JOURNAL OF DIFFERENTIAL EQUATIONS 156, 427-438 (1999) ®
Article ID jdeq.1998.3596, available online at http://www.idealibrary.com on "lE%l.

Principal Eigenvalues and Sturm Comparison
via Picone’s Identity*

Walter Allegretto

Department of Mathematical Sciences, University of Alberta,
Edmonton, Alberta, Canada, T6G 2G1

and

Yin Xi Huang

Department of Mathematical Sciences, University of Memphis,
Memphis, Tennessee 38152
E-mail: huangy @mathsci.msci.memphis.edu

Received June 8, 1998

We characterize the principal eigenvalues and eigenfunctions in RY, and present
comparison results, for higher dimensional p-Laplacian. Our main tool is Picone’s
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INTRODUCTION

This paper is primarily motivated by the recent articles by Jin [J], Zhu
[Z], and Walter [W], on spectral and comparison results for differential
equations. Specifically, in [J], there is a discussion of the existence and
nonexistence of eigenvalues/solutions for linear Schrodinger equations with
indefinite weight functions, while in [Z, W] the authors present Sturmian
results for nonlinear ordinary differential inequalities of the p-Laplacian
type.

In this article, we extend the results of [J] to the p-Laplacian and pre-
sent a version of the results in [ Z, W] suitable for partial differential equa-
tions. We obtain some modest extensions of the latter results even in the
one-dimensional case. We do not employ the methods in [J, Z, W], since
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it does not appear that they are amenable to the extensions we seek (divi-
sion by specific functions thus exploiting linearity in [J], Bernoulli trans-
formations in [Z, W]). Instead we proceed by arguments involving a
suitable Picone identity. This approach is of extreme simplicity.

This paper is arranged as follows. In the next section we present some
background material. The following two sections deal with principal eigen-
values and with Oscillation and Sturmian theory.

Although we occasionally refer to such topics, we do not consider exist-
ence/regularity conditions in this paper. The interested reader will find
these subjects discussed in detail in some of the cited references. Here, for
the sake of presentational simplicity, we assume that all functions intro-
duced are smooth in their arguments, unless otherwise specified. Solutions
to differential inequalities are understood in the usual weak sense and are
assumed to be of class C!** at least. Throughout this paper we will use |- ||
and ||-||, to denote the norms in W' ? and L" (r > 1) respectively.

1. BACKGROUND

Let Q be a domain in R”, bounded or unbounded, with N>p>1. We
consider the equation

—Adyu:= —div(|Vu|? =2 Vu) =g |u|”~*u in Q (L.1)

in two ways: We say that ue W|;? is a solution of (1.1) if and only if for
all p e CF(22) we have

Liwg):=| [Vul?>Vi¥p=| glul’>up:=Riu.g).  (12)

while u # 0 is an eigenfunction of (1.1) if and only if u is a solution of (1.1)
and furthermore there exists a sequence {¢,} = Cg(L2) such that
L(p,, ¢, — L(u,u) and R(¢,, ¢,) — R(u, u). Note that if Q is bounded,
(1.2) implies that the eigenfunctions satisfy u =0 on 0Q.

We say u is a supersolution of (1.1), or a solution to the inequality

—duz=g lu|? =2 u

if and only if for any ¢ € C (L) with ¢ >0,

J |Vu|?—2 VuV(p}f g lul? =2 ugp.
2 o
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Observe that a solution may not be an eigenfunction. If 2 is unbounded,
the existence of a positive eigenfunction may be shown under suitable con-
ditions on g, but in general there may not be any. Sufficient conditions can
be found in the literature. See, e.g., [AB, AH1, FMST, H].

We assume that the coefficient ge LY?(Q) n L (). Then by standard
regularity results (cf. Tolksdorff [ T]), any solution u of (1.1) satisfies that
ue C'*%Q') for any bounded domain Q' = Q. Moreover, if u is a super-
solution of (1.1), then Theorems 1.2 and 5.1 of [ Tr] asserts that, for any
ball B(2r) = Q with radius 2r, a Harnack inequality

maxu < C minu (L.3)
B(r) B(2r)

holds, where C depends on N, p, the radius r and [|g] .., g2,- It then follows
that, in particular, if u is a nonnegative solution of (1.1) then either u >0
or u=0.

We finally recall the following Picone’s identity (cf. [ AH2, D]):

Picone’s Identity. Suppose v>0 and u >0 are differentiable. Let

u? Z,{p—l
Ly(u, v) = [Vul? + (p—1) — |Vo|? — p —— Vu |Vo|? = Vo,
[% v
(L.4)
uP
Ry(u, v)=|Vu|f =V <U”—1> |Vu|? =2 Vo.

Then L,(u,v)=R,(u, v), L,(u,v) =0, and L,(u, v) =0 a.e.  if and only if
V(u/v) =0 a.e. 2, ie., u=kv for some constant k in each component of Q.

2. PRINCIPAL EIGENVALUES AND POSITIVE SOLUTIONS
We observe the following consequence of (1.4).
THEOREM 2.1.  Suppose —A,u>g,|ul?~?u has a positive solution w in
Q. If g<g,, then so does —A,u= g |u|?~>u.

Proof. Exhaust Q by a family of bounded domains Q, = Q,,; with
Q=) Q. For ¢eCy(2;), let ¢p*=max{+¢, 0}. We have, from
Picone’s identity,

(p*)”
Vorir—| o (=)
k k

0<[ Lilp*w)=]

Q Q

<[ (Ve*1r—gio*)7), (21)

2
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and the equalities hold only if p* =0 or ¢* = cw, the latter is impossible.
It then follows that

0<[ (IVolr—giloln <[ (Vol?—glol?) (22)

2 Q2

for p e CF(2y).
We claim that, for any k, there exists ¢, >0 such that

[ velr—gloin=cc| (Vol?+10l7) (23)

2 2

for ¢ € Cy(L2,). Suppose the contrary. Then for some k>0, there exists
¢, € C(£2,) with ||g,| =1 such that

1
[ (Vo7 —glp.n <.
Q n

k

By (2.2) we have

S |-

0<[ (V0,17 gilp,17) <

2

Without loss of generality we can assume that ¢, — ¢, in L'(Q,) for some
o € Wy P(Qy), where 1 <r<Np/(N— p). It then follows from (2.2) and
the convergence that

0<| (IVpol?— g lpol?) =0,
(o

This implies from (2.1) and (2.2) that ¢, =0, contradicting to the fact that
@, =1. Thus (2.3) must hold.

Let fi € Cy(2,) be such that />0, | f| =1, and supp( f;) is contained
in a neighbourhood of 0Q,. By (2.3) and the maximum principle, the
problem

—Au—glul?2u=f, xXeQ,,
’ ¢ y (2.4)
u =0, x €082,

has a positive solution u,. We normalize the solution u, such that
u(xo) =1 for some fixed point x, € 2, (note that only f; would have been
modified accordingly). Obviously such u, is also a supersolution of the
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modified equation (2.4). Thus Harnack’s inequality (1.3) is applicable. We
then have, for any fixed Q,,,

”uk”oo < C7

by (2.3), (2.4) and the definition of f,, with C independent of k. Without
loss of generality, this implies that u, »u in C'** by [T] for some «
on every Q,, with u>0 and u#0 since u(x,)=1. It then follows from
Harnack’s inequality that u >0 on Q and u solves the equation. This proves
the theorem. |

Remark 2.2. Note that we do not need a fixed w>0 for all k in
Theorem 2.1. We need only assume the existence of a w,>0 in Q,
solution —A,u=g,|ul?~?uin Q,. Le, w can change with k.

Now consider the eigenvalue problem
—Apu=/lg|u|”’2u (2.5)

on . Sufficient conditions on g have been given (see, e.g., [AB, AHI,
FMST, H, J]) so that (2.5) has positive eigenfunctions. In particular, if
ge LNP( Q)N L2 (RQ), g* #0 and g~ #0, then there exist principal eigen-
values A* >0> 1" such that (2.5) has positive eigenfuntions associated
with 2% and A~ respectively. We note that the principal eigenvalues are

characterized by the relation

[ Worrzmadi | loin i [ glole]

for all p e C(£Q).

Our next result is related to Theorem 1 of Jin and Theorem 1.1 of
Afrouzi and Brown for p =2, which give another characterization of the
principal eigenvalues A and A~

THEOREM 2.3. Let —A,w,=A%gw?™" and —A,w,=i"gwi ' in Q

with wy and w, positive eigenfunctions, .~ <0< A*. Then problem (2.5) has
a positive solution if and only if Le[A~, A7 ].

Proof. Tt follows immediately from Theorem 2.1 that for Ae[A7, A1 ],
(2.5) has a positive solution. Indeed, let Ae (42—, A*). Observe that for
peCy(2) we have

Jvolr—sg loiryzmax{t [ gloir 2 [ glol} =1 [g lolr =0
Q Q
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Note that equality cannot hold for ¢ # 0, since there are no eigenvalues in
(A7, A%). We conclude from Theorem 2.1 and (2.2), (2.4) in particular, the
existence of a w >0 such that —4,w —igw? ™" = f(x) with 0< fe Co(Q).
Now we apply Theorem 2.1.

Conversely, suppose for some A,> A", (2.5) has a positive solution w.
Then, again by Picone’s identity, for any ¢ € C(L2), ¢ >0,

p
0<| Lilgow=| IVol’—| —T(=a,m)<| (Vol"— o).

Letting ¢ — w; we obtain
0 <j Liw,w)<(AT—4) J gwh <0,
Q Q

a contradiction. So A, < A*. The fact that A > A~ can be shown in the same
way. This concludes the proof. |

3. OSCILLATION AND STURM COMPARISON

In this section we will use Theorems 2.1 and 2.3 to prove and generalize
some osillation and comparison results.

Let Zw=—4,w—g [w|?~2 w. As a direct consequence of Theorem 2.3,
we have

COROLLARY 3.1. Let @ be a bounded subdomain of Q. Suppose that
—A,w—gwl?"?w=0in Q and w=0 on 0Q has a positive solution. Then
Pw=0 has no positive solution in the whole of Q, ie., all solutions of
Lw=0 in Q2 must change sign.

We note that the subdomain @ given in Corollary 3.1 is called a nodal
domain.

DEerINITION 3.2. & is oscillatory if and only if given any neighbourhood
A" of infinity, we have a nodal domain M in 4" N Q. & is nonoscillatory
otherwise.

COROLLARY 3.3. % is nonoscillatory if there exists a neighbourhood N
of infinity such that ¥w =0 has a positive solution in N N Q.
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Next, we generalize Theorem B of [ Z], which is proved for radially sym-
metric function g(|x|, #) and concerns with the existence of positive radial
solutions. Consider the problem:

—d,u=g(x, u), X € Bg,

(3.1)
u=0, X € 0B,

where By denotes the ball in R” centered at the origin with radius K. Let
M >0 and denote M = (N/M)Y? (p/(p—1))?—D/r,

THEOREM 3.4. Suppose g(x, u) satisfies
0<g(x, t)ySMtP~!, 1=0. (3.2)
Then (3.1) does not have any positive solutions for any K< M.

Proof. Suppose that (3.1) has a positive solution u; >0. This shows
that the principal eigenvalue to the problem

glx,uy)
—Au =" =1 e By,

uf (3.3)
u=0, x € 0By,

is AT =1 (the associated positive eigenfunction is u,). On the other hand,
a calculation shows that (cf. the proof of Theorem 4.3 of [Z]),
w(x) =M@=V _|x|P/(P=1 satisfies the inequality —4,w>Mw?~! on
By Since g(x, u)/u? ~' < M for u>0, Theorem 2.1 implies that

has a positive solution in B;. In particular v >0 on 0Bg. We then derive
from Theorem 2.3 that the principal eigenvalue A* of (3.3) satisfies 1™ > 1,
a contradiction. Thus (3.1) cannot have any positive solution. This ends the
proof. 1|

As a direct consequence, we have
COROLLARY 3.5. Assume g(x, u) satisfies (3.2). Then the problem

—A,u=g(x, u), xeQ',
u=0, xeo,

(3.1)

has no positive solution for any Q' << By.
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Observe that a similar result holds for any cylinder with By as
cross section. As an explicit example, note that w(x,)=M®-D/r_
|x, |7/ =1 satisfies —A,w>Mw?~" in (—M, M), where M= (1/M)""
(p/(p—1))®~=VY/?_Consequently w satisfies the same inequality in the cylinder

G =(—M, M)x ITY_,(— 0, ©).

Corollary 3.5 then holds for any Q' c= %. We are not aware of other non-
radial results of this type.

Our next results deal with related comparison principles. Consider, for
i=1,2,

—div[ @;(x, u;) [V, | 772 Vi, ] = gi(x, uy), xe (3.4);

with

gl(x’ M) <g2(xa U)

T S T for any 0 <v<u and xe Q.

(Pl(x, I/l) > @2()6', U) > 05

(3.5)

THEOREM 3.6. Suppose that u; is a positive solution of (3.4); for i=1,2.
Assume that the Divergence theorem is applicable to u; on 2, Q is bounded and
that

du U
i) V77 Gt ) (2] vt ® G2
n Uy

<0 (3.6)

on 0Q. Then u,>u, throughout Q cannot hold, unless u,=cu, for some
constant c.

Proof. Suppose, on the contrary, that u; >u, in Q. We have u?/uf ="' is
well defined. By Picone’s identity, we get

OSL @a(x, uy) Ly(uy, uy)

uP
=] oatvw) V7= | pa(xi) ¥ <u_> Vit |22 Vuy

2
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=jg<—div[¢1<x, ) Ve |72 Ve 1) e+ | [0 12) =1 (e, 10) ] Vi |7

+

div[ @, (x, uy) [Vu, |7~ V”z]

p 1

p
uj on

gi(xuy)  gy(x, 1)
- [ [Erten)_g2U8m) e [ ) — gy ()] (Vi |7
Q up Q

0 4 0
+J < (o, uy ) [Vuy |72 1ﬂ_(ﬂ2(?@”2)u71_1|vu2|p72 u2>ds
) on
+|

l/l
0 r—1 0
[qol xoy) Vi |72 20 u2><”1> iy o2 22 } uyds
20 on u on

2

<0. (3

This implies u; = cu, with some ¢, which contradicts (3.5). Thus the
theorem is proved. ||

COROLLARY 3.7. If u;=u, on 0Q then u, =u, cannot hold throughout Q,
unless u; = cu,.

Proof. 1Indeed if u; =u, on 02 and u, >u, in Q, then (3.6) holds and we
obtain a contradiction unless u,, u, are constant multiples. ||

COROLLARY 3.8. Suppose g, g,, ¢, and @, are radially symmetric in the x
variable, satisfy (3.5), and Q is a ball centered at the origin. If u; are positive
radially symmetric solutions of (3.4),, i=1,2, and u, =u, on 0Q, then u, <u,
in Q, provided either ¢, = @, or uy(r) <0. Consequently, if u(xq) > u,(xy) for
some x, € Q, and u; solves (3.4);, then u, > u, in Q.

Proof. Suppose the contrary. We can assume that «, > u, on a subdomain
Q" and u; =u, on 0Q'. Since u; and u, are radially symmetric, the Divergence
theorem is applicable on Q'. Thus we can repeat the proof of Theorem 3.6 on
Q'. Observe that Ou,/On<0u,/on on 0Q', and thus the boundary integral
in (3.7) is nonpositive. This leads to a contradiction as before. The proof is
complete. ||

Remark 39. A scrutiny of the proof of Theorem 3.6 shows that, if we
replace (3.4) by
—div[ @(x, uy) [Vuy |7 72 Vuy 1 < g4(x, 1) (3.4)
—div[ @o(x, uy) [Viy |7 72 V1 = go(x, 1),

the conclusions of Theorem 3.6 and Corollary 3.8 remain valid.
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We now apply these arguments to the inequalities considered in Theorem
A of [Z] and Theorem 4 of [ W]. Consider the inequalities

—div[m, (x) Y(u) [Vul? =2 Vu] < g, (x) f(u),
—div[m, (x) Y(v) Vo] 772 Vo] > g5(x) f(v),

with m, =m, and ¢, <g,, Y(u) is positive for 1> 0. Observe that if f(u)/u? 1
is nonincreasing for u > 0, then this is considered in (3.4)" and Remark 3.9 is
directly applicable. Note also that the transformation

(3.8)

w=[ W1 de=T(w)

with u=1/(p—1) changes these into inequalities of the earlier form with f(u)
replaced by f(T~'(w)). We thus require by (3.5) that f(T~'(w))w?~1, or
f“(T~Yw))/w be monotone nonincreasing. Expressing

AT = LT o)) w
for this it will suffice that
d
AT 0T =0 5 ()
u

be nonincreasing. This is the condition given in [Z, W]. Note that, unlike
[Z, W], we do not require that f be monotone. Our other condition in (3.6)

becomes
\Y/ p72 - |:§0‘//.‘4 :|
v foum(e) (3.6
Yo) o, 0
W VT <0

Thus we have,

CoROLLARY 3.10. Let u and v be positive solutions of (3.8). Assume that
Y *(u) (d/du) f*(u) is nonincreasing, where u=1/(p—1), and (3.6)" holds on
0Q. Then u>=v cannot hold throughout Q.

Observe that on surfaces where u = v enclosing regions with u > v, (3.6)" is
satisfied if Ov/on <0 there. Indeed if v' <0 then «' <v' <0 and m, >m, give
the result. On the other hand, in keeping with [Z, W1, (3.6)" will also hold if

u0)=v(0),  w(0)=v'(0),  0=v(0).



PICONE’S IDENTITY 437

Note that since v'(0)<0 then Eq.(3.8) indicates that ¢v'(r) <0 for all r if
¢,=0, £=0. Thus if 4'(0) >0 >¢'(0) the result follows as (3.6)" holds at zero
and at any point r, >0 where u=v and u(r) > v(r) for r <r,.

Suppose now u(0) = wv(0) with v'(0) <#'(0) <0. Again (3.6)" holds at any
ro >0 with the same properties as in the previous case. But, in this case (3.6)'
becomes an added condition at 0, i.e., we require

[/(0)1” " (u(0)) _ 0 |0'(0)[”~ " (v(0))
[ [0 ] <my(0) TTRUGEG
This is similar to condition (F) of [W] and (H,) of [Z], where [ [§©y*]"*
and [[¢®y#]"* are replaced by f(u(0)) and f(v(0)), respectively. Note that
our (3.6)* is the same for all f which satisfy the earlier condition.
Furthermore, suppose condition (F) of [W] (or (H,) of [Z]) holds. In the
present case, one has

O Y0 _ o (O Hu0)),
MO oy =Y oy

m,(0) (3.6)*

then since f(7~'(w))/w?~! is assumed nonincreasing, then #(0) = v(0) implies

Jw(©0)) __ f((0)
[Sg(O)lpﬂ]l/ﬂ = [58(0)110#]1/# >

and thus our condition (3.6)* holds.

Finally, suppose v'(0)>0. Much as in [W], if m; =m, the result is still
true. Indeed (3.6)" holds as before at any point r, where u =v and u(r) = v(r)
for r <r,. We still require (3.6)* at zero, now with m; =m,. If we do not
require m; =m,, then (3.6)' is a new criterion, however y enters in our condi-
tion. As for the case of Corollary 3.8, we see that Corollary 3.10 applied to
radially symmetric functions and solutions extends Theorem A of [Z] and
Theorem 4 of [W].
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