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Abstract

We construct modal outgoing Green’s kernels for the simplified Galbrun’s equation under spherical sym-
metry, in the context of helioseismology. The coefficients of the equation are C? functions representing
the solar interior model S, complemented with an isothermal atmospheric model. We solve the equation in
vectorial spherical harmonics basis to obtain modal equations for the different components of the unknown
wave motions. These equations are then decoupled and written in Schrodinger form, whose coefficients are
shown to be C2 apart from at most two regular singular points, and to decay like a Coulomb potential at
infinity. These properties allow us to construct an outgoing Green’s kernel for each spherical mode. We also
compute asymptotic expansions of coefficients up to order r—3 as r tends to infinity, and show numerically
tha; their accuracy is improved by including the contribution from the gravity although this term is of order
reo.
© 2021 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

We study the Galbrun’s equation in the frequency domain, which describes adiabatic wave
motion subject to a time-harmonic source f of angular frequency w, on top of a time-invariant
fluid background,

—po(w? +2iw F)é — V[ poVi - é] + (V5 po) (Vg - §) — Vi (€ - Vg po)

v . . (1.1)
+ (- Vo)Vipo + po(§ - Vo) Vi = 1.

The background is characterized by the pressure pg, the density pg, the adiabatic index vy, the
attenuation I" and the gravity potential ¢y solution to the Poisson equation

o)y, (12)
3l

Agypo =47 Gpg, given by  ¢o(X) := —Gf F

]RS

where G is the gravitational constant, G = 6.67408 x 1078 cm? g=! s72. In this paper, we con-
sider background quantities to be spherically symmetric, as in the standard model S [1]. The
unknown E(f{, w) is the displacement vector describing solar oscillations.

Equation (1.1) is a simplified version of the Galbrun’s equation derived by Lynden-Bell and
Ostriker [2] in the context of rotating bodies (stars, galaxies, etc.). Compared to their original
equation [2, Egs. (28-30)], our equation ignores flows, rotation and the perturbation to the grav-
itational potential by means of the Cowling’s approximation [3]. Equation (1.1) is also [4, Eq.
(1.65)] without flow. The original Galbrun’s equation was introduced by Galbrun in [5] and red-
erived by Poirée in [6] in the context of aeroacoustics, see [7,4] for a historical discussion. Since
the unknown é is a Lagrangian displacement in terms of an Eulerian variable %, (1.1) is also
called Eulerian—Lagrangian formulation of the problem.

As a novelty, we study equation (1.1) in R3, which allows for the presence of a solar at-
mosphere. Most studies in helioseismology instead use a free-surface boundary condition [8,9];
however this is not appropriate for modeling high-frequency waves, [10]. One approach to in-
clude an atmosphere is to describe it as a thin layer of isothermal perfect gas [11]. While this
assumption excludes a sharp increase of temperature in the chromosphere, it is reasonable for
studying wave propagation in the photosphere (up to 2 Mm above the solar surface). In terms
of the coefficients of (1.1), the isothermal assumption (associated with a constant adiabatic ex-
ponent) implies constant sound speed, and exponentially decaying density and pressure. These
constitute the definition of our atmospheric model AtmoI in Assumption 3. While our model
is also ‘isothermal’ as in [11], we do not assume a plane-parallel atmosphere, and the Poisson
relation (1.2) (which determines ¢g from pg) is maintained globally, in contrast to [11] which
assumes globally hydrostatic equilibrium and imposes ¢, to be constant in the atmosphere, see
further discussion in Remark 1.

The actual working coefficients of equation (1.1) are C? representations of the data points
given in the model S up to its limit (496 km above the Sun’s surface) and satisfy the assump-
tions of AtmoI in the atmosphere. The existence and construction of such representations are
established by the authors in [12]. The isothermal assumption is also used in the model Atmo for
the scalar wave equation employed in [13—15]. The scalar wave equation which is obtained from
(1.1) under simplifying assumptions, cf. [10], cannot include gravity forces which are needed
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to model the surface gravity waves (f-mode) observed in the Sun, as well as the internal gravity
waves (g-mode) recently detected, cf. [16].
The main results of our work, which also serve as novelties, are the following:

e In Section 4, exploiting spherical symmetry, we write (1.1) in basis of vectorial spherical
harmonics (VSH), and obtain the modal ODEs whose unknowns are the coefficients of &
in this basis. The equations for the different coefficients can be decoupled to obtain modal
ODEs for the radial displacement &, which are then rewritten in the form of Schrédinger
equations —8,2 + Vi(r, w, T"), with € the spherical harmonic degree. The VSH basis is also a
classical tool to solve analytically, for example, the Maxwell equation, cf. [17, Section 6.5],
[18], and the elastic equation, cf. [19, Section 3.17], under spherical symmetry. After prelim-
inary versions in our report [20], we have chosen in this paper the explicit forms of the modal
equations (given in Propositions 3 and 5) that are most conducive to numerical simulations
and mathematical analysis and which in particular highlight properties such as regularity and
decay rate at infinity. In a different approach, [21,9,11] also study the vector equation in the
interior of the Sun and under spherical symmetry, by first rewriting the equation to obtain a
system with only scalar unknowns and then working in the scalar spherical harmonic basis,
see Remarks 2 and 3.

e In Sections 5 and 6, we study the coefficients of the modal operator in terms of local regu-
larity and decay rate at infinity and show that they have long-range behavior at infinity and
contain a finite set of regular singular points (in the sense of [22]). This singular set consists
solely of the origin with attenuation, while it has an additional point without attenuation.
Only the singularity at the origin was considered in [21,9,11] in a less rigorous study and
under more restrictive hypothesis (on the background coefficients) for the vector equation
either only in the interior of the Sun or with a different (isothermal) atmospheric model, see
Remarks 2 and 3.

e Using the techniques of Agmon—Klein [23], we construct in Section 7 a Green’s kernel which
is regular at r = 0 and whose behavior as r — oo is characterized by an oscillatory term
eV (rka) ~ i’ wwith a complex wavenumber k, obtained as part of the asymptotic analysis.
We refer to Remark 8 to explain our choice of [23] among the vast literature of scattering
theory for Schrodinger equation.

We also uncover two interesting properties of the modal operators, which distinguish the
vectorial equation from the scalar one. Our modal operators have an extra growth in [£(£ + 1)]?
compared to those of the scalar wave operator. This does not prevent the construction of solutions
for each fixed ¢, however complicates the task of obtaining uniform results in £ (not in the scope
of the current paper) as was done for the scalar operator in [23], see Remark 10. By numerical
experiments, we also retrieve the effect of the gravity, absent in the scalar case, which appears
dominantly as a term of order > in the potential, and greatly improves the accuracy of the
approximation.

2. Physical and scaled parameters

In this section, we introduce the physical solar parameters and their scaled representations,
motivated by the convenience of a unitless wavenumber and consistency with [15,20,12]. The
same analysis goes through if we work with unscaled parameters and coordinates.
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We denote by R the Sun’s radius with R = 6.96 x 10! cm. We have denoted by x € R3
the coordinate system in R3 with the origin placed at the center of the Sun and the set {|X| = Ro}
representing its surface. The scaled coordinates x and radius r = |x|, are defined by

X =%/Ro, r=R/Rg. @2.1)

We note three special values of the scaled radius with » = 1 corresponding to the surface of the
Sun, r¢ the end of the model S, and r, the beginning of the model AtmoI, with

rs = 1.0007126, r, = 1.00073. (2.2)

The original physical background quantities mentioned in the introduction, pg (in gcm™3), y
(unitless) and pg (in g s~2cm~ 1) are functions of the unscaled radius R. We define corresponding
functions in terms of the scaled radius r by

r—=f(r) = f(Ror), given function f: R — f(R). 2.3)
The density r — pg(r) (in gcm_3) and the adiabatic index r + y (r) are thus defined from the

original quantities R — p(R) and R — y(R) by (2.3), while the scaled pressure field po(r) (in
gs~2cm™3) is given by

R
r > po(r) = 22feD fr) . 2.4)
R
©
The scaled adiabatic background sound speed (given in s™!) is defined by
R 2
2(r) = YR (CO( or) ) . with co in cms ™. 2.5)
po(r) Ro
The scaled background gravity potential ®¢(r) (in s72) is related to do(R) by
R
X > ®o(x) = LZGX) . (2.6)
R
o
When py is radial, it is the solution of, cf. [20, Appendix G.3],
1 A G [
/ G
= (ﬂ <1>6) =4nGpy,  with () = ’:—2 / p0(s) s2ds | 2.7)
0
with ” denoting the derivative with respect to the radial coordinate r.
We introduce the inverse scale height function associated with a C! function g(r),
g'(r)
aq(r) .= — , (2.8)
! g(r)

and the quantity FEpe (unitless) which measures the deviation from the hydrostatic equilibrium,
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DY) apy ()

Ere = .
T )

2.9)

With the square root /- taking argument in [0, 77), the complex-frequency o (in s~!) and
wavenumber ko (unitless) are defined in terms of the angular frequency w and attenuation
Mo, r),

o(r)
co(r)

o(r, w) = \/a)2 + 2iwl(w,r), ko(r) = (2.10)

3. Equations of motion for the model AtmoI
In this section, we introduce our working equation (from (1.1)) in the scaled coordinate with

the notations of Section 2. With £ - Vy denoting the directional derivative of a vector, cf. [9, Eq.
(4.10) p. 59], we introduce the differential operators P and G in the scaled variable x,

G& = po(§-Vx) Vxdo, (3.1a)
PE = —Vx[y poVx - &] + (Vxpo) (Vx - &) — Vxl(§ - Voopol + (- Vx) Vxpo.  (3.1b)
By using Vi = R(SIVX- and V; = Rélvx, equation (1.1) in variable x is
—poolt + PE+GE =T, inR3, (3.2)
with its unknown £ (x) and right-hand side f(x) related to & (X) and f(X) of (1.1) by (2.3).

Definition 1 (Hydrostatic equilibrium). Under hydrostatic equilibrium, the pressure, density and
gravity potential satisfy

Po = —po ). (3.3)

Definition 2 (Model AtmoI). In the isothermal atmospheric model AtmoTI, the attenuation I,
the adiabatic coefficient y and the sound speed cp are constant, and pg is exponentially decreas-
ing. In other words, for positive constants y;, oz, ¢g > 0 and ' (w) > 0,

T(w,r)=Ty(@), y@)=va, cor)=cs po(r)=po(ry)e ") (3.4)

We now list our working assumptions regarding the coefficients where, by a decreasing func-
tion f, we mean f(a) < f(b) when a > b. In particular, these assumptions are verified by the
solar models we use, with po(r), po(r) and y(r) given by the c? representation constructed in
[12], from the data points of model S in the interior of the Sun (» < rg) and properties of the
isothermal atmosphere for r > r,.

Assumption 1. The functions y, g, oo and I'(w, -) are radial and satisfy

INw,r)>0, 1<y <2, po(r) >0, po(r) >0; (3.5a)
00,y €C?0,00), poeC0,00), r>(w,r)eC(]0,00)); (3.5b)
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10t

10* 10*

1072

10!

107° L \ 1072 10° - | ]
0 r 0.5 1 0 r 0.5 1 0.9993 1 1.0007
(a) Profile of ¢g/r (in s71). (b) ap, profile on a logarithmic scale.
1.6 |-
1.4
1.2 |- |
1.00075 r 1.000 90 0 r 0.5
(¢) Epe profile (0 for r < 7). (d) ~ profile.

Fig. 1. The working quantities defined from the solar and atmosphere model S-AtmoI.

rey ! strictly increasing on [0, c0) ; (3.5¢)

Ene <0, Epe decreasing on [0, 00). (3.5d)
Assumption 2. The hydrostatic equilibrium (3.3) is verified for r € [0, rg].
Assumption 3. For r > r,, the coefficients follow the model AtmoI of Definition 2.

The global regularity of the coefficients is given by Assumption 1 while the hydrostatic equi-
librium prevails in the interior (for » < rg, Assumption 2) and the atmospheric model AtmoI for
r > ro (Assumption 3). Therefore, a transition region [rs, r,] is needed to ensure global regularity,
cf. [12].

In the solar case, assumptions (3.5a) and (3.5¢) on y and ¢p come from the profiles given by
the model S, as illustrated in Figs. 1(a) and 1(d). Assumption 2 for the interior comes from the
fact that the background quantities of model S are solutions of Euler’s equation for adiabatic
state at equilibrium, with no flow and with only gravity exterior force.'

In the atmosphere region r > r,, Assumption 3 also implies that the density scale height a
(2.8) and wavenumber kg (2.10) are constant and that the fluid pressure pg also decays exponen-
tially at the same rate as po,

' The Euler system comprises of conservation of mass equation, adiabatic energy equation and the equation of motion,
cf. [4, Egs. (1.14)—(1.17) p. 22],

dpo + V- (pov0) =0, vo-Vpg = cvo- Voo; (3.62)

9 (povo) + V- (povo ® Vo + pold) = —ppV Py . (3.6b)

At equilibrium, and assuming no background flow (vg = 0), the system (3.6) reduces to the equation of motion (3.6b),
which takes the form, Vpg = —pgV ®Pg. Under radial symmetry, this latter equation becomes p6 = —,ood>/0.
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o Vo? +2iol ()
ko(r) = ka == - ; 3.7)

Qpo(r) = apy(r) = aypy(r) = az > 0, r>r,.

In addition to the positive real constants in (3.4), above, we introduce k, € C. Under Assump-
tions 1 and 2, the quantity Epe has the following property,

Ene =0, forr €0, rg], Epe < 0 and is decreasing forr € [rg, 00). (3.8)

We provide a plot for the parameters in Fig. | with rg and r, given in (2.2). In Figs. 1(b) and 1(d),
we enlarge the area near the solar surface to visualize the drastic variation of a,, and y is this
region. These parameters are constructed in [12].

Remark 1. The hydrostatic equilibrium Assumption 2 is not compatible with the assumption
that pg is exponentially decreasing in the atmosphere. In the model AtmoI, we choose to keep
the latter at the expense of the first property in the atmosphere. Another option is to impose
Assumption 2 for all » > 0, at the expense of losing constant adiabatic index in the atmosphere.
Note that these two options maintain the Poisson equation relation (2.7) in the atmosphere, which
is not the case in the plane-parallel isothermal atmosphere of [21,11] where @y is considered as
constant in the atmosphere. A

4. Galbrun equation in spherical symmetry

Exploiting the spherical symmetry assumption, Subsection 4.2 presents our working equa-
tion in the vector spherical harmonics basis {P/’, BZ”, sz"} whose properties are summarized in
Subsection 4.1. The unknowns are now the coefficients {aE”, b;", cZ‘} of & in the aforementioned
basis which solve the modal system of ODEs obtained in Proposition 1. The systems of equations
solved by {aj’, b}'} are decoupled from the equation of ¢}'. The remaining works are spent on
computing the ODE satisfied by the radial unknown aj’, called the decoupled radial ODE given
in Proposition 2. We also rewrite this equation in Schrodinger form, in Proposition 4, called
the conjugated radial equation. The coefficients of these two equations are explicitly given in
Proposition 5.

4.1. Vectorial spherical harmonics

The spherical basis is denoted e,, €y, €4, with 0 < ¢ < 27 and 0 < 6 < 7. We recall below the
definition of the surface gradient Vg2 acting on a scalar function f, and the divergence operator
Vs2- acting on a vector v = v, €, + Vg €g + vy €y,

i 39 (sin 0 vg) 8¢ Vg

s f
Ver f e . 41 Ve v i . (4.1b
SZf Gfeg + s]n@ e¢ ’ ( a) SZ v Sm@ + S]n9 ( )

The vector spherical harmonics are defined from Y7} as, cf. [24, Eq. (9.56), Section 9.3.3] or [19,
Definition 3.336, p. 107],

PI®=Y/®e, £=0,1,...;

Ve Y7 e X Ve Y7 (4.2)
le(iozﬂ, CZ"(&‘):_V—SZZ’ —1.2.....
JELE+T) NIIGES))
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For the definition of the spherical harmonics Y7}, we refer to [24, 9.3.1] or [24, Theorem 9.11
p. 238]. The family of vectors in (4.2) forms an orthogonal basis for the vector-valued L? func-
tions, while C7', B} for £=1,2, ... form a complete orthonormal basis for the set of tangent
vectors.

For sequence { fo} U { fem}, £ e NT, —¢ <m < £, we introduce the short-hand notation

oo Jé
Y= Lo+ > >0 (4.3)
(,m) =1 m=—¢
4.2. System of ODE for level (£, m)

Using the summation notation of (4.3), we write the source f and solution £ in the vectorial
spherical harmonics basis (4.2),

E=E +&,+E5, f=f +8+1 with, (4.42)

=Y f['OPI®. &= al'("PPE: (4.4b)
(€m) (&)

fi=Y &/ BI®. &= blOBI®; (4.4c)
(€m) ()

=) WOCI®, &= JOC@. (4.4d)
(€m) (em)

To state the systems satisfied by aZ‘, bZ’ and cT, we define the function-valued matrices B¢ and

Ct of size 2 x 2, in terms of inverse scale height functions o (2.8), Epe (2.9) and wavenumber
ko (2.10),

2 e+ ci Ct
B[ = Ay po r r ) , CZ = ( 1 12) with 4.5
< -1 0 Cy C§2 @5)
(o) 2 2 1
C11=—k3+—20+2ayp0+—2—2m, Croi=—= + —op,
CO r r ry r ry (4 6)
¢ _ @y ypy | ¢ o M+ Epe '

We note that these quantities C and B are unitless, similarly to the working quantities we have
derived from Section 2.

Proposition 1. If & is a solution of (3.2) with right-hand-side f € C*(R3) whose expansion is
given in (4.4), the coefficients of the harmonic expansion (4.4) of the solution & satisfy the fol-

lowing ODE:s.
e For £ =0, the coefficient agy solves the ODE with C11 given by (4.6),

2 Jo
—97 ag + <0‘ypo—;) 9 ao +C1100=E- 4.n
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. P
e For £ > 0, coefficient c' satisfies,

hm
) L — 438)
¢y 00 (—kg + =" Epe)

With B¢ and C* given by (4.5) and (4.6), coefficients ay' and by’ satisfy,

I ay'
! m -1 0 2 l l m
E gy = 0 0 0 +B" 0, +C b} . “4.9)
LE+1) N/IUES))

Proof. Step 1: We first rewrite the action of P and G in spherical coordinates. We need the
following identities. Since

Vgr-aurlg f =0 = Vg -C/=0, (4.10a)
Vg2 - Vg2 Y Ag Y]

B = v 4.1

Vor B JIC+D  Jie+n —Vee+nyy, (4.10b)
1 1 2 my/ p

SV = Gh0E) Ve f= ) [(r raf) —VeernEyr. @

(€,m)

For a function p depending only on r, the material derivative of its gradient along v simplifies to

_ / o p'(r)
(v-V)Vp =(v-V)p(r)e, = p(r)v, + Vi (4.12)
Using (4.11) and (4.12), we obtain
CD/
GE = po Dok, + Po—'G'h and P& = (P&, + (P&n, where (4.13)
ay ) bzn m

PE,=—Y 0 [y o( 5 Vet 1)7)} Y?e,

e (4.14)

2 my/ bn
+ ) pe [( 7) —Jee+ =+ :|Y’"e,+p =Y (ppar) Yi'er,

(£,m) (£,m)

_ ypo ((r?a})’ by m
(Pé) = - %})T (= - i+ L) Ve,
’ (.15)

Step 2: Putting together results of (4.13) for P& and G&, we obtain the ODE in the radial
direction as coefficients of Y}’ e,
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(ray)’

bm
(—0? po + po®()a) — 3y |:J/P0< S =V 7‘)]

, | ey by o m _ em
0 | o — VI D | =gy = £

The ODE in the tangential direction obtained as coefficients of Vg2 Y7 is,

bm (rzam)/ bm
2 ¢ Yo ¢ [
— —t = — Ve + 1=+
MRV - (5 @)

L Poteo® B w8

r I+ 1) r NZGES

The ODE in the tangential direction obtained as coefficients of —e, x Vg2 YE" is,

Po + PO%) < hy

J— 2 =
(=070 + NaE NG

r

Step 3a: For £ =0, (4.16) is only in terms of ay,

/ YPo p/
(=02 p0 + oo ®)ao = 3, (52 0.0%a0)) + 22 0, a0) — plydra0 = fo.

After simplification, we arrive at (4.7). We next consider the case for £ > 0.
Step 3b: For £ > 0, we rewrite (4.16) and (4.17) in matrix form,

ik ay
1 — {4
7] I () ST LR | .
NJAUE=SY) (+1)

with B¢ given by (4.5) and

_o%0 Py 2vpo) 2 20 Le+1) (_ 1 (rpo)

ct=| vPo vk ryRo 2 rypo r YPo  ¥bo
2 1oy oZpp LU+ 1 (9

r ry o YPo r ry \po

The final form is obtained by using the definition scale height functions introduced in (2.8), and

by replacing % by 2 (2.5). O

Remark 2. For r < rg, using hydrostatic equilibrium Assumption 2, equation (3.2) can be written

with unknowns &, Eulerian perturbations of density 8, and pressure 8y,
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—p0oE + V8, + 8,V = f; (4.20a)
8p = —(Vpo)-& — poV-§&; (4.20b)
8y = —&-Vpo — poc3V-£. (4.20c)

Under the assumption that the source f has no component f* in its decomposition (4.4), i.e.,
f=f, + 1), system (4.20) is equivalent to

1 8
—og + —8,8, + Loy = ﬁ; (4.21a)
00 £0 £0
85 — 85 = &+ (v — <o) : (4.21b)
1 o 2 1 Vg - f
02 <_8p + =2 r + ar%_r + _Er> + 2—A§25p = 52" h s (4210)
Po Po r < po rpo

with scalar unknown f, =1, -e,, §, and §,. For details on the derivation, we refer to [20, Section
5.1].

Since the unknowns of (4.21) are scalar, one can work in the scalar harmonic basis YZ” and
solve for the coefficients of these unknowns in this expansion. This is the approach taken in
[21,9] which yields to a decoupled system for the coefficients of 6, and &,, denoted respectively
by eZ” and az”,

/
— e YP0oo e r
3 e>+ (@>:_< ¢ ) (4.22)
%0 0_2 r (azn o — Sg o2 (ﬁ n %) az" rp0 [fh]'gl
,OOC% YPo r

where f;" and [ f,]}" are the coefficients of the components of the source,

oo ¢ oo ¢
F=20 'OYPE.6), Ve-fi=)_ Y [lf (Y6 ).

L=0m=—t {=0m=—t

In (4.22), §; is called the Lamb frequency (cf. [21]) and N the buoyancy or Brunt-Viisila fre-
quency (cf. [9, Eq. (3.73)]) defined by

2

C
S =L+ 1), N = <ozp0 - m) . (4.23)
r y

The above system which assumes hydrostatic equilibrium is only applicable in the solar interior
and can be found in [21, Egs. (4.61, 4.62)], [9, Egs. (14.2, 14.3)], or [20, Eq. (5.15)]. A
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4.3. Decoupled equation for the radial coefficients

We now obtain the equation satisfied by the radial coefficients a;’. This equation is what we
refer to as the modal ODE in the introduction.

Proposition 2. With the scale height quantities oo defined in (2.8), the radial coefficient a(r) =
ay' (r) solves the ODE

(Ge(r) 0} + qe(r) 9r + Ge(r) ) a]' = F7 (), (4.24)

where the right-hand side is given as

C CnypoVEEHD r sz ypoIETD) " ypo’ '
and coefficients,
. L+1
G =—1+ 24D, (4.262)
r“Co
_ Cip L+1) 1 !
qe(r) = “rpo rCo + r <rC22>
LEe+1) (2 1
Lty <_ _ m) . (4.26b)
r r rCo
- 2 « C L+ 1 2 « 1 7
Gy =Cpy 4 (2= ) Sz LERD 2 o) LN (4.26¢)
r y JrCx r r y JrCxn
The tangential coefficient by' is given by
by l 1 2 1 1 m
S ar + < m> al + _g—’i. 4.27)
VIE+1) rCxp rCa CoypovEL+1)
Proof. Using the second equation of (4.9) to write bZ" in terms of aZ" yields (4.27) and
v = () o+ (2 )82 G- T
a “a -———=)—a
e+ 1) rCn/) " rCn r vy )JrCn “28)

2 ayp, 1 1 gz
+l-—— dra+9
ry JrCn C2 ypoveE + 1
These expressions are then used to eliminate b}’ from the first equation of (4.9). O

By algebraic manipulation, cf. Appendix A, we obtain the explicit form of the coefficients of
(4.24).
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Proposition 3. The coefficients of the ODE (4.24) are given by,

2 A
C E
r 22261£(V) _ ., (r . ge) : (4.29)
K kg

Epe)

r2 Car qu(r) 0 ) Epe | , L+ D g r?—2r + <r—k§ ) 0
——————— = (2—ayp, ) [T — ; .
ké Y Po k(z) k(% 2 _ Z(i—é—l) _ l[i%e

2 Ca Ge(r) s Epe , @p
e\ e\
0 0 i)
Ehe < O[p() )
+2(1——— || —ayp,r + —r—1
( k(%r) Y Po y

(e+n (., @f (“po )/ %pg ( O‘po)
— kk——+— ) +— | —« + — “4.31)
k(z) ( 0 2 % % YPo Y

e+ (2 opy ) agr =2+ g
+ — POy :

2 2+ Ene

kg 14 r2——(k§)—ré

4.4. Equation for radial coefficients in Schrodinger form

To state the result, we introduce the functions,

be(r) =~ 20 ge(r):=—z£:;, 30 ==exp (} O/ he).  (432)

Proposition 4. Via the Liouville change of unknown

- ay'(r)
an(ry = 2—=, (4.33)
¢ Je(r)
the ODE (4.24) (with unknown ay' and rhs §}'), is equivalent to the conjugated ODE
- f7 (r)
_ 3r2 + Vi) al = - ———, (4.34a)
( ) ‘ J3e(r) Ge(r)
with potential — Vy(r) == $h3(r) — 30,(r) + ge(). (4.34b)
Proof. We first normalize (4.24) by using h(r) and g¢(r),
(=07 + be) 0, + 9 ) o = —1E5. (4.35)
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For lightness of notation, we temporarily drop the subscripts £ and m from the coefficients. We

next substitute a by a, by using a = a e? I and the identities,

1 1
da =9, (aezf*)(S)dS) = 2 /hO)ds (8,51 + @a) : (4.36a)
1 .
—8%a = eth(s)ds(_afa — b — a— b Zz), (4.36b)

into the ODE (4.35). This yields the conjugated ODE satisfied by a

1 i T i i L n
ezf"(—afa — H(r) drd — [Ea”h + ihz} a+hoa+ ip’a +ga> - —iﬁ((:))~

1
Dividing both sides by e2 b gives,

—07a + (462 = Jo,h + g)a = —e L o,
Remark 3. The Schrodinger form of the wave equation given in Proposition 4 is derived in [25]
for radial modes (£ = 0). A Schrddinger equation can also be derived for the Eulerian perturba-
tion of the pressure 8, (defined in (4.20c)) under the hypothesis of hydrostatic equilibrium [11,
Eq. (5.4.1)] or [20, Eq. (5.44)]. It can be obtained from the system (4.21) by eliminating &, to
obtain a decoupled equation for §,, that can then be reduced to a Schrédinger form. Schrodinger
equations for different unknowns can also be found in [26] but in Cartesian geometry (represent-
ing a small patch of the Sun). A

We next use Proposition 3 to obtain a more explicit expression for the coefficient of the con-
jugated equation (4.34a). We define the auxiliary functions,

Fe := k P2 — rEpe — L€ +1); Fo := k r? —rEpe “4.37)
and the following:
1 F a1 (Fo/r®) Fo/r
ty = 4.38 ty ;= —-—-2>7; (4.38b vy = 7 (4.38¢)
t F( Fo X 2 ¢ Fe (F()/r2) ( ) Fe
1 ol ap\ o o
I 2 Po Po Po
e (ko - — + < ) + — (‘“Vpo + —)) ; (4.39a)
ky — =f & 14 14 Y
2r n r?
I i} /
1= v 1——)t——t. 4.39b
¢ g+z(z+1)‘5+< ") T (4.39b)

We also introduce the wavenumber function k(r) and the parameter n(r),

2
YPo

_k2 — 0
" 2

Fp
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Proposition 5. In terms of the functions introduced in (4.38) and (4.40), the coefficients of the
ODE (4.34a) and (4.35) are given by

2
her) = atypo = o+ LEA DS (4.412)
7 2 2ayp — %po. 00+ Dl
QZ(V)Z—k8+_20+_2+ ( ¥Po y)+ ( +2 )g
) r r .
-
+e+ D = = t; .
roy
¢>// ‘e . e 1 .
Vi) = =€)+ T8 o) + L + 2R G ae
Co(r) r 1

With S; the Lamb frequency (4.23), the function J; defined in (4.32) is

— L+ 1) —rEp 1 02— 82— Lhe 2

r

() 1 [k3r?
? V) = =
r¢04/P0 kir? —rEpe rco /00 o2 — B2

(4.42)

Proof. The expressions (4.41a) and (4.41b) are obtained by substituting the expressions of gy,
qe¢ and g, given in Proposition 3 in the definition of b, and g, (4.34b).
o To obtain the expression for V;, we first compute

2 2
1, o 11 [eE+DP,  e+1) 2
= E ettt (e D) @am
, Bp, 1 L+,
—h, =2 — = — ty. 4.43b
20 2 2 2 (4.43b)
Using the definition of k and 1 in (4.40), and after some rearrangement, we obtain
o L+ I e+1)
R R RO
0 (4.44)

W+, 1
- ~4).

+%(1+£(€;1)u)+€(6+1)( :

r \r

We next rewrite the term (% + 2(132_+1)t£) in (4.44), by using the identities,

1 L+1
=t + & and -+ (;_ )
r

I [ 2
t, =1y where t, ;= ol
[

Expression (4.44) can be further written as,

@ L+ gt 2o 1 L+ ne ¢
Vz=—k2+—20—nne+(72)g+—£+ﬂ(ﬂ+l) (——T—])t}wi‘f——ﬁ )
% r r r 2 4 2
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The expression (4.41c) for V; is obtained by using definition of 1, in (4.39b).
e For the expression of J, of (4.32), we first write

k212 —r Epe) k212 —r Epe)
t = — (% ) ; he) (4.45)
kr? — €(+1) — rEpe 12k —r Enpe
For g > 0, ag = —(Ing)’, while for complex g, using complex log taking argument in [0, 27),
we obtain
r
/r,g =—In(ypo)—2Inr +log (k2= £(C + 1) = rEne) — log (2 =  Ee)
0 (4.46)

kKor? — et +1) — r Epe
=lo 3 .
rz)/po(kor2 —rEhe)

The final expression (4.42) is obtained by exponentiation. O

Remark 4. The expressions for £ = 0 can be read of from the above results by setting £ = 0. It
can also be obtained directly from (4.7),

2 1
ho = anO —_ ; 5 jo(}’) = W N (4473)
1 (r) 2 2 o
go(r) = —kj(r) + cé)(r) + ) + - <O‘VP0 - %) ; (4.47b)
Vo = —KX(r) + w 0w 32 (4.47¢)
co(r) r r

The expression of Jy is the same as in [11, Eq. (4.8.4)] (the difference by a factor r is due to their
definition [11, Eq. (4.1.1)]). A

Remark 5. For r < rg, by using Assumptions 2 and 3, which yields,

o} o
B , _ 0 _ %po
Ehezo, Ehe=07 2afo_a1’p0_aﬂ0’ 2 ’
[ Y
@ o ’ o) d/
0 po ) _ / 0 — 0
—> t|\ ) = ~Epe — —22a50 - _z(a?’po — %)
% Y € ‘0

we can simplify the expressions in Proposition 5 to,

2 e(e4+1) «2r—2

be=ayp, — =~ — ;
r K2 - wi;l)r
0

(o) 2 [ @ 1 L+ 1) D/ oY
— k240 _ =170 _ - K0 __0
ge 0 + C% - ( C% Oypo r + k(%rz 0 c% X po c(z)
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S| — we/(2m) ||
% We/(2m)
10
jod
g _
&
= 5 -
3 o
o 0 0.997 1.002
| | —
0.2 0.4 0.6 0.8 1

T

Fig. 2. Comparison of the real parts of the cut-off frequencies for the vector and scalar problems, (4.49) and (4.51) with
a zoom near the surface.

bt (_Hgg) g =2

r| —mm . 4.48b
kér2 c% r2— e(t;:{l) ¢ )
0

The fourth term of g, can be written as
frequency (4.23). A

2 2
W where N is the buoyancy or Brunt-Viisild

4.5. Cut-off frequency

We generalize the discussion of cut-off frequency in [13, section 3.1] to our conjugated oper-
ator —8,2 + V,. We introduce the local cut-off frequency w,

wzf(r) =% @) <I>28(r) _n0 2 (4.49)
o(r) 4 2 () r r

and the horizontal wavenumber function &y,

kﬁ:O, for £ =0,
(1 2nt P2, U+ D (rt)? (4.50)
kﬁz ( ';‘ )(g{_rgf_’_rte_Tl_’_W)’ for ¢ > 0.
r

The second expression comes from expression (4.44) for V. These are generalization of the
scalar equation for which ky, = /€€ + 1)/r, cf. [13, Eq. (7)], and

~2 2 ’
a); ) = %o @) o ") + %p(r) , scalar cut-off frequency, 4.51)
(1) 4 2 r
cf. [13, Eq. (11)]. The cut-off frequency w, for the scalar equation does not have the gravity
term and adiabatic exponent, and uses «, (instead of —a, p,). Note however that the form of
the potential and thus the cut-off frequency depends on the unknown of the problem [26]. Here,
our cut-off frequency for the vectorial problem is for &, (even if we were to neglect the gravity
in (7.11b)) while the one of the scalar problem is for V - £&. We compare in Fig. 2 the cut-off
frequencies of the scalar and vectorial problems using the background solar models S-AtmoTI.
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We see that they have the same pattern, in particular with the singularity at the origin and the
drastic variations near the surface, and we note that they coincide in the atmosphere.
In terms of w.(r) and k2, the potential V, can be written in a similar form to [13, Eq. (10)],

vy = -2 4 2. (4.52)

The limiting value of w, in the atmosphere, called the constant acoustic cut-off angular fre-
quency, determines the behavior of waves there, see Section 7. By the asymptotic expansion in
(6.3), we have

lim w:(r) = w;, Wwhere w; := aa¢a/2, g,y definedin (3.4). (4.53)
r—00
For the solar background configuration, w, = 5.20 mHz, cf. Fig. 2.

5. Local regularity

In this section, we determine the local regularity of the coefficients of the radial modal ODE
(4.24) as well as the conjugated one (4.34a). Under Assumption 1, their coefficients are made up
of C? functions and quotients of these. The only concern on compact intervals of [0, o0) is the
loss of regularity at singular points where the coefficients might ‘blow up’ due to a division by
zero. We first recall the form of the normalized equation (4.24) with zero right-hand-side,

(=02 4 bed, + gu=0. (5.1)

In the classical theory of ODE with meromorphic coefficients, cf. [27, Theorem 4 p. 164], r = rg
is a regular singular point of (5.1) if it is a pole of at most first order of b, or a pole of at most
second order of g¢. However, with only C? in our assumptions, we instead appeal to the work of
Bocher [22] to expand this definition.

Definition 3 (Bocher regular singular points). For a fixed £, r = rg is a regular singular point of
(5.1) if there exist constants ny and 7, so that
. —ne | - —1e .
if b= +be, 9e=-—"—3 + G, then
r=ro (r —ro)
ro%8 ro£8 (5.2)

for fixed § > 0, lim / |f~)g|dr <ooand lim (r —ro)|geldr < oco.
e—0t e—0F

rote rote

For a regular singular point r = r¢, by Definition 3, the indicial roots or characteristics expo-
nents associated are the roots of the indicial polynomial

AA =1 +nea+1ne=0, (5.3a)

with coefficients ny := — lim (r — ro)bhe, 7¢:=— lim (r — ro)zg/g. (5.3b)
r—ro r—ro
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These exponents A describe the dominant behavior of the solution, that is, the solution behaves
like r* as r — 0, see Section 7.

We consider the situations £ = 0 and ¢ > 0 separately. The existence and uniqueness of the
roots are investigated in Proposition 6. The results giving their exponents in both situations are
listed in Proposition 8.

5.1. Atlevel £ =0

Due to its simplicity, we study the equation at £ = 0 separately. Recall from Remark 4,

—8%ag + (aypo - %) 8rag + (—i—g + %f’/ + 2@ + r% - 2?—?) ap = 0. (5.4)
It follows that r = 0 is the only singular point on [0, c0), with indicial equation
s(s—1)+2s —2=0 and exponents A, = —2, )»g =1. 5.5)
5.2. For£>0

From the expressions of the coefficients given in Proposition 5, potential singularities occur
at r = 0 and additionally, when I" = 0, at the zeros of

G(r) = Oon (r5,00) with G(r) i= @' 5 — — Epe(r), (5.60)
CO(F)
2
and F(r) =0 with F(r) := w? — L+ 1) — r En(r). (5.6b)
co(r)?

These functions were first introduced in (4.37). We first investigate the existence of zeros for
(5.6a) and (5.6b) and their multiplicity. We define

[P G AR 5.7)
SRR YPN CL |

Proposition 6. We consider Assumption [-Assumption 3. For @ > 0, the only root of G =0 is
r = 0. Equation (5.6b) has a unique zero, when I' =0, w > 0, on (0, 00), denoted by r:)yg. If
£r eN, for £ =¢}, then ":),z =r,; otherwise,

(< = r:)’e € [0, rg] and >0 = r:;’e > 7. (5.8)

Proof. Statement 1 The result is due to Assumption 1 which gives Epe > 0 and ¢g > O thus
|G| > “:—zzr>0f0rw>0andr>0.

0
Statement 2 Since r > —FE}e > 0 is increasing by (3.5d), r + r(—Epe) is strictly increas-
2 2
c%(r

[0, 00). Together with the fact that,

ing. By (3.5¢), r = w ; is strictly increasing. This means r + F(r) is strictly increasing on
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FO)=—¢+1)<0 and F(r) > 0forr > ko(rg)v/ €€+ 1), 5.9

this means that F(r) = 0 has a unique zero on (0, 0c0), denoted by ”Zw-
We now consider its position. From (3.8), Ene(rs) = 0, we thus have the equivalence,

F(rs) > 0 & <. (5.10)
With the strict increase of F and its values in (5.9), equivalence (5.10) means that, if £ < £}
then F(r5) > 0 and rz’w € (0, rg], while if £ > £, F(rs) <0 thus ”Zw € (r5,00). If £ € N, since

F(rs) =0 for £ = £}, r, is the unique zero on (0, oo) for this level. O

We next calculate the limits of h, and g¢ at O and r; . These computations are needed to
compute the indicial exponents of the singular points.

Proposition 7. For w > 0 and £ > 0, we have
lir%rhg = -4 ; lil%rzgg =-24LU+1). (5.11)
r— r=

When I' = 0 also with w > 0 and £ > 0, then

lim (r—r5 )be=1 ;5 lim (r—r} )ge = 0. (5.12)
r=ree ' r=ree '

Proof. Statement 1 For the limit at r = 0, we work with the expression of h; and g, in the
interior in (4.48a) and (4.48b) and obtain lim,_,¢r hy = —4, and

L41) @ o
limr?gy = =24+ £(£ 4 1) — lim (;2)_20 W — — | - (5.13)
r—0 r—0 kO % %

It remains to calculate ®6(0). For this, using (2.7) and L’Hopital’s rule yields

2 /
(o s%po)ds) _ - r2po(r) _
2r r—0 r

(0) = 4G lim 0. (5.14)
r—

Statement 2 We will simply write r, =7, ,. Since it is a simple root, we obtain immediately
the result with gg. For the limit with b,, we first use the assumption of 7, in (5.6b) to obtain the
limits,

.+ 1) 1 LA+ 1) +rE
lim =1; (5.15a Lo ST )T Ehe 2
o K 2_r i_'i (5.152) Jim a2 =r2. (5.15b)
0
We next separate (r — r,)b, into regular and singular factors,

. L,

—lim(r—ry)hy = —, where (5.16)
r—>ry Ly
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2 _ 1 1
. e+ R" 2r + K2 (r Ehe) (5.150) .. 5 (rEpe)’
Li= lim 5 = lim a2r” —2r + R
r—>re kO (}’2 _ rh) r—ry "0 kO
k2
0
J2 D) By )
. ks ks ) L'Hopital . , L+ Epe
L, = lim = lim|r°— —-r—1 .
r—r. r— Ty rory k2 k2
0 0
. 1 Olkz
We next show that L1 = —L,. Since (k—z)’ =
0 0
. L+1)+T1E rEne) (5.15b) . rEpe)’
Ly = lim 2r — ( ) heakz _ [rEne) G150 lim 2r — ra;> — (r Ehe) . O
=T« k(z) 0 kg =T 0 k%

In the final result of the current section, for £ € N, we summarize the singular points and their
indicial exponents for both the original equation (5.1) and the conjugated equation (4.34a),

(=> + V)i =0. (5.18)
Proposition 8. Given Assumptions [ to 3, when T’ = 0 with £ > 0, the only singular points of
(5.1) and (5.18) are r =0 and r = r:)j (defined in Proposition 6). When I' > 0 or I = 0 with

£ =0, r =0 is their only singular point.
For equation (5.1), the indicial exponents associated to r = 0 denoted by kzt are

A =1,k =-2; A =t—1,1 =—£=2, for £>0, (5.19)
while those for conjugated ODE (5.18) denoted by th are given by
kg =2, ky =—1; kf =0+1,k; =—L, for £>0. (5.20)

. . s
Associated to singular point r

of £. Denoted respectively by \f and kF, they take value

o the indicial exponents of (5.1) and (5.18) are independent

Af=2, 17 =0; (5.21a) kF=3, k =-3. (521b)
Proof. For (5.1), it suffices to consider £ > 0. The main ingredients are the results of Proposi-

tion 7 and the definition of the indicial polynomial given in (5.3). Using (5.11) yields the indicial
quadratic associated to r =0,

AA—1D4+4r+2—-¢+1)=0 withrootsf —1and — ¢ —2. (5.22)
The one associated to r = r(’; ¢ 1s obtained with (5.12),
AMA—1)—X1=0 withroots2 andO. (5.23)
This gives us the results in (5.19) and (5.21a). We next show (5.20) and (5.21b).
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For the rest of the proof, we denote by r(y to mean 0 or r,. We also write,
. . ~ . . 2
ne ;= lim (r —rg)be, Ne:= lim (r —rp)“ge. (5.24)
r—ro r—ro

The indicial exponents of (5.1), simply written as AT, are roots of the quadratic equation,

s(s—1) — ngs — g = 0. (5.25)
Since lim, .y, (r — ro)*h7 = 17 and lim, ., (r — r0)*h = —ne,
lim (r — r0)*Ve = 07 + Sne + fie. (5.26)
r—ro

The indicial equation of (4.34a) at r = ry is thus

SE=1 = g7 — 3ne — 7 = 0. (5.27)

Denote the roots of (5.27) as A~. Since

SG-D = (s—3n) (=1 = Sne) =sGs—1) = nes + dne + 0. (5.28)

quadratic (5.25) and (5.27) are equivalent by the change of variable, § = s — %7}@. This means
that the indicial roots of (4.24) and (4.34a) are related by

A =0F - Ing. (5.29)

The proof is finished by recalling from Proposition 7 that ny = —4 for £ > 0 and n; = —2 for
£ =0 for singular point r =0, while forr =r,, 7, =1,£>0. O

5.3. Numerical illustration

In Fig. 3, we compute the values of r} , and £7, for the physical parameters corresponding
to the Sun, and for frequencies (up to 10 mHz) and modes (up to 2000) commonly used in
solar applications. We observe that the singularity mainly lies near the solar radius r = 1, except
for relatively low modes. On the other hand, this singularity does not exist when we include
attenuation, which is the case in practical applications.

In Fig. 4, we show the value of the potential V,(r) as a function of frequencies w and r,
for different modes, with and without attenuation. We observe the ‘blow-up’ of the potential V,
due to the singularity at the origin in both cases, and, at the additional singularity r;’ ¢, Without
attenuation. The position of the latter varies with the mode and frequency, as also observed in
Fig. 3. In the case with attenuation, we observe that the potential changes sign instead of blowing-
up, see Fig. 4(a).

Intuitively, the sign of the potential indicates whether waves are propagative, when V, < 0, or
exponentially decaying when V;, > 0. We distinguish two propagative regions.
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Fig. 3. Value of r:) ¢ 1n (5.6b) in terms of w, £. The white dashed line represents €7, that separates the region where the

singularit
r* ,>1.
w,l

y is in the interior (above the line) or in the atmosphere (below it). For visualization, all the positions where
1 use the same color scale (dark red). (For interpretation of the colors in the figure(s), the reader is referred to

the web version of this article.)
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(a) Re(Vg) at 7 mHz with solid and dashed lines respectively for positive and neg-
ative values. The potential has a horizontal asymptote (as 7 — oo) at —8.9 x 109,
corresponding to —k2.
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: !
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(b) £ =10, T = 20pHz. (c) £=10,T = 0. (d) £=200,T = 0.

e(Vy) in (4.41c) for different frequencies and modes, with and without attenuation. In Fig. (b)-(d), the sign of

the potential is indicated using blue for negative, red for positive, and the position where V, changes sign is indicated in

white. In
Fig. (c)-(

o At

these figures, the low-frequency regime is enlarged for visualization (bottom part). For I" = 0, the red line in
d) indicates where Vy blows up i.e. at singularity r;) ¢ Which corresponds to the zero of (5.6b).

low frequencies (below 0.5 mHz) and where V, < 0, waves are propagative near the

origin. The modes contained in this region are referred to as solar g-modes (gravity modes),
see Figs. 4(b) to 4(d). These waves are difficult to observe at the solar surface as V; > 0 for
r>0.7.

e The region of the diagram with higher frequencies and where V; < O contains the p-modes
(pressure modes). These are the main modes used to probe the solar interior in helioseismol-
ogy. This area can be further divided in a region below and one above the cut-off frequency
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w; = 5.20 mHz, see Subsection 4.5. For o < w;, the propagative region (for a fixed w) is
located in the interval [rg(w), ry(®)], with ry lying in the solar interior and ry, just below
the solar surface. These positions are referred to as the lower and upper turning points in the
solar community [9]. For w > w;, the propagative region extends into the atmosphere. This
means that high-frequency waves propagate into the atmosphere, and thus to simulate these
waves, one requires an appropriate boundary condition and atmospheric model, [13].

Upon studying the position where the potential changes sign (in white in Fig. 4) corresponding
to the harmonic degree £ = 10 versus that for £ =200 (see Figs. 4(b) to 4(d)), we observe that
the location of the zeros of the potential for g-modes is barely modified with ¢, while those of
p-modes, as well as the singularity r;’ ¢ (when I = 0), change drastically, shifting closer to the
surface as £ increases. High-degree p-modes are thus expected to be confined close to the surface,
while the ones of lower order have propagative region reaching deep inside the Sun and can thus
provide important information about the solar internal structure.

Remark 6. Interestingly, the position of r;’ ¢ 1s usually located slightly before the lower turning
point (ry) but these two positions do not coincide. On the other hand, in [9, Section 5], which
uses a simplified potential, r}, , and ry coincide. A

6. Asymptotic analysis at infinity

In this section, we study the behavior of the coefficients of the radial modal ODE (4.24) as
well as the conjugated one (4.34a) as r — oo. The main result is given in Proposition 10. We
start directly from the form of the coefficients in the atmosphere r > r,, on which the functions
Qp,, €0 and y are constant, and pg is a decaying exponential. These constants were introduced in
(3.4) and (3.7), for r > ry,

c(r) =ca, ko(r) =ka, ¥(r) =va, 0p(r) = apo(r) = otyp,(r) = ata.

For r > r,, the wavenumber k and parameter 1 defined in (4.40) become constant with

273
, nr) =mna = — 2 —y). (6.1

a

KA(r) = k3 == k2 —

a

&R,

We note that kg = 0 at the constant cut-off w; introduced in (4.53).

We make a preliminary observation: by substituting the exponential decay of pg in r > r, into
(2.7), we can write ®( as a sum of a r~2 term plus analytic and exponentially decaying terms
(a.e.d.t),

G G
o, = r—zm + aedt, &f= —2r—3m + ae.d.t, (6.2a)
ra
2
2 2
with constantm := 4w / sz,oo(s)ds + 4 po(ra) (@ara) (+ ):aaa + . (6.2b)
o)

0

We have the same type of expressions for E}e and its derivatives. These observations together
with Proposition 8 immediately give the following result.
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Proposition 9. Functions by, g¢ and Vy are meromorphic functions in r; in fact, they are analytic
O T > Tanalyric Where Tapaiyiic = 1a for (I' > 0,£ > 0) or £ =0 and tunaiyric = 1} for (=0, £ >
0). They are rational functions in r modulo a.e.d.t on r > r,. The acoustic cut-off frequency w,
(4.49) has asymptotic expansion,

2 2
c 2¢ 2Gm
a)?:a)?—naa - 5 taedt, rxrg,
r r r (63)
aaCa
where wy = >

The asymptotic expansion of gy, hy and V; as r — oo for any order r~" can be obtained

explicitly. In the following proposition, we obtain, for I > 0, the leading terms in their expansion
modulo 3. They are given by b (4.47a) and the following functions,

oy 2 1

20— 38 w2 — 7 2 Gm
app ._ ;2 Ya ¢ 4 G ._ .app
g, = —kj + p + poat g =96, — 3 cg , (6.4a)
o, Ma mi—g G 2 Gm
Q¢ = ka + 7 - T, Q@ = 0+ rj?, (6~4b)
We have defined the index ¢ as,
1 L+1) ay (o
Mg__=2+3(e+1)+(72)—“(—“—aa>. (6.5)
4 ka )/a )’a

Note that for £ = 0, ,u,% — 1/4 = 2. After obtaining the asymptotic with error of »—3, by con-
sidering £, wr~! as large and I, as a small parameter, we also introduce the so-called ‘gravity-
enriched’ approximation. This is due to observation by numerical experiments that terms with
constant Gm/c2 have a significant contribution at level r 3.

For ¢ > 0, with the £-dependent part of these coefficients coming from the factor le with
F¢ defined in (4.37), the main ingredient of Proposition 10 is the following uniform bound for
IF¢l~! onr >r, and £ € N7T. It is stated below for r > 0,

IFe(r)|> = [Rek?) r> — rEwe — £+ D)? + [Imk?)? r?

= |Fe()]?

v

2
%(|(Rek2) P2 — rEpe — £+ 1)] + |Imk2|r2>

1 \/E c(2)(7') )

< = r r>0, ¢eNT,. (6.6)
IFe(r)| — Imk2 (2 2T,(r)w

Proposition 10. For £ = 0, we have the following expansion with bounding constant independent

of w,

go = g5 + aedt= a5 +030r7Y, F>r, F— 00 67
Vo=—Qg+a.e.d.t=—Qo+ o™, F>r,, F—> 00. '
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For £ > 0, assuming 0 < I'y < 1 and w > wg > 0, as r — 00, we have the following expan-
sions uniformly with respect to £ > 0,

be = bo + w;j Doe3); (6.82)
g = o8 + “P007) = g+ S P00 (6.8b)
Ve = —09 + W; Doe3) + %O(r*) (6.8¢)

-0+ E(zrt Doe3 + %00—6). (6.84)

Proof. The statement for £ = 0 is straightforward using Remark 4, and the expansion of ®¢ in
(6.2). For £ > 0, we use

1 V2 <,
= r

< = . r>ry, fLeNT. (6.9)
IFe()| = Mmk2r2 2T, *

We will also need the estimate of Ep.. With 0 dependent of ¢, we have

2 _ Ene
kO r

0
< —r . (6.10)
kg

The second inequality follows from E}pe < O by assumption (3.5d), thus |k,§ — Epe| > |k§|.
e The estimate (6.82) for b, follows from that for t;. Since (k%)/ =0, we write

1 (2 —(Ene/r) 0 3
=— |2 +——L 2] = |t < r2, r>r,fLeNt, 6.11
‘TR (r k2 — Ene =T ! ©1D

The inequality is obtained by using (6.9) for F; and (6.10).

"

o In the defining expression (4.39a) of g with (=% p" ) =0, if we leave out — ® Y in the numerator

a

E
and = in the denominator, we obtain,

1l oy [« o2
1 a a
-1 -(——oz>~|——; (6.12a)
g kf Ya \ Va ‘ |k§|

L +1)
=L+ Dg +2=puf — 1+ 2]
a

o). (6.12b)

Combining with (6.11) for t, yields

2 « Le+1 _ o@r~!
2+e(e+1)(g‘+(———a>r2te>=u%—i+ ( 5 Lor 2 +ee+n2 2.
r v I Tao
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After dividing by 2, this gives the bound for the last two terms of g, in (4.41b). We thus obtain
(6.8b) for g, in noting |k2| > 2T,w.
e For the statement of V;, we need to bound vy, t? and t/z- In writing v, as

1 LE+1)
e=-1+- 3 , (6.13)
r kgr=— £ +1) —rEne
we obtain the uniform bound on r > r,,
L +1 a LU+1
vg = —+ ( )O(r—3) o Mo = 2y ( )O(r_3). (6.14)
r INow r INow
Using estimate (6.10), for tg yields
< 2 9,4y leNt (6.15)
—F N r =71y, . .
C T V2K T !

For the bound of t;, since (r Ene) = —‘;: — c2_2 +a.e.d.t and

K22r — rEne)) (2 R —Ene/rY\ 1 [ 2 ((—En/r)\
;o _( a he “ he e he
4 = o n ) e et () ) e

with constants 9, 0 independent of ¢, for r > r,, we have

1 -

) 2 L 41 2

. |k C 0 1 0c 0

Ity| < a! a|2 + =3 = |5+ V2 —2 = 6.17)
2(Iaw) V2l 2rz o r r

a

The second inequality uses |k§| <c; 2(w?* 4 2wT,). We also note that 'y <  i.e. a small param-
eter, while w is considered a large parameter.

Put together the bound of g, vy, t, and t}}, to bound £(£ + 1)1, in expression (4.41c) of Vy,
(note that we have multiplied (6.15) and (6.17) by r2),

5.15), (6. ee+1
e+ Drog “PE pe 4 g 4 200 + (; )
a
ee+1 zz+1
LY ge+ g +2 + (r - Doe2) + LD g2 (6.18)
a 3.

(6.12b) Z(Z—F 1)
=" - g

o).

a

The final bound (6.11) for V; is finally obtained by using (6.11) for t; to bound the last term on
the right-hand-side of (4.41c), [£(¢ 4 1)]?2,
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V= _k2+3+< A ““”0(3))
r

oy lNow

21 4 e + P2 @19
+ (”“‘Z ERNE O(r—4)) + 2 0¢7%.

r2 2 (Taw)?

The second term is obtained from the bound of v, given in (6.14).
The proof is complemented by the following observation. The constant G occurs at most at

order r—3 in the term CDO in expression (4.41b) for g, and (4.41c) for V,, while its appearance
in t¢, g' and vy 1s of lower order (at most r—*). To account for the influence of G, we add the
leading term of 2 to gzpp and —Qy in (6.4). O

Remark 7. When I' = 0, we still obtain the same bound with bounding constants independent
of £, however for r > v, ¢ s dependent on £. Specifically, for 0 < § < 1, we have to replace the
bound (6.9) of F, ! by

1 1

< . o> , LeNT, 6.20
Fo = 8(2r2 —rEp)  okz2’ T =letd (6:20)

where t is chosen as the unique root to kft2 —tEhe = (14 I‘STS)Z(Z + 1). For £ < £* (defined in
(5.7)), and small enough § > 0, we can choose t =r,. A

6.1. Numerical validation

We evaluate the performance of the asymptotic approximations by introducing the relative
error € defined, for e = {app, G} (see (6.4)), by

g = lge — gyl ’ ey = Ve — V2| ’ e, = Be — bol ©21)
|gel Vel bel

The relative error is pictured in Fig. 5 at 7 mHz, for modes ¢ = 0, 10 and 750, where we indicate

the convergence orders.

As expected, the slope of the error using gzpp , bo and V;pp is of order 3 as predicted by (6.8).
The relative error when using as approximations g? and V[G decreases substantially, with an
improvement of 2 to 7 orders of magnitude. This highlights the importance of the gravity term in
the approximation. For the mode ¢ = 0, the relative error for g[G and V[G is at machine precision,
while it increases with higher modes, due to the term £(£ + 1) in (6.8).

7. Existence results for the modal radial ODEs
In this section, with the necessary ingredients given in Sections 5 and 6, we can apply the

techniques in [23] to construct the outgoing Green function QZ, a solution to the conjugated
equation,

(— 92 + V@)Q@(r,s) = 5(r—s), (7.1)
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3.4 [ T ‘ T
10
3 e CgiPP ’> €ho R €app
T T
8.8 |
! ] 10 3& 10-31 L | ~—
10710 F T E 1 10-8.4 S T l o T
10— 11 E == Ve
10—12 " T
10-13 | 97 ! ! 10785 | ! ] S|
1.02 T 1.04 1.02 T 1.04 1.02 7 1.04
(a) €ge for £ = 10. (b) €p, for £ =10. (c) evg for £ = 10.
3.4 ‘ € a \ ‘ cyapp
D o | “ho Sl v
T 1
| I 3& 1o—3.1 L | \
T B T
10=6 10-5-1 |- 10—4.7 |- ‘vG
10-62 |- .
10764 ! 9¢ ! ! ! I
1.02 7 1.04 1.02 T 1.04 1.02 7 1.04
(d) €ge for £ = 750. (e) €p, for £ =1750. (f) evg for £ = 750.
10734 |- ‘ € a ‘ ’ €,,app ‘
) — g™ EY — v,
1 1
| | 10—3-1 | | =
—13 T
0 e a [ 10—13 —_—G
—14 ¢ vV,
10 2 10—14
—15 - —15
10 =
2 bel wusmpidbolosnld + 4 w3 10
1.02 T 1.04 1.02 T 1.04

() €ge for £=0. (h) eyp for £=0.

Fig. 5. Relative error €4 (6.21) of the asymptotic functions for the modes £ = 0, £ = 10 and £ = 750 for frequency 7 mHz,
with attenuation I' = 20 uHz.

given by,
H(s —r) e(r) o (s) + H(r — ) pu(s) 9 (r)
G (rs) = — AL LA (7.2)
W,
In the above expression, ¢, and <pZ are solutions to
(=87 + Vo)u=0, re(0,00), (7.3)

with ¢, regular at r = 0 and a solution goz_ outgoing at infinity. Their characterization and con-
struction are the heart of this section. We have also denoted by H the Heaviside function and by
Wz' the Wronskian W of ¢, (s) and (pé|r (s), which for equation (7.1), is independent of r,

Wy = Wigr, ¢/} (74)
The ‘outgoing’ kernel G; for the original ODE (4.24),
(40202 + 918, + () ) Gelr) = 84 =), 7.5)
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is constructed from g; by relation,

Je(r) 1 i
- ,8), 7.6
30) et L ) e

GZ(r, s) =
with J;(r) and g, given in (4.26a) and (4.42). Under the assumption that
WS #0, (7.7)

the radial coefficient a;’ is given as a C2((0, 00)) solution to (4.24) by

]

al'(ry = / Gu(r,s) f'(s)ds,  §i' given by (4.25). (7.8)
0

It remains to discuss the construction of ¢, and 90;- In this work, we employ only part of
the extensive results of [23] to obtain the existence and uniqueness of these solutions without
indicating the dependence on £ of the lower order terms in their expansions, see also Remark 10.
To fit completely in the framework of [23], we work under the following assumption,

=48>0, 0<d8<w#aw, (7.9)

with w; defined in (4.53). Under this assumption, the set of singular points consists only of r =0,
and we stay away from the ‘energy threshold’ of scattering theory in [23], see also Remark 8.

7.1. Property of Vg

We rewrite the conjugated operator in a form similar to the operator, —8,2 — >+ Vax — L+
1)r~2, considered in [23, Eq. (3.1)], and show that our potential has the same property as theirs,
Vak — L€+ 1)r~2, in terms of regularity at = 0 and decay rate at infinity. In scattering theory,
decaying potentials are classified into long and short-range. A potential V is called short-range if
V =0@%) asr — oo, fore > 0, with § = —1 — ¢, € > 0, and long-range if § = —1 + €', €/ >0
cf. [23, Eq. (1.2)].

With kg defined in (6.1), 1 in (4.40), for £ € N, we rewrite —8,2 + Vp as,

Wy
2 2 2
-0+ V, = —0; —ka—i—V—i—r—z,
7.10)
o (
where V = kg — K+ —20 — ne) .
% r+1
The expression for W, =V, + kg — YV is, with the notation (4.37)—(4.40),
r
Wo=2 —1n—— (7.11a)

r+1’

(rt))?.  (1.11b)

1 e+ P
£>0, m:aeﬂ)w_rzn(w_ )+[( +1)]

r+1 4
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Under assumption (7.9), the wavenumber k, is chosen with the same square branch /- in (2.10),
thus k, € C \ {0} with Imk, > 0. This also means W, and V are complex-valued. In addition,
potential V is independent of £ and is long-range with dominant behavior at infinity given by
the Coulomb-type potential n(r + 1)~'. We recall that mne Cz([O, 00)) and is constant on r > r,.
From (6.6) and the proof of Proposition 10, there exist constants € > 0 and © > 0 independent
of o2 and £, so that

v € C2([0,00)], g < €U+ r>0; (7.12a)
we € C3([0,00)], Wy <D,  limw,=1. (7.12b)
r—0
Potential W, /r? is thus short-range and satisfies
We(r) — €+ 1) r= b e C%([0,00)). (7.13)

With T > 0, the only singularity of V, comes from the terms % which are regular singular

with indicial exponents /czi, cf. (5.20) in Proposition 8. We are now ready to apply the proce-

dure in [23] and show the existence and uniqueness of the solutions ¢, and (pzr, respectively in
Subsections 7.2 and 7.3.

Remark 8. While the literature on long-range scattering of Schrodinger equation is vast, we have
chosen the work of [23], since its hypothesis allows for the (weak) singularity at » = 0 and the
complex-valued V,. Without these two constraints, one can also appeal to other works for regular
real-valued long-range potentials such as [28] in 1D, or [29] for complex regular potentials and
[30] for real-valued singular long-range potentials in general dimension. The work of Agmon—
Klein [23] is also used for the scalar wave equation in helioseismology in [31,32,15]. See also
the introduction of [28] for a discussion on long-range theory for real-valued potentials in 1D.
We also note that our construction is away from the threshold energy, i.e. for k, € C \ {0}, which
is equivalent with w away from the acoustic cut-off w;. Note that even if our potential is real
when I = 0, we cannot use [33] because of the singularity at O and r,. A

7.2. Regular solution atr =0

Following the proof of Theorem 3.3 in [23], or Sections 2 of [22], there exists a unique solution
@¢ to (7.3) which satisfies

oe(r) = ¢ (1 4+ o)), asr—0. (7.14)

The existence of ¢, is obtained by solving the Volterra integral equation (VIE), following [23,
Eqgs. (3.18)-(3.20)],
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r

o0 = <4 /K((F,S) Fe(s)ge(s)ds,

0
. rKZ—sKe_ —SKZ—rKZ_ + Sl_KZ— — Sl_KZ_ (715)
with Ky(r,s) = ——=r
(KZ_ — K[) §< TR 1 Ky — Ky Kg =Ky
We — L€ + 1
and Fy=—kR+V. R =-k+v 4 2 EED g
r

From (7.13), we have sF(s) € C2[0, r), and is thus integrable on [0, r). For this reason, (7.15)
can be solved by standard procedure of iteration, cf. Section 2 of [22] for a detailed discussion.

+ T . .
Note that the term r¢ serves as first approximation in the iteration.

Uniqueness is obtained by solving (7.15) With_r"[ as the first approximation, which shows
sing

the existence of a linearly independent solution ¢, = satisfying
S‘“g(r) =rc (1 +o0(1)), asr—0. (7.16)

This is mentioned briefly in [23, p. 357] but one can refer to Section 3 of [22] for a detailed
exposition.

7.3. Outgoing solution at infinity

Following the same procedure of Theorem 3.1 and the discussion of [23, p. 355] (which used
Theorem 2.2 therein), we can construct a global phase ¥ as a solution of the eikonal equation
(cf. [23, Eq. (1.10)]),

VY2 =k = V0,
(7.17)
satisfying ¥ (r,ka) = rka (1 4+0(1)), as r—o0.

A choice of the phase function ¥ (7, k,) can be, for rg > 0,

CD//
v, ka)—/‘/kz Vds = /\/kZ() 5 ((S)) snf)l ds . (7.18)

Under assumption (7.9), and for model S-Atmo1I, the real part of the quantity in the square root
is sign definite (> O for w > w., and < 0 for w < w,, both with ro =r,).
By Theorem 2.2 of [23], there exists a unique solution (pZ' to (7.3) satisfying

o () = VR (1 4+ 0(1)), asr—oo. (7.19)

The existence of <p; is obtained from solving by iteration the VIE, cf. [23, Egs. (2.20) and (2.21)],
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e ¢]

of =T%0r) — / K(r, ) Fe(s) o, (s)ds,

r

12
with T%(r) := (ﬁ) etV Fo(s) == 1{1//’ )+ WZZ(S) ’ (7.20)
v 2 5

THYr)T (s)—TH ()T~ (r)
2ikg, ’

and K(r,s) ;=

The Schwarzian derivative {y, r} is defined as, cf. [23, Eq. 2.19],

LY 3N 1Y s YN
Wr:= v _§<W) __Ekg—v_Z(kg—V) ' (7.21)

The approximate solution 7% satisfies the comparison equation, (—8,2 - kg +V—{y, r)NT* =0.
To show that the above VIE can be solved by iteration, cf. [23, Eq. (2.27)],

(.¢]
(pZ' = Zgoz;'j , Wwhere
Jj=0

o0

oo=T" ¢ = —/K(r,sm(s)gozj(s)ds, JeN,

r

one needs to show the integral defining (pz.r j and the series defining goj converge. These follow
firstly from the decay of V) = O(r~!1=/) and that of W, /r? = O(r~2), which yields

IS¢l < C(1+1)72, (7.22)

and thus the integrability of §; on [r, 00). Secondly, for s > r and Imk, > O,

‘ K\ 172 Y12
=) < ¢ <—a> =(1——> =1+o(l), r— oo,

/A K,2
K(r,s)] < C ‘TW)
= K@, 9)| < o |

By induction, one can show that, cf. [23, Egs. (2.28) and (2.29)],

(L)’

J!

’

ot ;1 < ITF ()]

where £(r) = /CIF(s)|ds =o(l), asr— 0.

r
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The uniqueness of the solution of (7.19) is obtained by solving (7.20) with T~ as approximate
solution (or first iteration) to obtain a linearly independent solution ¢, which (non-unique for
now) is characterized by

@, (r) = eIV k) (1+o0(), asr—oo. (7.23)

Remark 9. The above construction works with a more general decomposition of V. Specifically,
one writes V; = qp, + q? with short-range q? := V; —qL, and potential q, € C2([0, 00)), indepen-
dent of £ and containing the long range part of V,. In (7.10), we have chosen g, as V; however, it

can simply contain rjf‘l , and to this, one can add (or not) terms that are £-independent, C([0, 00))

and short-range. The phase function ¥ is now ¥ = f r:) k2 — qLds (assuming g, small enough).
One then solves (7.20) with §¢(r) = %{w, r}+ q? (r) and K, T* defined as before with this new
phase . A

Remark 10. Our construction is obtained for each fixed €. In [23], Agmon and Klein have also
obtained uniform results for r € [0, 00) as £ — o0, cf. Theorem 5.6 there. Control in £ is needed
to study the convergence of (4.4) so that a solution £ can be obtained from the modal solutions.
Unfortunately, we cannot apply directly the results of [23], because the dominant term in the
potential of [23] is only £(£ + 1)/ r? as £ — oo, while ours has an additional term (last term of
W, in (7.11b)) of order [£(£ 4+ 1)]%. On a more positive note, since this new term is of order r0
as r — 00, and is regular at » = 0, the same analysis in [23] can probably be modified to obtain
uniform results, however with an expected larger growthin £. A

8. Conclusion

We have studied the Galbrun’s equation under spherical symmetry and obtained outgoing
modal solutions which are the coefficients of the vector displacement in the vectorial spherical
harmonics basis. The construction of the modal solutions is justified via a global analysis which
shows that the modal ODE fits in the theoretical framework of [23]. In particular, the coefficients
of the ODE are C? except at a finite number of regular singular points, and have long-range
growth at infinity. Our analysis also provides an efficient framework to compute the complete
Green’s kernel from only two simulations using (7.2) and leads way to the efficient numerical
resolution of the Galbrun’s equation under spherical symmetry.
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Appendix A. Proof of Proposition 3

Proof. It suffices to derive the expression for the coefficient rZngqg and I"2C2267[. We will need
the following identities involving C»» given in (4.6),

ee+1 ’
( )_%Jr&. (A.la)

r

Cy = —(k(%)/ -2 3
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G2 k3)'r* + 2kir — (Ene + rEy,) _ (A.1b)
Cz s —k3r2 + £+ 1) + rEne
Second coefficient. From the expression given in (4.26b), we have
C/

r2Cqe(r) = Coo(otypor® —2r) +rCra — LU+ D + L+ D(] — 72) ,
(A2)

C/

= C (atyp, r—2r) — L+ Dotyp, — L+ 1D

The first two terms of (A.2) are rewritten by replacing C», with (4.6),
Co (Aypy = 27) — L€+ Dayp, (A.3a)
= (~KFaypr? + rEnectypg ) + (263 — 29450 — 2k (A.3b)
= (ypor = 2) (~KGr + Epe) — 2860 (A30)

We substitute this back into (A.2), and use (A.1b) to get rid of 2@,

(k3)'r? +2k3r — (Ene +rEy},)

r?Canqe(r) = (aypyr —2) (‘ktz)r""Ehe) e+ —k2r2 + L€+ 1) +rEp,
0 €

After rearrangement, and division by k2, we obtain (4.30).
Third coefficient. From (4.26¢), we write 2 Cy» qe(r) =11 + I, with,

I :=r2C22C11 +2Cip — %rclz (A.4a)

b=t () e (- 2 - (% - %)(% + 2—;;)) . (Adb)

The term I is rewritten by substituting in the definition of C11, C12 and Cy; in (4.6),

q)//

I = (—kér2 +el+1) + rEhe) (—ké + c—f)
0

+2(8r2 = i) <_m+m _ iz) _ U+ Dap, <_ayp0+m _ l) .
r ry r y y r
We next consider I>. We rewrite (A.1b) as,
) 2
_C_éz — l — l + (ko)/r + 2k0V B (Ehe+rEl{le)’ (AS)

Cn r r —kgr? + (L +1) + rEp
and thus the second term of I (without the factor £(¢ 4 1)) as,
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2 2 e (1 c},

r2 r Y r o Cxp

(2 apo) k) r? + 2kir — (Ene + rE})  lap,
roy —k3r? 4+ €+ 1) + rEpe ry’

(A.6)

Put together the above results of /7 and />, we obtain

- (o34 o 1
i = (i i) (5 2 2 (- ) (o 1 20 )
0

o7 g\ o o
+el+ | —kg+— - (ﬂ> — 0+ 1) R (—ayp0+ﬁ)
[ 14 Y Y

2 2 _ (Ene
+Le+1) (2 - m,) (§)'r +2k5 — (B¢ + B
Y —kor? + €t +1) +rEpe

After rearrangement, and division by ké, we obtain (4.31). O
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