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1. Introduction and main results

Consider the n-dimensional Euclidean space Rn equipped with the Euclidean distance and 
the n-dimensional Lebesgue measure. It is known that the Morrey space Lp,λ(Rn) with (p, λ) ∈
(0, ∞) × (−∞, n] was introduced by Morrey [21] and then used to study the regularity of so-
lutions to some quasi-linear elliptic partial differential equations, where Lp,λ(Rn) comprises all 
Lebesgue measurable functions f on Rn satisfying

‖f ‖Lp,λ(Rn) := sup
(x,r)∈Rn×(0,∞)

⎡⎢⎣rλ−n

ˆ

B(x,r)

|f (z)|p dz

⎤⎥⎦
1/p

< ∞,

where B(x, r) := {y ∈ R
n : |y − x| < r} is the Euclidean ball with center x and radius r . In 

particular, when λ = n, the space Lp,n(Rn) is just the Lebesgue space Lp(Rn), that is,

‖f ‖Lp(Rn) :=
⎡⎣ˆ
Rn

|f (x)|dx

⎤⎦1/p

.

The predual of Morrey spaces was discussed in [3]. For any given (p, λ) ∈ (1, ∞) × (0, n), 
the space Hp,λ(Rn) consists of all Lebesgue measurable functions f on Rn such that

‖f ‖Hp,λ(Rn) := inf
ω

⎧⎨⎩
ˆ

Rn

|f (x)|p[ω(x)]1−p dx

⎫⎬⎭
1/p

< ∞, (1.1)

where the infimum is taken over all non-negative functions ω on Rn satisfying that

‖ω‖
L1(H(∞)

n−λ)
:=

∞̂
H(∞)

n−λ

({
x ∈R

n : |ω(x)| > t
})

dt ≤ 1. (1.2)
0
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Here and hereafter, for any given α ∈ (0, n), the symbol H(∞)
α (E) denotes the α-th order Haus-

dorff capacity of a subset E ⊂R
n, which is defined by setting

H(∞)
α (E) := inf

⎧⎨⎩∑
j

rα
j : E ⊂

⋃
j

B(xj , rj ) with xj ∈ R
n and rj ∈ (0,∞)

⎫⎬⎭ .

Based on [5, Theorem 7], the norm ‖ · ‖Hp,λ(Rn) can be defined equivalently in the way that the 
infimum in (1.1) is taken over all non-negative functions ω ∈ A1(R

n) satisfying (1.2), where 
A1(R

n) denotes the classical Muckenhoupt weight class consisting of all non-negative Lebesgue 
measurable functions on Rn such that

[ω]A1(R
n) := sup

B⊂Rn, B is a ball

⎡⎣ 1

|B|
ˆ

B

ω(x)dx

⎤⎦[
inf
x∈B

ω(x)

]−1

< ∞.

According to [3], we have (
Hp,λ(Rn)

)∗ = Lp′,λ(Rn), (1.3)

where p′ denotes the conjugate index of p, that is, 1/p + 1/p′ = 1.
For any (p, λ) ∈ (1, ∞) × (0, n), notice that ‖ · ‖Hp,λ(Rn) is a norm, especially it satisfies the 

Minkowski inequality:

‖f + g‖Hp,λ(Rn) ≤ ‖f ‖Hp,λ(Rn) + ‖g‖Hp,λ(Rn), ∀ f, g ∈ Hp,λ(Rn). (1.4)

Though this can not be obviously seen from the definition of ‖ · ‖Hp,λ(Rn), but we can utilize [26, 
Theorem 4.3] and the fact

‖f ‖
Lp′,λ(Rn)

= sup
{〈f,g〉 : g ∈ Hp,λ(Rn), ‖g‖Hp,λ(Rn) ≤ 1

}
(1.5)

in [3, Theorem 2.3] to derive that

‖f ‖Hp,λ(Rn) = sup
{
〈f,g〉 : g ∈ Lp′,λ(Rn), ‖g‖

Lp′,λ(Rn)
≤ 1

}
, (1.6)

while the latter easily implies (1.4).
Equivalent characterizations of Hp,λ(Rn) with any given (p, λ) ∈ (1, ∞) × (0, n) are es-

tablished in [3, Theorem 3.3]. In particular, Hp,λ(Rn) coincides to the Zorko space Zp,λ(Rn)

introduced in [41, Proposition 5], as well as the Kalita space in [14, Theorem 1]. For any given 
(p, λ) ∈ (1, ∞) × (0, n), it is known that C∞

c (Rn) (that is, the space of all infinitely differentiable 
functions on Rn with compact supports) is not dense in Lp,λ(Rn) (see, for example, [11,36]), but 
it is dense in Hp,λ(Rn) (see [3]).

Nowadays, Morrey spaces and their preduals as well as their usual companion, namely, the 
Riesz potential operator, have been studied intensively in many literatures and found wide appli-
cations in analysis, geometry and partial differential equations; see, for instance, [1,4,6,17,19,20,
33].
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Recall that, for any given α ∈ (0, n), the Riesz potential operator Iα on Rn is defined by the 
Fourier transform as follows:

Îαf (ξ) := γ (α)(2π |ξ |)−αf̂ (ξ), ∀ ξ ∈R
n,

where γ (α) := πn/22α�(α/2)
�((n−α)/2)

with �(·) being the usual gamma function and

f̂ (ξ) :=
ˆ

Rn

f (x)e−2πix·ξ dx, ∀ ξ ∈R
n.

Based on [35,32], the operator Iα maps S ′(Rn)/P(Rn) onto S ′(Rn)/P(Rn), where S ′(Rn)/

P(Rn) stands for the Schwartz distribution class S ′(Rn) modulo the polynomial space P(Rn). 
It is known that S ′(Rn)/P(Rn) is topologically equivalent to S ′∞(Rn) (see, for example, [40, 
Proposition 8.1], [22, Theorem 6.28] and [27, Theorem 3.1]). For any sufficiently smooth func-
tion f which is small at infinity, one has (see Stein [29, p. 117])

Iαf (x) =
ˆ

Rn

|y − x|α−nf (y) dy, ∀ x ∈R
n.

Assume that α ∈ (0, n) is a non-integer and M the largest integer less than α. For any r ∈
(0, ∞) and x, y ∈R

n, define

pr,y(x) := |x + ry|α−n −
∑

β∈Zn+, |β|≤M

(ry)βDβ |x|α−n(β!)−1, (1.7)

which is indeed the Taylor remainder of the kernel of the Riesz potential. Here and hereafter, for 
any multi-index β := (β1, . . . , βn) ∈ Z

n+ := (Z+)n with Z+ := N ∪ {0} and N := {1, 2, . . . }, we 
use the following notation⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

|β| := ∑n
j=1 βj ,

β! := 
n
j=1βj !,

Dβ := ∂
β1
x1 · · · ∂βn

xn
=

(
∂

∂x1

)β1

· · ·
(

∂

∂xn

)βn

,

xβ := 
n
j=1x

βj

j if x = (x1, . . . , xn) ∈ R
n.

If f is sufficiently smooth and small at infinity, then it makes sense to define

Tαf (x) :=

⎧⎪⎨⎪⎩
∞̂

0

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ f (x)|dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2

, ∀x ∈R
n, (1.8)

here and hereafter, 
0n denotes the origin of Rn. Such a quadratic operator Tα arises from the 
Riesz potential operator Iα and originates essentially from Stein [28]. Its current version was 
studied by Dahlberg [7] and then used to study the regularity of Riesz potentials on Lebesgue 
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spaces. Another pioneer work regarding Tα for the special case M = 0 was due to Strichartz [31]. 
For any f in L∞

c (Rn) (that is, the set of all bounded functions with compact supports), it was 
proved in [7, Theorem 3] (see also [31, Theorem 2.3]) that Tαf is pointwisely well defined on 
R

n and

‖Tαf ‖Lp(Rn) ≤ C‖f ‖Lp(Rn), ∀ f ∈ L∞
c (Rn), (1.9)

for some positive constant C independent of f , so that Tα can be extended to a bounded oper-
ator on Lp(Rn) via a standard density argument. Starting from this, Dahlberg [7, Theorem 3]
characterized Lp(Rn) for any given p ∈ (1, ∞) via Tα and then obtained

‖Tαf ‖Lp(Rn) ∼ ‖f ‖Lp(Rn), ∀f ∈ Lp(Rn), (1.10)

with the positive equivalence constants independent of f . It should be mentioned that the bound-
edness of Tα on mixed-norm Lebesgue spaces was obtained in [2] and then used to establish 
the capacitary inequalities for the Besov capacity. One of the main aims in this article is to ex-
tend (1.10) to the setting of Morrey spaces and their preduals; see Theorems 1.1 and 1.2 below, 
respectively.

Through this article, we always restrict the index α ∈ (0, n) to be a non-integer. Indeed, the 
fact �α� < α < �α� +1 is necessary for the below treatment of the kernel pr,y . For the case when 
α ∈ (0, n) is an integer, the definition of Tα in (1.8) needs to be changed accordingly, perhaps 
with the kernel pr,y in (1.7) replaced by higher order differences. For example, when α = 1, with 
pr,y(x) in (1.7) redefined by setting

pr,y(x) := |x + ry|α−n + |x − ry|α−n − 2|x|α−n, ∀ r ∈ (0,∞), ∀x, y ∈ R
n,

Strichartz [31, Theorem 2.3] obtained the boundedness of the corresponding operator Tα on 
Lebesgue spaces. In this article, we will not pursue the case when α ∈ (0, n) is an integer.

Let us emphasize more on the definition of Tαf in (1.8). Indeed, if f is a nice function, for 
example, f is in the Schwartz class S(Rn), then one may easily observe that

pr,y ∗ f (x) = Iαf (x + ry) −
∑

β∈Zn+, |β|≤M

(ry)βDβIαf (x)(β!)−1, ∀ r ∈ (0,∞), ∀x, y ∈R
n.

This identity fails for general functions f ∈ ∪p∈(1,∞)L
p(Rn), since Iαf might be infinite every-

where on Rn. For instance, when p ∈ (n/α, ∞), if we take ε ∈ (0, α − n/p] and consider the 
function

f (x) := (1 + |x|)−n/p−ε, ∀x ∈ R
n,

then f ∈ Lp(Rn), but, for any x ∈R
n,

Iαf (x) ≥
ˆ

|y|>1+|x|
|x − y|α−n(1 + |y|)−n/p−ε dy ≥

ˆ

|y|>1+|x|
(2|y|)α−n−n/p−ε dy = ∞.
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However, for general f ∈ ∪p∈(1,∞)L
p(Rn), it is proved in Lemma 2.1 below that pr,y ∗ f (x) is 

well defined for almost every x ∈ R
n and 

´
B(
0n,1)

|pr,y ∗ f (x)| dy has an upper bound irrelevant 
to r ∈ [ε, 1/ε] (but, relevant to x and ε), where ε ∈ (0, 1). So it makes sense to understand (1.8)
as follows:

Tαf = lim
ε→0

⎧⎪⎨⎪⎩
1/εˆ

ε

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ f |dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2

, ∀f ∈
⋃

p∈(1,∞)

Lp(Rn). (1.11)

Such a new understanding of Tα directly gives that Tα maps Lp(Rn) continuously into Lp(Rn); 
see Lemma 2.1 below.

Motivated by [7,31,28], in this article, we obtain the following characterization of Morrey 
spaces via the operator Tα .

Theorem 1.1. Let λ ∈ (0, n], α ∈ (0, n) be a non-integer and p ∈ (1, ∞). Then there exists a 
positive constant C such that, for any f ∈ Lp,λ(Rn),

C−1‖f ‖Lp,λ(Rn) ≤ ‖Tαf ‖Lp,λ(Rn) ≤ C‖f ‖Lp,λ(Rn).

The proof of Theorem 1.1 is given in Section 2 below. Notice that Theorem 1.1 for the case 
λ = n goes back to the result of Dahlberg [7] (see also Strichartz [31] or Stein [28]). But, the 
method used in this article is totally different. Recall that the argument used in [7,31,28] strongly 
relies on the theory of Fourier transforms and the boundedness of the vector-valued Calderón–
Zygmund operators, which certainly does not work for the setting of Morrey spaces. Due to the 
bad structure of the Morrey spaces, instead of the method used in [7,31,28], the proof for the 
boundedness of Tα on Morrey spaces relies on some quite delicate estimates of the kernel of Tα, 
while the converse counterpart needs the construction of a Calderón reproducing formula asso-
ciated to the kernel of T̃α in (2.2), which is a variant of Tα but smaller than Tα . This operator T̃α

in (2.2) looks like a classical Littlewood–Paley operator, but its kernel is obviously not as good 
as that of a classical Littlewood–Paley operator. In Section 2.1, we make a great effort to show 
that the kernel of T̃α is good enough for us to construct a Calderón reproducing formula needed 
in the proof of Theorem 1.1.

In analogy to Theorem 1.1, it is natural to ask the boundedness of Tα on the preduals of 
Morrey spaces. Indeed, we have the following conclusion.

Theorem 1.2. Let λ ∈ (0, n), α ∈ (0, n) be a non-integer and p ∈ (1, ∞). Then there exists a 
positive constant C such that, for any f ∈ Hp,λ(Rn),

C−1‖f ‖Hp,λ(Rn) ≤ ‖Tαf ‖Hp,λ(Rn) ≤ C‖f ‖Hp,λ(Rn).

The proof of Theorem 1.2 is presented in Section 3 below. The upper bound estimate can 
essentially be reduced to considering the boundedness of Tα on the weighted Lebesgue space 
Lp(u) equipped with the norm

‖f ‖Lp(u) :=
⎡⎣ˆ

n

|f (x)|pu(x) dx

⎤⎦1/p

, ∀ f ∈ Lp(u),
R
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whenever p ∈ (1, ∞). Here, u is in the Muckenhoupt weight class Ap(Rn), that is, u is a non-
negative Lebesgue measurable function on Rn with its Ap(Rn)-weight constant

[u]Ap(Rn) := sup
B is a ball ofRn

⎡⎣ 1

|B|
ˆ

B

u(x)dx

⎤⎦⎡⎣ 1

|B|
ˆ

B

u(x)
− 1

p−1 dx

⎤⎦p−1

< ∞.

Such weighted estimates usually follow from the sharp maximal function estimates of Tαf (see 
Lemma 3.1 below). The lower bound estimate relies on the Calderón reproducing formula as that 
used in the proof of Theorem 1.1.

For any α, λ ∈ (0, n) and p ∈ (1, ∞), the Riesz-type capacity Rα,p,λ(E) of an arbitrary set 
E ⊂R

n is defined by setting

Rα,p,λ(E) := inf
{
‖f ‖p

Hp,λ(Rn)
: f ≥ 0 and Iαf ≥ 1E

}
,

here and hereafter, we use 1E to denote the characteristic function of the set E. When 0 < α <

λ < n and p > λ/α, it follows from Adams and Xiao [3, Theorem 7.4] that

∞̂

0

[
Rα,p,λ({x ∈R

n : |Iαf (x)| > t})]1/p
dt � ‖f ‖Hp,λ(Rn), ∀ f ∈ Hp,λ(Rn),

where the implicit positive constant is independent of f . As an application of Theorem 1.2, we 
establish the following regularity result for the Riesz potential Iα(Hp,λ), which has an advantage 
over the aforementioned result of [3, Theorem 7.4] in the sense that p in Theorem 1.3 below can 
be as close as to 1.

Theorem 1.3. Let λ ∈ (0, n), α ∈ (0, n) be a non-integer and p ∈ (1, ∞). Then there exists a 
positive constant C such that, for any f ∈ C∞

c (Rn),

∞̂

0

Rα,p,λ({x ∈R
n : |Iαf (x)| > t}) dtp ≤ C‖f ‖p

Hp,λ(Rn)
.

Indeed, the proof of Theorem 1.3 is almost trivial under the assumptions α + λ > n and 
p ∈ [ λ

α+λ−n
, ∞); see Remark 4.4 below. Thus, we only need to show Theorem 1.3 for any given

p ∈

⎧⎪⎨⎪⎩
(1,∞) if α + λ ≤ n,(

1,
λ

α + λ − n

)
if α + λ > n.

(1.12)

For such a p, any f ∈ Hp,λ(Rn) ensures that the set {x ∈R
n : |Iαf (x)| = ∞} has both zero 

Rα,p,λ-capacity and Lebesgue measure; see Remark 4.3 below.
Applying Theorem 1.3, we immediately obtain the following restricting result for Iα(Hp,λ), 

and then the regularity of the duality solution to the fractional Laplace equation.
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Corollary 1.4. Let λ ∈ (0, n), α ∈ (0, n) be a non-integer and p ∈ (1, ∞). Suppose that μ is a 
non-negative Radon measure on Rn.

(i) The following two assertions are equivalent:
(a) There exists a positive constant C such that

μ(E) ≤ CRα,p,λ(E), ∀ E ⊂R
n.

(b) There exists a positive constant C such that, for any f ∈ Hp,λ(Rn),

‖Iαf ‖L
p
μ(Rn) :=

⎡⎣ ∞̂

0

μ({x ∈ R
n : |Iαf (x)| > t}) dtp

⎤⎦1/p

≤ C‖f ‖Hp,λ(Rn).

(ii) Assume further that 0 < α < 2 ≤ n and μ has compact support. Under the assumption of (a) 
or (b) in (i), if the fractional Laplace equation{

(−�)
α
2 u = μ,

lim|x|→∞ u(x) = 0
(1.13)

has a duality solution u in the sense of

ˆ

Rn

u(x)φ(x) dx = 1

γ (α)

ˆ

Rn

Iαφ(x) dμ(x), ∀ φ ∈ C∞
c (Rn),

then

u ∈
⋃

(p′,λ)∈( n
n−α

,∞)×(0,n)

Lp′,λ(Rn)

with

‖u‖
Lp′,λ(Rn)

≤ C|supp μ|1/p′
,

where γ (α) = π
n
2 2α�( α

2 )

�( n−α
2 )

, C is a positive constant independent of μ and 1/p + 1/p′ = 1.

For Corollary 1.4(i), observe that (b) follows directly from Theorem 1.3 and (a). Conversely, 
for any 0 ≤ f ∈ Hp,λ(Rn) satisfying Iαf ≥ 1E , we use (b) to conclude that

μ(E) = ‖1E‖p

L
p
μ(Rn)

≤ ‖Iαf ‖p

L
p
μ(Rn)

≤ Cp‖f ‖p

Hp,λ(Rn)
,

which implies (a) via taking the infimum over all such f . Here, C is the same constant as in (b) 
of Corollary 1.4(i).

To obtain Corollary 1.4(ii), we apply Corollary 1.4(i) and the Hölder inequality to derive that, 
for any φ ∈ C∞

c (Rn),
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∣∣∣∣∣∣
ˆ

Rn

u(x)φ(x) dx

∣∣∣∣∣∣ = 1

γ (α)

∣∣∣∣∣∣
ˆ

Rn

Iαφ(x) dμ(x)

∣∣∣∣∣∣
≤ |supp μ|1/p′

γ (α)
‖Iαφ‖L

p
μ(Rn)

≤ C|supp μ|1/p′

γ (α)
‖φ‖Hp,λ(Rn),

which, together with the density of C∞
c (Rn) in Hp,λ(Rn) as well as (1.5), implies u ∈ Lp′,λ(Rn)

with the desired norm estimate. Again, here C is the same constant as in (b) of Corollary 1.4(i).

Remark 1.5.

(i) When α ∈ (1, 2) and μ is a non-negative Radon measure with compact support in Rn, it was 
proved in [15, Theorem 1.1] that the duality solution u of the fractional Laplace equation 
exists uniquely and satisfies

ˆ

B

|u(x)|q dx +
ˆ

B

ˆ

B

|u(x) − u(y)|q
|x − y|n+q−2+α

dx dy < ∞, ∀ ball B ⊂R
n,

whenever 1 < q < n+2−α
n+1−α

. Thus, Corollary 1.4(ii) partly improves [15, Theorem 1.1], be-

cause now the solution u proves locally Lp′
(Rn) integrable with

n + 2 − α

n + 1 − α
<

n

n − α
< p′ < ∞,

where 1/p + 1/p′ = 1.
(ii) Notice that u is a duality solution to (1.13) if and only if u is a weak solution to (1.13) in the 

sense of ˆ

Rn

(−�)
α
2 u(x)ϕ(x) dx =

ˆ

Rn

ϕ(x) dμ(x), ∀ϕ ∈ Iα(C∞
c (Rn)).

This can be seen by using the idea in [23, Proposition 2.9]. To be precise, observe that u is a 
weak solution to (1.13) if and only if

ˆ

Rn

(−�)
α
2 u(x)Iαφ(x) dx =

ˆ

Rn

Iαφ(x) dμ(x), ∀φ ∈ C∞
c (Rn).

Using the Fubini theorem and the fact Iα(−�)
α
2 u = γ (α)u in S ′(Rn), we obtain

ˆ

Rn

(−�)
α
2 u(x)Iαφ(x) dx =

ˆ

Rn

Iα(−�)
α
2 u(x)φ(x)dx = γ (α)

ˆ

Rn

u(x)φ(x) dx,

that is, u is a weak solution to (1.13) if and only if it is a duality solution to (1.13).
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The organization of this article is as follows.
Section 2 mainly deals with the proof of Theorem 1.1. The non-density of C∞

c (Rn) in Mor-
rey spaces brings many difficulties when we consider the boundedness of operators on Morrey 
spaces. The reader may find various methods to overcome this deficit; see, for example, [24,25]. 
In this article, with a new understanding of Tα as in (1.11), we prove that Tαf is well defined 
almost everywhere on Rn whenever f ∈ Lp(Rn) with p ∈ (1, ∞) (see Lemma 2.1 below), which 
leads to the well definedness of Tα on Morrey spaces. Combining this and a delicate estimate, 
we obtain the boundedness of Tα on Morrey spaces in Section 2.2, which gives the upper bound 
estimate of Theorem 1.1. In Section 2.3, we obtain the lower bound estimate of Theorem 1.1
via the Calderón reproducing formula and the boundedness of the Littlewood–Paley operator on 
Lp,λ(Rn) (see Theorem 2.4 below). For this part, we need some hard analysis on the kernel of 
T̃α (see Proposition 2.2 below), which is a variant of Tα and smaller than Tα , so that we can use 
the idea from [39, Lemma 2.1] to build a Calderón reproducing formula associated to the kernel 
of T̃α (see Proposition 2.3 below).

Section 3 is devoted to the proof of Theorem 1.2. In Section 3.1, we use the Hardy–Littlewood 
maximal function to dominate the sharp maximal function of Tαf when f ∈ C∞

c (Rn). This again 
needs some quite delicate estimates regarding pr,y ∗ f . In Section 3.2, we present the bound-
edness of Tα on Hp,λ(Rn), which can be attributed to the corresponding weighted estimates 
and then the aforementioned sharp maximal function estimates. In Section 3.3, we obtain the 
lower bound estimate of Theorem 1.2, via using both the Calderón reproducing formula built in 
Proposition 2.3 below and the boundedness of the Littlewood–Paley operator on Hp,λ(Rn) (see 
Theorem 2.4 below).

Section 4 focuses on the proof of Theorem 1.3. In Section 4.1, we first establish the mono-
tonicity and a variant of the subadditivity as well as a capacitary weak-type inequality (see 
Lemmas 4.1 and 4.2 below) of the Riesz-type capacity Rα,p,λ, and then prove a differentia-
tion theorem for Rα,p,λ (see Lemma 4.5 below). With these and an idea from the proof of [7, 
Theorem 1], in Section 4.2, we establish the boundedness of Iα from Hp,λ(Rn) to the Lebesgue 
space Lp with respect to Rα,p,λ.

Throughout this article, we always adopt the following notation. Let

N := {1,2, . . . }, Z := {0,±1,±2, . . . } and Z+ := N∪ {0}.

We always use C or c to denote a positive constant which is independent of the main parameters, 
but it may vary from line to line. The symbol f � g (resp., f � g) means f ≤ Cg (resp., f ≥
Cg) for a positive constant C, and f ∼ g amounts to f � g � f . We also use the following 
convention: If f ≤ Cg and g = h or g ≤ h, we then write f � g ∼ h or f � g � h, rather than
f � g = h or f � g ≤ h. For any s ∈R, denote by �s� the largest integer not greater than s, and 
by �s� the smallest integer greater than or equal to s. We always use 
0n to denote the origin of Rn. 
For any set E ⊂ R

n, the symbol 
ffl
E

represents 1
|E|

´
E

, the symbol 1E its characteristic function 

and E� := R
n\E. For any p ∈ (1, ∞), let p′ be the conjugate index of p, that is, 1/p+1/p′ = 1.

2. Proof of Theorem 1.1

This section mainly deals with the proof of Theorem 1.1. To be precise, Section 2.1 concerns a 
detailed analysis for the kernel of Tα; Section 2.2 gives the upper bound estimate of Theorem 1.1
and Section 2.3 shows the lower bound estimate of Theorem 1.1.
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2.1. Analysis for the kernel of Tα

This section gives some preliminaries but important results regarding the operator Tα as well 
as its kernel.

Denote by M the Hardy–Littlewood maximal operator on Rn, that is, for any locally inte-
grable function u on Rn and for any x ∈R

n,

Mu(x) := sup
B�x, B is a ball of Rn

 

B

|u(z)|dz.

Lemma 2.1. For any r ∈ (0, ∞) and y ∈ B(
0n, 1), define pr,y as in (1.7), with α ∈ (0, n) being 
a non-integer and M := �α�. Let f ∈ Lp(Rn) with any given p ∈ (1, ∞). Then

(i) there exists a positive constant C, independent of r , y and f , such that

|pr,y ∗ f (x)| ≤ Crα [Mf (x + ry) +Mf (x)] , ∀x ∈R
n;

(ii) pr,y ∗ f is well defined almost everywhere on Rn;
(iii) Tαf as in (1.11) is well defined and hence Tα bounded on Lp(Rn).

Proof. From the boundedness of M on Lp(Rn) with any given p ∈ (1, ∞), (ii) follows directly 
from (i).

Observe that (iii) is actually a consequence of (ii) and (1.9). Indeed, from (ii), it follows that 
{´ 1/ε

ε
[´

B(
0n,1)
|pr,y ∗ f (x)| dy]2 dr

r1+2α }1/2 is well defined for almost every x ∈ R
n, as it is point-

wise bounded by Mf (x) +M2f (x), up to a positive constant multiple. Because p ∈ (1, ∞) and 
f ∈ Lp(Rn), we take a sequence {fj }j∈N ⊂ C∞

c (Rn) such that limj→∞ fj = f both in Lp(Rn)

and almost everywhere on Rn. Then the Fatou lemma implies that, for any ε ∈ (0, 1) and x ∈R
n,

⎧⎪⎨⎪⎩
1/εˆ

ε

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ f (x)|dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2

=

⎧⎪⎨⎪⎩
1/εˆ

ε

⎡⎢⎣ ˆ

B(
0n,1)

∣∣∣∣pr,y ∗ ( lim
j→∞fj )(x)

∣∣∣∣ dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2

≤ lim inf
j→∞

⎧⎪⎨⎪⎩
1/εˆ

ε

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ fj (x)|dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2

≤ lim inf
j→∞

⎧⎪⎨⎪⎩
∞̂

0

⎡⎢⎣ ˆ



|pr,y ∗ fj (x)|dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2
B(0n,1)
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= lim inf
j→∞ Tαfj (x). (2.1)

Meanwhile, by (1.9) and the Fatou lemma, we have∥∥∥∥lim inf
j→∞ Tαfj

∥∥∥∥
Lp(Rn)

≤ lim inf
j→∞ ‖Tαfj‖Lp(Rn) � lim inf

j→∞ ‖fj‖Lp(Rn) ∼ ‖f ‖Lp(Rn).

Combining the last two formulae implies that Tαf as in (1.11) is well defined in Lp(Rn) and 
hence almost everywhere on Rn, with

‖Tαf ‖Lp(Rn) =

∥∥∥∥∥∥∥∥ lim
ε→0

⎧⎪⎨⎪⎩
1/εˆ

ε

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ f |dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2∥∥∥∥∥∥∥∥

Lp(Rn)

≤ lim inf
ε→0

∥∥∥∥∥∥∥∥
⎧⎪⎨⎪⎩

1/εˆ

ε

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ f |dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎬⎪⎭
1/2∥∥∥∥∥∥∥∥

Lp(Rn)

� ‖f ‖Lp(Rn).

Thus, we conclude the proof of (iii).
It remains to show (i). Let f ∈ Lp(Rn) with any given p ∈ (1, ∞). Fix r ∈ (0, ∞) and y ∈

B(
0n, 1). For any x ∈ R
n, we consider the ball B := B(x, 3r) and define f1 := f 1B and f2 :=

f 1
B� . It follows that

pr,y ∗ f = pr,y ∗ f1 + pr,y ∗ f2.

For the first part pr,y ∗ f1, we write

|pr,y ∗ f1(x)| ≤
ˆ

|z−x|<3r

|pr,y(x − z)||f (z)|dz

≤
ˆ

|z−x|<3r

|x − z + ry|α−n|f (z)|dz

+
∑

β∈Zn+,|β|≤M

r |β|(β!)−1
ˆ

|z−x|<3r

|x − z|α−n−|β||f (z)|dz.

Notice that

ˆ
|x − z + ry|α−n|f (z)|dz ≤

ˆ
|x − z + ry|α−n|f (z)|dz
|z−x|<3r |x−z+ry|<4r
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=
∞∑

j=0

ˆ

2−j+1r≤|x−z+ry|<2−j+2r

|x − z + ry|α−n|f (z)|dz

�
∞∑

j=0

(2−j r)α−n

ˆ

|x−z+ry|<2−j+2r

|f (z)|dz

� rαMf (x + ry)

and

ˆ

|z−x|<3r

|x − z|α−n−|β||f (z)|dz ≤
∞∑

j=0

ˆ

2−j+1r≤|x−z|<2−j+2r

|x − z|α−n−|β||f (z)|dz

�
∞∑

j=0

(2−j r)α−n−|β|
ˆ

|x−z|<2−j+2r

|f (z)|dz

� rα−|β|Mf (x).

Consequently, we have

|pr,y ∗ f1(x)| � rα[Mf (x + ry) +Mf (x)],

as desired.
Now we deal with the second part pr,y ∗ f2. When |x − z| ≥ 3r , by the Taylor theorem, we 

have

|pr,y(x − z)| � sup
θ∈(0,1)

|ry|M+1|x − z + θry|α−n−(M+1) � rM+1|x − z|α−n−(M+1),

which further implies that

|pr,y ∗ f2(x)| ≤
ˆ

|z−x|≥3r

|pr,y(x − z)||f (z)|dz

� rM+1
ˆ

|x−z|≥3r

|x − z|α−n−(M+1)|f (z)|dz

� rM+1
∞∑

j=1

ˆ

2j r≤|x−z|<2j+1r

|x − z|α−n−(M+1)|f (z)|dz

� rM+1
∞∑

j=1

(2j r)α−n−(M+1)

ˆ

|x−z|<2j+1r

|f (z)|dz

� rαMf (x).
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Combining the estimates for the two parts pr,y ∗ f1(x) and pr,y ∗ f2(x), we obtain (i) and 
hence complete the proof of Lemma 2.1. �

Fixing a non-integer α in (0, n), instead of the operator Tα , we consider the following smaller 
one

T̃αf (x) :=
⎡⎢⎣ ∞̂

0

∣∣∣∣∣∣∣
1

rα

ˆ

B(
0n,1)

pr,y ∗ f (x)dy

∣∣∣∣∣∣∣
2

dr

r

⎤⎥⎦
1/2

, ∀x ∈R
n. (2.2)

Here and hereafter, we assume that f is a suitable function so that T̃αf makes sense. Of course, 
based on Lemma 2.1, one can take f ∈ ∪p∈(1,∞)L

p(Rn). For any r ∈ (0, ∞) and x ∈R
n, let

Kr(x) := 1

rα

ˆ

B(
0n,1)

pr,y(x) dy. (2.3)

Then

T̃αf (x) =
⎡⎣ ∞̂

0

|Kr ∗ f (x)|2 dr

r

⎤⎦1/2

, ∀x ∈R
n.

For any r ∈ (0, ∞), y ∈ B(
0n, 1) and ξ ∈R
n \ {
0n}, we use (1.7) and [29, p. 117] to derive that

p̂r,y(ξ) = γ (α)(2π)−α|ξ |−α

⎡⎣e2πiry·ξ −
∑

β∈Zn+, |β|≤M

(ry)β(2πiξ)β(β!)−1

⎤⎦ ,

which gives

K̂r (ξ) = γ (α)(2π)−α

|rξ |α
ˆ

B(
0n,1)

⎡⎣e2πiry·ξ −
∑

β∈Zn+, |β|≤M

yβ(2πirξ)β(β!)−1

⎤⎦ dy. (2.4)

More properties of the kernel Kr are presented in the following proposition.

Proposition 2.2. For any r ∈ (0, ∞), let Kr be as in (2.3) with its Fourier transform given in 
(2.4). When r = 1, write Kr simply by K . Then

(i) K̂r (ξ) = K̂(rξ) for any ξ ∈ R
n \ {
0n};

(ii) there exist small positive constants c, σ1 and σ2 such that |K̂(ξ)| > c on the annulus {ξ ∈
R

n : σ1 < |ξ | < σ2};
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(iii) K̂ is infinitely differentiable on {ξ ∈R
n : σ1 < |ξ | < σ2} and, for any multi-index β ∈ Z

n+,

|DβK̂(ξ)| ≤ C, ∀ ξ ∈ {ξ ∈ R
n : σ1 < |ξ | < σ2},

where C is a positive constant depending on σ1, σ2 and β .

Proof. Notice that (i) follows directly from the expression (2.4), and (iii) is a consequence of (ii) 
and the continuity of DβK̂ outside of the origin.

It remains to prove (ii). By (2.4), it suffices to find small positive constants σ1 and σ2 such 
that the absolute value of the function

F(ξ) :=
ˆ

B(
0n,1)

⎡⎣e2πiy·ξ −
∑

β∈Zn+, |β|≤M

yβ(2πiξ)β(β!)−1

⎤⎦ dy, ∀ ξ ∈R
n,

has a positive lower bound on {ξ ∈ R
n : σ1 < |ξ | < σ2}.

For any γ ∈ Z
n+ satisfying |γ | ≤ M , using the expression of F , we do simple calculation and 

obtain Dγ F(
0n) = 0. For the case γ := (γ1, . . . , γn) ∈ Z
n+ such that |γ | ≥ M + 1, by parity, one 

has

Dγ F(
0n) =
ˆ

B(
0n,1)

(2πiy)γ dy =
{

0 if some γi is odd,

a non-zero real number if each γi is even.

Take L := M + 1 when M is odd and L := M + 2 when M is even. Then L is always even. As 
L − 1 is odd and L − 2 ≤ M , one has

Dγ F(
0n) = 0, ∀ γ ∈ Z
n+ with |γ | ≤ L − 1.

For the moment, fix γ := (γ1, . . . , γn) ∈ Z
n+ with |γ | = L and every γi being an even number. 

Then the sign of Dγ F(
0n) is determined only by the parity of L/2, because

Dγ F(
0n) = (2π)L(−1)L/2
ˆ

B(
0n,1)

y
γ1
1 · · ·yγn

n dy1 · · · dyn

and 
´
B(
0n,1)

y
γ1
1 · · ·yγn

n dy1 · · · dyn > 0. For simplicity, below we consider only the case L/2 is 

even, in which case Dγ F(
0n) > 0. By this and the continuity of Dγ F , we know that there exist 
constants c0, σ ∈ (0, ∞), uniformly in γ , such that

Dγ F(ξ) > c0 > 0, ∀ ξ ∈ {ξ ∈ R
n : |ξ | < σ }. (2.5)

Fix ξ := (ξ1, . . . , ξn) ∈ R
n such that |ξ | < σ . By symmetry, we may as well assume that every 

ξi ≥ 0 and ξ1 = max1≤i≤n ξi so that ξ1 ≤ |ξ | ≤ √
nξ1. Applying the Newton–Leibniz formula 

L-times, we obtain
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F(ξ1, . . . , ξn) =
ξ1ˆ

0

tL−1ˆ

0

· · ·
t1ˆ

0

∂L
x1

F(t, ξ2, . . . , ξn) dt dt1 · · · dtL−1

+
L−1∑
k1=0

1

k1!∂
k1
x1

F(0, ξ2, . . . , ξn)ξ
k1
1

=: Z1 + Z2.

By (2.5) and the fact that L is even, we have

Z1 ≥ c0

ξ1ˆ

0

tL−1ˆ

0

· · ·
t1ˆ

0

dt dt1 · · · dtL−1 ≥ c0
ξL

1

L! ≥ c0
(|ξ |/√n)L

L! .

For the case n = 1, the term Z2 is the linear combination of derivatives of F up to order L − 1 at 
the origin, which is zero.

Let us consider the case n ≥ 2. For any k1 ∈ {0, . . . , L − 1} such that k1 is odd, we observe 
that

∂k1
x1

F(0, ξ2, . . . , ξn) =
ˆ

B(
0n,1)

(2πiy1)
k1e

2πi
∑n

j=2 yj ξj dy1 · · · dyn = 0

and hence

Z2 =
∑

k1∈{0,...,L−1}
k1 even

1

k1!∂
k1
x1

F(0, ξ2, . . . , ξn)ξ
k1
1 .

Now, fixing k1 ∈ {0, . . . , L − 1} such that k1 is even, we then estimate ∂k1
x1 F(0, ξ2, . . . , ξn). Ap-

plying the Newton–Leibniz formula L − k1 times, we have

∂k1
x1

F(0, ξ2, . . . , ξn) =
ξ2ˆ

0

tL−k1−1ˆ

0

· · ·
t1ˆ

0

∂L−k1
x2

∂k1
x1

F(0, t, ξ3, . . . , ξn) dt dt1 · · · dtL−k1−1

+
L−k1−1∑

k2=0

1

k2!∂
k2
x2

∂k1
x1

F(0,0, ξ3, . . . , ξn)ξ
k2
2

=: Z2,1 + Z2,2.

Since both k1 and L − k1 are even, we deduce from (2.5) that

Z2,1 ≥ c0

ξ2ˆ

0

tL−k1−1ˆ

0

· · ·
t1ˆ

0

dt dt1 · · · dtL−k1−1 = c0
ξ

L−k1
2

(L − k1)! ≥ 0.
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As in the discussion for Z2, the summation in Z2,2 is non-zero only for those k2 being even. 
Therefore, we have

Z2 = a non-negative number

+
∑

k1∈{0,...,L−1}
k1 even

∑
k2∈{0,...,L−k1−1}

k2 even

1

k2!k1!∂
k2
x2

∂k1
x1

F(0,0, ξ3, . . . , ξn)ξ
k1
1 ξ

k2
2 .

In the case n = 2, we find that Z2 can be written as a non-negative number plus a linear combi-
nation of derivatives of F up to order L − 1 at the origin, while the latter is equal to zero. This 
shows that Z2 ≥ 0 when n = 2.

In general, we repeat the above argument to treat the terms like

∂k2
x2

∂k1
x1

F(0,0, ξ3, . . . , ξn)

with both k2 and k1 being even, then we finally obtain

Z2 = a non-negative number

+
∑

k1∈{0,...,L−1}
k1 even

· · ·
∑

kn∈{0,...,L−kn−1−1}
kn even

1

k1! · · ·kn!∂
kn
xn

· · · ∂k1
x1

F(
0n)ξ
k1
1 · · · ξkn

n .

This implies that Z2 is a non-negative number. Invoking the estimate of Z1, we conclude that, for 
any ξ ∈R

n satisfying |ξ | < σ ,

|F(ξ)| ≥ c0
(|ξ |/√n)L

L! .

Let σ2 := σ and σ1 be an arbitrary number in (0, σ). Then, when σ1 < |ξ | < σ2, we have |F(ξ)| ≥
c0

(σ1/
√

n)L

L! , which is as desired. This concludes the proof of (ii) and hence of Proposition 2.2. �
Combining Proposition 2.2 and the argument from the proof of [39, Lemma 2.1], we obtain a 

Calderón reproducing formula invoking the kernel Kr .

Proposition 2.3. Let σ1, σ2 and K be as in Proposition 2.2. Then there exists φ in the Schwartz 
class S(Rn) having the following properties:

(i) there exist σ3, σ4 ∈ (0, ∞) such that σ1 < σ3 < σ4 < σ2 and

supp φ̂ ⊂ {ξ ∈R
n : σ3 < |ξ | < σ4};

(ii) there exist c, σ5, σ6 ∈ (0, ∞) such that σ3 < σ5 < σ6 < σ4 and

|φ̂(ξ)| > c whenever σ5 ≤ |ξ | ≤ σ6;
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(iii) for any ξ ∈R
n \ {
0n},

∞̂

0

K̂(rξ)φ̂(rξ)
dr

r
= 1;

(iv) for any f in S(Rn) (resp., in S ′(Rn), or in Lp(Rn) with any given p ∈ [1, ∞)),

∞̂

0

Kr ∗ φr ∗ f
dr

r
= f

in S(Rn) (resp., in S ′(Rn), or in Lp(Rn) with any given p ∈ [1, ∞)), where φr(·) :=
r−nφ(r−1·) for any r ∈ (0, ∞).

Proof. Choose g ∈ S(Rn) such that ĝ ≥ 0, supp ĝ ⊂ {ξ ∈ R
n : σ3 < |ξ | < σ4} and ĝ(ξ) > c1

whenever σ5 < |ξ | < σ6, where c1 is a positive constant and σ3, σ4, σ5, σ6 are as in the statement 
of the proposition.

For any ξ ∈ R
n, define F(ξ) := ´∞

0 ĝ(rξ) dr
r

. Then F is a bounded function, F has a positive 
lower bound on Rn \ {
0n}, and F(tξ) = F(ξ) for any t ∈ (0, ∞) and ξ ∈R

n. Define

h(ξ) := ĝ(ξ)

F (ξ)
, ∀ ξ ∈ R

n.

Clearly, supp h ⊂ {ξ ∈ R
n : σ3 < |ξ | < σ4} and h has a positive lower bound on {ξ ∈ R

n : σ5 <

|ξ | < σ6}. Moreover, for any ξ ∈ R
n \ {
0n}, one has

∞̂

0

h(rξ)
dr

r
=

∞̂

0

ĝ(rξ)

F (rξ)

dr

r
= 1

F(ξ)

∞̂

0

ĝ(rξ)
dr

r
= 1.

Let φ be a function such that φ̂ := h/K̂ . Since supp h ⊂ {ξ ∈ R
n : σ3 < |ξ | < σ4} and K̂ has 

a positive lower bound on a bigger annulus {ξ ∈ R
n : σ1 < |ξ | < σ2}, it follows that φ̂ is well 

defined on Rn. By Proposition 2.2(iii), it is easy to see that φ enjoys properties (i), (ii) and (iii).
From Proposition 2.2(iii) again, we deduce that φ̂ is infinitely differentiable on {ξ ∈ R

n :
σ3 < |ξ | < σ4}, which contains supp φ̂. This implies that φ̂ ∈ C∞

c (Rn) ⊂ S(Rn). Consequently, 
φ ∈ S(Rn).

Finally, (iv) follows from a standard argument (see, for example, [9, Appendix] or [38, 
Lemma 2.1]) and the already proved properties of φ. This finishes the proof of Proposi-
tion 2.3. �

Using the Schwartz function φ constructed in Proposition 2.3, one can introduce the 
Littlewood–Paley g-function G as follows:

G(f )(x) :=
⎡⎣ ∞̂

0

|φr ∗ f (x)|2 dr

r

⎤⎦1/2

, ∀x ∈ R
n,
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which is well defined for any sufficiently smooth function f . In particular, it is well known that 
G is bounded on Lp(Rn) for any given p ∈ (1, ∞) (see, for example, [34, (3.8)]). The next 
proposition concerns the boundedness of the operator G on Morrey spaces and their preduals.

Theorem 2.4. Let (p, λ) ∈ (1, ∞) × (0, n). Assume that φ ∈ S(Rn) satisfies (i) and (ii) of Propo-
sition 2.3. Then the operator G is bounded on both Lp,λ(Rn) and Hp,λ(Rn).

Proof. The boundedness of G on Lp,λ(Rn) follows immediately from [37, Corollary 1.5]. It 
remains to consider the boundedness of G on Hp,λ(Rn).

Let f ∈ Hp,λ(Rn). Without loss of generality, we may as well assume that

‖f ‖Hp,λ(Rn) = 1.

By the definition of ‖ · ‖Hp,λ(Rn), there exists a non-negative function ω satisfying (1.2) and

‖f ‖Lp(ω1−p) ≤ 2‖f ‖Hp,λ(Rn) = 2.

Fix θ ∈ (λ/n, 1) and let ωθ := (Mω1/θ )θ . Based on the argument in [5, p. 211], we know that 
there exists a positive constant c0, depending only on θ , n and λ, such that

ˆ

Rn

ωθ d�
(∞)
n−λ ≤ c0.

Let ω̃θ := c−1
0 ωθ . Then ω̃θ satisfies (1.2) and hence

‖G(f )‖Hp,λ(Rn) ≤
⎧⎨⎩
ˆ

Rn

[G(f )(x)]p [ω̃θ (x)]1−p dx

⎫⎬⎭
1/p

.

Next, we consider the function u := ω̃
1−p
θ , that is, u = c

p−1
0 ω

1−p
θ . According to the argument 

in [8, pp. 140-141], the function ωθ belongs to A1(R
n), with [ωθ ]A1(R

n) depending only on n
and θ . Further, applying [8, p. 136, Proposition 7.2(3)], we find that

u = c
p−1
0 ω

1−p
θ ∈ Ap(Rn),

with [u]Ap(Rn) depending only on n, θ and c0. Moreover, it follows from [18, Theorem 1.1]
that the operator norm of G on Lp(u) with u ∈ Ap(Rn) depends only on φ, n, p and [u]Ap(Rn). 
Noticing that ω ≤ ωθ almost everywhere on Rn, we hence have u � ω1−p almost everywhere 
on R

n. Therefore,

‖G(f )‖Hp,λ(Rn) ≤ ‖G(f )‖Lp(u) � ‖f ‖Lp(u) � ‖f ‖Lp(ω1−p) � 1.

This proves that G is bounded on Hp,λ(Rn), and hence finishes the proof of Theorem 2.4. �
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2.2. The upper bound estimate of Theorem 1.1

Proof of the upper bound estimate of Theorem 1.1. We are about to show that

‖Tαf ‖Lp,λ(Rn) � ‖f ‖Lp,λ(Rn), ∀f ∈ Lp,λ(Rn).

By homogeneity, we may assume that f ∈ Lp,λ(Rn) with ‖f ‖Lp,λ(Rn) = 1. Then it suffices to 
prove that

rλ−n
0

ˆ

B(x0,r0)

|Tαf (x)|p dx � 1, (2.6)

where the implicit positive constant is independent of x0 ∈R
n and r0 ∈ (0, ∞).

Split f = f1 +f2, where f1 := f 1B(x0,3r0) and f2 := f 1
B(x0,3r0)

� . Notice that Lemma 2.1(iii) 
guarantees that Tαf1 is well defined in Lp(Rn) and hence almost everywhere on Rn. Moreover, 
the boundedness of Tα on Lp(Rn) implies that

rλ−n
0

ˆ

B(x0,r0)

|Tαf1(x)|p dx ≤ rλ−n
0 ‖Tαf1‖p

Lp(Rn)
� rλ−n

0 ‖f1‖p

Lp(Rn)
� ‖f ‖p

Lp,λ(Rn)
� 1.

Thus, the proof of (2.6) reduces to the estimate

rλ−n
0

ˆ

B(x0,r0)

|Tαf2(x)|p dx � 1,

which follows directly from the claim that

|Tαf2(x)| � r
−λ/p

0 , ∀x ∈ B(x0, r0). (2.7)

To prove (2.7), let M be the largest integer less than α and L := M +1. For any x ∈ B(x0, r0), 
we write

|Tαf2(x)|2 ≤
∞̂

0

⎡⎢⎣ ˆ

B(
0n,1)

ˆ

|z−x|≥2r0

|pr,y(x − z)f (z)|dzdy

⎤⎥⎦
2

dr

r1+2α

≤
∞̂

0

⎡⎢⎣ ˆ

B(
0n,1)

ˆ

|z−x|≥2 max{r,r0}
|pr,y(x − z)f (z)|dzdy

⎤⎥⎦
2

dr

r1+2α

+
∞̂

r0

⎡⎢⎣ ˆ

B(
0n,1)

ˆ

2r>|z−x|≥2r0

· · · dzdy

⎤⎥⎦
2

dr

r1+2α

=: Y1 + Y2.
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For any y ∈ B(
0n, 1) and |z − x| ≥ 2 max{r, r0}, we have |ry| ≤ r < |x − z|/2, which, together 
with the Taylor theorem, implies that

|pr,y(x − z)| � sup
θ∈(0,1)

|ry|L|x − z + θry|α−n−L � rL|x − z|α−n−L

and hence, by the Hölder inequality, we further have

ˆ

|z−x|≥2 max{r,r0}
|pr,y(x − z)||f (z)|dz

� rL

ˆ

|z−x|≥2 max{r,r0}
|x − z|α−n−L|f (z)|dz

� rL
∞∑

j=1

ˆ

2j max{r,r0}≤|z−x|<2j+1 max{r,r0}
|x − z|α−n−L|f (z)|dz

� rL
∞∑

j=1

(2j max{r, r0})α−L−λ/p‖f ‖Lp,λ(Rn)

� rL(max{r, r0})α−L−λ/p.

Then an easy calculation leads to that

Y1 �
∞̂

0

[
rL(max{r, r0})α−L−λ/p

]2 dr

r1+2α
� r

−2λ/p

0 .

To conclude the proof of (2.7), we still need to estimate Y2. For any x ∈ B(x0, r0), by the 
expression of pr,y(x − z), we have

Y2 �
∞̂

r0

⎡⎢⎣ ˆ

B(
0n,1)

ˆ

2r>|z−x|≥2r0

|x − z + ry|α−n|f (z)|dzdy

⎤⎥⎦
2

dr

r1+2α

+
∑

β∈Zn+, |β|≤M

∞̂

r0

⎡⎢⎣r |β|
ˆ

2r>|z−x|≥2r0

|x − z|α−n−|β||f (z)|dz

⎤⎥⎦
2

dr

r1+2α

=: Y2,0 +
∑

β∈Zn+, |β|≤M

Y2,β .
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Let us first estimate Y2,0. Since x ∈ B(x0, r0) and r > r0, it follows that

ˆ

2r>|z−x|≥2r0

|x − z + ry|α−n|f (z)|dz ≤
ˆ

|z−x0|<3r

|x − z + ry|α−n|f (z)|dz

� Iα(|f |1B(x0,3r))(x + ry)

and hence

ˆ

B(
0n,1)

ˆ

2r>|z−x|≥2r0

|x − z + ry|α−n|f (z)|dzdy �
ˆ

B(
0n,1)

Iα(|f |1B(x0,3r))(x + ry) dy

∼ r−n

ˆ

B(x,r)

Iα(|f |1B(x0,3r))(w)dw

� r−n

ˆ

B(x0,3r)

Iα(|f |1B(x0,3r))(w)dw.

According to [6, Theorem 3.1(i)], the last integral can be estimated as follows:

ˆ

B(x0,3r)

Iα(|f |1B(x0,3r))(w)dw � rn+α−λ/p‖f 1B(x0,3r)‖Lp,λ(Rn) � rn+α−λ/p.

This in turn gives

ˆ

B(
0n,1)

ˆ

2r>|z−x|≥2r0

|x − z + ry|α−n|f (z)|dzdy � rα−λ/p.

Consequently, we have

Y2,0 �
∞̂

r0

r2(α−λ/p) dr

r1+2α
� r

−2λ/p

0 .

Now we estimate Y2,β with β ∈ Z
n+ and |β| ≤ M . Observe that

ˆ

2r>|z−x|≥2r0

|x − z|α−n−|β||f (z)|dz ≤
∑

{j∈N: 2j r0<2r}

ˆ

2j+1r0>|z−x|≥2j r0

|x − z|α−n−|β||f (z)|dz

�
∑

j

(2j r0)
α−|β|−λ/p‖f ‖Lp,λ(Rn)
{j∈N: 2 r0<2r}
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�

⎧⎪⎪⎪⎨⎪⎪⎪⎩
r
α−|β|−λ/p

0 if α − |β| − λ/p < 0,

ln
2r

r0
if α − |β| − λ/p = 0,

rα−|β|−λ/p if α − |β| − λ/p > 0.

Notice that |β| ≤ M < α. When α − |β| − λ/p < 0, we have

Y2,β � r
2(α−|β|−λ/p)
0

∞̂

r0

r2|β| dr

r1+2α
� r

−2λ/p
0 .

When α − |β| − λ/p = 0, we obtain

Y2,β �
∞̂

r0

r2|β|
(

ln
2r

r0

)2
dr

r1+2α

∼
∞∑

j=1

2j r0ˆ

2j−1r0

r2|β|
(

ln
2r

r0

)2
dr

r1+2α

�
∞∑

j=1

j2(2j r0)
2|β|−2α

� r
−2λ/p
0 .

When α − |β| − λ/p > 0, we also have

Y2,β �
∞̂

r0

r−2λ/p dr

r
� r

−2λ/p
0 .

Combining all these three cases, we obtain the desired estimate of Y2,β .

Altogether, we obtain Y2 � r
−2λ/p

0 , which finishes the proof of (2.7) and hence of the upper 
bound estimate of Theorem 1.1. �
2.3. The lower bound estimate of Theorem 1.1

In this section, we establish the lower bound estimate of Theorem 1.1, via using both a duality 
argument and Theorem 2.4.

Proof of the lower bound estimate of Theorem 1.1. Due to [7, Theorem 3], we only need to 
consider the case λ ∈ (0, n). For any non-integer α in (0, n), instead of Tα , we consider the 
smaller operator T̃α defined in Section 2.1. Then it suffices to prove that

‖f ‖Lp,λ(Rn) � ‖T̃αf ‖Lp,λ(Rn), ∀f ∈ Lp,λ(Rn). (2.8)
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Fix f ∈ Lp,λ(Rn). One may easily verify that ́
Rn(1 +|x|)−n−1|f (x)| dx < ∞, which implies 

f ∈ S ′(Rn) in terms of [30, p. 21, Example (3)]. With all the notations same as in Proposition 2.3, 
we have

f =
∞̂

0

Kr ∗ φr ∗ f
dr

r
in S ′(Rn).

From this, it follows that, for any g ∈ C∞
c (Rn) satisfying ‖g‖

Hp′,λ(Rn)
≤ 1,

〈f,g〉 =
∞̂

0

〈Kr ∗ φr ∗ f, g〉 dr

r
=

∞̂

0

〈Kr ∗ f, φ̃r ∗ g〉dr

r
,

where φ̃(·) := φ(−·). Further, by the Fubini theorem, the Hölder inequality, Theorem 2.4 and 
(1.3), we obtain

∞̂

0

ˆ

Rn

|Kr ∗ f (x)||φ̃r ∗ g(x)|dx
dr

r

≤
ˆ

Rn

⎡⎣ ∞̂

0

|Kr ∗ f (x)|2 dr

r

⎤⎦1/2 ⎡⎣ ∞̂

0

|φ̃r ∗ g(x)|2 dr

r

⎤⎦1/2

dx

≤

∥∥∥∥∥∥∥
⎡⎣ ∞̂

0

|Kr ∗ f |2 dr

r

⎤⎦1/2
∥∥∥∥∥∥∥

Lp,λ(Rn)

∥∥∥∥∥∥∥
⎡⎣ ∞̂

0

|φ̃r ∗ g|2 dr

r

⎤⎦1/2
∥∥∥∥∥∥∥

Hp′,λ(Rn)

�

∥∥∥∥∥∥∥
⎡⎣ ∞̂

0

|Kr ∗ f |2 dr

r

⎤⎦1/2
∥∥∥∥∥∥∥

Lp,λ(Rn)

‖g‖
Hp′,λ(Rn)

�
∥∥T̃αf

∥∥
Lp,λ(Rn)

.

Taking supremum over all g ∈ C∞
c (Rn) with ‖g‖

Hp′,λ(Rn)
≤ 1, we find that

sup
{
〈f,g〉 : g ∈ C∞

c (Rn), ‖g‖
Hp′,λ(Rn)

≤ 1
}

� ‖T̃αf ‖Lp,λ(Rn). (2.9)

Consequently, applying (1.5) and the density of C∞
c (Rn) in Hp′,λ(Rn), we conclude that

‖f ‖Lp,λ(Rn) = sup
{
〈f,g〉 : g ∈ C∞

c (Rn), ‖g‖
Hp′,λ(Rn)

≤ 1
}

� ‖T̃αf ‖Lp,λ(Rn),

which leads to (2.8). This finishes the proof of the lower bound estimate of Theorem 1.1. �
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Remark 2.5. Notice that the lower bound estimate of Theorem 1.2 remains true if we assume 
only f ∈ S ′(Rn) and Tαf ∈ Lp,λ(Rn). Indeed, in this case, the above argument remains valid 
and we still have (2.9), which indicates that f induces a bounded linear functional on Hp′,λ(Rn). 
In other words, f coincides to an element in (Hp′,λ(Rn))∗ = Lp,λ(Rn). In this sense, we say that 
f ∈ Lp,λ(Rn) and ‖f ‖Lp,λ(Rn) ≤ C‖Tαf ‖Lp,λ(Rn) with the positive constant C independent of f .

3. Proof of Theorem 1.2

In this section, we show Theorem 1.2. To be precise, in Section 3.1, we use the Hardy–
Littlewood maximal function to dominate the sharp maximal function of Tαf when f ∈
C∞

c (Rn). In Sections 3.2 and 3.3, we prove the upper and the lower bound estimates of The-
orem 1.2, respectively.

3.1. The sharp maximal function of Tαf

For any locally integrable function f on Rn, its sharp maximal function M�f is defined by 
setting

M�f (x) := sup
B�x

 

B

|f (y) − fB |dy, ∀x ∈R
n,

where the supremum is taken over all balls B of Rn containing x and fB := ffl
B

f (y) dy.
The main aim of this section is to show the following estimate regarding the sharp maximal 

function M�(Tαf ), which is needed in the proof of the upper bound estimate of Theorem 1.2.

Lemma 3.1. Let α ∈ (0, n) be a non-integer and σ ∈ (1, ∞). Then there exists a positive constant 
C such that, for any f ∈ C∞

c (Rn) and x ∈R
n,

M�(Tαf )(x) ≤ C
{
Mf (x) +M2f (x) + [M(|f |σ )(x)]1/σ

}
.

Proof. Let f ∈ C∞
c (Rn) and x0 ∈R

n. To obtain the desired estimate for M�(Tαf )(x0), we only 
need to prove that, for any given ball B ⊂R

n containing x0, there exists a constant CB ∈ R such 
that

 

B

|Tαf (x) − CB |dx �Mf (x0) +M2f (x0) + [M(|f |σ )(x0)]1/σ . (3.1)

Now we prove (3.1). Define f1 := f 18B and f2 := f − f1. By Lemma 2.1(iii), we know 
that Tαf2 is well defined almost everywhere on Rn, so there exists some point xB ∈ B such that 
Tαf2(xB) is finite. Choose

CB := Tαf2(xB).

We claim that

|Tαf (x) − Tαf2(xB)| ≤ |Tαf1(x)| + |Tαf2(x) − Tαf2(xB)| , ∀x ∈ B. (3.2)
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Indeed, if Tαf (x) > Tαf2(xB), then the Minkowski inequality implies Tαf (x) ≤ Tαf1(x) +
Tαf2(x) and hence

Tαf (x) − Tαf2(xB) ≤ Tαf1(x) + Tαf2(x) − Tαf2(xB) ≤ |Tαf1(x)| + |Tαf2(x) − Tαf2(xB)| ;
if Tαf (x) ≤ Tαf2(xB), then the Minkowski inequality also implies Tαf2(x) ≤ Tαf (x) +Tαf1(x)

and hence

Tαf2(xB) − Tαf (x) ≤ Tαf2(xB) − [Tαf2(x) − Tαf1(x)]

≤ |Tαf1(x)| + |Tαf2(x) − Tαf2(xB)| .
Thus, we obtain (3.2).

By (3.2) and CB = Tαf2(xB), we control the left-hand side of (3.1) by

 

B

|Tαf1(x)|dx +
 

B

|Tαf2(x) − Tαf2(xB)|dx.

Then the boundedness of Tα on Lσ (Rn) with σ ∈ (1, ∞) gives

 

B

|Tαf1(x)|dx ≤
⎡⎣ 

B

|Tαf1(x)|σ dx

⎤⎦1/σ

�

⎡⎣ 1

|B|
ˆ

Rn

|f1(x)|σ dx

⎤⎦1/σ

� [M(|f |σ )(x0)]1/σ .

So the proof of (3.1) falls into estimating

 

B

|Tαf2(x) − Tαf2(xB)| dx � Mf (x0) +M2f (x0). (3.3)

To show (3.3), we may assume that the radius of B is r0. Notice that, for any x ∈ B and 
z ∈ supp f2 ⊂ (8B)�, we have |z − xB | ≥ 7r0 and 5

7 |xB − z| < |x − z| < 9
7 |xB − z|, which 

implies that

either min {|z − xB |, |z − x|} ≥ 5 max{r, r0} or 5r0 ≤ |z − x| < 7r,

by considering the two cases |z − x| ≥ 7r and |z − x| < 7r , respectively. Therefore,

|Tαf2(x) − Tαf2(xB)|

≤
{ ∞̂

0

[ ˆ

B(
0n,1)

ˆ

Rn

|pr,y(x − z) − pr,y(xB − z)||f2(z)|dzdy

]2
dr

r1+2α

}1/2

≤
{ ∞̂

0

[ ˆ

B(
0n,1)

ˆ

min

{
|z−xB |, |z−x|

}
≥5 max{r,r0}

|pr,y(x − z) − pr,y(xB − z)|
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× |f2(z)|dzdy

]2
dr

r1+2α

}1/2

+
{ ∞̂

0

[ ˆ

B(
0n,1)

ˆ

5r0≤|z−x|<7r

· · · dzdy

]2
dr

r1+2α

}1/2

=: Z1(x) + Z2(x).

In the expression of Z2(x), the restriction 5r0 ≤ |z − x| < 7r forces the integral interval of r to 
be r > 5

7 r0. Then, to obtain (3.3), we only need to show

Z1(x) � Mf (x0) and Z2(x) � Mf (x0) +M2f (x0), ∀x ∈ B.

This is done by the following two parts.
Part 1) Estimation of Z1(x). For any x ∈ B , we have

Z1(x) ≤
{ r0ˆ

0

[ ˆ

B(
0n,1)

ˆ

|z−x|≥5r0

|pr,y(x − z)||f (z)|dzdy

]2
dr

r1+2α

}1/2

+
{ r0ˆ

0

[ ˆ

B(
0n,1)

ˆ

|z−xB |≥5r0

|pr,y(xB − z)||f (z)|dzdy

]2
dr

r1+2α

}1/2

+
{ ∞̂

r0

[ ˆ

B(
0n,1)

ˆ

min{|z−x|,|z−xB |}≥5r

|pr,y(x − z) − pr,y(xB − z)|

× |f (z)|dzdy

]2
dr

r1+2α

}1/2

=: Z1,1(x) + Z1,2(x) + Z1,3(x).

Let M be the largest integer less than α and L := M +1. To estimate the term Z1,1, if |x −z| ≥
5r0 ≥ 5r , then the Taylor theorem gives

|pr,y(x − z)| � sup
θ∈(0,1)

|ry|L|x − z + θry|α−n−L � rL|x − z|α−n−L

and hence
ˆ

|z−x|≥5r0

|pr,y(x − z)||f (z)|dz � rL

ˆ

|z−x|≥5r0

|x − z|α−n−L|f (z)|dz

� rL
∞∑

j=2

ˆ

j j+1

|x − z|α−n−L|f (z)|dz
2 r0≤|z−x|<2 r0
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� rL
∑
j∈N

(2j r0)
α−n−L

ˆ

|z−x|<2j+1r0

|f (z)|dz

� rL
∑
j∈N

(2j r0)
α−n−L

ˆ

|z−x0|<2j+2r0

|f (z)|dz

� rLrα−L
0 Mf (x0).

This further implies that

Z1,1(x) � rα−L
0 Mf (x0)

⎡⎣ r0ˆ

0

r2L dr

r1+2α

⎤⎦1/2

� Mf (x0).

By an argument similar to that used in the estimation of Z1,1, we also have

Z1,2(x) �Mf (x0).

For the term Z1,3, if x, xB ∈ B , z ∈ (8B)� and min{|z−x|, |z−xB |} ≥ 5r ≥ 5r0, then the Taylor 
theorem implies that

|pr,y(x − z) − pr,y(xB − z)|
≤ |x − xB | sup

θ∈(0,1)

∣∣∇pr,y(x − z + θ(x − xB))
∣∣

< 2r0 sup
θ∈(0,1)

sup
1≤j≤n

∣∣∣∣∣∣(α − n)
∑

|β|=L

1

β! (ry)βDβ

(
ξj

|ξ | |ξ |α−n−1
)∣∣∣∣

ξ=x−z+θ(x−xB)+θ̃ ry

∣∣∣∣∣∣
� r0r

L sup
θ∈(0,1)

|x − z + θ(x − xB) + θ̃ ry|α−n−1−L

� r0r
L|x − z|α−n−1−L,

where ̃θ ∈ (0, 1) and the last step is due to

|x − z + θ(x − xB) + θ̃ ry| ≥ |x − z| − 2r0 − r ≥ |x − z| − 3r ∼ |x − z|.

Thus, we have
ˆ

min{|z−x|,|z−xB |}≥5r

|pr,y(x − z) − pr,y(xB − z)||f (z)|dz

� r0r
L

ˆ

|z−x|≥5r

|x − z|α−n−1−L|f (z)|dz

� r0r
L

∞∑
j=2

(2j r)α−n−1−L

ˆ

j j+1

|f (z)|dz
2 r≤|z−x|<2 r
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� r0r
L

∞∑
j=2

(2j r)α−n−1−L

ˆ

|z−x0|<2j+2r

|f (z)|dz

� r0r
α−1Mf (x0),

which further implies that

Z1,3(x) � r0Mf (x0)

⎡⎣ ∞̂

r0

r2(α−1) dr

r1+2α

⎤⎦1/2

� Mf (x0).

Combining the estimates of Z1,1 through Z1,3 gives Z1(x) � Mf (x0).
Part 2) Estimation of Z2. For 5r0 ≤ |z − x| < 7r , applying the mean value theorem, we obtain

|pr,y(x − z) − pr,y(xB − z)|

≤ ∣∣|x − z + ry|α−n − |xB − z + ry|α−n
∣∣ +

∑
|β|≤M

1

β! r
|β|

∣∣∣|x − z|α−n−|β| − |xB − z|α−n−|β|
∣∣∣

≤ ∣∣|x − z + ry|α−n − |xB − z + ry|α−n
∣∣

+
∑

|β|≤M

1

β! r
|β||x − xB | sup

θ∈(0,1)

|x − z + θ(x − xB)|α−n−|β|−1

�
∣∣|x − z + ry|α−n − |xB − z + ry|α−n

∣∣ +
∑

|β|≤M

r0r
|β||x − z|α−n−|β|−1

and hence

Z2(x) �
{ ∞̂

5
7 r0

[ ˆ

B(
0n,1)

ˆ

5r0≤|z−x|<7r
|x−z+ry|<4r0

∣∣|x − z + ry|α−n − |xB − z + ry|α−n
∣∣

× |f (z)|dzdy

]2
dr

r1+2α

}1/2

+
{ ∞̂

5
7 r0

[ ˆ

B(
0n,1)

ˆ

5r0≤|z−x|<7r
|x−z+ry|≥4r0

· · · dzdy

]2
dr

r1+2α

}1/2

+
{ ∞̂

5
7 r0

[ ˆ

B(
0n,1)

ˆ

5r0≤|z−x|<7r

∑
|β|≤M

r0r
|β||x − z|α−n−|β|−1|f (z)|dzdy

]2
dr

r1+2α

}1/2

=: Z2,1(x) + Z2,2(x) + Z2,3(x).
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To estimate Z2,1(x), we observe that

ˆ

|x−z+ry|<4r0

|x − z + ry|α−n|f (z)|dz

≤
∞∑

j=0

ˆ

2−j+1r0≤|x−z+ry|<2−j+2r0

|x − z + ry|α−n|f (z)|dz

�
∞∑

j=0

(2−j r0)
α−n

ˆ

|x−z+ry|<2−j+2r0

|f (z)|dz

� rα
0 Mf (x + ry).

Similarly, if |x − z + ry| < 4r0, then |xB − z + ry| ≤ |x − z + ry| + |xB − x| < 4r0 + 2r0 = 6r0
and ˆ

|x−z+ry|<4r0

|xB − z + ry|α−n|f (z)|dz ≤
ˆ

|xB−z+ry|<6r0

|xB − z + ry|α−n|f (z)|dz

� rα
0 Mf (xB + ry).

Since r > 5
7 r0 implies that B(x, r) ∪ B(xB, r) ⊂ B(x0, 5r), we then combine the last two esti-

mates to obtain

Z2,1(x) � rα
0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣ ˆ

B(
0n,1)

[Mf (x + ry) +Mf (xB + ry)]dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� rα
0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣r−n

ˆ

B(x,r)

Mf (u)du + r−n

ˆ

B(xB,r)

Mf (u)du

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� rα
0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣r−n

ˆ

B(x0,5r)

Mf (u)du

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� M2f (x0). (3.4)

Next we estimate Z2,2(x). When |x − z + ry| ≥ 4r0, we use the fact |x − xB | < 2r0 and the 
mean value theorem to derive that∣∣|x − z + ry|α−n − |xB − z + ry|α−n

∣∣ � r0 sup
θ∈(0,1)

|x − z + ry + θ(xB − x)|α−n−1

∼ r0|x − z + ry|α−n−1.
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Since α /∈ N, we consider the cases α ∈ (0, 1) and α ∈ (1, n), respectively. If α ∈ (0, 1), then

ˆ

5r0≤|z−x|<7r
|x−z+ry|≥4r0

∣∣|x − z + ry|α−n − |xB − z + ry|α−n
∣∣ |f (z)|dz

� r0

ˆ

|x−z+ry|≥4r0

|x − z + ry|α−n−1|f (z)|dz

� r0

∞∑
j=2

ˆ

2j r0≤|x−z+ry|<2j+1r0

|x − z + ry|α−n−1|f (z)|dz

� r0

∞∑
j=2

(2j r0)
α−n−1

ˆ

|x−z+ry|<2j+1r0

|f (z)|dz

� rα
0 Mf (x + ry),

which, together with the argument used in (3.4), implies that

Z2,2(x) � M2f (x0).

If α ∈ (1, n), then

ˆ

5r0≤|z−x|<7r
|x−z+ry|≥4r0

∣∣|x − z + ry|α−n − |xB − z + ry|α−n
∣∣ |f (z)|dz

� r0

ˆ

|x−z+ry|<8r

|x − z + ry|α−n−1|f (z)|dz

� r0

∞∑
j=0

ˆ

2−j+2r≤|x−z+ry|<2−j+3r

|x − z + ry|α−n−1|f (z)|dz

� r0

∞∑
j=0

(2−j r)α−n−1
ˆ

|x−z+ry|<2−j+3r

|f (z)|dz

� r0r
α−1Mf (x + ry)

and hence

Z2,2(x) � r0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5 r

r2(α−1)

⎡⎢⎣ ˆ

B(
0 ,1)

Mf (x + ry) dy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2
7 0 n
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� r0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

r2(α−1)

⎡⎢⎣r−n

ˆ

B(x0,5r)

Mf (u)du

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� M2f (x0).

Finally, we consider Z2,3(x). From x, x0 ∈ B and 5r0 ≤ |z − x| < 7r , we easily deduce 
that |z − x| ∼ |z − x0| and 2r0 ≤ |z − x0| < 10r . With this, for any multi-index β satisfying 
|β| ≤ M − 1 < α − 1, we have

ˆ

5r0≤|z−x|<7r

|x − z|α−n−|β|−1|f (z)|dz �
ˆ

2r0≤|z−x0|<10r

|z − x0|α−n−|β|−1|f (z)|dz

�
∞∑

j=0

ˆ

2−j+3r≤|z−x0|<2−j+4r

|z − x0|α−n−|β|−1|f (z)|dz

�
∞∑

j=0

(2−j r)α−n−|β|−1
ˆ

|z−x0|<2−j+4r

|f (z)|dz

� rα−|β|−1Mf (x0),

which further implies that⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣ ˆ

B(
0n,1)

ˆ

5r0≤|z−x|<7r

∑
|β|≤M−1

r0r
|β||x − z|α−n−|β|−1|f (z)|dzdy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� r0Mf (x0)

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

r2(α−1) dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� Mf (x0). (3.5)

Likewise, for any multi-index β satisfying |β| = M > α − 1, we have

ˆ

5r0≤|z−x|<7r

|x − z|α−n−|β|−1|f (z)|dz

�
ˆ

|z−x0|≥2r0

|z − x0|α−n−|β|−1|f (z)|dz

�
∞∑

j=1

ˆ

j j+1

|z − x0|α−n−|β|−1|f (z)|dz
2 r0≤|z−x0|<2 r0
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�
∞∑

j=1

(2j r0)
α−n−|β|−1

ˆ

|z−x0|<2j+1r0

|f (z)|dz

� r
α−|β|−1
0 Mf (x0)

and hence⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣ ˆ

B(
0n,1)

ˆ

5r0≤|z−x|<7r

∑
|β|=M

r0r
|β||x − z|α−n−|β|−1|f (z)|dzdy

⎤⎥⎦
2

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� rα−M
0 Mf (x0)

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

r2M dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� Mf (x0). (3.6)

Combining (3.5) and (3.6), we obtain Z2,3(x) � Mf (x0).
Summarizing the estimates of Z2,1(x) through Z2,3(x), we conclude that

Z2(x) � Mf (x0) +M2f (x0),

as desired.
Altogether, we complete the proof of Lemma 3.1. �

3.2. The upper bound estimate of Theorem 1.2

Denote by Md the dyadic Hardy–Littlewood maximal operator, that is, for any f ∈ L1
loc (Rn)

and x ∈R
n,

Mdf (x) := sup
Q dyadic, Q�x

 

Q

|f (y)|dy,

where the supremum is taken over all dyadic cubes of Rn containing x. We need the following 
well-known result (see, for example, [8, Lemma 7.10]) : if 1 ≤ p0 ≤ p < ∞ and ω ∈ Ap(Rn), 
then there exists a positive constant C such that, for any function f satisfying Mdf ∈ Lp0(ω) ∩
Lp(ω),

‖Mdf ‖Lp(ω) ≤ C‖M�f ‖Lp(ω).

Proof of the upper bound estimate of Theorem 1.2. Let f ∈ Hp,λ(Rn). By the definition of 
‖ · ‖Hp,λ(Rn) in (1.1), we know that there exists a non-negative function ω satisfying (1.2) and

‖f ‖Lp(ω1−p) ≤ 2‖f ‖Hp,λ(Rn).
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By the argument used in the proof of Theorem 2.4, if we let ω̃θ := c−1
0 (Mω1/θ )θ , where c0

is some positive constant depending only on n, λ and θ ∈ (λ/n, 1), then ω̃θ satisfies (1.2). 
Moreover, one has ν := ω̃

1−p
θ ∈ Ap(Rn) and [ν]Ap(Rn) depends only on c0, n, λ and θ . Since 

C∞
c (Rn) is dense in the weighted Lebesgue space Lp(ν), it follows that there exists a sequence 

{fj }j∈N ⊂ C∞
c (Rn) such that

lim
j→∞fj = f

holds true both in Lp(ν) and almost everywhere on Rn.
Applying the reverse Hölder inequality in [12, Theorem 2.3] as well as the self-improvement 

property of the Ap(Rn)-weight class (see, for example, [8, Corollary 7.6]), we find that there 
exists σ0 ∈ (1, p) sufficiently close to 1 and depending only on [ν]Ap(Rn) such that ν ∈ Ap/σ (Rn)

whenever σ ∈ (1, σ0), with [ν]Ap/σ (Rn) depending only on c0, n, λ and θ . Consequently, from 
[10, Theorem 7.1.9(b)], we deduce the boundedness of M on the weighted spaces Lp(ν) and 
Lp/σ (ν), with operator norms depending only on c0, n, λ and θ .

Fix such a σ . For any j ∈ N, applying Lemma 3.1 and [8, Lemma 7.10], we conclude that

‖Tαfj‖Lp(ν) ≤ ‖Md(Tαfj )‖Lp(ν)

� ‖M�(Tαfj )‖Lp(ν)

� ‖Mfj +M2fj + [M(|fj |σ )]1/σ ‖Lp(ν)

� ‖fj‖Lp(ν).

Notice that ν � ω1−p almost everywhere on Rn. Therefore,

sup
j∈N

‖fj‖Lp(ν) � ‖f ‖Lp(ν) � ‖f ‖Lp(ω1−p) � ‖f ‖Hp,λ(Rn).

By (1.11), (2.1) and the Fatou lemma, we obtain

‖Tαf ‖Lp(ν) ≤
∥∥∥∥lim inf

j→∞ Tαfj

∥∥∥∥
Lp(ν)

≤ lim inf
j→∞ ‖Tαfj‖Lp(ν) � ‖f ‖Hp,λ(Rn),

which further implies that

‖Tαf ‖Hp,λ(Rn) ≤
⎧⎨⎩
ˆ

Rn

[Tαf (x)]p[ω̃θ (x)]1−p dx

⎫⎬⎭
1/p

= ‖Tαf ‖Lp(ν) � ‖f ‖Hp,λ(Rn).

This finishes the proof of the upper bound estimate of Theorem 1.2. �
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3.3. The lower bound estimate of Theorem 1.2

Let (p, λ) ∈ (1, ∞) × (0, n). According to [5, Section 3.2] (see also [24,25]), the predual of 
the Zorko space Zp,λ(Rn) is the space

L
p′,λ
0 (Rn) :=

{
closure of C∞

c (Rn) in Lp′,λ(Rn)
}

.

Recall that Hp,λ(Rn) = Zp,λ(Rn) with equivalent norms (see [3, Theorem 3.3]). Thus, any f ∈
Hp,λ(Rn) satisfies

‖f ‖Hp,λ(Rn) ∼ sup
{
|〈f,g〉| : g ∈ C∞

c (Rn), ‖g‖
Lp′,λ(Rn)

≤ 1
}

, (3.7)

with the equivalence constants being positive and independent of f .

Proof of the lower bound estimate of Theorem 1.2. Let f ∈ Hp,λ(Rn). Notice that

Hp,λ(Rn) ⊂
⋃

ν∈Ap(Rn)

Lp(ν)

implies Hp,λ(Rn) ⊂ S ′(Rn). With all the notation as in Proposition 2.3, we have

f =
∞̂

0

Kr ∗ φr ∗ f
dr

r
in S ′(Rn).

Let φ̃(·) := φ(−·). For any g ∈ C∞
c (Rn) satisfying ‖g‖

Lp′,λ(Rn)
≤ 1, we obtain

〈f,g〉 =
∞̂

0

〈Kr ∗ φr ∗ f, g〉 dr

r
=

∞̂

0

〈Kr ∗ f, φ̃r ∗ g〉 dr

r
,

which, together with the Fubini theorem and the Hölder inequality as well as Theorem 2.4 and 
(1.3), implies that∣∣∣∣∣∣

∞̂

0

〈Kr ∗ f, φ̃r ∗ g〉 dr

r

∣∣∣∣∣∣ ≤
∞̂

0

ˆ

Rn

|Kr ∗ f (x)||φ̃r ∗ g(x)|dx
dr

r

≤
ˆ

Rn

⎡⎣ ∞̂

0

|Kr ∗ f (x)|2 dr

r

⎤⎦
1
2
⎡⎣ ∞̂

0

|φ̃r ∗ g(x)|2 dr

r

⎤⎦
1
2

dx

≤

∥∥∥∥∥∥∥
⎡⎣ ∞̂

0

|Kr ∗ f |2 dr

r

⎤⎦
1
2

∥∥∥∥∥∥∥
Hp,λ(Rn)

∥∥∥∥∥∥∥
⎡⎣ ∞̂

0

|φ̃r ∗ g|2 dr

r

⎤⎦
1
2

∥∥∥∥∥∥∥
Lp′,λ(Rn)

� ‖Tαf ‖Hp,λ(Rn).
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Consequently,

sup
{
|〈f,g〉| : g ∈ C∞

c (Rn), ‖g‖
Lp′,λ(Rn)

≤ 1
}

� ‖Tαf ‖Hp,λ(Rn). (3.8)

Combining this and (3.7) gives

‖f ‖Hp,λ(Rn) � ‖Tαf ‖Hp,λ(Rn).

This finishes the proof of the lower bound estimate of Theorem 1.2. �
Remark 3.2. The condition f ∈ Hp,λ(Rn) in the lower bound estimate of Theorem 1.2 can 
be relaxed. For instance, given any f ∈ L1(Rn) ∩ L∞(Rn) satisfying Tαf ∈ Hp,λ(Rn), one 
can show that f ∈ Hp,λ(Rn) and ‖f ‖Hp,λ(Rn) ≤ C‖Tαf ‖Hp,λ(Rn) with the positive constant C
independent of f .

Indeed, since the assumption f ∈ L1(Rn) ∩ L∞(Rn) also implies that f ∈ S ′(Rn), we still 
have (3.8) in this case, so that f induces a bounded linear functional on Lp′,λ

0 (Rn). Using 

the assumption f ∈ L1(Rn) ∩ L∞(Rn) as well as the fact that the dual space of Lp′,λ
0 (Rn) is 

Hp,λ(Rn), we know that f coincides to an Hp,λ(Rn)-function almost everywhere on Rn, that 
is, f ∈ Hp,λ(Rn).

4. Proof of Theorem 1.3

In this section, we show Theorem 1.3. In particular, we first establish some basic properties 
of the Riesz-type capacity Rα,p,λ in Section 4.1, and then give the proof of Theorem 1.3 in 
Section 4.2.

4.1. Properties of the Riesz-type capacity Rα,p,λ

We begin with the following properties.

Lemma 4.1. Let α, λ ∈ (0, n) and p ∈ (1, ∞). Then Rα,p,λ has the following properties:

(i) for any subsets E1, E2 ⊂R
n satisfying E1 ⊂ E2, Rα,p,λ(E1) ≤ Rα,p,λ(E2);

(ii) for any sequence {Ej }j∈N of subsets of Rn,

⎡⎣Rα,p,λ

⎛⎝⋃
j∈N

Ej

⎞⎠⎤⎦1/p

≤
∑
j∈N

[Rα,p,λ(Ej )]1/p.

Proof. Notice that (i) follows directly from the definition of Rα,p,λ.
To show (ii), we may assume that 

∑
j∈N[Rα,p,λ(Ej )]1/p < ∞; otherwise, (ii) holds true 

trivially. Then, for any ε ∈ (0, ∞) and j ∈ N, there exists fj ≥ 0 such that Iαfj ≥ 1Ej
and

‖fj‖p

Hp,λ(Rn)
≤ Rα,p,λ(Ej ) + 2−j ε.

Let f := supj∈N fj . Clearly, f ≥ 0 and Iαf ≥ 1∪ E . Applying (1.4), we obtain

j∈N j
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‖f ‖Hp,λ(Rn) ≤
∑
j∈N

‖fj‖Hp,λ(Rn) ≤
∑
j∈N

[Rα,p,λ(Ej ) + 2−j ε]1/p,

which further gives

Rα,p,λ

⎛⎝⋃
j∈N

Ej

⎞⎠ ≤ ‖f ‖p

Hp,λ(Rn)
≤

⎡⎣∑
j∈N

[Rα,p,λ(Ej )]1/p + (2
1
p − 1)−1ε1/p

⎤⎦p

.

Letting ε → 0, we obtain (ii). This finishes the proof of Lemma 4.1. �
Next, we show the weak-type capacitary inequality for the Riesz-type capacity Rα,p,λ.

Lemma 4.2. Let α, λ ∈ (0, n) and p ∈ (1, ∞). Then, for any t ∈ (0, ∞) and f ∈ Hp,λ(Rn),

Rα,p,λ({x ∈R
n : |Iαf (x)| > t}) ≤ t−p‖f ‖p

Hp,λ(Rn)
.

Proof. For any t ∈ R, let Et := {x ∈R
n : Iα(|f |)(x) > t} and ft := t−1|f |. Then

Iα(ft )(x) = t−1Iα(|f |)(x) > 1, ∀x ∈ Et .

From this, Lemma 4.1(i) and the definition of Rα,p,λ, we deduce that

Rα,p,λ({x ∈R
n : |Iαf (x)| > t}) ≤ Rα,p,λ(Et ) ≤ ‖ft‖p

Hp,λ(Rn)
= t−p‖f ‖p

Hp,λ(Rn)
,

which completes the proof of Lemma 4.2. �
Remark 4.3. Let α, λ ∈ (0, n) and p ∈ (1, ∞).

(i) For any f ∈ Hp,λ(Rn), we use Lemma 4.2 to deduce that Rα,p,λ({x ∈ R
n : |Iαf (x)| =

∞}) = 0. That is, Iαf is finite outside a set of vanishing Rα,p,λ-capacity on Rn.
(ii) Assume further that p satisfies (1.12), which implies (n − α)p′ > λ. For such p′, we can 

choose p̄ = n
λ/p′+α

∈ (1, n/α), that is p′ = λp̄
n−αp̄

. Then [19, Theorem 1.1] implies that Iα

maps Lp̄(Rn) continuously into Lp′,λ(Rn). Thus, for any f ∈ Hp,λ(Rn) and g ∈ Lp̄(Rn), 
we have

|〈Iαf,g〉| = |〈f, Iαg〉| ≤ ‖f ‖Hp,λ(Rn)‖Iαg‖
Lp′,λ(Rn)

� ‖f ‖Hp,λ(Rn)‖g‖Lp̄(Rn),

where the implicit positive constant is independent of f and g, which further implies that 
Iαf ∈ L(p̄)′(Rn) and hence Iαf is finite almost everywhere on Rn. Therefore, the set 
{x ∈ R

n : |Iαf (x)| = ∞} has both zero Rα,p,λ-capacity and zero Lebesgue measure.

Remark 4.4. Let α ∈ (0, n) be a non-integer, λ ∈ (0, n) and p ∈ (1, ∞). Below we only show 
Theorem 1.3 for the case p satisfying (1.12), because the proof of Theorem 1.3 is almost trivial 
under the assumptions α + λ > n and p ∈ [ λ , ∞). Let us be more precise.
α+λ−n
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(i) Consider first the case p = λ
α+λ−n

. Applying the Hölder inequality (see also [3, Re-
mark 6.3]), we obtain

|Iαf (x)| ≤ ‖f ‖Hp,λ(Rn)

∥∥|x − ·|α−n
∥∥

Lp′,λ(Rn)
, ∀ x ∈ R

n.

The translation invariant property of the norm ‖ · ‖
Lp′,λ(Rn)

leads to that

∥∥|x − ·|α−n
∥∥p′

Lp′,λ(Rn)
= sup

(y,r)∈Rn×(0,∞)

rλ−n

ˆ

B(y,r)

|z|−λ dz,

which is a finite number independent of x, because⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
if |y| < 2r, then rλ−n

ˆ

B(y,r)

|z|−λ dz ≤ rλ−n

ˆ

B(0,3r)

|z|−λ dz � 1;

if |y| ≥ 2r, then rλ−n

ˆ

B(y,r)

|z|−λ dz ∼ rλ−n

ˆ

B(y,r)

|y|−λ dz ∼ (r/|y|)λ � 1.

We therefore obtain that |Iαf | is pointwisely bounded by a positive constant multi-
ple of ‖f ‖Hp,λ(Rn). Meanwhile, we know from [3, Theorem 6.4(i), Corollary 6.2] that 
Rα,p,λ(R

n) < ∞. Combining the above two facts, we easily obtain the desired estimate 
of Theorem 1.3.

(ii) To treat the case p > λ
α+λ−n

, we choose δ ∈ (n −λ/p′, α) and consider the function f (x) :=
(1 + |x|)−δ for any x ∈R

n. Using (1.6), one can easily show that

‖f ‖Hp,λ(Rn) = sup
‖g‖

Lp′,λ(Rn)
≤1

∣∣∣∣∣∣
ˆ

Rn

(1 + |x|)−δg(x) dx

∣∣∣∣∣∣
≤ sup

‖g‖
Lp′,λ(Rn)

≤1

⎡⎢⎣ ˆ

|x|<1

g(x)dx +
∞∑

j=1

ˆ

2j−1≤|x|<2j

(2j−1)−δg(x) dx

⎤⎥⎦
� 1 +

∞∑
j=1

2−j (δ+λ/p′−n)

� 1.

Meanwhile, by an easy calculation, we obtain

Iαf (x) ≥
ˆ

|y|>1+|x|
|x − y|α−n(1 + |y|)−δ dy ≥

ˆ

|y|>1+|x|
(2|y|)α−n−δ dy = ∞, ∀x ∈ R

n.

Combining the last two facts and Lemma 4.2, we conclude that Rα,p,λ(R
n) = 0, which 

further indicates that Theorem 1.3 holds true automatically.
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Finally, we end this section with a differentiation theorem for the Riesz-type capacity Rα,p,λ, 
where α, λ ∈ (0, n) and p ∈ (1, ∞).

Lemma 4.5. Let α, λ ∈ (0, n) and p ∈ (1, ∞). For any given f ∈ Hp,λ(Rn), it holds

lim
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy = 0

outside a set of vanishing Rα,p,λ-capacity on Rn.

Proof. Let f ∈ Hp,λ(Rn). Due to Remark 4.3, we may as well assume that Iαf is pointwisely 
finite on Rn. Notice that the desired conclusion of Lemma 4.5 follows directly from

Rα,p,λ

⎛⎜⎝
⎧⎪⎨⎪⎩x ∈R

n : lim sup
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy > 0

⎫⎪⎬⎪⎭
⎞⎟⎠ = 0.

To obtain the above identity, it suffices to show that, for any δ ∈ (0, ∞),

Rα,p,λ

⎛⎜⎝
⎧⎪⎨⎪⎩x ∈R

n : lim sup
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy > δ

⎫⎪⎬⎪⎭
⎞⎟⎠ = 0. (4.1)

Indeed, once we have proved (4.1), then Lemma 4.1(ii) implies that

Rα,p,λ

⎛⎜⎝
⎧⎪⎨⎪⎩x ∈ R

n : lim sup
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy > 0

⎫⎪⎬⎪⎭
⎞⎟⎠

=Rα,p,λ

⎛⎜⎝⋃
j∈N

⎧⎪⎨⎪⎩x ∈ R
n : lim sup

ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy > 2−j

⎫⎪⎬⎪⎭
⎞⎟⎠

�

⎧⎪⎨⎪⎩
∑
j∈N

⎡⎢⎣Rα,p,λ

⎛⎜⎝
⎧⎪⎨⎪⎩x ∈R

n : lim sup
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy > 2−j

⎫⎪⎬⎪⎭
⎞⎟⎠

⎤⎥⎦
1/p⎫⎪⎬⎪⎭

p

= 0,

as desired.
It remains to show (4.1). For any given η ∈ (0, ∞), by the density of C∞

c (Rn) in Hp,λ(Rn), 
we know that there exists ϕ ∈ C∞

c (Rn) such that

‖f − ϕ‖Hp,λ(Rn) < η.
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Then we write
 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy ≤
 

B(
0n,1)

Iα(|f − ϕ|)(x + εy)dy

+
 

B(
0n,1)

|Iαϕ(x + εy) − Iαϕ(x)|dy + Iα(|ϕ − f |)(x).

To deal with the first term in the right-hand side of the above formula, we let

qε := |B(
0n, ε)|−11
B(
0n,ε)

(4.2)

and utilize the fact (see [7, (2)]) that there exists a positive constant C(α,n), depending on α and 
n, such that

Iαqε(x) ≤ C(α,n)|x|α−n, ∀ x ∈R
n, ∀ ε ∈ (0,∞),

thereby obtaining

 

B(
0n,1)

Iα(|f − ϕ|)(x + εy)dy = qε ∗ [Iα(|f − ϕ|)] (x) ≤ C(α,n)Iα(|f − ϕ|)(x).

Meanwhile, from ϕ ∈ C∞
c (Rn), it follows that Iαϕ is a continuous locally integrable function on 

R
n, so the Lebesgue differentiation implies that

lim
ε→0

 

B(
0n,1)

|Iαϕ(x + εy) − Iαϕ(x)|dy = 0, ∀ x ∈ R
n,

because any x ∈R
n is a Lebesgue point of Iαϕ. Therefore,

lim sup
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy ≤ [C(α,n) + 1] Iα(|f − ϕ|)(x).

With this and Lemma 4.2, we conclude that

Rα,p,λ

⎛⎜⎝
⎧⎪⎨⎪⎩x ∈R

n : lim sup
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy > δ

⎫⎪⎬⎪⎭
⎞⎟⎠

≤Rα,p,λ

({
x ∈ R

n : Iα(|f − ϕ|)(x) >
δ

C(α,n) + 1

})
� δ−p‖f − ϕ‖p

Hp,λ(Rn)

� δ−pηp.
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By this and the arbitrariness of η, we obtain (4.1), which completes the proof of Lemma 4.5. �
4.2. Proof of Theorem 1.3

In this section, we show Theorem 1.3 by first establishing the following three auxiliary lem-
mas. The first lemma stems from [7, Lemma 1].

Lemma 4.6. Let {fj }j∈N be a bounded sequence in Hp,λ(Rn), where α, λ ∈ (0, n) and p satis-
fies (1.12). Assume that there exists a measurable function F on Rn such that

lim
j→∞ Iαfj (x) = F(x) for almost every x ∈ R

n.

Then there exists a function f ∈ Hp,λ(Rn) such that

‖f ‖Hp,λ(Rn) ≤ C sup
j∈N

‖fj‖Hp,λ(Rn)

and

Iαf (x) = F(x) for almost every x ∈ R
n,

where C is a positive constant independent of f .

Proof. According to [5, Section 3.2] (see also Section 3.3), we know that the predual space 
of Hp,λ(Rn) is Lp′,λ

0 (Rn), where 1/p + 1/p′ = 1. By the Banach–Alaoglu theorem (see [26, 
Theorem 3.15]), we know that there exist f ∈ Hp,λ(Rn) and a subsequence of {fj }j∈N, still 
denoted by {fj }j∈N, such that limj→∞ fj = f in the weak-∗ topology, that is,

lim
j→∞

ˆ

Rn

fj (x)ϕ(x) dx =
ˆ

Rn

f (x)ϕ(x) dx, ∀ ϕ ∈ L
p′,λ
0 (Rn).

This further gives

‖f ‖Hp,λ(Rn) � sup
j∈N

‖fj‖Hp,λ(Rn).

It remains to show that Iαf (x) = F(x) for almost every x ∈R
n. Without loss of generality, we 

may assume that f = 0 almost everywhere on Rn and aim to show that F = 0 almost everywhere 
on Rn. Define

g(x) := |x|α−n1
B(
0n,1)

(x) and h(x) := |x|α−n − g(x), ∀x ∈ R
n.

For any ε ∈ (0, ∞), let gε(·) := ε−ng(ε−1·) and hε be defined in a similar way. Observe that

|x|α−n = εαgε(x) + εαhε(x), ∀x ∈R
n.
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Let us first prove that hε(x − ·) ∈ L
p′,λ
0 (Rn) whenever x ∈ R

n and ε ∈ (0, ∞). By translation 

and dilation invariance, this is equivalent to validating that h ∈ L
p′,λ
0 (Rn). To this end, it suffices 

to find a sequence {hj }j∈N ⊂ C∞
c (Rn) such that

‖hj − h‖
Lp′,λ(Rn)

→ 0 as j → ∞. (4.3)

Indeed, by the Hölder inequality, one easily finds that

‖ · ‖
Lp′,λ(Rn)

≤ ‖ · ‖
Lp′n/λ(Rn)

.

Meanwhile, noticing that the assumption (1.12) implies that (α−n)p′n
λ

+ n < 0, we then have

‖h‖
Lp′n/λ(Rn)

=
⎡⎢⎣ ˆ

|x|≥1

|x| (α−n)p′n
λ dx

⎤⎥⎦
λ

p′n

∼
⎡⎣ ∞̂

1

ρ
(α−n)p′n

λ
+n−1 dρ

⎤⎦
λ

p′n

< ∞.

This gives (4.3), because any function in the Lebesgue space Lp′n/λ(Rn) can be approximated 
by functions in C∞

c (Rn).

For any x ∈ R
n and ε ∈ (0, ∞), by hε(x − ·) ∈ L

p′,λ
0 (Rn) and the convergence of {fj }j∈N ⊂

Hp,λ(Rn) to f = 0 in the weak-∗ topology, we obtain

lim
j→∞hε ∗ fj (x) = lim

j→∞

ˆ

Rn

hε(x − y)fj (y) dy = 0

and hence, for almost every x ∈R
n,

F(x) = lim
j→∞ Iαfj (x) = εα lim

j→∞gε ∗ fj (x) + εα lim
j→∞hε ∗ fj (x) = εα lim

j→∞gε ∗ fj (x).

Further, for any ϕ ∈ L
p′,λ
0 (Rn) with ‖ϕ‖

Lp′,λ(Rn)
≤ 1, applying the Fatou lemma and the Fubini 

theorem, we have∣∣∣∣∣∣
ˆ

Rn

lim
j→∞(gε ∗ fj )(x)ϕ(x) dx

∣∣∣∣∣∣ ≤ lim inf
j→∞

ˆ

Rn

|(gε ∗ fj )(x)ϕ(x)|dx

≤ lim inf
j→∞

ˆ

Rn

⎡⎣ˆ
Rn

|gε(y)||fj (x − y)|dy

⎤⎦ |ϕ(x)|dx

≤ lim inf
j→∞

ˆ

Rn

|gε(y)|
ˆ

Rn

|fj (x − y)||ϕ(x)|dx dy

= lim inf
j→∞

ˆ
n

|gε(y)|
ˆ
n

|fj (z)||ϕ(y + z)|dzdy
R R
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≤ lim inf
j→∞

ˆ

Rn

|gε(y)| ‖fj‖Hp,λ(Rn)‖ϕ(y + ·)‖
Lp′,λ(Rn)

dy

≤ sup
j∈N

‖fj‖Hp,λ(Rn)‖g‖L1(Rn).

Therefore, after taking supremum over all ϕ ∈ L
p′,λ
0 (Rn) with ‖ϕ‖

Lp′,λ(Rn)
≤ 1, we derive that

‖F‖Hp,λ(Rn) ∼ εα

∥∥∥∥ lim
j→∞gε ∗ fj

∥∥∥∥
Hp,λ(Rn)

� εα sup
j∈N

‖fj‖Hp,λ(Rn)‖g‖L1(Rn) → 0

as ε → 0, which implies that F = 0 almost everywhere on Rn. This finishes the proof of 
Lemma 4.6. �

Denote by C∞(R+) the set of all infinitely differentiable functions on R+ := [0, ∞). Ap-
plying Lemma 4.6, we show the following analogue of [7, Lemma 3], especially the condition 
φ ∈ C∞

c (R+) in [7, Lemma 3] is now relaxed to φ ∈ C∞(R+).

Lemma 4.7. Let α ∈ (0, n) be a non-integer, λ ∈ (0, n) and p satisfy (1.12). Assume that φ ∈
C∞(R+) satisfies

|t j−1φ(j)(t)| ≤ L, ∀ t ∈ R+, ∀ j ∈ {0,1, . . . , �α�}, (4.4)

where L is a positive constant independent of t . Then, for any non-negative function f ∈
C∞

c (Rn), there exists a function g ∈ Hp,λ(Rn) such that φ(Iαf ) = Iαg outside a set of van-
ishing Rα,p,λ-capacity on Rn and

‖g‖Hp,λ(Rn) ≤ C‖f ‖Hp,λ(Rn),

where C is a positive constant depending only on α, p, n and L.

Proof. Let us first show the conclusion of Lemma 4.7 with an additional assumption φ ∈
C∞

c (R+). Since f ≥ 0 and f ∈ C∞
c (Rn), it follows that 0 ≤ Iαf ∈ C∞(Rn) and φ(Iαf ) ∈

C∞
c (Rn). By this and [16, p. 74], we know that there exists g ∈ L1(Rn) ∩ L∞(Rn) such that 

φ(Iαf ) = Iαg pointwise on Rn. As was proved in [7, (10)], one has

Tαg(x) � Mf (x) + Tαf (x), ∀ x ∈ R
n.

Recall that M is bounded on Hp,λ(Rn) whenever p ∈ (1, ∞) and λ ∈ (0, n); see [13, Lemma 
2.12]. With this and Remark 3.2, we find that g ∈ Hp,λ(Rn) and

‖g‖Hp,λ(Rn) � ‖Tαg‖Hp,λ(Rn) � ‖Mf + Tαf ‖Hp,λ(Rn) � ‖f ‖Hp,λ(Rn).

Now, we assume that φ ∈ C∞(R+) satisfies (4.4), but has no compact support. By [7, p. 264], 
we know that there exists {φj }j∈N ⊂ C∞

c (R+) satisfying (4.4) uniformly and

lim φj (t) = φ(t), ∀ t ∈ (0,∞).

j→∞
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According to the above already proved fact, we find {gj}j∈N ⊂ L1(Rn) ∩ L∞(Rn) such that

φj (Iαf )(x) = Iαgj (x), ∀x ∈ R
n, ∀ j ∈N,

and

sup
j∈N

‖gj‖Hp,λ(Rn) � ‖f ‖Hp,λ(Rn).

Notice that

lim
j→∞ Iαgj (x) = lim

j→∞φj (Iαf )(x) = φ(Iαf )(x), ∀x ∈ R
n.

By these and Lemma 4.6, we find that there exists g ∈ Hp,λ(Rn) such that, for almost every 
x ∈R

n,

Iαg(x) = lim
j→∞ Iαgj (x) = φ(Iαf )(x) (4.5)

and

‖g‖Hp,λ(Rn) ≤ sup
j∈N

‖gj‖Hp,λ(Rn) � ‖f ‖Hp,λ(Rn).

For any ε ∈ (0, ∞), define qε as in (4.2). Then it follows from (4.5) that

qε ∗ Iαg(x) = qε ∗ φ(Iαf )(x), ∀x ∈ R
n, ∀ ε ∈ (0,∞).

On the one hand, by Lemma 4.5, there exists a subset E∗ ⊂R
n such that Rα,p,λ(E

∗) = 0 and

lim
ε→0

|qε ∗ Iαg(x) − Iαg(x)| ≤ lim
ε→0

 

B(
0n,1)

|Iαg(x + εy) − Iαg(x)|dy = 0, ∀x ∈ R
n \ E∗.

On the other hand, by the mean value theorem and (4.4) as well as Lemma 4.5, there exists 
another subset E∗∗ ⊂R

n such that Rα,p,λ(E
∗∗) = 0 and that, for any x ∈R

n \ E∗∗,

lim
ε→0

|qε ∗ φ(Iαf )(x) − φ(Iαf )(x)| ≤ lim
ε→0

 

B(
0n,1)

|φ(Iαf )(x + εy) − φ(Iαf )(x)|dy

≤ L lim
ε→0

 

B(
0n,1)

|Iαf (x + εy) − Iαf (x)|dy

= 0.

Combining the last three formulae, we obtain
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Iαg(x) = φ(Iαf )(x), ∀x ∈R
n \ (E∗ ∪ E∗∗).

Also, by Lemma 4.1(ii), we have Rα,p,λ(E
∗ ∪ E∗∗) = 0, which completes the proof of 

Lemma 4.7. �
Via an argument similar to that used in the proof of the upper bound estimate of Theorem 1.2, 

we have the following boundedness result for a variant of the operator Tα.

Lemma 4.8. Let α ∈ (0, n) be a non-integer, p ∈ (1, ∞) and λ ∈ (0, n). Then there exists a 
constant σ0 ∈ (1, p), depending only on α, n, p and λ, such that, for any s ∈ (1, σ0) and f ∈
Hp,λ(Rn),

T s
α f (x) :=

⎧⎪⎨⎪⎩
∞̂

0

⎡⎢⎣ ˆ

B(
0n,1)

|pr,y ∗ f (x)|s dy

⎤⎥⎦
2/s

dr

r1+2α

⎫⎪⎬⎪⎭
1/2

is well defined for almost every x ∈ R
n. Moreover, there exists a positive constant C such that

‖T s
α f ‖Hp,λ(Rn) ≤ C‖f ‖Hp,λ(Rn), ∀ f ∈ Hp,λ(Rn).

Proof. Given any s ∈ (1, ∞), if we have already proved that, for any f ∈ C∞
c (Rn) and x ∈ R

n,

M�(T s
α f )(x) �Mf (x) +M2f (x) + [M(|Mf |s)(x)]1/s + [M(|f |s)(x)]1/s, (4.6)

then the conclusion of Lemma 4.8 follows from the same argument as that used in Section 3.2
whenever s ∈ (1, σ0). In particular, σ0 is the same as the one appeared in Section 3.2, which 
depends only on α, n, p and λ.

Now, we fix x0 ∈ R
n and validate (4.6) for M�(T s

α f )(x0). According to the proof of 
Lemma 3.1, we only need to show that, for any given ball B ⊂R

n containing x0,

 

B

|T s
α f (x) − T s

α f2(xB)|dx

� Mf (x0) +M2f (x0) + [M(|Mf |s)(x0)]1/s + [M(|f |s)(x0)]1/s, (4.7)

where f = f1 + f2 with f1 := f 18B and f2 := f − f1, and xB is a point in B satisfying 
T s

α f2(xB) < ∞. The existence of such a point xB is guaranteed by Lemma 2.1(iii).
Notice that (3.2) remains true, but with Tα therein replaced by T s

α , which implies that

 

B

|T s
α f (x) − T s

α f2(xB)|dx ≤
 

B

|T s
α f1(x)|dx +

 

B

|T s
α f2(x) − T s

α (f2)(xB)|dx.

By the Hölder inequality and the fact that T s
α is bounded on Lσ (Rn) for any given σ ∈ (1, ∞)

(see [7, Remark in p. 262]), we obtain
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B

|T s
α f1(x)|dx ≤

[ 
B

|T s
α f1(x)|σ dx

]1/σ

�
[

1

|B|
ˆ

Rn

|f1(x)|σ dx

]1/σ

� [M(|f |σ )(x0)]1/σ ,

which is as desired if we take σ := s. Thus, the proof of (4.7) falls into estimating∣∣T s
α f2(x) − T s

α f2(xB)
∣∣ � Mf (x0) +M2f (x0) + [M(|Mf |s)(x0)]1/s, ∀x ∈ B. (4.8)

Similarly to the estimation of (3.3), we use s ∈ (1, ∞) and the Minkowski inequality to write∣∣T s
α f2(x) − T s

α f2(xB)
∣∣

≤
{ ∞̂

0

[ ˆ

B(
0n,1)

{ ˆ

|z−xB |≥5 max{r,r0}|z−x|≥5 max{r,r0}

|pr,y(x − z) − pr,y(xB − z)||f (z)|dz

}s

dy

]2/s
dr

r1+2α

}1/2

+
{ ∞̂

0

[ ˆ

B(
0n,1)

{ ˆ

5r0≤|z−x|<7r

· · · dz

}s

dy

]2/s
dr

r1+2α

}1/2

=: Z̃1(x) + Z̃2(x).

By an argument similar to that used in the estimation of Z1 in the proof of Lemma 3.1, we obtain

Z̃1(x) � Mf (x0).

For ̃Z2, following the estimation of Z2 in the proof of Lemma 3.1, we write

Z̃2(x) �
{ ∞̂

5
7 r0

[ ˆ

B(
0n,1)

{ ˆ

5r0≤|z−x|<7r
|x−z+ry|<4r0

∣∣|x − z + ry|α−n − |xB − z + ry|α−n
∣∣

× |f (z)|dz

}s

dy

]2/s
dr

r1+2α

}1/2

+
{ ∞̂

5
7 r0

[ ˆ

B(
0n,1)

{ ˆ

5r0≤|z−x|<7r
|x−z+ry|≥4r0

· · · dz

}s

dy

]2/s
dr

r1+2α

}1/2

+
{ ∞̂

5
7 r0

[ ˆ

B(
0n,1)

{ ˆ

5r0≤|z−x|<7r

∑
|β|≤M

r0r
|β||x − z|α−n−|β|−1

× |f (z)|dz

}s

dy

]2/s
dr

r1+2α

}1/2

=: Z̃2,1(x) + Z̃2,2(x) + Z̃2,3(x).
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The treatment of Z2,3 in the proof of Lemma 3.1 directly gives

Z̃2,3(x) � M2f (x0).

Instead of (3.4) in the estimation of Z2,1, we now obtain

Z̃2,1(x) � rα
0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣ ˆ

B(
0n,1)

{Mf (x0 + ry) +Mf (xB + ry)}s dy

⎤⎥⎦
2/s

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� rα
0

⎧⎪⎪⎨⎪⎪⎩
∞̂

5
7 r0

⎡⎢⎣r−n

ˆ

B(x0,r)

{Mf (u)}s du + r−n

ˆ

B(xB,r)

{Mf (u)}s du

⎤⎥⎦
2/s

dr

r1+2α

⎫⎪⎪⎬⎪⎪⎭
1/2

� [M(|Mf |s)(x0)]1/s .

Similarly, we also have

Z̃2,2(x) � [M(|Mf |s)(x0)]1/s .

Altogether, we obtain (4.8), which completes the proof of Lemma 4.8. �
Proof of Theorem 1.3. Without loss of generality, we may assume that

0 ≤ f ∈ C∞
c (Rn).

Due to Remark 4.4, we only need to show Theorem 1.3 under an additional assumption that p
satisfies (1.12). To this end, let φ be an infinitely differentiable increasing function on R such 
that

φ(t) =
{

0 if t ∈ (−∞,0],
1 if t ∈ [1,∞).

For any j ∈ Z, let φj (·) := 2jφ(22−j · −1). Clearly, the sequence {φj }j∈Z satisfies (4.4) uni-
formly. For any j ∈ Z, we apply Lemma 4.7 to find a function gj ∈ Hp,λ(Rn) such that 
φj (Iαf ) = Iαgj outside a set of vanishing Rα,p,λ-capacity on Rn and supj∈Z ‖gj‖Hp,λ(Rn) �
‖f ‖Hp,λ(Rn). From these and Lemma 4.1(i), it follows that

∞̂

0

Rα,p,λ

({
x ∈R

n : Iαf (x) > t
})

dtp �
∑
j∈Z

2jpRα,p,λ

({
x ∈ R

n : Iαf (x) > 2j
})

�
∑

2jpRα,p,λ

({
x ∈ R

n : φj (Iαf (x)) > 2j
})
j∈Z
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∼
∑
j∈Z

2jpRα,p,λ

({
x ∈R

n : Iαgj (x) > 2j
})

�
∑
j∈Z

‖gj‖p

Hp,λ(Rn)
,

where the last step is due to Lemma 4.2. Invoking Theorem 1.2, we obtain the desired result of 
Theorem 1.3, provided that

∑
j∈Z

‖Tαgj‖p

Hp,λ(Rn)
� ‖f ‖p

Hp,λ(Rn)
. (4.9)

Now we show (4.9). On the one hand, we have

∑
j∈Z

‖Tαgj‖p

Hp,λ(Rn)
=

∑
j∈Z

inf
ω

ˆ

Rn

|Tαgj (x)|p[ω(x)]1−p dx

≤ inf
ω

∑
j∈Z

ˆ

Rn

|Tαgj (x)|p[ω(x)]1−p dx,

where the infimum is taken over all non-negative functions ω on Rn satisfying (1.2). On the other 
hand, we deduce from [7, (18)] that

∑
j∈Z

|Tαgj (x)|p � [Mf (x) + T s
α f (x)]p, ∀ x ∈R

n,

where s can be any number in (1, n
n−α

). By these, (1.4), Lemma 4.8 and the boundedness of M
on Hp,λ(Rn) (see [13, Theorem 2.12]), we conclude that

∑
j∈Z

‖Tαgj‖p

Hp,λ(Rn)
� ‖Mf + T s

α f ‖p

Hp,λ(Rn)

� ‖Mf ‖p

Hp,λ(Rn)
+ ‖T s

α f ‖p

Hp,λ(Rn)

� ‖f ‖p

Hp,λ(Rn)
.

This finishes the proof of (4.9) and hence of Theorem 1.3. �
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