YJDEQ:8908

Available online at www.sciencedirect.com

Journal of

ScienceDirect Differential
A s Equations
ELSEVIER J. Differential Equations eee (eeee) ecee—eee —_—

www.elsevier.com/locate/jde

Global existence and large time behavior for
a two-dimensional chemotaxis-Navier—Stokes system

Renjun Duan?, Xie Li "¢, Zhaoyin Xiang ©*

& Department of Mathematics, The Chinese University of Hong Kong, Hong Kong
b College of Mathematic and Information, China West Normal University, Nanchong 637002, China
¢ School of Mathematical Sciences, University of Electronic Science and Technology of China, Chengdu 611731, China

Received 15 October 2016; revised 31 May 2017

Abstract

This paper concerns the coupled chemotaxis-Navier—Stokes system in the two-dimensional setting. Such
a system was proposed in [19] to describe the collective effects arising in bacterial suspensions in fluid
drops. Under some basic assumptions on the parameter functions y (-), k(-) and the potential function ¢,
which are consistent with those used by the experimentalists but weaker than those appeared in the known
mathematical works, we establish the global existence of weak solutions and classical solutions for both
the Cauchy problem and the initial-boundary value problem supplemented with some initial data. For the
initial-boundary value problem, we also assert that the solution converges in large time to the spatially
homogeneous equilibrium (77, 0, 0) with ng := ﬁ fQ ng(x)dx. Our results also show that the large dif-
fusion of the cell density or the chemical concentration can rule out the finite-time blow-up even though the
Navier—Stokes fluid is included.
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1. Introduction

Bacteria or microorganisms often live in fluid, in which the biology of aerotaxis is intimately
related to the surrounding physics. Tuval et al. [19] proposed a coupled cell-fluid model to
describe the dynamics of swimming bacteria, Bacillus subtilis, which not only consists of chemo-
taxis and diffusion, but also includes transport and viscous fluid dynamics. It is given as follows:

n;+u-Vn=D,An —V~(nx(c)Vc), xeQ,t>0,

c¢;+u-Ve=D.Ac —k(c)n, xe, t>0, (1.1
u+u-Va+ VP =DyAu+nVe, xe, t>0, '
V.-u=0, xeQ, t>0,

where the unknowns n(¢, x), c(t, x), u(¢, x) and P(, x) denote the cell density, the oxygen con-
centration, the fluid velocity, and the corresponding scalar pressure, respectively. Q C R? or R3
is a spatial domain where the cells and the fluid move and interact. The positive constants D,,, D,
and D, are the corresponding diffusion coefficients for the cells, the oxygen and the fluid, re-
spectively. The given functions x (-) and k(-) denote the chemotactic sensitivity and the oxygen
consumption rate, respectively. The known function ¢ = ¢ (x) is a time-independent one, and
usually denotes potential function such as the gravitational force or centrifugal force. One exam-
ple in the case of gravity is ¢ = ax; for some constant a € R depending on the ratio of the fluid
mass density to the cell density and the gravity acceleration.

As usual, in order for the system (1.1) to be well-posed, it should be supplemented with some
initial conditions

(n, c,w]i=0 = (no(x), co(x),Wp(x)),  x €L 1.2)

and some proper boundary conditions. Two typical cases for 2 are the whole space and the
bounded domain. For the case of the whole space, the boundary condition is hidden in the decay
of solutions at spatial infinity. For the case of the bounded domain, the most common boundary
condition is that n and c¢ satisfy the no-flux Neumann boundary value and u satisfies the no-slip
boundary value, namely,

on  dc _

—=—=0, u=0 on 0%, (1.3)
v dv

where v is the unit outward normal vector on 9€2.

System (1.1) consists of two subsystems. One is the classical incompressible Navier—Stokes
equations which are still lacking a complete existence and regularity theory, especially in the
three-dimensional case (see [15]). The other is a variant of the classical Keller—Segel system

n,:An—Vo(nx(c)Vc), xeR,t>0,
c;=Ac—c+n, xeQ,t>0.

(1.4)

It is well-known that the cross-diffusive term —V - (n X (c)Vc) may destabilize the homogeneity
of model (1.4) and even enforce blow-up of solutions (see [1] and references therein). Therefore,
the mathematical analysis of the coupled chemotaxis-fluid model (1.1) faces large challenges.
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Up to now, there are only few analytic results which mainly focus on the local and global
solvability of corresponding initial(-boundary)-value problems in either bounded or unbounded
domains €2, under various technical conditions on  (-) and k(-). In the case Q = R2, in [5], it
was proved that there exists a global weak solutions for the chemotaxis-Stokes equations, i.e,
the nonlinear convective term u - Vu is removed in the fluid equation of (1.1), by making use of
quasi-energy functionals associated with (1.1), under the following conditions on x (-) and k(-):

2
x() >0, x'(¢) =0, k(0)=0, k'(c) >0, d—2 <@) <0, (1.5)
des \ x(¢)

and on ¢ and the initial data cq:

¢ >0, Vo e LR,

supw|Ve| + sup w2|V2¢| and ||collz4(g2) are small; (1.0
or
k(0) =0, k'(c) > 0, (1.7)
and
¢ =0, Vo e LR,
(1.8)

supw|Ve| + sup w?|V2¢| < oo, llcoll oo (r2y 1s small,

where w = w(x) = (1 + |x|)(l + In(1 + |x|)). In [12], the global existence of weak solutions
for the full chemotaxis-Navier—Stokes equations (1.1) are obtained, under the conditions on x (-)
and k(-):

x(©), x'(c), k(e), kK'(c) =0,

d? ( k(c) ) X (©)k(e) + x (K (¢) (1.9)
— | —= 1 <0 > 0.
dcZ \ x(c) x(c)

The decay of the potential at infinity and the smallness of ¢y and ¢ in (1.6) and (1.8) are not
required in [12,6]. Moreover, if the initial data are sufficiently smooth, it was proved in [2] that
the global existence of smooth solutions could be established by assuming that ¢ (x), x(c) and
k(c) satisfy

d(x), x(c), x'(c), k(c), k'(c)=0, k(0)=0 (1.10)
and that there exists a constant y such that

sup |x (c¢) — uk(c)| < e for asufficiently small € > 0. (1.11)

c>0

In [3], Chae et al. got rid of the condition (1.11) and obtained the global existence of smooth
solution for some small initial data under only the assumptions (1.10). In the case Q2 = R3, the
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global classical solution near constant steady states and the global weak solutions in the special
situation that x (-) precisely coincides with a fixed multiple of k(-) are constructed for the full
chemotaxis-Navier—Stokes system (1.1) in [5] and [2], respectively.

In the case Q C R? is a bounded convex domain with smooth boundary, Winkler [23] proved
the global existence of classical solution to the initial boundary value problem (1.1)—(1.3) under
the assumption that the parameter functions satisfy that

x € C*([0,00)), x()>0 in [0, 00),

k € C2([0, 00)), k(0)=0, k(>0 in (0,00), (1.12)
¢ € CH(Q),
and
d [ k() d [ k(c) !
d (%) -0, & (%) 0. (x-k©) =0, (1.13)

while the initial data satisfy that

no € CO(S_Z), no>0 in Q,
coe Wh(Q) forsomeq >2, cg>0 in K, (1.14)
up € D(A%) forsome o e€(1/2,1),

where A denotes the realization of the Stokes operator in the solenoidal subspace L(ZT Q) :={pe
L*(Q)|V - ¢ = 0} of L?(£2). Then in [24], he further asserted that this solution stabilizes to the
spatially uniform equilibrium (nzq, 0, 0) with respect to the norm in L°°(€2). More related works
on the bounded domain case, we may refer to [16,20,21] for the two-dimensional case and [4,17,
22,25,26] for the three dimensional case. In particular, the recent works [25,26] established the
global existence of weak solutions as well as their eventual smoothness and stabilization to the
3D version of system (1.1), still under some strong structural assumptions on x and k.

The main purpose of this paper is to establish the global existence for system (1.1) with
initial(-boundary)-value condition under the weaker restrictions on the chemotactic sensitivity x
and the oxygen consumption rate k than those used in (1.5), (1.7), (1.9), (1.10) and (1.13). Indeed,
Petroff and Libchaber [14] recently proposed a similar chemotaxis-fluid model to describe how
the response of the sulfur-oxidizing bacterium Thiovulum majus to changing oxygen gradients
causes cells to organize into large-scale fronts, where the chemotactic sensitivity y (c) is preferred
as x'(c*)(c — c¢*) with x’(c*) < 0. This assumption is based on the experimental observation in
[7] and [18], that the sulfur-oxidizing bacterium 7. majus shows a strong chemotactic response
toward a specific concentration of oxygen, ¢* = 4% air saturation. Moreover, the experimentalists
in [19] used multiples of the Heaviside step function to model x(-) and k(-). Additionally, it
is also reasonable to assume that x(c) — 0 as ¢ — oo, which indicates that at large oxygen
concentrations chemotaxis is inhibited ([9,10]). As far as we know, there are few results involving
parameter functions satisfying these conditions. Since different functional forms of x and k are
meaningful as well, then it is very interesting to investigate system (1.1) with the more general
chemotactic sensitivity x and the oxygen consumption rate k.
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Main results. We shall study both the Cauchy problem (1.1)—(1.2) and the initial-boundary value
problem (1.1)—(1.3) in the two-dimensional setting. For the Cauchy problem (1.1)—(1.2), we first
assume that:

(A). The chemotactic sensitivity x(-) and the oxygen consumption rate k(-) are locally
bounded, k(-) is continuous at zero with k(0) =0, and k(s) > O for all s € R;

(A1). Vo € L®(R?);
(A2). The initial data (ng, cg, ug) satisfy that

no(x) >0, co(x)>0, V-up(x)=0 forall x e R>
and that

no(1+ |x| + [ Inno|) € L' (R?),
co€ L'RHNL®RHNH (R?), wugeL>R%:R?).
Under these assumptions, we will first prove the global existence of weak solutions to the

Cauchy problem (1.1)—(1.2). Here, the definition of global weak solutions is in the following
sense:

Definition 1.1 (Weak solution). A triple (n, c, u) is called a global weak solution to the Cauchy
problem (1.1)—(1.2) if for any T > 0,
(¢) it holds that n(¢, x) > 0, ¢(r, x) > 0 a.e. in [0, T] x R2, and
n(1+ |x|+ |Inn|) € L®(0, T; L' (R?)),
V/n e L*(0,T; L*(R?)),
ceL®(0,T; L'R») N L®®R*) N H'(R?Y)), (1.15)
Ace L*(0,T; L*(R?))
ue L®(0,7; L*(R* R*) N L*(0, T; H'(R* R?));

(i7) it holds that

T
f/n(atl/f—l-DnAt/f—i-Vw~u+x(c)Vc-V1//)dxdt—i—/no(x)w(o,x)dx=O (1.16)

0 R2 R2

and

T
//c(B,Iﬁ+DCAw+V1/f ~u—k(c)n1/f)dxdt—i—/co(x)l/f(O,x)dx=0 (1.17)

0 R2 R2

for any ¥ € C*®([0, T) x R?), and
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T
//u‘atgo—i-Duu‘A<p+(u~V)u-(p—an)-(pdxdt—i-/uo(x)~<p(0,x)dx
0 R2 R2

=0 (1.18)

for any ¢ € C®([0, T) x R?; R?) with V - ¢ = 0, where both ¥ and ¢ have compact support in
x, (T, )=0and ¢(T,-)=0.

The main results describing the global existence of weak solutions to the Cauchy problem are
given as follows.

Theorem 1.1 (Global existence of weak solution for Q@ = R?). Suppose that the assumptions
(A), (A1) and (Az) hold. Let M = ||col| Lo (r2) and Cgn be a positive constant resulted from the
Gagliardo—Nirenberg inequality. If it holds that

M? sup x*(s) sup k> (s)
Ofng Ofsé)M 41‘42

4D3D, t~>o,0. ' D,D.D,

Conlnollpiwey <1,

then the Cauchy problem (1.1)—(1.2) admits at least a global-in-time weak solution (n, c, ).

Whenever one enhances the regularity of the initial data (ng, co, ug) and of the parameter
functions y, k and ¢, the corresponding solution (7, ¢, u) can become more regular and thus the
global classical solution may be obtained.

Theorem 1.2 (Global existence of classical solution for @ =R?). Let m > 3. Under the assump-
tions of Theorem 1.1, if it additionally holds that the initial data (no, co, o) € H™ (R?) x
H™(R?) x H™(R?* R?), x, k € C"(R) and ||Vl¢||Loo(R2) < oo for 1 < |l| < m, then system
(1.1)—(1.2) admits a unique global-in-time classical solution (n, c,u) satisfying for any T > 0

(n,c,u) € L(0, T; H™ ' (R?) x H™(R?) x H™(R*; R?))
and
(Vn,Ve,Vu) € L2(0,T; H™ ' (R?) x H™(R?) x H™(R*; R?)).

For the initial boundary value problem (1.1)—(1.3), we will study both the global existence
and the large-time behavior of classical solution under the basic regularity assumptions (1.12)
and (1.14) but without the structural conditions (1.13).

Theorem 1.3. Let Q C R? be a bounded domain with smooth boundary. Suppose that the pa-
rameierfunctions X, k and ¢ satisfy (1.12) and that the initial data (ny, co, ug) satisfies (1.14).

Let M = |lcollLo(@) and Cgn be a positive constant resulted from the Gagliardo—Nirenberg
inequality. If it holds that
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M? sup  x*(s) sup k'2(s)
0<s<M 0<s<M
4'D3Dc D, D,

Conlnollpig) < 3

then system (1.1)—(1.3) possesses a unique global in time classical solution with the regularity
properties that, for all T € (0, 00),

n e CO([0. 7); L)) N L*(10. 7): %) N €} (@ x (0,7)).

ceC(0. 1 @)L (0. D W @)ne@x o).
we CO([0.7): LA(@) N L¥([0. T): DA®) N €' (@ x (0. 7).

P e L®((0,T):; W(®).

Furthermore, the global solution converges in large time to the spatially uniform equilibrium
(g, 0, 0) with ng := ﬁ Jono(x) dx, in the sense that

n(-,t)—>ng, c(,t)—>0 and wu(,t)—>0 ast— o0
hold with respect to the norm in L°°(S2).

Remark 1.1. Compared with the results in [5,12,23,24], we removed the monotonicity assump-
tion and the structural conditions on x and k.

Remark 1.2. Theorems 1.1, 1.2 and 1.3 also show that the large diffusion of the cell density or the
chemical concentration can rule out the finite-time blow-up even though the Navier—Stokes fluid
is included. Moreover, a similar conclusion as Theorem 1.1 still holds in the three dimensional
case while it is not clear for the 3D analogies of Theorems 1.2 and 1.3 due to the outstanding
open problem on the 3D Navier—Stokes system in fluid dynamics.

Remark 1.3. Smallness assumptions on ||cgl|z(g) are known to enforce global regularity also
in other fluid-free chemotaxis systems involving signal consumption as in (1.1) but lacking con-
venient energy structures (see e.g. [11] for the chemotaxis system with rotational flux terms).

The rest of this paper is organized as follows. We first concern the Cauchy problem in Sec-
tion 2 and then investigate the initial-boundary value problem in Section 3.

2. The Cauchy problem in £ = R?

In this section, we investigate the global existence of weak or classical solutions to the Cauchy
problem of system (1.1)—(1.2). We begin with the nonnegativity of n and ¢, and the basic mass
conservation of n as well as the boundedness of c.

Lemma 2.1. Suppose that the assumptions (A), (A1) and (Az) hold. Then the global weak or
strong solution (n, c,a) to the Cauchy problem of system (1.1)—(1.2) satisfies

nt,x)>=0, c@,x)=0 a.e.in [0, +o00) x €, 2.1)
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and
In L1 = lInoll1q) forany ¢>0, (2.2)
as well as
fgg le@ L) < llcollLo(g)- (2.3)

Proof. We just show the case that (n, ¢, u) is a strong solution to system (1.1)—(1.2). For the
weak solution case, we can use the same argument to the regularized system (2.28)—(2.29) and
then take an approximation procedure to obtain the desired result.

Firstly, it follows from the assumption (A) and the maximum principle that n and c preserve
the nonnegativity of the initial data, which gives (2.1).

Next, integrating (1.1); on x over R? and using the nonnegativity of n, we see that (2.2) holds.

Finally, multiplying (1.1)2 by pc?~! with p > 1 and then integrating over R?, we obtain

—/ cP dx + )fw /22 dx——pfk(c)cf’ lndx <0,
RZ

which implies that sup,~ [[c(?)[lLr®2) < llcollLrr2) for any p > 1. Then passing to the limit
as p — oo yields that sup, [lc(?)[l o2y < lIcoll Lo r2)- This completes the proof of (2.3) and
hence Lemma 2.1. O

2.1. Global existence of weak solutions

The global existence of weak solution is based on deriving a key entropy functional inequality.
To establish such an inequality for a weak solution (n, c, w), we introduce

ACGNM?
() ::[(nlnn+2n,/l+|x|2+|Vc|2+L|u|2)dx
DuD.
R2

and
F(t):= (D, — Ki /|vf|2dx+ /lA |2dx+ /|Vu|2dx

where M = ||co| Lo®2)> Ki is defined by (2.4) and Cgy is a uniform positive constant related
to the Gagliardo—Nirenberg inequality, which may change from line to line.
We now state the entropy functional inequality for  =R2.
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Lemma 2.2. Suppose that the assumptions (A), (A1) and (A3) hold. If it holds that

ConM? sup x*(c)  sup k*(c)

K| = 052ch + 0<c<M " 4CGNM2
4DnDC DC Dch
X CGN””O”LI(RZ) <Dy, 2.4)

then the global weak solution (n, c,u) to the Cauchy problem of system (1.1)—(1.2) satisfies the
entropy functional inequality

t

e+ [ Fodrs (e0+2)eR =0 @5)
K>
0
for K> #0, or
t
E@) —i—/}'(r)dr < &(0) + K3t, t>0 (2.6)
0

for Ko =0, where

2CgnlInollpig2y sup x*(c)
Dch”nO”Ll R2 0<c<M
K> = V4|2 = ==

L@ T 2D, M2 D,

and

K3 :=4D, ”nO”Ll(RZ) + 41(26_1 /.e_%of> dx.
R2
Proof. To establish the entropy functional inequality (2.5) and (2.6), we divide the proof into
several steps. Without loss of generality, we assume that (n, ¢, u) is a strong solution to system

(1.1)—(1.2). The general case can be dealt with by using the same argument to the regularized
system (2.28)—(2.29) and then taking an approximation procedure.

Step 1. An evolution estimate for n Inn.
Multiplying equation (1.1); by (1 + Inn) and integrating the resulting equation in R?, we

have
d |Vn|?
m ninndx +D, dx= | Vn-x(c)Vcdx =1, 2.7)
n

R2 R2 R2

by the integration by parts and the divergence free of u. It follows from Young’s inequality and
(2.3) that
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D, |Vn|2 )
1= — (c)n|Vc| dx
2 2D,
R2 R2
2.8
D[R, o K@) ) 28
<— / 4 ==y /nzdx + - / |Ve|*dx
2 4D2e 4
R2 R2 R2
with ¢ > 0 to be specified later. Substituting (2.8) into (2.7), we obtain
4
sup  x"(c)
i/nlnndx + &/ [Vl < Ozes /n2dx + f/|vc|4dx (2.9)
dr 2 n - 4D2¢ 4 ' '
R2 R2 R2 R2

Step 2. An evolution estimate for Vc.
To control the last term of (2.9), we multiply the equation (1.1), by —Ac, integrate the result-
ing equation in R? and use the integration by parts to obtain

1d
Ea/|V€|2dx+Dc/|Ac|2dx=/k(c)nAcdx+/(u-Vc)Acdx:: L+1, (2.10)
R? R2 R2 R2

due to V - u = 0. We need to estimate I and /3. For I, Young’s inequality and the boundedness
(2.3) give that

D, sup k%(c)
0<c<M
h < =< | |Ac)Pdx + =———— [ n%dx. 2.11
<2 f s+ =L / n @.11)
R2 R2

For I3, invoking the divergence free of u and using the integration by parts and Young’s inequality
again, we have

2 5 & 4
Izs=— | Vu-Vc-Vedx < - [ |Vu| dx+§ Vel dx, (2.12)
&

R2 R2 R2

with the same ¢ as that of (2.9). Thus substituting (2.11) and (2.12) into (2.10), we obtain

d 2 2
m [Vel*dx + D, | |Ac|dx
2 2

sup k2(c)
T / vuldr+ 5 [ (veftar. (2.13)
¢ R2 R2

Step 3. A coupled evolution estimate for nInn and Ve.
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Collecting (2.9) to (2.13), we have

d D Vn|?
—(/nlnndx+f|Vc|2dx)+—"/| | dx+Dc/|Ac|2dx
dr 2 n

R2 R2 R2 R2
sup x*(©) sup k%(c) 4
0<c<M 0<c<M 2 2 3 4
< d - Vul|“d — Vel dx.
< 4D + D /n x+8f| | x+2/| c|
R2 R2 R2

Using the estimate
IVel oy < Conliel e I D2l 2 ) < ConMAIACI 2 o, (2.14)

which follows from the Gagliardo—Nirenberg inequality and the boundedness (2.3), we have

d D, Vn|?
—(/nlnndx+/|Vc|2dx>+—n/| | dx+Dc/|Ac|2dx
dr 2 n

R2 R2 R2 R2
4 2
sup x“(c) sup k-(c)
0<c<M 0<c<M 5 4 2 (2.15)
=< + n-dx + — [ |Vu|~dx
4D2¢ D, €
R2 R2

€ 2 2
+ZCon M| Ac)?,

2 (R?)"

To absorb the term involving the second order derivatives of ¢ on the right-hand side of (2.15),
D.

we take ¢ : = Conil? and obtain
d ) D, [ |Vn|? D, )
— nlnndx + | |Ve|"dx | + — dx + — | |Ac|"dx
dr 2 n 2
\RZ RZ R2 R2
(2.16)

ConM? sup X4(c) sup k2(c) AC e M

< O=c=M 4 ==t [nzdx §ONTE /IVu|2dx.
4D,%DC D. D,
R2 R2

Step 4. An evolution estimate for u.
To absorb the last term of (2.16), we test the fluid equation (1.1)3 against 2u and obtain

—/|u|2dx+2D /|Vu|2dx— /an) udx, (2.17)
R2 R2

where we have used V - u = 0. Applying Young’s inequality to the last term of (2.17), we have

—/|u| dx+2Du/|Vu| dx</ 2dx+||V¢||LOO(R2)/|u| dx. (2.18)

R2 R2 R2
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Step 5. A coupled evolution estimate for n1lnn, Ve and u.
Multiplying (2.18) by M and adding the resulted equation to (2.16), we obtain

ACoN M?
—/ nlnn + |Ve|? +7N|u|2)dx

DuD,
RZ
D, [ |Vn|? D, 4CGNM?
+—"/| i dx+—C/|Ac|2dx+7GN /IVu|2dx
2 n 2 D,
R2 R2 R2
ConM? sup x*(c) sup k2(c)
< OSCSPM 4 OgcgpM 4CGNM2 /nzdx
- 4D2D, D. DyD.
R2
2.19
4CGNMP|VPI o 2.19)
L (R)/|u|2dx
DuD.
R2
ConM? sup x*(c) sup k2(c)
< OECSPM i Ogch 4CgnN M?
- 4D2D, D. DuD,

4CGNMP VI3 o 2
x ConlInoll 1 g2) f |V/n2dx + T / Juldx
us~c

R2 R2

Here in the last inequality we used the estimate

Il 2@y < VCanlInl e IV VAl @) < vV/Canlinoll g IV VAl 2z, (2:20)

which follows from the Gagliardo—Nirenberg inequality and the mass conservation equality (2.2).

Step 6. An evolution estimate of the first-order spatial moment of .

For simplicity, we set (x) :=+/1 + |x|2. Multiplying the equation (1.1); by (x) and integrating
by parts, we have

dt x)dx = /nu x)dx + Dy /nA )y dx
R2
+/X(c)nVc~V(x)dx =14+ Is+ I. (2.21)
RZ

We now estimate 4, I5 and I one by one. For 14, by the Cauchy-Schwarz inequality, (2.20) and
Young’s inequality, we see that
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Iy = Inll 2@y 10l 22y 1V (0 o (2

1/2
< VCanlInol e, IVl 2y Il 2 ez, 222)
Dn 2 CGN 2
S T ”v\/’;”LZ(RZ) + D—n ”nO”LI(R2) ”u”LZ(RZ)'
For I5, we have
Is < Dpll A Loy lInll L1 r2) < 2Dplinoll L1 r2) (2.23)

by the mass conservation for n again. Finally, for /¢, we use a similar procedure as /4 to obtain

Is < sup [x(©llnllp2w2) Vel 2@y IV ) o)

0<c<M
1/2
= sup [x()|VCanlnoll IVV/nll 2@y I Vel 2 ge
OSCEM X LI(R2) L=(R#) L*(R?) (224)

D, ) Con 2 2
=< T ”V\/ﬁ” LZ(RZ) + D—n ()ES:lSpM X (C) ”}'lo ”L] (]Rz) ||VC||L2(R2)~

Substituting (2.22), (2.23) and (2.24) into (2.21), we deduce that

2CGN
o InollLiee) / uf*dx
n

d
E/andx <D, [ Vi +
R2 R2

R2

2Cn 225

N sup @) Il [ Ve 2.25)
n 0<c<M g
R

+ 4Dy lInoll L1 (r2)-

Step 7. Closing of the entropy estimates.
2
Since [ Y2 dx =4 [5, |V/n|?dx, we may combine (2.25) with (2.19) to obtain

n

d 4CGNM?
5/(nlnn+2n(x)+|Vc|2+%|u|2)dx
RZ

D ACG N M?
+D,,/|vﬁ|2dx+7”/|Ac|2dx+G+/|Vu|2dx
R2 R2 ¢ R2

4CoNM2IVPI2 oy 2Caw ol 1 we
§K1/|Vﬁ|2d’C+( D, ) [wrer @20
utc n
]RZ

R2

2CnlnollLiwey sup x*(c)
0<c<M
+ B, < /|Vc|2dx+4Dn||n0||L1(Rz)

R2
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ACGNM
5K1/|vﬁ|2dx+K2 /|Vc|2dx+L/| 2dx | +4Dulnoll 1 @)
R2 2

To close the entropy estimates, we need to bound f]R2 (n Inn+ 2(x)n)dx from below. Indeed, let
I'x be the indicator function of a set X and then a direct calculation shows that

f (n Inn + 2n(x)> dx

R2

:fn|lnn|dx+2/n1nnﬂ{x€Rz‘n(x)§l}dx+2/n(x)dx
R2 R? R?2

:fn|1nn|dx+2/11lnnH{xeRz‘OSn(xK((x)}dx
R2 R2

+2/nlnnH{XER2|E—(x>Sn(X)Sl}dx+2/n(x)dx
R2 R2

z/n|1nn|dx+2[nlnnI[{xeRzl()Sn(x)Se_(x)}dx.
R2 R2

By the basic fact that ./x Inx > —2¢~ ! for any x > 0, we have

/ (n Inn +2n(x)) dx

R2
/nllnnldx 4671/ 7H{xeR2|05n(x)5e—<x>}dx
2 2
R ¥ 2.27)
1
2/n|lnn|dx—4671/efi<x>dx
R2 R2
2—46_1/6_%<x>dx.

R2

Thus, substituting (2.27) into (2.26), we obtain

ACGN M?
_/ nlnn +2n(x) + |Ve| +m7ND|u|2)dx
RZ
4CGN M2
+ (Dy — K /|vf|2dx+ /lA Pdx + —SNT /|Vu|2dx
R2 R2
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ACGNM?

2
i )dx + 4D, Inoll 1 e

< K2/ (nlnn +2n(x) 4 Ve +
RZ

+4Kpe™! /‘ef%mdx,

R2

that is,

d
EE([)-}-.F(Z‘)SKQE(Z‘)-FKL t>0.

Then Gronwall’s inequality or a direct integration yields the desired entropy inequality (2.5)
and (2.6). O

Remark 2.1. The inequality (2.27) gives the estimate

fn|1nn|dxgf(nlnn+2n(x>)dx+4e—1fe—%m,

R2 R2 R?
which together with (2.5) or (2.6) also yields the bounds of fRz n|lnn|dx.

We now prove the global existence of weak solutions to the Cauchy problem of system
(1.1)—(1.2). Following the ideas of [5,12], our proof is based on the entropy functional esti-
mate derived last section, which allows us to perform a compactness argument to the regularized
system of (1.1)—(1.2).

Proof of Theorem 1.1. Firstly, we construct the following regularized system to (1.1)-(1.2) as
[12]:

n{ +u€-Vn* =D,An® - V- (ne[)( (c)Vce] *0’6),
cf +uf - Ve =D Act — [k(c)n] x o,

(2.28)
u; +u - Vu + VP  =DyAu + (n€Ve) x o€,
V-u=0
in R? x (0, 00), with prescribed initial data
n€, <, u€)|t:0=(no>x<a€, co*x0€, ug*x0°) (2.29)

in R2, where o€ is a mollifier. For each given e, the local existence of strong solution (€, c¢, u¢)
to the regularized system (2.28)—(2.29) can be obtained by applying Schauder fixed point the-
orem. Then the following uniform estimates also allows us to extend the local strong solution
(n€, ¢, u) to a global weak solution.

We now begin to establish the uniform estimates for (n€, ¢, u¢) in €. Following the same
argument as Lemma 2.1, we can obtain the nonnegativity of n€ and c€, and the basic mass
conservation of n¢ as well as the boundedness of ¢€:
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Bi.nf>0andc® >0in Q x (0, c0);

By. Inllpywey = IngllLi w2y < llnoll g2y and [l Lp w2y < llcgll o2y < lcollLr w2y for
any 1 < p < oo, where we used Young’s inequality in the last two inequalities.

Then following the same argument as Lemma 2.2 and applying Young’s inequality again to
the terms involving the convolution, we can find that the same entropy functional inequality also
works for this regular system. We first state the uniform boundedness of n€ in €:

Bs. VA/n€ is bounded in L*((0, T), L*(R?)). This also yields that

Bs. n€ is bounded in L?((0, T) x R?) by the estimate

IVv/n€ ||L2(R2)s

In 1 22) < Conlln® I ian IV VRS 22y < Canlinoll g,
where we used the Gagliardo—Nirenberg inequality and the mass conservation B,. The regular-
ized versions of Remark 2.1 and Lemma 2.2 also give that

Bs. n¢|Inn€| is bounded in L>((0, T), L' (R?)).

Next, for ¢¢ and u€, we have

Bg. ¢€ is bounded in L°°((O, T), HI(RZ)) n L2((0, T), H2(R2)) for any T > 0, where we
also used the boundedness 3, with p = 2;

By. u€ is bounded in L>((0, T), L*(R*; R?)) N L2((0, T), H' (R*; R?).

Finally, to apply the Aubin-Lions lemma, we need to show the boundedness of n{, ¢{ and uf.
Indeed, we have

Bg. n{ is bounded in Lz((O, T), H_3(R2)). This can be verified as follows: it follows
from the integration by parts, Holder’s inequality, Young’s inequality and Sobolev’s embedding
that

|(ng, )| = |Du(n, Ag) + (n°(x (c)VcE *0€) +une, Vo)
< Dy|n® 22y 1A@ N 22 (R2) +C(nE7C€,“€)||V€0||L°0(R2)

< (Dalln®ll e + €, 0 ) ol ey
forany p € H 3(R?), with

C(n®,c*,u):= sup X(S)||”€||L2(]R2)||VC6||L2(]R2) + ||uE||L2(R2)||”€||L2(R2)~

0<s<M

This together with the uniform boundedness By, Bg and 537 implies the desired estimate.
Bo. cf is bounded in LZ((O, T) x RZ). This can be seen from the fact

e 122y < Il o) Ve llLame) + Dell Ackll 2 w2

+ sup k()71 L2m2)
0<s<M

< (Il ey + Do) I ey + sup k) 2z

<_y<

and the uniform boundedness By, B¢ and 57.
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Bio. uy is bounded in L2((0, T),H™! (R2)). To see this, we apply the project operator P to
(2.28)3 and use the L?~L? boundedness of Riesz operator to deduce that

|[(uf, @)| = |Du(Vu®, VPg) + (n° V) 0, Py) + (u° @ u, VPy)|
< Dy|IVu* ||L2(R2) ||VP€0||L2(R2) + ||n€||L2(R2) ||V¢||L0°(R2) ||P§0||L2(R2)
+ 101742, I VPOl 2 22)

< (Du||ll€||Hl(R2) + 1€l 22y 1 VBl oo m2) + ”ue||L2(R2)||u6”H1(]R2))||‘p||H1(R2)

for any ¢ € H'(R?; R?), which together with the uniform boundedness B4 and B7 yields the
desired estimate.

With the above uniform estimates at hand, we turn to passing the limit of (n€, ¢, u).
Firstly, we see that n¢ will strongly converge to some n in L*([0, T1; L7, .(R?)) by using
the Aubin—Lions lemma together with B4 and Bg, and V+/n€ weakly converges to V4/n in
L*((0,T), L}, (R%)) by Bs.

Secondly, c¢ converges strongly to some ¢ in Lz([O, TI; Hllo . (Rz)) by applying the Aubin—
Lions lemma to B¢ and Bo.

Thirdly, by applying the Aubin—Lions lemma to B; and Bjg, u® converges strongly to some u
in L2([O, T1; LIZOC(RZ; R2)), and further converges weakly to u in L? ([0, T1; Hlloc(Rz; Rz)) by
B7 again.

The above convergences also imply that un€ and uc® will strongly converge to un and
uc in Ll([O, Tl; L}o C(RZ)), respectively, while u¢ - Vu¢ will weakly converge to u - Vu in
L'([0,T1; L}, .(R?)).

Summarily, we have shown that (n, ¢, u) satisfies the weak form (1.16)—(1.18) and the corre-
sponding entropy functional inequalities (2.5) and (2.6) hold, which yield the regularity (1.15).
Thus (n,c,u) is a weak solution to system (1.1)—(1.2). This completes the proof of Theo-

rem1.1. O
2.2. Global existence of classical solutions

In this subsection, we prove that the weak solution obtained afore is regular under some ad-
ditional assumptions on x (), k(-) and ¢(-), and on the initial data. To achieve this goal, we
first recall the existence and uniqueness of smooth local solution as well as the corresponding
extensibility criterion.

Lemma 2.3 (See Theorem 1 and Theorem 2 in [2]). Let m > 3. Assume that x (), k(-) € C"(R})
with k(0) = 0, and that ||Vl¢||Loc(]R2) < oo for 1 < || < m. Then there exists T* > 0, the maximal
time of existence, such that, if the initial data (ng, co, ug) € H" " (R?) x H™ (R?) x H" (R?; R?),
then there exists a unique classical solution (n,c,uw) to system (1.1)—(1.2) satisfying for any
T<T*

(n,c,u) € L®(0,T; H™'(R?) x H™(R?) x H™(R* R?))
and

(Vn, Ve, Vu) € L2(0, T; H"'(R?) x H™(R?) x H™(R*; R?)).
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Moreover, if the maximal time of existence T* < 00, then

T*

f ||Vc(r)||%oo(R2)dt = 0. (2.30)
0

The global existence will be proved by showing that the local classical solutions can be ex-
tended at any time 7 > 0 due to the extensibility criterion.

Proof of Theorem 1.2. We will prove the global existence of classical solutions by contradictory
arguments. Assuming that the maximal time 7* is finite, we will show that

T*
/ IVE(@) ] o gy dT < 00,
0

which leads to a contradiction to the extensibility criterion (2.30). Indeed, since

Con
IVelF oo gy < ConlIVell 2@ IV el 2@y < T(nwniz(RZ) + ||v3c||iz(Rz)),

we only need to verify that

T*
//|Vc(x,r)|2dxdr < 00, (2.31)
0 R2

and that
T*
/ f [V3c(x, )|7dxdT < oo. (2.32)
0 R2

To see (2.31), we first substitute (2.27) into (2.5) or (2.6) and then obtain

T*
/|Vc<x,r)|2dx+f|u<x,r>|2dx+//|Vﬁ<x,r>|2dxdr
R2 R2 0 R2

(2.33)
T* T*

+//|Ac(x,r)|2dxdr+//|Vu(x,r)|2dxdr§C1,

0 R2 0 R2

for all ¢+ € (0, T*), where C; is a positive constant depending only on the initial data and the
maximal time 7*. Thus a direct integration from 0 to 7* yields (2.31).

Please cite this article in press as: R. Duan et al., Global existence and large time behavior for a two-dimensional
chemotaxis-Navier—Stokes system, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.015




YJDEQ:8908
R. Duan et al. / J. Differential Equations eee (eeee) eee—see 19

To see (2.32), we apply A to equation (1.1)2, multiply Ac with the resulted equation, and
integrate over R? to obtain

1d
Eaf|Ac|2dx+Dcf|VAc|2dx
R2 R2

= / (V(u-Ve) +k'(c)nVe +k(c)Vn) - VAcdx
RZ
< &f|VAc|2dx+if|Vu|2|vC|2dx+i/|u|2|ch|2dx
-2 D, D
R2 R2 R2

1 1
+— sup k'%(s) | n?|VelPdx + — sup k%(s) | |Vn|?dx.
c 0<s<M ) c 0<s<M R
R

Absorbing the first term on the right-hand side, we have

d
E/|Ac|2dx+Dcf|VAc|2dx
R2 R2

<i||Vu||% 2 IVell% 2+i||u||2w 1 ID% ¢l e
=D, L3(R?) LS®Y) T p_ L>®(R2) L2(R?)

(2.34)

2 2
+ = sup k'2(s)||Vel|? lIn| +-— su k2(s)/|Vn|2dx
R

2 2 2 2
= C2<”u”H2(R2) + ”n”Hl(RZ)) ”VC”HI(R2) + CZ / |Vl’l| dx»
R2

where C; is a positive constant related to the Sobolev’s embedding and the initial data. Combin-
ing (2.13) with (2.34) and using (2.14), we deduce that

L 9e)121 50, + DeIV2e0) 2

df Hl(]RZ) c HI(IRZ)

< C3( 1+ Il g, + 0l 322, ) 1 Vel

= H! (RZ) HZ(RZ) H! (]R2)

+Ca(lInl31 g2, + llull}
H!(R2) H!(R2)
for some positive constant C5. It then follows from Gronwall’s inequality that
T*

VeI o, + e [ 1960 oy e
0

T* 2 2
2 Csfo  (IHIn@I po HIU@IZ, o5 )dT
= ”C()”HZ(]RZ)e R H=®%)
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T*

+C3 / (1121 g2y + 10O g2, )7

0
for all ¢ € (0, T*). Thus we have verified (2.32) provided that

T*

/ (IO g2y + 10O g ) dT < 00 (2.35)
0

We now turn to prove (2.35). Firstly, we may employ the L? scalar product for equation (1.1);
and integrate by parts to get

ld 2 2
2 q n“dx+D, | |Vn|dx = | nx(c)Vc-Vndx
R2 R2 R2
D, sup x*(c)
< TfanFdx—i—%/nZchFdx.
R2 R2

The integral of the second term on the right can be further bounded as

/ | VelPdx < Inl17 s gy 1 Vel 7o g,
]RZ

= Conlinli2@y) Vol 2wz llcl e w2y 1Al 2 g2

D
< Tn/|Vn|2dx+C3/|AC|2dx/n2dx,

R2 R2 R2

with C3 = Dn_3CéNM2 SUPg<c<M x*(c), where we used Sobolev’s embedding, Young’s in-
equality and the boundedness of c¢. Then, it follows that

1d

P n*dx + D, /|Vn|2dx<—f|Vn|2dx+C3/|Ac|2dx/ 2dx.

R2 R2
Absorbing the first term on the right hand side, we have
d
5 / n’dx + D, / |Vn|2dx < 2c3f |Ac|*dx / n*dx.
R2 R2 R2 R2

It then follows from Gronwall’s inequality that
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T*
fnz(x,t)dx—l—Dn//|Vn(x,r)|2dxdr§C4

R2 0 R2

for all # € (0, T*) and some positive constant C4 depending on the initial data and the maximal
time 7*, where we also used the fact

T*
ff [Ac(x, T)|?dxdr < 00

0 R2
due to (2.33). Thus a direct integration on [0, 7*] yields that

T*
f (D)1 gy dT < 00. (2.36)
0

On the other hand, by using (2.33) again, we also have

T*
f ||u(t)||21(R2)dr < 0. (2.37)
0

It remains to investigate the integrability of the second derivative of u. We first let @ := V-+u be
the vorticity of u and then consider the vorticity equation

wr +u- Vo =DyAw + V1 Ve).
A direct energy method gives that

1d
P a)zdx+Du/|Va)|2dx =—/viw. (nV¢)dx

R2 R2 R2
D 1
< —“/|vw|2dx+—/n2|v¢|2dx,
2 2Dy
R2 R2
which leads to the vorticity estimate

d
a/a)2dx+2>u/|va)|2dx §C5/n2dx,
R2 R2 R2

where Cs is a positive constant depending on V¢. Then Gronwall’s inequality together with
(2.36) implies that
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T*
f @ (x,1)dx + Dy / / Vo (x, 7)|?dxdr < Cg (2.38)

R2 0 R2

for all ¢t € (0, T*) with Cg := fR2 w?*(x,0)dx + C4C5T*. Thus we can use (2.38) and the Biot—
Savart law to obtain

T*

/ ||v2u(r)||’iz(R2)dr < 0. (2.39)
0

Summarily, by (2.36), (2.37) and (2.39), we have verified the validness of (2.35). This complete
the Proof of Theorem 1.2. 0O

3. The initial-boundary value problem

In this section, we will focus on the global existence and large time behavior of classical
solutions to the initial-boundary value problem of system (1.1)—(1.3). We first recall the local
existence, uniqueness and the extensibility criterion of classical solutions to system (1.1)—(1.3).

Lemma 3.1 (See Lemma 2.1 in [23]). Let Q@ C R? be a bounded domain with smooth bound-
ary. Suppose that (1.12) and (1.14) hold. Then there exist T* € (0, 0o] and a classical solution
(n, ¢, u, P) to the initial-boundary value problem of system (1.1)—(1.3) in Q x (0, T*). For
any T € (0, T*), this solution is unique, up to addition of constants to P, among all functions
satisfying (1.19). Moreover, if T* < 00, then

InC, Ol + e, Dl + 1A% Dl 2 — 00 as ¢ AT (D)

To establish an entropy functional inequality, we define

- 9CGN M?
. 2, 2CGNM”T 5
E@) .—/(nlnn—l—IVcI + D.D. [ua| )dx,
Q

and

~ 4D, ~ D ConM?
F() ;=( 3" —Kl)f|Vﬁ|2dx+TCfIch|2dx+%/|Vu|2dx,
C

Q Q Q

where M := llcoll Lo (), 1?1 is defined by (3.2) and Cgy is a positive constant related to the
Gagliardo-Nirenberg inequality, which may change from line to line. Here compared with the
case of R?, we removed the first-order spatial moment fQ n(x)dx of n in the definition of £ due
to the boundedness of © and the fact x Inx > —e~! for any x > 0.

We now state the entropy functional inequality for bounded domain €.
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Lemma 3.2. Let Q C R? be a bounded domain with smooth boundary. Suppose that (1.12) and
(1.14) hold. If it holds that

ConM? sup  x*(s) sup k'%(s)
~ 0<s<M 0<s<M

K :=
: 4D2D, T,

n

CGN||”O||L1(Q)< 3 (3.2)

then the solution (n, c, ) to the initial-boundary value problem of system (1.1)—(1.3) satisfies
t
5(z)+/f(r)dr <Ct forall te(0,T% (3.3)
0

with some positive constant C depending on 2 and the initial data.

Proof. The proof is similar to that of Lemma 2.2. Here we only give the key steps.

We first note that the nonnegativity of n and ¢, and the basic mass conservation of n as well as
the boundedness of ¢ established in Lemma 2.1 still hold for the initial boundary value problem
(1.1)—(1.3).

Then similar to Step 1-Step 3 in the proof of Lemma 2.2, we can deduce that

d
a(fnlnndx+/|Vc|2dx)+2an|Vﬁ|2dx+Dc/|Ac|2dx
Q Q Q Q

sup X4(c) sup k2 (c)
0<c<M 0=c<M

4 £
< 2dx —/Vzd —/V4dx.
= D D, /” +g [ Vuldet o [ Vel
Q Q Q

To control the last term on the right-hand side, we use the Gagliardo—Nirenberg inequality to
obtain

4 2 2 .12 14
||VC||L4(Q) = CGN”C”LOO(Q)”D C”Lz(g) + CGN”C”LOO(Q) (3.4)
< Con ol ooy 1 D%¢l72q) + CanllcollF gy
and thus

d
$</nlnndx+/|Vc|2dx)+2Dn/|Vﬁ|2dx+Dc/|Ac|2dx

Q Q Q Q

sup_x*e)  sup_k*(e) ) \s
< | == fze=M / nldx + = / |V 2dx (3:3)
4DZe D, €
Q Q

+ Lo D22 o + SCon BT
2 GN Cc LZ(Q) 2 GN .
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To cancel || D%c||? we invoke the pointwise identity |Ac|> =V - (AcVe) — Ve - VAc, and

L2(Q)’
A|Ve|? =2Ve - VAc + 2|D?c|?, as well as the no-flux Neumann boundary condition for ¢ to
rewrite [, |Ac|*dx as

9
/|Ac|2dx——/Vc~VAcdx+/Aca—cdS
V

1]
/|D2c|2dx fAch|2dx 3.6)
\V/ 2
/|02 /a| s,
av
Q2

For the rightmost item, one can first invoke Lemma 4.2 in [13] to obtain

9| Ve|? 5
5 ™ dS <k(Q) |vc| ds, (3.7
Q2

where x (€2) > 0 is an upper bound for the curvatures of 9€2. Moreover, by the trace theorem (see
Proposition 4.22(ii) and Theorem 4.24(7) in [8]), it holds that

/|Vc|2dS§ C2,)lell? s, forany s e (0,1),
H™Z (Q)
Q

where C(€2,s) > 0 depends only on 2 and s, which can be fixed, for instance, s = % On the
other hand, by the interpolation inequality and Young’s inequality, we have

3+s 1=s

2
C@C@ el . <i(ID el Fea el iy + 122y

1 -
<7 / |D?c|?dx + CaM? (3.8)

for some positive constants C; and C» depending on €2 and s, where we also used the bounded-
ness of ¢ in the last inequality. Thus, substituting (3.7)—(3.8) into (3.6), we obtain

3 -
/|Ac|2dx >3 / |D%c|>dx — CaM>. (3.9)

Then taking & =

D, - .
o IT2 in (3.5) and using (3.9), we have
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d D
E(/ nlnndx + / |Vc|2dx) +2D, / v/l + = / |D%c|?dx

Q Q Q Q

CGNMz sup x*(©) sup k%(c)

0<c<M 0<c<M 2

< dx 3.10
= 4D2D, T, " (3-10)

8Cgn M?
+L/|Vu|2dx+C3
D,

for some positive C3 depending on €2 and the initial data.
In order to absorb the term involving fQ |Vu|?dx, similar to Step 4 in the proof of Lemma 2.2,
we first invoke the identity

d
a/|u|2dx+2Du/|Vu|2dx=2/nv¢.udx. (3.11)
Q Q

Q

By the Holder inequality along with the assumed boundedness of ¢, we have

2/”V¢ -udx < 2||V¢||L°°(Q)||”||L%(Q)||u||L3(Q)- (3.12)
Q

Since 2 € R? is bounded and u = 0 on 3£2, the continuous embedding Wé’z(Q) < L3() and

the Poincaré inequality in WO1 ’Z(Q) ensure that there exists a positive constant C, such that
lull 130y < Cpll Vull 2(0y-

Thus by Young’s inequality and (3.12), we have

CollVelin@
nv¢ udx <Dul|vu|lL2(Q) Di””” s
u
Q
which together with (3.11) yields
cHIv ¢||mm

—/|u|2dx+D /|Vu|2d

Combining (3.10) with (3.13), we deduce that

lIn ”i%@)’ (3.13)

Please cite this article in press as: R. Duan et al., Global existence and large time behavior for a two-dimensional
chemotaxis-Navier—Stokes system, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.07.015




YJDEQ:8908

26 R. Duan et al. / J. Differential Equations eee (eeee) eee—see
d 9ConM* [,
— Inn dx Vel?dx dx
” /nnn +/| c| +DDu /||
Q
2.2 2
21) /|vf| dx + =< /|D dy 4 SONM° /IVuI dx Gutd)

CGNM2 sup x*(c) sup k'%(c)
O<c<M O<c<M

<
= 4D2D, MY

n?dx 4 C4lnl?5 4 Cs,
L2(Q)

with

9CchNM2||V¢||Lm(Q)
D.D?

Cy=

Here we used k(0) = 0 and k(-) € C'([0, 0)). In view of the Gagliardo—Nirenberg inequality
and the mass identity (2.3), we have

Inls o) = chnnuL.(Q) IVv/n ||L2(Q) +Canlnllig,

4 4
3 3 2

which implies that
Callnl*y < 22y T Cs (3.15)
L ()
CiCtylnol
with Cs = W + C4Cqnlino ||L1 @ by Young’s inequality. Similarly, we have

/ n*dx < Conlinll i) IVVAlZ g + Conlinllf i g
Q

< ConlnollL 1@ IVVnlga g + Conlinoll} i g, (3.16)
Substituting (3.15) and (3.16) into (3.14), we obtain

9C G M2
fnlnndx+/|v(:|2dx+ ;’ZV)“ /| 2dx

ConM?
/u)2 |>dx +T/|Vu|2dx
C

Q Q Q
< KilVV/nl3 g, + Co,

dr
Q
4D,

3
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where K 1 is given in (3.2), and
Cs = Killnoll 1)+ C3 + Cs.

Absorbing the first term on the right-hand side, we have

d 9CGN M>
£ /nlnndx+/|Vc|2dx+ G /| 12dx
Q

i D.Da
Q
+( /|vf|2dx+ /|D2 2y 4 SENM /|Vu|2dx
< Ce.
That is,
d T *
SE+F0=Co forall 1.7, 3.17)

Thus integrating (3.17) from O to 7, we may obtain the desired estimate (3.3). This completes the
proof of Lemma 3.2. O

Recalling the fact that x Inx > —e~ ! for any x > 0 and the estimate (3.4) holds true, we can
deduce the following estimates from the entropy functional (3.3).

Corollary 3.1. Let T € (0, T*). Under the assumption of Lemma 3.2, there exists a positive
constant C depending on T, Q and the initial data such that

/nlnn(x,t)dxfc forall te(0,T),

Q
/|Vc(x,t)|2dx§C forall 7€ (0,7), (3.18)
/|u(x,t)|2dx§C forall te(0,7), (3.19)
T
//|vﬁ(x,r)|2dxdrgc, (3.20)
0 Q
T
//|Vu(x,r)|2dxdt§C, (3.21)
T
//|Vc(x,r)|4dxdr§C. (3.22)
0 Q
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The following integrability result is an improvement of the above estimates (3.20)—(3.22) and
will be used to investigate the large-time behavior.

Corollary 3.2. Under the assumption of Lemma 3.2, there exists a positive constant C depending
only on the initial data such that for all t > 0,

t
//e‘”ﬂ(“’>|vﬁ(x,r)|2dxdr5C forall 1€ (0,T%), (3.23)
0
t
//e—m(f—f)wu(x,r)|2dxdr <C  forall te(0,T*), (3.24)
0 Q
t
//g*KO“*’HVc(x,r)|4dxdrgc forall te(0,T%), (3.25)
0 Q
where
Ko :=mir1{71 (%_fl), _D"~ ’ &}>0.
Conlnollpigy N 3 ConM?’ 18Cq

Proof. By xInx < %xz for any x > 0 and (3.16), we obtain

1 1 1
/nlnndx < E/nzdx < 5Conlnoll i@y / IVl + 3 Conlinoli g,
Q Q Q

which implies that

(5 —El)/|vﬁ|2dx
Q

3

1 4Dn ~ 1 4Dn [~

z—( —K1> nlnndx——( —K1)||”0||L1(Q)
Conlnollprg N 3 2 203

(3.26)
> /cofnlnndx + K()E_l
Q

e ! (42),, P ) 1<4Dn 7 )” |
- —-Ki)—= — Ky )llnollp1(g),
Conlinollpigy N 3 2\ 3 L

where we used xInx > —e~! for any x > 0 in the last inequality. By Young’s inequality and
(3.4), we also have
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2 1 4 1 >y 242 1 1
VePdx < o [ IVel*dx +19Q1 < 2 Con M | |D*ePdx+ S Conb* + 1,
Q

and thus

D D, 1~ D22
—‘/|1)2c|2dxz —‘~/|vc|2dx——DC.M2—L~|
ConM? 4

4 ConM?
Q
(3.27)
2 1~ D
>ko [ |Ve|*dx — =DM~ — ~.
4 ConM?
Finally, Poincare’s inequality [, [u’dx < Cq [, |Vu|*dx implies that
ConM? M?
ZONT f |Vu|2dx > ConM” /|u|2dx > K() Con / lu|?dx. (3.28)
ZD Cq

Q

Combining (3.26), (3.27) and (3.28), we see that

1~ ~
77 (O Z kol (1) — 7,

for some positive constant C7; depending only on €2 and the initial data, which together with
(3.17) yields

Then a direct calculation gives that

t
~ 1 ~ ~
EM+ 3 / e 0D F(rydr < £(0) + &, (Co + C7),
0

for all ¢ € (0, T*). Thus, the inequalities (3.23) and (3.24) are acquired. Moreover, we also have

t
//e—K0<’—T>|ch|2dxdr < Cg
0 Q

for some Cg > 0, which together with (3.4) leads to
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t
//eiKO(’7’)|VC|4dxdt
0 Q
'

t
SCGN”C()”%OO(Q)//67’(0(1‘7‘5)|D2C|2d‘xdt+CGN”CO||‘£OO(Q)/e*KO(lff)d.C
0 Q 0

< ConCslicol ey + Caniy licollog)-
We then obtain the inequality (3.25). This completes the proof of Corollary 3.2. O

Proof of Theorem 1.3. We divide the proof into two parts. For the global existence, we will
prove it by the contradiction argument. Assuming that 7* < oo, we will show that

sup (IInC. Dll@) + o€, Dllwra + 140, Dl 2, ) < 00, (3.29)
1€(0,T%)

which contradicts to the extensibility criterion (3.1).
We now verify (3.29). Due to T* < oo, the bound (3.22) can be read as

T*
//|Vc(x,r)|4dxdr < 00.
0 Q
This is sufficient to guarantee that for any p > 1, there exists a positive constant Cy such that
/n”(x, t)dx < Cy forall re (0, T*) (3.30)
Q

by a standard regularity argument which relies on testing the first equation in (1.1) by n?~! (see
Lemma 4.5 in [23] for details). On the other hand, inequalities (3.19) and (3.21) together with
T* < oo show that

la(, D2 < C2 forall re(0,T")

and

T*

/f [Vu(x, 7)[2dxdt < C,
Q

0

for some C > 0. Then by the same procedure as that in [23], we can use the variation-of con-
stants formula for u and the contractivity of the Stokes semigroup in L? along with (3.30) to
obtain

sup [|[A%u(:, D)l 2q) < 00 (3.31)
te(0, T*)

with « taken from the hypothesis of the theorem (see (4.16)—(4.22) in [23] for details).
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Next, (3.31) together with Sobolev’s embedding implies |u| < C3 in Q x (0, T*) for some
C3 > 0. In view of T* < oo and (3.18), we have

/|Vc(x,t)|2dx§C4 forall 7e(0,T")
Q

for some C4 > 0. Thus the variation-of constants formula of ¢ and the well-known smoothing
estimates for the Neumann heat semigroup then yield ||Vc(-, 1) ||La(@) < C4 for all t € (0, T™),
which together with (2.3) leads to

sup le(, D llwiaq) < 0o. (3.32)
te(0, T*)

Finally, we apply Bf with g € (ql, %) to the variation-of-constants of n, where B denotes
the realization of —A + 1 with homogeneous Neumann boundary conditions in L"(£2) with
re (%, q), and using the embedding D(Bf) < L°°(Q) and the maximum principle to obtain

sup |[n(:, DlLe@) <00 (3.33)
1€(0, T%)

(see (4.26) in [23] for details).
By (3.31), (3.32) and (3.33), we have verified (3.29) and thus infer that 7* = co. This com-
pletes the proof of global existence.

We now turn to the proof of the convergence. Our proof is very similar to the corresponding
one in [24] and we only give a sketch for completeness. It follows from (3.23) that

t+1 t+1

//|vﬁ(x,r)|2dxdr5eK0 / /e—“)(’“—”wﬁ(x,r)|2dxdrgcse'ﬂ),

rQ rQ

for all ¢ > 0 and for some Cs > 0, which combining with the Gagliardo—Nirenberg inequality
/nzd-x S CGN””O”L](Q) / |V\/ﬁ|2dx + CGN””O”%I(Q)?
Q Q

yields that for all 7 > 0,

t+1
[ [ riaxas < cscanesimaliigy + Conlinoll o (3.34)
t Q

Similarly by (3.25), we have that for all t > 0,

t+1
/ f [Ve(x, ‘L')|4dxdl' < Cge", (3.35)
Q

t
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for some Cg > 0. With (3.34) and (3.35) at hand, we can follow the proof of Corollary 4.4 in [24]
to see that

lleC, 1)o@y — 0 ast — oo. (3.36)

Applying the integrability of n to the energy identity for u, we have [[u(?)|l,2q) — 0 as
t — 00. Then by the variation-of-constants formula for u and the interpolation, we can obtain

la(-, t)”LOO(Q) —0 ast— oo. (3.37)

See the proof of Lemma 6.3 in [24].
By the variation-of-constants formula for n» and a compactness argument, we can show that

ln(-, 1) —ngllLe@) — 0 ast— oo (3.38)

(see the proof of Lemma 8.2 in [24] for details). From (3.36), (3.37) and (3.38), we complete the
proof of Theorem 1.3. O
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