE is unstable in the first quadrant.

le 7 a=pi(dn)
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: _/ / / / / /
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5 /- / , /7 / / 7

/ ;
;! /-' /" /; / R[) >l /o /!
Sy 4 S i
USRI Tiiil?y
_//_//,// i vy
: Sy /.

0 (l]

/

Fig. 2. Illustration of the parameter regions of (dj,g) in Theorem 1.3 part (ii): If B(x), y(x) satisfy fOL B(x)dx >
fOL y (x)dx and B(L) < y (L), then the DFE is stable in QZI and unstable in Qi[z]l

L

Qy=1ra):Ro<1, [ﬂ(x)dx>/y(x)dx, B(L) <y(L) ¢,
0 0
L
Qp=1r.q): Ro> 1, fﬂ(x)dx>/y(x)dx, B(L) < y(L)
0 0

Remark 1.1. See Figs. 1 and 2 for graphical illustrations of the stable and unstable regions
of the DFE in Theorem 1.3. For part (i), 5, = # and @Y, = Rt x R", i.e., the unstable
region of the DFE is the first quadrant in d; — ¢ plane in this case. For part (ii), le =
{d;,q):d; >0,9 > p1(dy)} and th ={(d;,q):d; > 0,0 < g < p1(d;)}. The regions Qil and
QU i are separated by the curve g = p1(dy), where ¢ = p1(dy) is determined in Theorem 1.3.
Some qualitative behaviors of ¢ = p1(dy) are given in Theorem 1.3.

In [3] it is shown that for the model without advection, DFE is always unstable when the
domain is a high-risk domain, which means that the disease always persist for any d;. Part (i)
of Theorem 1.3 implies that if the habitat is a high-risk domain and the downstream end is a
high-risk site, then the disease persists for arbitrary advection rate. From the biological point of
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view, for the model with advection, the advection causes the individuals to concentrate at the
downstream end which is a high-risk site (we can understand it as a “bad” site), thus disease
always persist in this case. For part (ii), we see that for any fixed advection rate, the DFE is stable
for small dj and is unstable for large d;. In particular, the DFE changes its stability at least once
as dj varies from 0 to co. Biologically this indicates that since the downstream end is a low-risk
site (similarly, we can understand it as a “good” site), the advection transports the individuals to
a favorable location and thus it can help eliminate the disease. Hence, the disease will persist if
the advection rate g is small relative to dj, and the disease will be eliminated if the advection
rate is large relative to d;.

Next we give the precise description of the stability of the DFE when the habitat is a low-risk
domain.

Theorem 1.4. Suppose that fOL Bx)dx < fOL y(x)dx, then there exists a constant d}“ >0
such that the following statements hold, where d} is the unique positive root of the equation

Ro(dy) = 1:

(i) If (C1) holds, then
e ford; € (0,dy), the DFE is unstable for any g > 0;
e ford; € (d}, 00), there exists a curve

T2 ={(dr, p2(d1)) : Ro(d1, p2(dp)) = 1, d; € (d], 00)}

in d; — q plane such that the DFE is globally asymptotically stable for 0 < q < pa2(dy)
and the DFE is unstable for q > py(dy). Moreover, the function p; : (d}, 00) — (0, 00) is
a monotone increasing function of d; and satisfies

lim d;) =0, lim =6s,
dﬁd;urpz( ) ; 7 2

where 0, is the unique positive solution of

L
/[5(36) —y(x)]e”"dx =0.
0

(i) If (C2) holds, then
e ford € (0, d;*), there exists a curve

I3 ={(d;, p3(d1)) : Ro(dr, p3(dy)) = 1,d; € (0, d))}

in d; — q plane such that the DFE is unstable for 0 < q < p3(dy) and the DFE is glob-
ally asymptotically stable for q > p3(dj). Moreover, the function p3 : (0,d}) — (0, 00)
satisfies

lim p3(dy) =0, lim  p3(dy) =0;
d;—0+

d[—)d?—

e ford; €[d}, o), the DFE is globally asymptotically stable for any q > 0.
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7/ /4/:/_/
Ay

AN AV A

Fig. 3. Illustration of the parameter regions of (dj,q) in Theorem 1.4 part (i): If S(x), y(x) satisfy fOL Bx)dx <
fOL y (x)dx and B(L) > y (L), then the DFE is stable in leh and unstable in SZ%

Similar to Definition 1.1, we give the following definition.

Definition 1.2. Denote the regions on the d;y — g plane identified in Theorem 1.4 as follows:

L L

Q8 =g Ro <1, /ﬂ(x)dx</y(x)dx, B>y},
0 0
L L

ol =V rq): Ro> 1, /ﬂ(x)dx</y<x>dx, B(L) >y},
0 0
L L

oS =g Ro<1, /ﬁ(x)dx</y(x>dx, BL) <y},
0 0
L L

Ql = Vdrg): Ro> 1, /ﬂ(x)dx</y(x>dx, B(L) <y(L)
0 0

Remark 1.2. See Figs. 3 and 4 for graphical illustrations of the stable and unstable regions
of the DFE in Theorem 1.4. For part (i), @5, = {(d;.q) :d; > d},0 < q < pa(d;)} and Qf) =
Q) U2, where Q) = (d1,q):0 <dy <dj,q >0} and @7 = {(dr,q):d; =d},q >0} U
{d;,q):d; >d},q > p2(dp)}. The regions ), and Qf are separated by the curve g =
p2(dy), where g = pp(dy) is determined in Theorem 1.4 and some qualitative behaviors of
q = pa2(dy) are given in Theorem 1.4. For part (ii), Qﬁ = {(d,, q9):0<d; <dj,q> ,03(d1)} U
{(dI,q) vdyp > df,q > O} and QIL; = {(dl,q) :0<d; <df,0<qg < p3(d1)}. The regions QISI
and Qll{ are separated by the curve g = p3(d;), where g = p3(d;) is determined in Theorem 1.4
and some qualitative behaviors of ¢ = p3(dy) are given in Theorem 1.4.

For the model without advection, it is shown in [3] that when the domain is a low-risk domain,
the DFE is stable if the mobility of infected individuals lies above a threshold value d} and is
unstable if the mobility of infected individuals lies below d}. Part (i) of Theorem 1.4 implies that
similar threshold value (denoted as d}*) exists for the model with advection, if the habitat is a
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0

dy

Fig. 4. Illustration of the parameter regions of (dj,q) in Theorem 1.4 part (ii): If B(x), y(x) satisfy fol‘ Bx)dx <
fOL y (x)dx and B(L) < y (L), then the DFE is stable in QISZ and unstable in QILII

low-risk domain and the downstream end is a high-risk site. In Theorem 1.4, the function p>(dy)
is a monotone increasing function of d; so that d;* is uniquely determined by p2(d}*) = gq.
Biologically, in the model with advection, since the downstream end is a “bad” site, the advec-
tion is beneficial to the persistence of the disease. Thus increasing advection will increase the
threshold value for d; at which the DFE changes the stability, i.e., d;* is an increasing function
of g.

An interesting finding is part (ii) of Theorem 1.4. Set § = maxo g+ p3(dp). If ¢ > g, then
the DFE is always stable for any d; > 0. It means that there is a maximum advection speed ¢
such that if the advection is very strong (i.e., if g is larger than @), the disease will always be
eliminated, regardless of the diffusion rate for infected individuals. Interestingly, if 0 < ¢ < ¢,
then the stability of the DFE changes at least twice: the DFE is stable for both small and large
dr and it is unstable for some intermediate values of dj. When dj is very small, advection will
transport individuals to the downstream end, which is a “good” site in this case, so the disease
will not persist. If d; is very large, the disease can not persist as the habitat is a “low-risk”
domain. However, for intermediate dj, in this case the disease will persist since the advection
rate ¢ is relatively small with respect to dy, i.e., d; neither large or small so that the dynamics of
the model is neither dominated solely by diffusion nor advection.

The following result establishes the existence of endemic equilibrium for a class of transmis-
sion and recovery rates:

Theorem 1.5. Assume that B(x) — y(x) changes sign once in (0, L). If Ro > 1, then problem
(1.6)—(1.7) has at least an EE.

In Theorems 1.3 and 1.4, we studied the stability of the DFE when the habitat contains exactly
one high-risk sub-domain and one lower-risk sub-domain, i.e., 8(x) — y (x) changes sign once in
(0, L). Next we consider the stability of the DFE when 8(x) — y (x) changes sign twice in (0, L)
and illustrate that Theorems 1.3 and 1.4 may fail for such transmission and recovery rates.

Theorem 1.6. Assume that B(x) — y (x) change signs twice in (0, L) (see Figs. 5 and 6).
@) IffOL B(x)dx > fOL y(x)dx and B(L) < y (L), then there exists some positive constant A,

independent of dj and q, such that for every d; > A, there exists a constant Q > 0 (depen-
dent on dy) such that Ry > 1 for0 < g < Q and Ry < 1 for g > Q;

Please cite this article in press as: R. Cui, Y. Lou, A spatial SIS model in advective heterogeneous environments, J.
Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.05.025




YJDEQ:8385

R. Cui, Y. Lou/ J. Differential Equations eee (eeee) eee—see 11

Wik gpad g Al

q

0

Fig. 5. Illustration of the parameter re-regions of (dj, ¢) in Theorem 1.6 part (iii): If B(x), y(x) satisfy fOL B(x)dx >
fOL y (x)dx and B(L) > y (L), then the DFE is stable in Qlfh and unstable in Qfl/h.

0

Fig. 6. Illustration of the parameter regions of (dj,q) in Theorem 1.6 part (iv): If B(x), y(x) satisfy fOL Bx)dx <
fOL y (x)dx and B(L) < y (L), then the DFE is stable in Ql‘s; and unstable in QILl/

(i1) IffOL Bx)dx < fOL y (x)dx and B(L) > y (L), then there exists some positive constant A >
dy, independent of d; and q, such that for every d; > A, there exists a constant Q > 0
(dependent on dy) such that Ry < 1 for 0 <q < Q and Ry > 1 for g > Q;

(iii) IffOL B(x)dx > fOL y (x)dx and B(L) > y (L), then there exists a constant A > 0 indepen-
dent of dy and q such that for every dj > A, either Ro > 1 for any q > 0, or there exists
a constant Q > 0 independent of d; such that Ry > 1 for q # Q and Ro =1 for g = Q
or there exist two constants Q2 > Q1 > 0 (both dependent on dy) such that Ry > 1 for
q €(0, Q1)U (Q2,00) and Ry < 1 for g € (Q1, Q2) (see Fig. 5);

@iv) IffOL (x)dx < fOL (x)dx and B(L) < y (L), then there exists a constant A > dy indepen-
dent of di and q such that for every d; > A, either Ro < 1 for any g > 0, or there exists
a constant Q > 0 independent of d; such that Ro < 1 for q # Q and Ro =1 for g = Q
or there exist two constants Q2 > Q1 > 0 (both dependent on dj) such that Ry < 1 for
q €(0, Q1)U (Q2,00) and Ry > 1 for g € (Q1, Q2) (see Fig. 6).

Part (i) is qualitatively similar to that of part (ii) of Theorem 1.3, when d; is large enough.
Part (ii) is qualitatively similar to that of part (i) of Theorem 1.4, when dj is large enough. The
results of parts (iii) and (iv) are noteworthy. For part (iii), if d; is large enough, there are three
cases:

Case 1. The DFE is unstable for any g > 0. This result is similar to that of Theorem 1.3 part (i).
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Case 2. There exists a curve (in fact, it approaches a line with positive slope as d; — 00) such
that the DFE is unstable for any (d;, g) except those on the curve.

Case 3. There exist two functions ¢ = pa(dy) and g = ps(d;) such that the DFE is stable for
p4(dr) < q < ps(dy) and is unstable for 0 < g < ps(d;) and g > p5(dy). Moreover,
q = p4(dr) and g = ps(dy) satisfy

p4(dy) o5(dp)
m =qop, lim =

dj—o0 I dj—00 T

o2,

where o] < «y are the positive roots of

L L
/[ﬂ(X) —y(x)]e"tdx = /[ﬁ(x) —y(x)]e***dx =0.
0 0

This last case is different from part (i) of Theorem 1.3: For each fixed d; > A, the DFE
changes the stability exactly twice, from unstable to stable to unstable, as g varies from
0 to co.

Remark 1.3. If (x) — y (x) changes sign twice, we can only determine the stability of the DFE
when the infected individuals diffusion rate d; is large enough. It is unclear how the DFE changes
its stability as dj varies from 0 to oco.

The rest of the paper is organized as follows. In Section 2, we consider the stability of the DFE
and discuss some properties of the basic reproduction number in terms of the advection speed
and the mobility of infected individuals. In Section 3, when the habitat changes from high-risk
sites to lower-risk sites (or from lower-risk sites to high-risk sites), we study how the stability
of the DFE depends precisely on the advection speed and the mobility of infected individual.
The existence of the endemic equilibrium is established, by using the bifurcation theory and
Leray—Schauder degree theory. Section 4 is devoted to the stability analysis of the DFE when the
habitat contains several high-risk sub-domains and lower-risk sub-domains.

2. Qualitative properties of R and stability of the DFE

By the definition of the basic reproduction number Ry, there exists some positive function
®(x) € C2([0, L]) such that

1
—d1<I>”+qCI>x+y(x)<I)=R—Oﬂ(x)CD, O<x<L, @
di®,(0) —q®(0) =0, di®P(L) —q®P(L)=0.
Set p(x) = e~@/4DXP(x), then ¢(x) satisfies
1
_quJXX —q4Px + )/(X)QD = E()ﬂ(X)(p’ O<x< Lv (22)

@x(0) = @2 (L) =0.
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When g = 0, we denote the basic reproduction number Rg by 7@0. The basic reproduction num-
ber Ry was introduced in [3], where the following statements are established:

Lemma 2.1. Suppose that 8(x) — y (x) changes sign in (0, L).

@) 7@0 is a monotone decreasing function of dj with 7%0 — max{B(x)/y(x):x €[0, L]} as
d; — 0 and Ry — fOL ﬁ(x)dx/fOL y(x)dx as d;j — oo;
Gi) If i B)dx = [ y (x)dx, then Ro > 1 for all dy > 0;
i) If fOL Bx)dx < fOL y (x)dx, then there exists some threshold value d;‘ € (0, o0) such that
Ro > 1 ford; <dy and Ry < 1 for d; > dj.

Remark 2.1. From the characterizations of d}" in [4], the threshold value d}“ can be defined by

S8 — y)¢2dx

df =su
S 1Ve|2dx

L
cpe H'((0,L)) and/(,B —)¢?dx >0} . (2.3)
0

It can be shown that if fOL B(x)dx < fOL y(x)dx then d7 is positive and finite; If fOL B(x)dx <
fOL y (x)dx then df = co.

In the following we discuss some qualitative properties of Rg and the stability of the DFE.
Theorem 1.1 is a consequence of Lemmas 2.3 and 2.4, Theorem 1.2 follows from Lemma 2.5,
Corollary 2.6 and Lemma 2.7.

To study the stability of the DFE, we need to consider an eigenvalue problem associated with
(1.2). We linearize (1.2) around the DFE to obtain

{é=d£m—qé~{ﬂu)—yan@ O<x<L,t>0,
e =difixx — qilx + [B(X) —y ()17,  O0<x<L, t>0.

Here &(x,1) = S(x,t) — §(x,t) and 7(x, 1) = I(x,1). Let £(x,1) = e M&(x) and 7j(x,1) =
e *n(x) be the solution of the linear system. We then derive an eigenvalue problem

{dséxx—qéx—[ﬂ(x)—y(X)]n+k$=0, O<x<L, 2.4)
dinex —qne +[Bx) —y()In+in=0, O0<x<L, '
with boundary conditions
{ ds€x(0) —q&(0) =0, dséx(L) —q&(L) =0, 2.5)
dinx(0) —gn(0) =0, drny(L) —gn(L) =0. '
In view of (1.7), we impose an additional condition
L
/[5()6) +n(x)ldx =0. (2.6)
0
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In fact, we only need to consider the eigenvalue problem

{dmxx—qnx+[ﬂ(x)—y(x)]n+>w7=0, 0<x<L, 27
diny(0) —gn(0) =0, din.(L) —gn(L) =0. '
Set ¢ (x) = e~@/4D%y(x), then ¢ (x) satisfies
ditxx +q8 +[BX) =y +A0=0, O<x<L, 2.8)
¢x(0) =¢x (L) =0. '

It is well known that all eigenvalues are real, and the smallest eigenvalue, denote by A1(dy, q), is
simple, and its corresponding eigenfunction ¢ can be chosen positive [29].
First, we give the relation between R and A (dy, q).

Lemma 2.2. For any d; > 0 and g > 0, we have Ry > 1 when Ai1(d;,q) <0, Ro = 1 when
My, q) =0, and Ro < 1 when A1(dy, q) > 0.

Proof. Recall that (11(d}, q), ¢1) is the principal eigen-pair, i.e.,

{ —dr(@)xx —q@)x + 1y (x) — B¢ =11(dr, )1, O<x <L, 2.9)

(61)x(0) = (¢1)x (L) =0.

We multiply (2.1) by ¢ and (2.9) by ®, integrate by parts in (0, L), and subtract the resulting
equations to obtain

L L
1
)»1(611,4)/43(16)051 (x)dx = (R_o - 1> /ﬁ(X)CD(X)%(X)dx.
0 0

Since fOL @ (x)¢p1(x)dx and fOL Bx)P(x)p1(x)dx are both positive, we conclude that Ry > 1
when A1(dy,q) <0, Ro =1 when A1(dj,q) =0,and Rg < 1 when A1(dj,q) >0. O

We remark that the positive function ¢; satisfies equation (2.2) when Ry = 1, i.e., ¢; denotes
the corresponding eigenfunction of the basic reproduction number R = 1. The following lemma
shows that the stability of the DFE relies on the magnitude of Ry.

Lemma 2.3. [f Ry < 1, then the DFE is stable, but if Ry > 1 then it is unstable.

Proof. 1. Suppose first that Ry < 1. We will show that the DFE is linearly stable. Suppose the
conclusion is false, then we can find (X, &, n) which is a solution of (2.4)—(2.5) with the condition
(2.6), with at least one of £ and n not identical zero, and that Re(1) < 0. Suppose that n = 0, then
& #£0 on [0, L]. Furthermore, from (2.4) with boundary condition (2.5), we have

{d5§xx_qu+)f=0, O<x<L,
dséx(0) —q&(0) =0, ds&(L) —q5(L) =0.
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It is easy to see that A is real and nonnegative, and therefore A = 0. We find that & = &ne(?/4)*
where & is some constant to be determined later. By (2.6), £y =0, i.e., £ =0 on [0, L]. This is a
contradiction. Then we conclude that = 0 on [0, L]. From (2.7), A must be real and A < 0. Since
A1(dg, q) is the principal eigenvalue, then A1(dy,g) < A <0. Lemma 2.2 implies that Rg > 1,
which is a contradiction. Then we conclude that if (1, &, 1) is a solution of (2.4)—(2.5), with at
least one of & and n not identical zero on [0, L], then Re(X) > 0. This proves the linear stability
of the DFE.

2. Suppose that Ry > 1. We claim that the DFE is linearly unstable. In fact, (A1(dy, q), ¢1)
is the principal eigen-pair of (2.8). Then (A1(dy, ), /%) $,) satisfies the second equation of
(2.4). Lemma 2.2 implies that A1(dj, g) < 0. Consider the first equation of (2.4) with (A, n) =
(A1(dr, q), e/ 9xgy), e,

{dss“ —qéc +21(d1, ) = (B(x) —y (@)W, 0<x <L,
dséx(0) —¢5(0) =0, dsé:(L) —q&§(L) =0.
We see that there is a unique function &; satisfying the above equation and the condition

fOL (&1 + ¢9/4D%pydx = 0. Thus, (2.4)—(2.5) has a solution (A{(d}, q), &1, €9/4D* ¢1) satisfy-
ing A1(dy, q) <0 and e(q/d”xdn > 01n (0, L). Hence, the DFE is linearly unstable. O

Next we show that if Ry < 1 then the DFE is globally asymptotically stable.

Lemma 2.4. I[f Ro < 1, then S, DH— (S‘, 0) in C([0, L]) as t — o0.
Proof. Suppose that Ro < 1. By the equation of [ in (1.2), we have

a1 _ _ _

a7 = dilex —qly +[B(x) —y ()], x€(0,L), t >0.

Set u(x,t) = Me MWrate@/dDxg, where (Ai(df,q),$1) is the principal eigen-pair,
A1(dr,q) >0 by Lemma 2.2, ¢1 > 0 on [0, L]. M is chosen so large that /(x,0) < u(x,0)
for every x € (0, L). Hence, u(x, t) satisfies

ur=druyy —qux +[B(x) — y()]u, x€(0,L), t >0,
diuy(0,t) —qu(0,t) =0, djuy(L,t) —qu(L,t)=0, t>0.

By the comparison principle, I(x,t) <u(x,t) for_every x €(0,L) and t > 0. Since u(x,t) -0
as t — oo for every x € (0, L), we also have that /(x, t) — 0 as t — oo for every x € (0, L).

Finally we show that S tends to S as r — co. Rewrite the first equation of (1.2) as

_ _ _ S 7-

By the continuity of 8(x) and y (x) on [0, L], together with the above argument about I(x,1),
we have

|‘§l _dSSxx +q§x} S Cle_)\l(dl’q)t’ X € (07 L)7 [ > 01
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for some positive constant Cj. Since the right -hand side tends to 0 exponentially, it follows that
S (x t) tends to some posmve function S as 1 — oo, where S depends only on x and satisfies
fo S(x)dx N.Thus, S=§. O

We remark that the global asymptotic stability of the DFE when Rp < 1 implies that there is
no EE in this case.
To prove Theorem 1.2, we first establish the following asymptotic behavior R for d; and ¢.

Lemma 2.5. If g /d; — oo and q*/d; — oo, then Ro — B(L)/y (L).

Proof. Set w(x) = e~ /44 P (x), where A is some constant which will be chosen differently
for different purposes. Recall that (Ro, ®(x)) satisfies (2.1), then w satisfies

2
1
—djwyx +q(1 —2A)wy + [Z—IA(I —A)+ )/(x)} w= R—Oﬁ(X)w, O0<x<L, (2.10)

diwy(0) = g(1 — Aw(0), dywy(L) =g — A)w(L).

Set A=1+4+C1d;/ qz, where C1 is some positive constant to be chosen later. Then w satisfies

Cid Cid 1
—djwee —q <1+2 ql ’)wx+[—c1 <1+ ;21)+y(x)—R—0ﬁ(x)]w=0,

O<x<L, (2.11D)

Cid; Cid
djw, (0) = —Twm) dzwx(L)——% w(l).

Let x, € [0, L] such that w(x,) = rr[lénL] w(x). Since w, (0) <0, then x, £ 0. If x, € (0, L),
xe€ll,
then wyy (x4) > 0 and w, (x4) = 0. By (2.11) we have

Cid;
=C (1 + C]_> +r () — _ﬂ(x*) >0,

which is impossible for any small d[/q2 if we choose C1 = y(x1) = nha)lx] y (x) for some xi.
xel0,L

Therefore, x, = L;i.e., w(x) > w(L) for any x € [0, L]. Hence,

@ (x) (1+Cld’ )(L—x)
e .
(L)

2.12)

Next, we choose A =1 — Cad;/ qz, where C» is some positive constant to be chosen later. By
(2.10), w satisfies

—dj Wy —-q <1 _2%) wy + |:C2 <1 - C;dl> +y (x) — —,3()6)]

O<x<L, (2.13)

Chrd d
dzwx<0):%w<0>, dywy (L) = ’;’ w(L).
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Let x* € [0, L] such that w(x*) = Hf(a)ni] w(x). Since w,(0) > 0, then x* £ 0. If x* € (0, L),
xel,
then wy, (x*) <0 and wy(x*) =0. By (2.13) we have

G (1—%) +yx *)——,B(x ) <0. (2.14)

Set B(x2) = min B(x) and B(x3) = max B(x). choose €z = 2B(x3)y (x1)/B(x2) and
xell, xel0,
dr/q* < B(x2) /4y (x1)B(x3), we can get

Cod Cod
-8y = (1-52) - S

 B(x2)
Cody e Y1)
Cr1— —
> 2( o )-H/(X) e )ﬂ( 3)
Cord; y(x1)
Co1- 228 -
- 2( q2) Bl Y
>0,

which contradicts (2.14). Therefore, x* = L; i.e., w(x) < w(L) for any x € [0, L]. Hence,

@) _ —%(1—%31)(L—x).

L) = e (2.15)
Integrating (2.1) in (0, L) and dividing the result by ® (L), we have
L
/y(x) i((i)) /ﬂ( )i((i)) : (2.16)
0
Set y =¢q(L —x)/d;, then ® satisfies
. —(1+55L )y L 2L -diy/g) 56_( —Cj#)y_ 217
D(L)
We can rewrite (2.16) as
e oL—dyg 1" (L —dsy/g)
y(L— dzy/q)Tdy = Re / B(L — dzy/q)Tdy- (2.18)
0 0

By (2.17), we can apply the Lebesgue dominant convergence theorem and pass to the limit in
(2.18) to obtain
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. L/d d(L—d
lim B~ dpy ) Py
lim Ro= q/dj—o00, q*/dj— 00
q/d;— o0 lim qL/d (L —dyy/q)2L=diy/a) 4
o ., qz/d,—>oof0 v D=4y

_ Jo" B(L)e™>dy
Jo vy (Lye~vdy
B(L)

205

This completes the proof. O

Remark 2.2. We refer to [5] and [6] for some recent works on the asymptotic behaviors of
the principal eigenvalue as advection rate tends to infinity or the diffusion coefficient tends
to zero. Part of Lemma 2.5, e.g., the case dj — oo and g/d; — 00, is not covered by [5]
and [6].

By Lemma 2.5, we have the following result:
Corollary 2.6. The following statements about R hold.
(i) Givenanyd; >0, Ry — 7%0 asq — 0;
(i) Givenany dy >0, Ry — B(L)/y (L) as g — 0o,
(iii) Givenany q >0, Ry — B(L)/y (L) as d; — 0;
@iv) Givenany q >0, Ro — fOL ﬂ(x)dx/fol“ y(x)dx as dj — oo.

Proof. We only need to prove part (iv) as (i) is obvious and (ii) and (iii) follow from Lemma 2.5.
By the definition of the basic reproduction number R, we can obtain

4 4 q
| kg e g v oet e | g yeoetac 7Y
—_ = m
L i f— L i _ . 9
Ro (peH(;;é((()),L)) fO ﬁ(x)e“’lx(pzdx fO ,B(X)edlxdx xg[lé,nL]IB(X)

where the first inequality is obtained by setting ¢ = 1. Thus, 1/R¢ is uniformly bounded for
d; > 0, passing to a subsequence if necessary, it has a finite limit 1/R as d; — oc. By standard
elliptic regularity and the Sobolev embedding theorem [12], the function & in (2.1) is uniformly
bounded in C 2([0, L)) for all di > 1. Therefore, dividing both sides of (2.1) by d; and pass-
ing to some subsequence if necessary, we can get ® — ® in C([0, L]) as d; — oo for some
positive constant ®. We multiply (2.1) by e~@/4D* and integrate by parts over (0, L) to ob-

tain

L

L
/V(x)©(X)e_%xdx= L//-‘5(x)<1>(x)e‘517"clx.
Ro
0 0

Letting d; — oo we obtain Rg = fOL B(x)dx/ fOL y(x)dx. O
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Lemma 2.7. The following statements about Rg hold.

1) IfB(x) >y(x)on |0, L], then Ry > 1 for any dy > 0 and g > 0;
@Gi) If B(x) <y(x)on|[0, L], then Ro < 1 for any d; > 0 and g > 0.

Proof. (i) By the definition of R and the condition (i), we have

g a
R sup foLﬂ(X)e‘“x(Pzdx > foLed’x,B(x)dx >1
0= 4 4 = q
‘pEHl;(é(g’L)) d; fOL e p2dx + fOL y (x)ed  @2dx fOL ey (x)dx
¢
The first inequality is obtained by ¢ = 1.

(ii) We subtract both sides of (2.2) by (x)¢, multiply by '@/40%p and integrate by parts over
(0, L) to obtain

L L L
4y 5 4y 5 1 4y o
dr | edi”pidx + | [y(x) — B(x)]ed" ¢ dx = F—l B(x)ed” p“dx.
0
0 0 0

Since B(x) < y(x) on [0, L], we have

L L
(% - 1) / Bx)ed ydx > f [y (@) — B)ledi ¢2dx > 0,
0
0 0

which implies that Rp < 1. O
3. Further properties of Ry: 8(x) — y (x) changing sign once

In this section, we study the stability of the DFE and the existence of the EE when 8(x) — y (x)
changes sign exactly once in (0, L) and B(x), y (x) satisfy the assumption (C1) or (C2).

The following result will be frequently used in this section.

Lemma 3.1. Let ¢ be a positive eigenfunction corresponding to Ro = 1. If B(x) — y (x) changes
sign once in (0, L) and assumption (C1) (or (C2)) holds, then (¢1)x > 0 (or <0) in (0, L).

Proof. We only consider the case that 8(x) — ¥ (x) changes sign once in (0, L) and (C1) holds,
ie., B(0) —y(0) <0< B(L) — y(L). Note that ¢ satisfies

{—d1(¢1)xx —q(@)x +y()d1 =px)p1,  O<x <L, 3.1)
(91)x(0) = (¢1)x (L) =0. :

Multiplying (3.1) by e@/4D* we rewrite the equation as

—di (N (p1))r = [B) =y ()] gy
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By assumption (C1), there exists some xo € (0, L) such that 8(x) — y(x) <0 in (0, x9) and
B(x) =y (x) >0 in (xg, L). Thus, (/D% (¢1),)x > 0 in (0, x0) and (¢“4/4¥(¢1),)x < 0 in
(x0, L). Therefore, e4/40% (¢)),, is strictly increasing in (0, xo) and strictly decreasing in (xq, L).
According to the boundary condition (¢1),(0) = (¢1)x(L) = 0, we get e 4/dx (1), > 0 in
(0, L). Thus, (¢1)x >0in (0, L). O

In subsection 3.1, we study the stability of the DFE in terms of d; and ¢. Subsection 3.2 is
devoted to the existence of the EE.

3.1. The stability of the DFE

In this subsection, we study the stability of the DFE and our main goal is to establish Theo-
rems 1.3 and 1.4. Theorem 1.3 is a consequence of Lemmas 3.4 and 3.5, and Theorem 1.4 follows
from Lemmas 3.6 and 3.7.

In order to consider the stability of the DFE in terms of the diffusion rate d; and the advection
rate g, we need to study the asymptotic behavior of g (dy) for sufficiently large d;, where d; and
q(dy) satisty Ro(dj, q(dr)) = 1. To this end, we first consider some auxiliary function F.

For any continuous function m(x) on [0, L], define

L
F(n):/e”xm(x)dx, 0<n<oo.
0

Lemma 3.2. Assume that m(x) is continuous on [0, L]. If m(L) > (<) 0, then there exists some
positive constant M such that F (n) > (<) 0 for any n > M.

Proof. Since

L
lim ne "™ F(n) = lim /ne"(x_L)m(x)dx =m(L) > (<)O0,
n——+o0o
0

n— 400

we can see that there exists some positive constant M such that F () > (<)O0forn> M. 0O
Lemma 3.3. Suppose that m(x) changes sign once in (0, L). The following statements hold:

(1) If m(x) satisfies m(L) > 0 and fOL m(x)dx > 0, then F(n) > 0 for any n > 0;
(ii) If m(x) satisfies m(L) < 0 and fOL m(x)dx <0, then F(n) <0 for any n > 0;
(iii) If m(x) satisfies m(L) > 0 and fOL m(x)dx < 0, then F(n) has a unique positive root, de-
noted by n1, for n € (0, +00) and F'(n;) > 0;
@iv) If m(x) satisfies m(L) < 0 and fOL m(x)dx > 0, then F(n) has a unique positive root, de-
noted by ny, for n € (0, +00) and F'(n1) < 0.

Proof. It suffices to prove parts (i) and (iii). If m(x) changes sign once in (0, L) and m(L) > 0,
i.e., there exists x; € (0, L) such that m(x;) = 0, then m(x)(x — x1) > 0 for x € (0, L) and
Xx # x1. By direct computation we obtain
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L
e ™" F ()] =e ™ [F'(n) —x1 F(n)] = / " D m(x) (x — x1)dx > 0. (3.2)
0

Here the prime notation denotes differentiation by 7.

Since F(0) = fOL m(x)dx > 0 and e F(n) is strictly increasing in n € (0, c0), F(n) > 0
for any n > 0. Thus (i) of Lemma 3.3 holds.

If m(x) satisfies fOLm(x)dx < 0, by m(L) > 0 and Lemma 3.2, then F(n) has at least a
positive root for n € (0, +00). As e *!"F(n) is strictly increasing in 5 € (0, 00), F(n) =0 has
a unique positive root, denoted as 5. By equation (3.2), F'(n1) > x1 F(n1) = 0. This completes
the proof of (iii)). O

Remark 3.1. In parts (iii) and (iv) of Lemma 3.4, the monotonicity of F(n) for n € (0, c0)
generally do not hold. For part (iii), we can show that F(n) is strictly increasing in (11, 00).
Similarly in part (iv), F'(n) is strictly decreasing for n € (11, 00).

Lemma 3.4. Suppose that B(x) — y (x) changes sign once in (0, L) and fOL B(x)dx > fOL y (x)dx.

(1) If B(x) and y (x) satisfy (C1), then Ro > 1 forany d; > 0 and q > 0O;

(i) If B(x) and y (x) satisfy (C2), then for every di > 0, there exists a unique q = q(dy) such
that Rop > 1 for0 < q < g and Ro < 1 for q > q.

Proof. (i) We subtract both sides of (2.2) by B(x)¢, multiply by ¢/4D% /¢ and integrate by parts
over (0, L) to obtain

L

“,"?_Ix(p2 i 4 1 ; 4
o [ e [ipe - yonedtas= (1= o) [ooetan
0 ¢ 0 RO 0

9
By Lemma 3.3 with m(x) = B(x) — y(x), we see that fOL[ﬂ(x) - y(x)]edlxdx > (0 for any
d; > 0 and g > 0. We can thus conclude that

L L
(1 N L) / el dx = / [B(x) — y(0)ledr"dx > 0,
Ro
0 0

which implies that Ry > 1 for any d; > 0 and g > 0.
(ii) First we compute dRo/dq. One differentiates both sides of (2.2) with respect to g to get

R 1
—dig}, — ¢x — g9 + y ()@ = —R—gﬂ(x)w + ﬁoﬁ(x)w/, O<x<L, 33
¢ (0) =g, (L)=0.

Here the prime notation denotes differentiation with respect to ¢. Multiplying (3.3) by e(@/4)%¢
and integrating the resulting equation in (0, L), we get
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L L L
ix arx ax
dr | e" g pcdx — | e grpdx + | y(x)e®” ¢ pdx
0 0 0

L L
R, a 1 s
= ——g/ﬂ(x)edfngdx + —/ﬂ(X)e"'x<p/<de- G4
R; Ro
0 0
Multiplying (2.2) by (@/4* ¢’ and integrating the resulting equation in (0, L), we obtain

L
d[/e
0

Subtracting (3.4) and (3.5), we obtain

L L

q 1 4
x(pxcp;dx+fy(x)e"1x<p<p/dx=R—/ﬁ(x)e"1x<p<p/dx. 3.5)
0
0 0

S

49
0Ry  R3 [y e prpdx
9 L B(x)ed™ p2dx

(3.6)

By Corollary 2.6 we have

On the other hand, we have lim, .o Ro = 7€0 > 1 for any d;. Then, there must exist at least some
g such that Ro(g) = 1. We only need to show that for any ¢ satisfying Ro(q) = 1, Ry(q) < 0.
From (3.6) and Lemma 3.1, we see that for any g > 0 satisfying Ro(g) =1,

JE et (1) sprdx

Ry(@) = 0——
Jy B (1)

< 0.

This implies that g is the unique point satisfying Ro(g) =1. O

Remark 3.2. In Lemma 3.4, we can not obtain the monotonicity of Ro with respect to g. We can
only determine the sign of the derivative for Rq at g. If B(x) — y (x) is strictly monotone, see
[14] for related results.

From part (ii) of Lemma 3.4, we see that there exists a function g = p;(d;) such that
Ro(dr, p1(dr)) = 1. We determine the asymptotic profile of p;(dy) in the following result.

Lemma 3.5. Suppose that B(x) — y (x) changes sign once in (0, L) and fOL B(x)dx > fOL y (x)dx.
If B(x), v(x) satisfy (C2), then there exists a function p; : (0,00) — (0,00) such that
Ro(d;, p1(dy)) = 1. Moveover, py satisfies

li d)) =0, 1l =0,
d,linopl( 1) Jim 1

1—>00 1
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where 01 is the unique solution of

L
/[,B(X) —y(x)]e"¥dx =0.
0

Proof. 1. First, we consider the limit of p{(d;)/d; as dj — oo. Suppose that p1(dy)/d; — oo
as d; — o0o. By Lemma 2.5 and assumption (C2) we get

. (L)

m  Rodrn pd)) =2 <1,
p1(dj)—00 y(L)
p1(dy)/dj—o0

which contradicts Ro(d;, p1(d;)) = 1.

Next, we claim that p;(d;)/d; — 61 as dj — oo, where 6 is the unique positive root of
fOL eglx[,B(x) — y(x)]dx = 0. By the above argument, p;(d;)/d; is bounded for large d;. Pass-
ing to a subsequence if necessary, as d;j — oo, we assume that pj(d;)/d; — 6, for some
non-negative number 6,. Let ¢ denote an eigenfunction of the eigenvalue Ro(dy, p1(d;)) =1,
uniquely determined by max|o,zj ¢ = 1. Hence, ¢ satisfies

P eldp
{_dl(e T Hly@) —Ble & "9=0, O<x<L, (3.7)
(ﬁx (0) = (ﬁx(l‘) =0

Integrating (3.7) in (0, L), we have

L

prp | y
/6 T () — y (x)]gdx =0

0

By standard regularity and passing to a subsequence if necessary, as d; — 00, we may assume
that ¢ — 1 in C([0, L]). Passing to the limit by letting d; — oo, we have

L

/ P [B(x) — y(x)]dx =

0

By Lemma 3.3 with m(x) = B(x) — y (x), we know F(n) has a unique positive root, i.e., 6, = 6.
2. Suppose that there exists some positive constant ¢g* such that g = p;(d;) — ¢* as df — 0.
By Lemma 2.5, we conclude

L
im  Ro, o1 =2 1,

p1(d)—>q* y(L)
p1(dy)/dj—o0

which contradicts Ro(dy, p1(dr)) = 1. Suppose that g = p1(dj) — oo as d;f — 0, we can reach
the contradiction similarly. Thus, it must be the case that limg, 0 p1(d;) =0. O
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Next we consider the case that 8(x), y (x) satisfy fOL B(x)dx < fOL y (x)dx. With slight mod-
ification to the proof of Lemma 3.4, we can prove:

Lemma 3.6. Suppose that 8(x) —y (x) changes sign once in (0, L) and fOL Bx)dx < fOL y (x)dx,
then there exists some constant df > 0 such that the following statements hold, where dj is the

unique positive root of the equation 7%,()(6[ 1)=1

(1) If B(x) and y (x) satisfy (C1), then
e fordr € (0,df], Ro > 1 for any q > 0;
e ford; € (d}, 4+00), there exists a unique g = q(dy) such that Ry < 1 for 0 < q < g and
Ro>1forq>q.
(1) If B(x) and y (x) satisfy (C2), then
e for d; € (0, d;‘), there exists a unique q = q(dy) such that Ro > 1 for 0 < g < q and
Ro < 1forq>gq;
e ford; € [d},400), then Ry < 1 for any g > 0.

Proof. We only prove part (i) as the proof of (ii) is similar. Since B(x) and y (x) satisfy (C1),
using the same proof of part (ii) in Lemma 3.4, we know that if there exists g > 0 such that
Ro(g) =1, then g is unique, and Rg(é) > (. Thus, for d; € (d}, +00), the proof is completed.
For d; € (0,df], from Lemma 2.1 we know that lim, o Ro = 7€0 > 1. By Corollary 2.6 and
condition (C1), lim;_, o Ro = B(L)/y (L) > 1. It implies that there does not exist ¢g* > 0 such
that Rg = 1. Thus, Rp > 1 forany g > 0. O

Remark 3.3. For d; = dj, we know that ¢ = g(dy) =0 and Ro(d},0) = 7éo(d}k) = 1. More
precisely, for d; = dj, if B(x) and y (x) satisfy (C1), then Ry > 1 for ¢ > g(d}) = 0; if B(x)
and y (x) satisfy (C2), then Ry < 1 for g > g(dj) =0.

Similar to Lemma 3.5, we determine the asymptotic behavior of p2(dy) and p3(d;).

Lemma 3.7. Suppose that 8(x) —y (x) changes sign once in (0, L) and fOL B(x)dx < fOL y (x)dx,
then there exists a constant dj > 0 such that the following statements hold, where dy is the unique

positive root of the equation 7%0(611) =1.

(1) If B(x) and y (x) satisfy (C1), then there exists a function p; : (d}, 0c0) — (0, 00) such that
Ro(dy, p2(d;)) = 1. Moveover, p; is a monotone increasing function of dj and satisfies

lim pa(d;) =0, lim —6,,
d[—)d}k-l— d

where 03 is the unique solution of

L
/[,B(X) — y(x)]e?*dx = 0.
0
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(i) If B(x) and y(x) satisfy (C2), there exists a function p3 : (0, d}“) — (0, 00) such that
Ro(dy, p3(dr)) = 1. Moreover, p3 satisfies

lim p3(d;) =0, lim p3(dj)=0.
d;—0+ d]—)d}k—

Proof. (i) To prove the monotone property of py(d;) about d;, we claim that if 8(x) — y(x)
changes sign once in (0, L) and (C1) holds, then for any d; satisfying Ro(d;) =1, R(’) dp) <0.
Here the prime notation denotes differentiation by dj.

We differentiate both sides of (2.2) with respect to d; to get

R 1
—pxx —d1@, — q9 + Y (X)¢ = —Egﬂ(x)w + R—Oﬂ(x)w’, O<x<L, o
0 (0) =g, (L) =

Multiplying (3.8) by ¢(@/41% ¢ and integrating the resulting equation in (0, L), we get

L L L
Fx +x +x
— [ elt"pupdx +d; [ ediT @ o dx + | y(x)ed” ¢ pdx
0 0 0
L
6 dix 2 1 dix /
——2 B(x)ed” p=dx + R_o Bx)ed” ¢ pdx. 3.9
0
0 0

Multiplying (2.2) by e?/4D% ¢’ and integrating the resulting equation in (0, L), we obtain

L L L
lx / lx / 1 i)C /
dr | er"gioxdx 4+ | y(x)ed (p(pdx:R— Bx)ed " ¢ pdx. (3.10)
0
0

0 0

Subtracting (3.9) and (3.10), we obtain

9 a4
IR0 szo & “prrpdx R3fy e pldx  qRE [y e prpdx

- (3.11)
odr L gryedr ™ p2dx foLﬁ(x)e”’l @2dx  dy [ B(x)ed p2dx

By Lemma 3.1, we see that for any d; satisfying Ro(d;) =1, (¢1)x > 0, which implies that

R3 Jy el 10, Pdx gRE [ el (p1)edrd

7 . <0.
Jo BT $2dx  dy [y Bx)e® pldx

Ry(dp) = —

This proves our assertion.
For any (dj, p2(dy)) satisfying Ro(dy, p2(dr)) = 1, we differentiate Ro(dy, p2(d;)) = 1 with
respect to dj to get
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Ry Ry
_ d + — = O’
dq )02( 1) d,

where the prime notation denotes differentiation by d;. By part (i) of Lemma 3.6 and the above
claim, 9Ry/dqg > 0 and dRgy/dd; < O for (dy, p2(dy)) satisfying Ro(dy, p2(d;)) = 1. Thus
p5(dp) > 0.

Next we prove limd1_>d7+ p2(dr) = 0. Suppose that there exists g* > 0 such that ¢ =

p2(dr) — q* as d; — dj+. Then there exists a positive function ¢*(x) € C2([0, L]) such
that

{ —dir, — q* Pt +y(0)e* =p(x)¢*, O0<x<L,

$5(0) =¢F(L)=0. (3.12)

Since dj is the unique positive root of the equation Ro = 1, then there exists a positive function
é(x) € C2([0, L]) such that

[—d}"éxxﬁLy(X)fl;:ﬂ(X)qS, 0<x<L, (3.13)

$x(0) = p (L) =0.

Multiplying (3.12) by 43, (3.13) by ¢*, integrating over (0, L) and subtracting, we ob-
tain

From Lemma 3.1, we know that ¢ > 0 in (0, L). Since ¢} and ¢AS are all positive functions, then
q* =0. HCHCC, limdlad;% ,O2(d[) =0.
By a similar argument as in the proof of Lemma 3.5, we can prove

. p2(dy)
lim ——= =

02,
dj—o0 d[

where 6; is the unique solution of

L
f [B(x) — y(x)]e?"dx = 0.
0

(i1) By the above argument and the proof of Lemma 3.5, the proof is complete. O
3.2. The endemic equilibrium
In this subsection, we apply the bifurcation analysis and degree theory to study the existence

of endemic equilibrium when the disease-free equilibrium is unstable. Theorem 1.5 is a conse-
quence of Lemmas 3.8 and 3.10.
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In subsection 3.2.1, we will prove the problem (1.6)—(1.7) has at least an EE for (d;, q) €
QY uQ)? UQY and the EE exists for (d7, ¢) € 2, UK, in subsection 3.2.2.

3.2.1. Bifurcation from the disease-free equilibrium
In this subsection we prove the existence of endemic equilibrium of (1.6)—(1.7) using bifurca-

~ 4 '
tion theory. By the transformation § = e S, I = " I we can convert the steady states system
(1.6) to

edq_/XSI (i—i>x
dsSix +qSy — f(X)————F— +yx)e\r s/ 1=0, O<x<lL,
el S + el ]
q
eds* ST
d][xx +qIX+ﬂ(x)ﬁ —)/(.X)I =0, 0<X<L, (314)
eds"S+ed” |
Sx(0) = 58x(L) =0, I,(0) = I,(L) =0,
L, Lx 4 x
Jo leds S+e% " Idx =N,

where the constant N is the total population size. We shall study (3.14) instead of (1.6)—(1.7)
since the structure of the solution set of (3.14) is the same as that of (1.6)—(1.7). For (3.14), the
unique disease-free equilibrium is denoted by (S, 0) = (¢ N /ds(e?/9s — 1),0). We will apply
the local and global bifurcation theorems to consider a branch of positive solutions of (3.14)
bifurcating from the branch of semi-trivial solutions given by

I's:={(q, (3,0)) 10 < g < o0}

We now set up the abstract framework for our bifurcation analysis. Fix dg, d; > 0 and let ¢
be the bifurcation parameter. For p > 1, set

X ={ue W (0, 1)) 1 uy(0) =u (L) =0}, ¥ =L7(0, L)),
and define the set of positive solutions of (3.14) to be
0={@g,(S,1)e R x X x X: qg>0,8>0,1>0, (q,(S, 1)) satisfies (3.14)}.
We have the following result about the bifurcation from the disease-free equilibrium.
Lemma 3.8. Suppose that ds,d; > 0 and f(x) — y (x) changes sign once in (0, L), then

1. g« > 0 is a bifurcation point for the positive solutions of (3.14) from the semi-trivial branch
I's if and only if q. satisfies Ro(dr, ) = 1. More precisely,
(1) when fOL B(x)dx > fOL y (x)dx, for any d; > 0, such q, exists uniquely if and only if
B(x) and y (x) satisfy condition (C2);
I) when fOL B(x)dx < fOL y (x)dx, such g exists uniquely if and only if either assumption
(C1) holds and d > dj or assumption (C2) holds and 0 < d < dj, where dj is the

unique positive root 0f7A20 =1
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2. All positive solutions of (3.14) near (g, (3‘, 0)) e R x X x X can be parameterized as

F={(g(r), S+ Si(x), (1)) : T €[0,5)) (3.15)

for some & > 0, (q(1), (3 + S1(7), 11(7))) is a smooth curve with respect to T and satisfies
q(0) =gx, $1(0) =1:(0) =0. _
3. There exists a connected component ¥ of O such that ' C X, and the following statements
about ¥ hold:
Case (I) fOL B(x)dx > fOL y (x)dx. If (C2) holds, then for X, the projection of X to the q-axis
satisfies Projq ¥ =0, g«] and the connected component ¥ connects to (0, (S, 1)), where
(Sx, 1) is an endemic equilibrium of (3.14) when g = 0.
Case (1) fOL B(x)dx < fOL y (x)dx.
(i) If (C1) holds and d; > dj, then for I, the projection of ¥ to the q-axis satisfies
Proj, ¥ =[gx, 00), and (3.14) has no positive solution for 0 < q < gs.
(i) If (C2) holds and 0 < d; < dj, then for %, Proj, % = [0, g«] and the connected com-
ponent ¥ connects to (0, (Sx, 1)), where (S, 1) is an endemic equilibrium of (3.14)
when g = 0.

Proof. 1. We define a mapping F: Rt x X x X - ¥ x ¥ x Rby

ix
edr” ST 4 _4q
dSSxx+qu_.3(x)ﬁ+y(x)e<d] dS)XI
eds S+ el
49
F(Q»(&I)): edeSI
drlx +qlc + B(X)———5— —y ()]

eds S el ]
4 9
[¥1e®s™S + et  [1dx — N

Then the peAlir (S, 1) satisfies F(q, (S, 1)) =0 if and only if (S, I) isAa solution of (3.14). Note
that F(q, (S, 0)) =0 for any g > 0. The Fréchet derivatives of F' at (S, 0) are given by

) ds®x + g, + [y () — peotelH)
D(s,l)F(q,(S,O))[\I,} = diVsx +q¥s + [B(x) —y(x)]¥ ,

4 9
[ e ® + e w]dx

(i,i)x
® cDX"'(;_,—;—S) [y(x) — B(x)]e\4 /"W
Dy s.nF(q.(S,0)) [\y} - w. |
+ g
Jo [5e® @+ el widx
2 %ﬁ(X)ez%Vis)x\pZ
5 o
Dot $.0 |: v ] - —gﬂ(x)e<%7%)xq,2
K

0
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We find that (g, (3’, 0)) is a degenerate solution of (3.14) if

49 _ 49
ds<l>xx+q®x+[y(x)—ﬂ(X)]e(d’ dS)x‘I'=0, O<x<L,
diWyx +q¥x +[B(x) —y ()Y =0, O<x<L,
Fogl g (3.16)
/[e"s O +ed \Il]dx=0,
0

©,(0) =D (L) =0, W (0) =W (L)=0

has a nontrivial solution (®1, ¢1). The second equation of (3.16) has a positive solution ¢ only
when g = g, satisfies Ro(ds, g«) = 1. Actually, ¢ is an eigenfunction corresponding to the
eigenvalue Ro(dy, g«) = 1 and P satisfies

ds(®1)ax +q(P)x + [y (x) — ﬁ(X)]eui’fi)x(ﬁl =0, O<x<lL,
L

f[€%Xq>l +e%"¢1]dx=o, (3.17)

0
(®1)x(0) = (P)x(L) =0.

It can be seen that @ is uniquely determined by ¢ in (3.17). Hence, g = g is the only possible
bifurcation point along I's where positive solutions of (3.14) bifurcates, and such g, exists if
and only if Rop = 1. By Lemmas 3.4 and 3.6, the necessary and sufficient conditions for the
occurrence of bifurcation are established.

2. At (g, (S, 1)) = (g, (5,0)), the kernel Ker(D(s. 1) F (gx, (S,0))) = span{(®1, ¢1)}, where
(D1, ¢1) satisfy (3.16) with g = g,. From the above discussion we know that (®1, ¢1) is unique
(up to a multiple of constant). The range of D(s, 1) F (gx, (3‘ ,0)) is given by

L
Range(Dis. Fan 3,00 = { (8.0 €7 x ¥ x Bs [ghefar=of.
0

which is of co-dimension one. Since (¢1), does not change sign in (0, L) from Lemma 3.1, then
9
fOL (P1)xpre " dx # 0. Hence, we can get

Dy (5.1 F(qs, (S, 0)[(®1, ¢1)] ¢ Range(Ds.1) F (g, (S, 0))).

Consequently we can apply the local bifurcation theorem in [7] to F at (gx, (8,0)) and conclude
that the set of positive solutions to (3.14) is a smooth curve

I ={(g(x), S+ S1(z), [1(x))) : T €[0,8)},

such that g (0) = g4, S1(7) = 8 +o(|T|), I1 () = o(|7]). Moreover, ¢’(0) can be calculated (see,
e.g., [10,27]):
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8 2 L (7-4)x 43
AL Des,ins,n F (gs, (S, 0)[P1, ¢1]7) Jo B)e\T s )" pldx

q'(0) = _ .
20, Dys.ny F@es S, @1, A1) § [Ledi gy () cdr

where [ is the linear functional on ¥ x Y x R defined by (I, [ f, g, k]) = fOL gq)le%xdx.

3. For the proof of part 3, the existence of the connected component ¥ follows from the
global bifurcation theorem in [28] (see also [26]), and it is known that X is either unbounded, or
connects to another (g, (S’ ,0)), or X connects to another point on the boundary of O.

Case (I): fOL B(x)dx > fOL y(x)dx and (C2) holds. From the above proof of part 2 and
Lemma 3.1, we know that there exists a unique g, such that the local bifurcation occurs at
(gx, (S' ,0)) and ¢’(0) < 0, i.e., the bifurcation direction is subcritical. It means that (3.14) has
a positive solution when g, — § < g < g4 for some small § > 0. By Lemma 3.4, Ry > 1 when
g« — 8 < q < g4 for some small § > 0. According to Lemma 2.4, (3.14) has no positive solution
when R < 1, then (3.14) has no positive solution when g > ¢y, i.e., the projection of X to the
g-axis Proj, ¥ C [0, g«]. Since the positive solutions have a uniform L bound for 0 < g < g%,

then ¥ must be bounded in O. It can be seen that the third option must happen here. Therefore
% must connect to (0, (S, 1)), where (S, 1) is the unique endemic equilibrium of (3.14) when
g =0. Thus, 0 € Proj, Z. This complete the proof of Case (I).

Case (I: [ B(x)dx < [i ¥ (x)dx. If (C1) holds and d; > d7, from the above bifurcation
analysis and Lemma 3.1, there exists a unique bifurcation point g, such that ¢’(0) > 0, i.e.,
the bifurcation direction is supercritical. That is, (3.14) has a positive solution when g, < g <
g« + 8 for some small § > 0. Hence Ry > 1 when g, < g < g« + 8 for some small § > 0 by
Lemma 3.6. According to Lemma 2.4, (3.14) has no positive solution when Rg < 1, then (3.14)
has no positive solution when 0 < ¢ < ¢4. Hence the first option must happen here. Assume
that there exists ¢* > ¢, such that Proj, ¥ = [gx, q™), then it is a contradiction as all positive
solutions have an uniform L bound for ¢ = ¢*. Therefore, the projection of X to the g-axis
Proj, ¥ = [gx, 00). If (C2) holds and 0 < d; < dy, the proof is similar to that of case (I). O

Here we note that when fOL,B(x)dx < fOL y (x)dx, if condition (C1) holds and d; = dj,
g«(dy) = 0 is the unique bifurcation point. For the connected component X, the projection of
% to the g-axis satisfies Proqu = [0, 00), i.e., (3.14) has at least one positive solution for any
q > 0 in this case.

From Lemma 3.8, we see that the EE of (1.6)—(1.7) exists for (d;, q) € Q}ll]l U QIL,;Z U QIL[/

3.2.2. The Leray—Schauder degree argument

In this subsection, we will apply the degree theory to prove the existence of the endemic
equilibrium when the disease-free equilibrium is unstable. First we give a priori estimate of the
positive solutions of (3.14).

Lemma 3.9. For any & > 0, there exist two positive constants C and C, depending on dj, ¢,
1Blloos 1V lloo and N such that for any ¢ <ds <1/e, 0 <q < 1/e, if Ry # 1, then any positive
solution of (3.14) satisfies

_§S(x),l(x)§a forany x € [0, L]. (3.18)
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Proof. In the introduction we have discussed that S and I have the upper bound C, C depending
ondy, ¢, ||Blloos |V loo and N. We only need to prove that S and I have positive lower bounds.

We claim that maxjo, 7]/ (x) is bounded below by some positive constant. To establish this
assertion, we argue by contradiction. Suppose that there exist (S;(x), /; (x)) are positive solutions
of (3.14) such that

max [;(x) — 0, asi — o0,

xel0,L]
and (S; (x), I; (x)) satisfies
%
el S I; (%)
ds.i (Si)xx +qi(Si)x — ,3()6)—,4-)/()6)@ $i/°1;=0, O0<x<L,
edsi™ S +ed ™
Sl i
d[(l)xx+CIz(I)x+,B(X)—_V(x)l =0, O<x<L,
esit Si + eI,

(S)x(0) = (Si)x (L) =0, (Ix(0) = (Ii)x(L) =0
L

i i
/[e’i&ixSi +€d’x1i]dx =N

wheree <ds; <1/¢and 0 < g; < 1/¢. Passing to a subsequence if necessary, we assume ds,; —
ds > 0and ¢; — g > 0. Since || /;||« are uniformly bounded, let I; = I; /|| I; ||, then I; satisfies

esi™ s
d1(1>xx+ql<1)x+/3<x>l—’—y(x)l—o 0<x<L,
st S; +e"l I

(INx(0) = (INx(L) =0
By standard regularity and the Sobolev embedding theorem [12], passing to a subsequence if
necessary, We know that I; > 0 and I; — I* in C([0, L]), where I* > 0 and ||I*]c = 1.

From fo [e"Sl S; + edl I;1dx = N and I; — 0 in C'([0, L]), by the equation of S; we can get
S; — §>0inC! ([0, L]). Thus it is easy to see that I* satisfies

dily+qIf +[B(x) —y()I*=0, O<x<L,
{I;‘(O)zlj(L):o

From I* > 0, then O is the principal eigenvalue, which contradicts the assumption R # 1 for any
d; > 0and 0 < g < 1/e. Thus there exists some positive constant C such that maxp 1/ (x) > C.
By the Harnack inequality (e.g., modifying the argument in [15]), there exists some positive
constant C*, depending on dy, €, || Blloo» ||V ]lco and N such that

max I(x) <C* min I(x)
xe[0,L] x€l0,L

It implies that 7 (x) has uniform positive lower bound.
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Next we prove that S(x) has a uniform positive lower bound. Set S(xp) = minyg, 1] S. Applying
the minimum principle in [16], we obtain

Sfe

o
B (x0)— ¢ St)

49 _
T 7 - V(xo)e("’ )’“’ >0, (3.19)
e S (x0) + eI (xg)

which implies that

ORI

IGo) =7 85 §(x0) + e T (xg)

> J/(x())e(%_%)x()'

B(x0)

Thus we deduce that

y Gyl =)0 .
Sxo)> L2 " 7 j(xg)>C min I
x€[0,L]

B(xo0)

Then the proof is complete. 0O

Lemma 3.10. Assume that (x) — y (x) changes sign once in (0, L), then (3.14) has at least an
endemic equilibrium, provided that one of the following conditions holds:

(i) d; >0,g>0, fOL B(x)dx > fOL v (x)dx and (C1) holds;
(i) 0 <d; <df, g >0, fOL Bx)dx < fOL y (x)dx and (C1) holds.

Proof. For any nonnegative pair (f, g) € C([0, L]) x C([0, L]), we can extend the range of f, g
properly such that the Lipschitz continuous function fg/(e(®4%/4s) f 4 ¢(t4%/dD) ¢ be defined for
f,g € Rand t € [0, 1]. We can define a compact operator family from C ([0, L]) x C([0, L]) to
C([0, L]) x C(]0, L]) as follows:

7q
g ar
(tds + (I —1)dpuxx + 7 ux+7/(X)€("’ dS)xU: F— ng . O<x<L,
q 7, 7,
edS f+e(/1 g
e fg
dlvxx—i—rqvx—y(x)v:—ﬂ(x)w, O<x<L,
els” f+eli g
ux(0) =ux(L) =0, vx(0) =vx(L) =0,
L
Tqx qx
‘/I:erdSJr(lfr)d]u_i_edl U:Id)C:N
0
(3.20)

In fact, for any 7 € [0, 1] and (f, g) € C([0, L]) x C([0, L]), since the operator d;;x—zz + rq% —
y (x) is invertible, v is uniquely determined by the second equation of (3.20). From the first and
last equations of (3.20), u is also uniquely determined. Thus, we can define G (f, g) := (u, v).
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By conditions (i) and (ii), from Figs. 1 and 3 we see that (dy, q) € Q Y th where th

and Q%l are defined in Definitions 1.1 and 1.2, respectively. That is, Ro r > 1 for any t € [0, 1],
where Ry . is defined by

L ;—qx 2
x)ed
Row = sup f() B(x) p=dx
wEHla(é(g’L)) d’fo i goxdx+f0 V(x)ed' T p2dx
¢

Ey Lemma 3.9, for any t € [0, 1], we know that there exist two positive constants C =
C(dS’ d]s Q» ”/3”007 ||V||oo, N) and g = Q(gS, d]? CL ”ﬂ”OO’ ||J/||o<>7 N) SuCh that any pOSitiVe S0O-
lution (u, v) of (3.20) satisfies C <u,v <C.

We define

D={(u,v)eC([0,L]) x C([0,L]): C/2 <u,v=<2C}.

Then for any t € [0, 1] and (S, I) € 3D, we know that (S, I) # G(z, (S, I)). As a result, the
Leray—Schauder degree deg(I — G(z, (-, -)), D, 0) is well defined, and it is independent of t,
where I is the identity map. Furthermore, (S, I) solves (3.14) if and only if (S, /) satisfies
(S,1) =G(1,(S, I)). It is easy to see that (S, 1) € D satisfies (I — G(0, (-, -)))(S,I) =0 im-
plies that (S, I) is a positive solution of

SI
dISxx—ﬂ(x)S I—l—)/(x)I:O, O<x<L,

SI
dIIxx+/3(x)S I_V(X)IZO, O<x<L,
S, (0) =Sy (L) =0, I;(0)=1,(L) =0, (3.21)
L
/[S+I]dx=N
0

From [3], the problem has a unique positive solution when the basic reproduction number
7%0 > 1, denoted by (S, 1), and (Sk, 1) satisfying S, 4+ I, = N/L. We need to determine the
linear stability of (S, I). Linearizing equation (3.21) around (S, 1), we get the following lin-
earized system:

2 2
d1®xx+ﬂ(x)m +ﬁ(X)m\IJ Y)W =ud, O<x<L,
2 12
e TP R Y Ty Y S BT @ =, O <L (3.22)

D, (0) = P (L) =0, W (0) =W (L) =0,
L

/[Cb + W]dx =0.
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Adding the first two equations of (3.22) and integrating the resulting equation in (0, L), combin-
ing with the boundary condition, we obtain & = —W. Then we can convert the first equation of
(3.22) to

—d;Pxx + (2%19()6)1* +y(x) - ﬂ(X)> P = po.

Since I, is a positive solution of (3.21), then —dld‘i—zz + 2%ﬁ(x)1* 4+ y(x) — B(x) is a positive
operator and we can obtain u > 0. Thus the unique positive solution (S, I,) is linearly sta-
ble. Hence, by the well-known Leray—Schauder degree index formula (see, e.g., Theorem 2.8.1
in [20]), we get

deg(I—G(, (-,-)), D,0)=1.

Therefore, by the homotopy invariance of the Leray—Schauder degree, we get

deg(I—G(1, (-, ), D, 0) = degI - G(0, (-,)), D, 0),

for (dy, q) € Q;{h U Qll;l] . Therefore, we know that deg(I — G(1, (-, -)), D, 0) = 1. By the proper-

ties of the degree, when (dy, q) € Q,lfh U Q%l, G(1, (-, -)) has a fixed point in D, i.e., (3.14) has
at least one positive solution. 0O

By Lemma 3.10, the EE of (1.6)—(1.7) exists for (d;, q) € Q}({h U Q%l.
4. Properties of Ry: B(x) — y (x) changing sign twice

The goal of this section is to establish Theorem 1.6. Here using the same definition in Sec-
tion 3, for any given continuous function m(x) on [0, L], define

L
F(U)=/€nxm(x)dX, 0<n<oo.
0

To study the stability of the DFE in terms of the diffusion rate d; and the advection rate ¢,
we need consider the results about the positive roots of the auxiliary function F. We have the
following result:

Lemma 4.1. Let m(x) change sign twice for x € [0, L], i.e., there exist 0 < x| < xp < L such
that m(x1) = m(xp) = 0. The following statements about F hold.

(1) If m(x) satisfies m(L) < 0 and fOL m(x)dx > 0, then F(n) has a unique positive root 1 for
n € (0, +00) and F’'(n1) < 0;
@ii) If m(x) satisfies m(L) > 0 and fOL m(x)dx <0, then F(n) has a unique positive root 1 for
n € (0, +00) and F'(n1) > 0;
(iii) If m(x) satisfies m(L) > 0 and fOL m(x)dx > 0, then F(n) has at most two positive roots
for n € (0, +00),
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@iv) If m(x) satisfies m(L) < 0 and fOL m(x)dx < 0, then F(n) has at most two positive roots
for n € (0, +00).

Proof. We only need to prove (i) and (iii). Parts (ii) and (iv) can be established in the same way.

1. Set G1(n) := e *2"[x1 F(n) — F’'(n)]. Here the prime notation denotes differentiation with
respect to n. By the condition in (i), we know that m(x) > 0 for x € (x1, x) and m(x) < O for
x € (0,x1) U (x2,L),1.e., m(x)(x —x1)(x —x2) <0 forx € (0,L) and x # x; (i =1, 2). Thus,
for any n > 0, one can get

G () = —e F"(n) — (x1 + x2) F'(1) + x12F ()]

L
=— / 1) () (x = x1)(x — x2)dx
0

>0,

i.e., G1(n) is a strictly increasing function for 1 € (0, 00). By condition (i) and Lemma 3.2, we
know that there exists at least a positive root of F. Let 11 denote the smallest positive one, then
F’(n1) <0. There are two cases, F'(n1) =0 and F'(n;) < 0.

Assume that F'(1) = 0, since F"(n) — (x1 + x2)F'(n) + x1x2F(n) = fOL eMm(x)(x —
x1)(x — x2)dx < 0, then we have F"(n1) — (x1 +x2)F'(m) + x1x2F () = F"(m1) < 0. It
implies that F attains a strict local maximum at 7. This is a contradiction. Hence F’(n1) < 0.
Next we claim that 7 is the unique positive root of F. Suppose that there exists another pos-
itive root 1> > 11 such that F(1;) = 0. Since F(11) =0 and F'(11) < 0, then F() <0 in
(1, m2), i.e., F'(n2) > 0. By the definition of G(n), we know G1(11) = —e 2" F'(n1) > 0
and G1(n2) = —e ™2™ F’(n,) < 0, this reaches the contradiction as G(n) is strictly increasing.
This completes the proof of (i).

2. For part (iii), by condition and Lemma 3.2, it is known that either F' > O for any n > 0
or F has positive roots in (0, 00). Set G2(n) = e *2"[F'(n) — x1 F ()] and 7 is the first zero
of F. Similar to the proof of part (i), we know G is strictly monotone increasing in (0, +00)
and F’(n) < 0. There are two cases, F'(n;) =0 and F'(11) < 0.

Case 1: If F'(n1) =0, then we claim that #; is the unique positive root of F. Since F"(n) —
(x1 +x)F'(n) + x1x2F(n) = fOL e"m(x)(x — x1)(x — xp)dx > 0, then we have F"(n1) —
(x1 + x2)F'(n1) + x1x2F(n1) = F”(n1) > 0. Tt implies that F attains a strict local mini-
mum at n;. Next we claim that there is no other root of F. If not, there exist 7y > 1y > 0
such that F(n;) =0 and F(n) > 0 in (51, n2), which means that F’(17;) < 0. Thus G,(n;) =
e MIF (n) —x1F(n1)]1 = 0> e 2 F'(inp) = e 722 [F'(12) —x1 F (n2)] = G2(172). This con-
tradicts the fact that G, is strictly increasing. Therefore, F has a unique positive root np, i.e.,
F >0 for any n € (0, +00) in this case.

Case 2: If F'(n1) <0, then we claim that there exists a unique 7, > 71 such that F(n;) = 0.
Moreover, F'(n7) > 0.

Since F’(n1) < 0, by Lemma 3.2, F has another positive root, denoted by 1,. We have F () <
0in (n1,n2) and F'(2) > 0. If F/(172) =0, then

L

F"(n2) = F"(m2) — (x1 +x2) F' (1) + x1x2F (1) = f e m(x)(x —x1)(x —x2)dx >0,
0
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which implies that F attains a strict local minimum at 7,. This is a contraction. Hence,
F’(172) > 0. Next we claim that there is no the positive root of F for n > n,. Suppose that
there exist n3 > n such that F(n3) =0 and F() > 0 in (172, n3). Then F’(n3) < 0. Thus
Ga(mp) = e P F'(in2) > 0> e 2B F'(in3) = e 7*?B[F'(n3) — x1F (13)] = G2(n3). This con-
tradicts the fact that G, is strictly increasing. Thus F has exactly two positive roots in this case.
This completes the proof of (iii). O

Remark 4.1. For part (iii) (or (iv)), we can further show that F(n) > (<) O for any n > 0 with
the additional condition fOL m(x)(x — x1)dx > (<) 0. This implies that the first alternative in
part (iii) can occur.

Proof of Theorem 1.6. We only need to prove (i) and (iii). Parts (ii) and (iv) can be established
in the same way.

1. For part (i), similarly as in the proofs of Lemmas 3.5 and 3.6, we know that there exists
some positive constant A, independent of d; and g such that for each dj > A, there exists some
q =q(dy) such Ro(d;,q) =1, and g/d; — no as d; — oo, where 1y is the unique positive root
of F(n) =

Next we claim that if d; is sufficiently large, for any g satisfying Ro(d;, g) = 1, we have

IR,
T, 4) <0.
dq

To establish our assertion, let ¢ denote an eigenfunction of the eigenvalue Ro(d;,q) = 1,
uniquely determined by max|o,z] ¢ = 1. Hence, ¢ satisfies

—di (e @), + y(x) Bkl G=0. 0<x<L. @.1
(Z’x(o) = ¢x (L)=

By (3.6), we have

f?
AR, R2 "G ad
90 d4y,§) = oo e e

dq fo (x)e"l (p2dx

Multiplying (4.1) by fo ¢(s)ds and integrating in (0, L), we obtain

L L X
d’/E‘%x‘?’x@der/ y(x) — ﬂ(x)]edl @ /@(s)ds dx =0.
0 0 0
Thus,
IRo TEB@) = y@)le® ™G (JiF ¢(s)ds) dx
dl—(d q) = -
Sy BQed™ g2dx
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As d; — o0, g/d; — no and ¢ — 1, we have

L . nox B
lim dlaa—RO(dI,Q) _ fo xe °L [B(x) )/(x)]dx‘
g Jo B(x)em*dx

dj— o0

By part (i) of Lemma 4.1,

L
/ xe™[B(x) — y (1)ldx = F'(30) <0.
0

Therefore, there exists some constant Q > 0 (dependent on dj) such that Rg > 1 forO <g < Q
and Rg < 1 forg > Q.
2. For part (iii), from part (iii) of Lemma 4.1, we know that there are three cases for F:

Case 1. F(n) > 0for any n > 0.

Case 2. F(n) has a unique positive root 5| for n € (0, +00) and F'(n;) = 0.

Case 3. F(n) has two positive roots 71 and 1, (11 < n2) for n € (0, +00) and F'(n1) < O,
F'(np) > 0.

For Case 1, we can show that there exists some positive constant A independent of d; and ¢
such that for every d; > A, Ro > 1 for any ¢ > 0.

For Case 2, the proof of this case is exactly the same as the above proof of part (i). We can
obtain that there exists some positive constant A independent of d; and g such that for every
d; > A, there exists some ¢ = g(dy) such Ro(d;,q) =1, and g/d; — no as dj — oo, where
no is the unique positive root of F(n) = 0. Moreover, we can obtain that if d; is sufficiently
large, for any ¢ satisfying Ro(d;, g) = 1, we have 0Ro(d;, g)/dq = 0. Thus, we know that there
exists some positive constant A independent of d; and g such that for every d; > A, there exists
a constant Q > 0 (dependent on dj) such that Rg > 1 for g € (0, Q) U (Q, o0) and Rg = 1 for
qg=20.

For Case 3, we need to modify the above proof of part (i). Following the same way as in
proof of part (i), for each d; > 0, there exist g1 = g1(d;) and g2 = ¢2(dy) (1 < g2) such that
Ro(dr,gi) =1 (G =1,2), and q1/d; — n1, g2/d; — n2 as dj — oo. And if d; is sufficiently
large, then

R0 ~ 0Rg -
dr,q1) <0, ——(d;,q2) > 0.
dq aq

Therefore, there exist two constants Q2 > Q1 > 0 (both dependent on dj) such that Rg > 1 for
q €0, Q1)U (Q2,00)and Rg < 1 for g € (Q1, Q2). The proof is complete. O

We end this section with an example to show that the third option in part (iii) of Theorem 1.6
can happen.
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Example 4.2. Consider the system

dSS’”—qS’X—(x—i—sinx—i—t)~ _+xI =0, 0<x <2m,

S+1

Si N

— —xI =0, 0<x <2m, “4.2)
S+1

dsS,(0) —gS(0) =0, dsS,(2m) —qSQ2n) =0,

diL(0) —qI(0)=0, dil,(2m) —qi(2r) =0,

a’lixx — qix 4+ (x +sinx + 1)

where dg, dj, g are all positive constants, 0 < 7 < 1/2 is a constant. From (4.2), we know that
B(x) =x +sinx + 7 and y(x) = x. It is easy to see that 8(x) — y(x) = sinx + t changes sign
twice in (0, 27), B27) — y(2w) =7 > 0 and fozn [B(x) —y(x)]dx =217 > 0.

For t > 0, by direct computation we get

2w 2w 2w
F(p) = / e™(sinx + t)dx = /e’”‘ sinxdx + / e dx
0 0 0

1—e?™ ¢ (627”’ — 1)

+
1+n? n

)
= T — .
n 14172

Then there exist two positive roots ny2 = (1 F+/1— 4t2)/27 such that F(ny) = F(13) = 0.
More precisely, from Lemma 4.1, we know that F(n) < O for n € (n1,1n2) and F(n) > 0 as
n € [0,n1) U (n2,00). By Theorem 1.6, there exists some constant A > 0 independent of d; and
q such that for every d; > A, there exist at most two constants Q> > Q1 > 0 (both dependent
on dy) such that Ry > 1 for g € (0, Q1) U (Q2,00) and Ry < 1 for g € (Q1, Q). It implies
that the disease persists when the advection rate is suitably small or large, and the disease is
eliminated for intermediate advection rate.
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