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1. Introduction

We consider the following lattice dynamical system for unknown u = {u;}jez:

u;- =djpujp +djuj_ — djp1 +djuj+ fiwj, jez, (1.1)

* This work was partially supported by the National Science Council of the Republic of China under the grants NSC 96-2119-
M-003-001 and NSC 96-2115-M-009-016. The authors would like to thank the referee for some helpful comments.
* Corresponding author.
E-mail addresses: jsguo@ntnu.edu.tw (J.-S. Guo), chin@amath.nchu.edu.tw (C.-C. Wu).

0022-0396/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2009.03.010


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jde
mailto:jsguo@ntnu.edu.tw
mailto:chin@amath.nchu.edu.tw
http://dx.doi.org/10.1016/j.jde.2009.03.010

J.-S. Guo, C.-C. Wu /. Differential Equations 246 (2009) 3818-3833 3819

where fj € c*+2[0,1] for some « € (0,1) for j € Z, fi+n=fj and djyny =dj > 0 for all j € Z for
some positive integer N. Eq. (1.1) can be regarded as a spatial discrete version of the following
reaction—diffusion equation

ue = (d®uyx), + f(x u),

where d(x) and f(x,u) are periodic in x. In biology, let u; denote the density of a certain species
in a periodic patchy environment. Assuming the species at site j can only interact with those at the
nearby sites, then Eq. (1.1) describes the rate of change of density of this species at each site j. It is
equal to the sum of the source f;(u;) at site j and the fluxes q;+ from sites j£1 to site j:

qjr1:=djp1[ujpr —ujl, qj—1:=djluj_1 —ujl,

where dj,d;j; are the diffusion constants. See [8,15,16] for more references and details.

It is trivial that for a given initial data {u;(0)} € [0, 1] there exists a unique solution u to (1.1)
for t > 0 such that 0 <uj(t) <1 forall t >0 and j € Z. We are interested in the wave propagation
phenomenon. In particular, we are interested in special solutions U of (1.1) for t € R satisfying the
following conditions:

Ujt+N/o)=Uj n(t), teR, jeZ, (1.2)

Ujt) > 1 as j— —oo, Ujt) >0 as j— +oo, locally int e R, (1.3)

for some nonzero constant c. We shall call a solution (c, U) of (1.1)-(1.3) as a traveling wave solution.
The constant c is the wave speed and U is the profile. In this paper, we shall always assume that

fi(0)=fj(1)=0 VjeZ. (1.4)

The study of traveling wave for lattice dynamical system has attracted a lot of attention for past
years, see, e.g., the works [1-4,6,7,10-14,17-20]. The main concerns are existence, uniqueness, and
stability of traveling waves. Typically, there are two different nonlinearities, namely, monostable and
bistable cases. In the monostable case, we have

fi) <0< fj(0) VjeZ — fi()>0 Vse(0.1), jeZ (1.5)

For the bistable case, we have fj/.(O) <0 and f]f(l) <O forall jeZ If N=1, then fj;1 = fj and
dj;1 =d; for all j. This is the so-called homogeneous media case. In general, if N > 1, then it is
called the periodic case.

In this paper, we shall focus on the periodic monostable case. We refer the reader to the work [5]
and the references cited therein for the periodic bistable case. In [5], the existence, uniqueness and
stability of traveling waves for periodic bistable case are studied in detail.

The existence of traveling waves for monostable case in periodic media was first obtained by
Hudson and Zinner [11,12] under the extra assumption

fj{(O)s—MsH"‘ < fj(s) < f}(O)s Vse[0,1], jeZ, (1.6)

for some constants M > 0 and « € (0, 1). Recently, one of the authors and Hamel [10] gave a different
approach to prove the existence of traveling waves for all speeds ¢ > c* for some positive minimal
speed c*. Moreover, it is also shown in [10] that the condition ¢ > ¢* is not only a sufficient condition
but also a necessary condition for the existence of traveling waves.

For reader’s convenience, we recall some properties of traveling wave from [10]. Let (c, U) be a
traveling wave solution of (1.1)-(1.3) with ¢ # 0. Then we have 0 < U;(t) <1 for all (j,t) € Z x R;
Uj(t) >0 ast— —oo; Uj(t) > 1 as t— oo; U;(t) >0 for all t e R and U}(t)—>0 as t — +oo.
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The aim of this paper is to study the uniqueness and stability of traveling waves in the periodic
monostable case. Hence we shall always assume that (1.4), (1.5) and (1.6) hold.

Recall from [10] that for each A € R there exists a unique v = {v;} with maxjezv;=1and vj;ny =
vj >0 for all j € Z such that

MV =djievig+djetvig —djrr +dj)vj+ fiO)v; (1.7)

for all j € Z, where M (1) is the largest eigenvalue of (1.7). Moreover, there exists A* > 0 such that
¢* = M(1*)/2* and the mapping ¢ = M(X)/A: (0, A*) > c € (c*, 0o) is strictly decreasing.
We shall focus our attention on those traveling waves (c, U), ¢ > c*, of (1.1)-(1.3) satisfying

. u;
e e ety = (8

for some A > 0 such that M(A) =cA and {v;} is the unique eigenvector of (1.7) corresponding to
such that maxjezvj=1and vjyy=v; >0 for all jeZ.
We now state our stability theorem as follows.

Theorem 1.1. Suppose that there exists a traveling wave (c, U) with ¢ > ¢* such that (1.8) holds for some
A € (0, 1%). Let u be the solution of (1.1) for t > 0 with the initial value {u j(0)} satisfying

0<u;(0)<1, uj(0<e™v; VjeZ, (1.9)
ui(0

liminfu;(0) > 0, lim i(.) = (1.10)
j—>—00 jooo e ']Vj

Then
Jim sup{|[u;@©)/U;(0] — 1]} = 0.
J

The proof of Theorem 1.1 is based on a method in [3] with some nontrivial modifications. In [3],
a lattice dynamical system in homogeneous media is studied. There the proof of stability theorem is
through a related continuum equation by extending the spatial variable from j € Z to x € R. But, here
we shall only use the original equation (1.1) to prove the stability theorem. Moreover, there is only
one wave profile for the homogeneous case in [3]. In our periodic lattice dynamical system, there are
N wave profiles. This makes the stability analysis more complicated. To overcome this difficulty, we
introduce the following transformation

W;(x) :=Uj([j —x]/c), equivalently U;j(t)=W;(j—ct), (111)

which is very useful in the periodic framework. Indeed, this transformation is reminiscent of a similar
transformation in the case of partial differential equation (cf. [9]).
By adapting a method used in [4], we have the following uniqueness theorem.

Theorem 1.2. Suppose that (c, U) and (c, U) are two traveling wave solutions of (1.1)-(1.3) such that

. uj®y . Uj(t) _r
i ey = Gy =" (112)
for some positive constants A, h and h such that M(X) = ci, where {vj} is the eigenvector of (1.7) cor-
responding to A such that vj = vjny > 0 for all j and max{v;} = 1. Then there exists £ € R such that
Uity=Ujt+&) forall jeZ,teR.
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This paper is organized as follows. We shall give the proof of Theorem 1.1 in Section 2. The proof
of Theorem 1.2 is given in Section 3. In this paper, we shall use both functions U; and W defined in
(1.11) alternatively from time to time.

2. Stability of traveling wave

This section is devoted to the proof of Theorem 1.1. First, we call a continuous function w a super-
solution of (1.1) in an interval I, if w is differentiable a.e. such that

wii(t) > Alwjlt) + fij(wj(t)) ae fortel, VjeZ, (2.1)
where
.A[Wj](f) = dj.HWj_H(t) +djo_1 (t) — (d]' +dj+1)Wj(t).

The notion of sub-solution is defined similarly by reversing the inequality in (2.1).
Based on a traveling wave (c, U), we can construct the following super/sub-solution.

Lemma 2.1. For each § € (0, 1) and n € (0, infse(—s,5)[ f (1 — 5)/s]), there exists | =1(8, ) > O such that for
any € € [0, 8] the function w* := {wf} defined by

wi(0):=(1xee ™Uj(tFlee™), (j,1)eZx[0,00),
is a super/sub-solution of (1.1).

Proof. We consider only the case of super-solution. The case of sub-solution is similar.
Set wj(t) :=(1+qUj(s), s:=t —lee”™ and q:=ee~"". Then we compute

wii(t) — Alw ;1) — fi(w;(®)
= ~1qU;(s) + (1 + @)1+ QU — A+ U} ~ f3(U56)] = F5((1 +9Uj)
=-nqU;(s) + g1 + QU(s) + 1 +q) f;(U(9) = fi(A +U;(s)).

Notice that

q
A+ fjUp - fi(A+Uj) = /[fj(Uj) - Ujf]/‘((l +p)Uj)]dp
0

q
=qfjWU) - U;fjA+q) — Ujf[f,’»((l +p)Uj) - fi(1+p)]dp
0
q
> U (1 +9) - Uj/[f}((l +P)U;) — i1+ p)]dp.

0

Since fj € C1*¥([0, 1]), fj can be suitably extended so that f; € C'*%([—1, 2]). Then we have

<2qK(1-U ),

q
/[fj-((l +p)Uj) = fi(1+p)]dp
0




3822 J.-S. Guo, C.-C. Wu / ]. Differential Equations 246 (2009) 3818-3833
where

THGEFHO!
K:=max max ———
jez —1<s<t<2 |t —s|*

It follows that

1
6{W}(t) — Alw;1(©) = fj(w;®)}
>In(1+@Ujs) —nUjs) = [fi(1+q)/q)Uj(s) —2K(1 - Uj(s))*Uj(s).
Now, for a given § > 0, we set

8= JEZ, ifrzif<s<8[fj(‘l _S)/S]'

Note that ns > 0, since f]/.(l) < 0. Choose 71 € (0, ns). Since lim;j__, _ Uj(t) =1, there exists & such

that 2K(1 — U;(s))* < ns —n for all j —cs < &. Recall from Lemma 2.5 of [10] that U;. >0 in R for
all j € Z. Hence

wi(t) — Alw;1(®) = fi(wj(®) >0 Vj—cs<é. (2.2)
On the other hand, since Uj(t) — 0 as j — ct — oo, it follows from Lemma 2.4 of [10] that

U;-(t) U;-(t)
liminf = limin
j—ct—oo Uj(t)  (j.)eZxR,U;t)—0 Uj(t)

Hence, if we choose

2K Uj(s)
l:= sup ——-,
N1 =98) j_es>g Uj(S)

then | > 0 and we obtain
wi(t) — Alw;l(t) = f(w;®) =0 Vj—cs>&. (23)
Combining (2.2) and (2.3), we obtain that w := {w}} is a super-solution of (1.1). O

Recall the following standard comparison principle. Since the proof is standard, we omit it here
(see also [3]).

Proposition 2.2. Given two bounded continuous functions u, v on [tg, 0o) for some tg > 0 such that u, v are
differentiable a.e. in [tg, 00). Suppose that

ui(6) = Afujl(©) — f(uj®) = i) = Alv;1e) = f(vj©) Ve=to, j€Z,

and u;(to) = vj(to) for all j € Z. Then uj(t) = v;(t) for all t > to, j € Z. Moreover, if, besides the above
assumptions, ug(to) > vi(to) for some k € Z, then uj(t) > v;(t) forall t > to, j € Z.
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Given any c > c*. Let A € (0,1*) be such that M(1) =cA and let {v;} be the eigenvector of (1.7)
corresponding to A such that maxjezvj=1and vj,y =v; >0 for all j € Z. Then it is easy to check
that the function it = (i1j) jez defined by

ij(t) =min{e*V"Dv; 1} V(j,)eZxR (2.4)
is a super-solution of (1.1). Moreover, we can choose w € (A, A*) such that 4 < (14+a)A and M(u) <
cu, where « is the constant defined in (1.6). Let {w} be the eigenvector of (1.7) corresponding to p
such that maxjcz wj =1 and wjy =w; > 0 for all j € Z. Then the function u = (u;) jez defined by

uj(t) =max{e *UDy; — Ae U= Dw; 0} V(j,H)eZxR (2.5)
is a sub-solution of (1.1), if A is large enough.

Note that the traveling wave solution, denoted by {U;}, obtained by an iteration starting from the
above super/sub-solutions satisfies (1.8) for some X € (0, 1*). To see this, we first note from [10] that

uj(t) SUj(t) <iijt) Y(j.t) eZxR. (2.6)
For j —ct > 1, we have
ij(t)=e "Dy, uje)=e P Dy; - Ae HU= Dy, (2.7)
Writing
uj(t) =e =Dy ;[1— Ae= U PU=Dyy /v ;]
and using the fact u € (A, A*), then (1.8) follows from (2.6) and (2.7).

From now on, we assume that u is the solution of (1.1) for t > 0 with the initial value {u;(0)}
satisfying (1.9) and (1.10) for a traveling wave (c, U) with ¢ > c* satisfying (1.8) for some A € (0, A*).
Also, for a given ¢ > c*, we fix the corresponding A, i, A, vj, w; defined as above in the following.
Lemma 2.3. For any € > 0, there exists a constant &1 (€) > 1 such that

ujt—2€) <Ut) <uj(t+2€) Vj—ct>E&(€), t > 2€. (2.8)

Proof. Given any € > 0. First, we derive the second inequality in (2.8). By (1.10), there exists jo de-
pending on € such that

e MUy, cuj(0) <e Uy Vi jo. (2.9)
Choose A > e(W—»Uo+¢ ) max{v;}/min{w;}] large enough so that (2.5) is a sub-solution of (1.1). Then
e MIHCOy; — AeHUTO <0 Vi< jo. (2.10)
Hence, from (2.9) and (2.10),
u;(0) > maxje "ty ; — Ae MUty 0} VjeZ.
By the comparison principle,

uj(t) > e MU=y, _ pe=HU—Ct=Ny, VjeZ, t>0,
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uj(t+e€)=e "= Dy; — Ae HU=Dy; VjeZ, t>0. (211)
Moreover, by (1.8), there exists a constant x1(€) > 1 such that
e MmNy Ae MU=y, > U(e)  Vj—ct = x1(€). (212)
From (2.11) and (2.12) it follows that
uj(t+2e)>2Ujt) Vj—ct=x(e), t=0.
Next, we derive the first inequality in (2.8). By (1.9), we have
u;j(0) < min{e‘”v]-, 1} VjeZ.
By comparison,
uj(t) <minfe " Dv; 1} VjeZ, t>0. (2.13)
On the other hand, from (1.8), we have

im — O ey
j—ct—o0 e—'\(f—f(f—26>)vj '

Hence there exists a constant x;(€) > 1 such that
e M2y 2 Uj(t) Vj—ct = xp(e).
From (2.13) it follows that
uj(t—2e€) < min{e_k(j_c(t_k»vj, 1} <Uj(t) Vj—ct>x(€), t=2€.
Then the lemma follows by taking & (€) = max{x;(¢), x2(¢)}. O
Next, we have the following positivity lemma.

Lemma 2.4. There exist continuous functions {1} jez from (0, 1] x (0, c0) to (0, 1) such that if u,(0) > 0 for
some k € Z then uy4n(t) = ¥n(ug(0),t) >0 forallneZ,t > 0.

Proof. Note that 0 < uj(t) <1 for all t >0 for all j € Z. Choose o > 0 so that o > 2max{d;}. From
(1.1) it follows that

t
uj(© =e""u;(0) + f e dj 141 () +djttjoa (s)
0

+ [0 = @js1+dp]Juj(s) + f(u;(s))}ds. (2.14)

This gives u(t) > e ‘u,(0) > 0 for all t > 0.
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Set g := min{d;}. Then g > 0. Moreover, from (2.14) it follows that

t

uj(t) 261/6““’”%&1 (s)ds.
0

Set Yo(y,t) := ye~°" and define recursively
t
Yy, ) =¥a(y, 0 :=¢1f ey 1(y.s)ds, ye(0,1], t>0, neN.
0

The lemma follows. O

Note that

yqntne—at
nn—1)---1

Van(y, ) =
forallneN.
Lemma 2.5. There exist constants § € (0,1), n > 0,1 >0, zg > 0 and to > 4 such that
(1—8e"™)U;j(t —zo +18e™ ") <uj(t) < (1+8e M) (t + 20 — 186~ ™)

forall jeZ,t > to.

Proof. We first consider the lower bound of u;. Fix a to > 4. From Lemma 2.3 with € =1, there exists
a constant &1(1) such that

uj(to) 2 Uj(to —2) Vj—cto=&(1).

Since liminf;_, _ u;(0) > 0, there exist jo € Z and 8y > 0 such that u;(0) > §p for all j < jo. By
Lemma 2.4, there exist § € (0, 1) and 7 € (0, ns) such that

uj(to) >1—38e "0 Vj—cto <& ().
Thus
uj(to) > (1—8e"0)Uj(to — 2)
=(1—08e7")U;(to — (2 +18e7 ") +1se~"0) VjeZ,

where [ =1(8,n) > 0 is the constant defined in Lemma 2.1. It follows from the comparison principle
that

uj) > (1-8e"Uj(t —z, +18e™™) Vt>1to, jeZ, (2.15)

where z, =2 + [§e~ ",
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For the upper bound, again by Lemma 2.3, we have

uj(to) <Uj(to+2) Vj—cto=&(1).
For j — ctg < &1(1), we consider the function

W) :=Uj((j—x/c), j€Z, xeR. (2.16)
Then, by (1.2), W; =Wy for all jeZ, W;j(oo) =0 and W;(—o0) = 1. Therefore, we can choose
%>> 1 such that W;(x) > 1/(1 + 8e ") for all j € Z for all x < —%. Choose a large enough t so that
j—c(to+2+1) < —& for all j with j — ctg <& (1). Then

Uj(to+2+8) =W;(j—clto+2+1])
and so

uj(to) <1< (1+8e7M0)Uj(to+241) Vj—cto<&(1).
Hence, using U;. > 0, we obtain that
uj(to) < (1+8e M) Ujto+2+1) VjeZ.
By the comparison principle, we deduce that
uj(t) < (1+8e "M U;j(t+2z* —1se™ ") Vt>to, jeZ, (217)

where z* =2 +f 4+ 1§e~ "0, The lemma follows by combining (2.15) and (2.17). O

Lemma 2.6. Let 8, | be two positive constants. Then there exists a positive constant My depending on § and |
such that for all € € (0, 8]

A-aUt+3le)<U;O) < A+e)Uj(t —3le) Vj—ct<—Mo.

Proof. Recall the definition of W in (2.16). Note that W}(ioo) =0 and Wj(—o0) =1 for all jeZ.
We compute that

E{(l + )W j(x + 3cls)} = Wj(x + 3cls) + 3cl(1 +s)W;-(x+3cls).

Hence, noting that W; = Wy for all j, there exists Mo > 0 such that
d :
£{(1 +$)Wj(x+3cls)} >0 Yx<—Mo, jeZ, se[-8,6].
This implies that
d ;
—{(A+9Uj(t—3I5)} >0 Vse[-5,8], j—ct<—Mo.
ds J
Hence the lemma is proved. O

In the sequel, the constants &, [, 5, Mg are fixed as in Lemmas 2.5 and 2.6.
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Lemma 2.7. Let z > 0, t; > 0 and M € R. Suppose that wf(g t1) is the solution of (1.1) for t > 0 with initial
value

wji(o; t)=Ujt1 £2)¢(j —ct1 — M) + Uj(t1 £22)[1 — ¢ (j — ct1 — M)] VjeZ, (2.18)

where ¢ (s) = 0 for s <0 and ¢(s) = 1 for s > 0. Then there exists € € (0, min{8, z/(31)}), depending only on
M and z (independent of t1), such that

wi(6) <A +6)Uj(t +1+2z=3le),
wi(Lit) 2 (1= e)Uj(ty +1—2z+ 3le)
forall j e Z with j—ct; <M+ c(1+22).

Proof. First, we consider wj+. Note that W}F(O; t1) = Uj(t1 +22) for all j—ct; <M and Wj+(0; t1) =
Uj(t1 +2) < Uj(t1 +22) for all j —ct; > M. By the strong comparison principle,

W}'(l;t1)<Uj(t1+1+22) VjeZ. (2.19)

Consider first when t; € [0, T), where T := N/c. Then by the equi-continuity of {w}r(-;ﬁ)} in
[0,00) and {U;} in R, there exists € € (0, min{8, z/(3))}) such that for any initial time t; € [0, T)

W;r(l; t1) <Uj(t1 +1+2z—3le) if j—c(t; +1422) € [-Mg, M]. (2.20)
For t; > T, we can rewrite t; =to + kT for some k € N and t( € [0, T). From (2.18) we have
w;r(o; t1) =Uj(to + kT +2)¢(j — c(to +kT) — M) + Ujj(to + kT + 22)[1 — ¢(j — c(to + kT) — M)]

=Uj_in(to+2)¢(j — kN — cto — M) + U j_gn (to +22)[1 — ¢ (j — kN — cto — M) |

=w] (0 to).
Hence w}jrkN(t; t) = wf(t; to) for all t > 0. In particular,
Wﬁkw(]; t1) = wj+(1; to). (2.21)
For any integer j; with j1 —c(ty + 1+ 22z) € [—Mjp, M], i.e.,
Jj1€[~Mo+c(to+1+22) + kN, M + c(to + 14 22) + kN],
we can write j; = jo + kN for a unique integer jo such that
jo—c(to+ 1+ 22) € [—Mjp, M].
Hence, by (2.21) and (2.20) with t; replaced by tp and j = jo, we have
wi (1;t1) =w] (15t0) < Ujy(to + 1422 —3le) = Uj, (t1 + 1 + 22 — 3le)

for any integer j; with j; —c(t; + 1+ 2z) € [—Mp, M]. Here the periodicity of U was used.
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Moreover, it follows from Lemma 2.6 that
Ujt1 +1+22) <A +e)Uj(t1 +142z2—3le) Vj—c(ty +1422) < —Mo. (2.22)

This proves the inequality for W;r(~; ty) for all t4 > 0.

The case for w]f is similar. Hence the lemma follows. O

Proof of Theorem 1.1. Define z* := inf A*, where

At = {z >0 | limsupsup[u;(t)/Uj(t +22)] < 1},

t—o00 j

A= {z >0 ‘ 1ig£fn}f[uj(t)/uj(r— 27)] > 1}.

+

From Lemma 2.5, zg/2 € A*. Hence z* are well defined and z* € [0, zo/2]. It suffices to prove that

zt=z"=0.

For contradiction, we suppose that z* > 0. Recall the constant £;(z*/2) defined in Lemma 2.3. Let
€ € (0, min{8, z*/(31)}) be the constant obtained in Lemma 2.7 with z=2z" and M :=&;(z"/2) +cz*.
Since z+ € AT, we have

limsupsupuj—(t)
oo} Uj(t+2zt)

Hence there exists tg > 4 such that

u;(t
su 1(0) <1 ~
j Uj(t0+22+)

where
é:=ece™® min W;M+3ce), Ujt)=W;(j—cb),
je(1,2,..,N}
and K := max{||f](|\Loc}. Then
uj(to) <Uj(to+2z7)+¢é VjeZ
Now, let W?:(ﬁ to) be the solution of (1.1) for ¢t > 0 with initial value given by
wji(o; to) = Uj(to £ 2)¢(j — cto — M) + Uj(to £22)[1 — ¢ (j — cto — M)] VjeZ.
Then W}“(O; to) = Uj(to +2z*) for all j—cto < M and so
uj(to) <wj(0sto) +€ Vj—cto<M.

Moreover, from Lemma 2.3, uj(to) < Uj(to +z7) if j —c(to + z*) > &(z*/2). Since j —c(to +z+) >
£1(z7/2) if j —ctg > M, we obtain from (2.18) that

uj(to) < wj+(0; to)+€ Vj—cto>M.
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We conclude that
uj(to) < wj(o; to)+€ VjeZ.

It is easy to check that {W}“(t; to) + €eXt} is a super-solution of (1.1). By comparison, uj(to+1) <
wf(]; to) + €eX for all j € Z. Then, by Lemma 2.7,

uj(to+1) < A +e)Uj(to + 14227 —3le) +éeX i j—cto <M +c(1+2z7).

It follows from the choice of € and W;. < 0 that

ujto+ 1) <1 +26)Uj(to+1+2z" —3le) if j—cto <M +c(1+22%).

On the other hand, from Lemma 2.3,

ujto+ D <Uj(to+1+2%) if j—c(to+1+2") >&(z1/2).

Since 0 < € < z7/(3I) and U;. > 0, we obtain that

uj(to+1) <(1426)Uj(to+ 14227 —3le) if j—cto>M+c.

Hence

uj(to+1) < (1426)Uj(to + 1422+ —3le) VjeZ.
By comparison,
ujt+to+1) < (14+2ee ™M Uj(t+to+ 14227 —2le —lee™) Vt>0, jeZ. (2.23)

By taking t — oo in (2.23), we obtain that z© —le € A* which contradicts the definition of z*. Hence
we must have zt =0.
Similarly, we can also prove that z— = 0. This completes the proof of Theorem 1.1. O

3. Uniqueness of wave profile

In this section, we shall study the uniqueness of wave profiles for a given wave speed and give a
proof of Theorem 1.2.

Suppose that (c, U) and (c, U) are two traveling wave solutions of (1.1)-(1.3) such that (1.12) holds
for some positive constants A, h and h such that M(1) = cA, where {v;} is the eigenvector of (1.7)
corresponding to A such that v; =vj,y > 0 for all j and max{v;} = 1. By a suitable translation, we
may assume that h = i = 1. Therefore, (1.8) holds for both (c,U) and (c, U). Then, using (1.1) and
(1.7), it is easy to show that

U0 T
im =A= lim = , A:=MQ)=c\. (3.1)
j—ct—oo Uj(t) j—ct—oo U (1)

First, we consider the function

gj(s,u):= fi([1+slu) — (1 +9)fijw@, s=0, uel0,1].



3830 J.-S. Guo, C.-C. Wu / ]. Differential Equations 246 (2009) 3818-3833

Then dg;(s,u)/ds = uf]f([l + sJu) — fj(u). Since f]f(l) <0 and f;j(1) =0 for all j, by the periodicity
of fj, there exists € € (0, 1) such that

fi([(1+€lu) <A +e)fjw) VYue(—ep, 1], (3.2)

for any € € (0, €o], where we have extended fj(u) to be negative for all u e (1, 2].
We next define the number

lo =1o(U) :=sup{Wj(x)/]cW3~(x)]: W;ix)<1—¢€o, jeZ} (3.3)
for a wave profile {W;}. Note that I € (0, 00), since W ;(x), W}(x) — 0 as x — oo,

W) a0
—c lim = _lim =A>0
x—>00 Wi(x) j—ct—o0 Uj(t)

)

and W} <0 for all jeZ.

Lemma 3.1. Let (c, U) and (c, U) be two traveling wave solutions of (1.1)-(1.3). Let €g and lg = lo(U) be the
constants defined in (3.2) and (3.3). If there exists a constant € € (0, €o] such that (1 +€)U j(t —lpe) > U j(t)
forallt eR, jeZ thenUj(t) > U;(t) forallt R, j e Z.
Proof. To prove the lemma, it is equivalent to prove that if
(A +e)Wjx+cloe) >Wjx) VxeR, jeZ, (3.4)
for some € € (0, €g], then W;(x) > Wj(x) for all x € R, j € Z. For this, we define
wi(q, %) :=1+qQW;x+clog) —W;jkx), q>0, xeR,

q*:=inf{g>0|wj(q.x) >0VxeR, jeZ}.

By continuity, w;(q*,x) >0 for all xe R, jeZ.
We claim that g* = 0. For contradiction, we suppose that g* € (0, €o]. Since, by the definition of Iy,

d
ij(q*,x) = W;(x+clog”) +clo(1+q*) W (x +clog*) <0

for all x with W;(x+clog*) <1—¢€p and j € Z, we can find X € R and k € {1, ..., N} with Wy (yo) >
1 —€o, yo:=xo + clog*, such that

dwy,

w
Wk(q*,xo) = W(q*’xo) =0,

(1+*)Wi(yo) = Wi(xo), (1 +q*)W(yo) = Wi (xo).

Then, using (3.2), we have
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0= cW,(x0) + dir1 W1 (0 + 1) + dxWi_1 (X0 — 1)
— (dk + dis 1) Wi(xo) + fi(Wi(x0))
< (1+ ") {cWi(yo) + kg1 Wis1 (o + 1) + deWi—q (Yo — 1)
— (A + dir D Wi (yo) } + fi([1+ 0" Wi (v0))
=—(1+q) fil(Wr(y0)) + fi([1 + ¢*]Wk(y0)) <0,

a contradiction. Hence q¢* =0 and so W;(x) > Wj(x) forallxeRand jeZ. O

In the sequel, we fix the constants €g, [y as above. Recall from the proof of Lemma 2.6 that there
exists Mg(€g,lp) > 0 such that

(1—qUjt+2log) <U;t) <A +qUjt —2log) Vj—ct<—Mo, (3.5)
for all g € (0, €].
Proof of Theorem 1.2. By (1.8), we have

Ujt+1) { Ujt+1) e *U=Dy;
j—ct—o0 Uj(t) _j*C[*)OC e‘Mj—c(H']))Vj Uj(t)

~e“} =e* > 1.

Hence there exists x; such that Uj(t+1) > Uj(t) if j —ct > xq. Since limj_¢— oo Uj(t) =1, we can
find x, > 1 such that

Uj®) >21/(1+¢€) Vj—ct<—xa.
It follows that
Ui <1< +e€Ujt) Vj—ct<—x.

Since

n:=max{W;(x) |xe[—x2.x1], jeZ}€(0,1)
and W(—o0) =1, there exists x3 > 1 such that

Wix)2n Vx<—x3, jel.
Set f := (x; + x3)/c. Then, for x = j — ct € [—x3, X], we have
Ujt+D)=W;(j—ct+D) =Wjx—x1 —x3) =>n>W;x) =U;).

Choosing T :=1+f + lpeg and using the monotonicity of wave profile, we conclude that

(1+€)Ujt+T —loeo) 2 Uj(t) VteR, jeZ.

It then follows from Lemma 3.1 that U;(t +T) > Uj(t) forall jeZ and t e R.
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Now we set
g :=inflh>0|Ujt+h) >Uj¢t) VjeZ, teR}.

Claim that £* = 0. If not, then £* > 0 and we have U;(t+£*) > Uj(t). By (1.8) again, we have

lim

Uj+E/2) [ Uie+E/2) ey ) ey
j—ct—o0 Uj(t) j—ct—o00 ’

e Mi—cHE 2Dy T0)
Hence there exists x4 such that
Uj(t+£*/2) > Uj(t) Vj—ct>xa. (36)

Moreover from (3.5) for any q € (0, €g],
A+qQUj(t+&*—2log) > Uj(t+&*) > Uj(t) VYj—ct<—M:=—Mg+cE*. (3.7)

Note that U;(t + &%) > Uj(t) for j — ct > x4, by (3.6) and the monotonicity of U. It follows from the
strong comparison principle that U;(t +£*) > Uj(t) for all (j,t) € Z x R. Hence, by continuity, we can
find € € (0, min{eg, £*/(4lp)}) such that

Uj(t+&* —2lge) > Uj(t) Vj—cte[—M, x4l (3.8)

Combining (3.6), (3.7) and (3.8), we have

A+ e)Uj(t+&* —2lge) = Uj(t)
for all (j,t) € Z x R. Using Lemma 3.1, we obtain that
Uj(t+&"—loe) >Tj(t)

for all (j,t) € Z x R. This contradicts the definition of £*. Hence £* =0 and U;(t) > Uj(t) for all
(G,6) eZ xR

Interchanging the role of U and U, we obtain that U;(t) < U;(t) for all (j,t) € ZxR. Hence U = U.
The proof is completed. O
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