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Abstract

We extend the classical maximal principle of Alexandrov, to very weak solutions of the elliptic equation
82
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1. Introduction

We consider elliptic second-order partial differential operators of the form
n 2
0“u
Lu= Y aj(x)—— (1.1)
l

ax;0x;’
i,j=1 /

where the measurable coefficients a;; = aj; are defined on a bounded C'-smooth domain
£2 C R". Let the equation

Lu=f (1.2)

be satisfied almost everywhere in £2 for some function f.
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The operator L is elliptic in §2 if the coefficient matrix o (x) = [a;;(x)] is positive in £2.
Precisely, if A(x), A(x) denote the smallest and the largest eigenvalues of <7 (x) then

0 < A(0)|E1* < aij()EE] < A)E

forall £ = (&1,...,&,) e R". If K(x) = A(x)/X(x) is bounded in §2, we refer to the operator L
as uniformly elliptic in £2, see [6].
We abbreviate 331,2—3“” to u;; and write

Lu= Tr[;z%(x)D2u]

where D?u is the Hessian matrix

Uiy ... Ulp
D%y = .
Upl ... Unn

The Sobolev class 7/1(%&"(.(2) is considered the natural domain of definition of the operator L see

[16] and [20]. For in this class the determinant of the Hessian matrix is locally integrable,
Hu=det D*u € £} (). (1.3)

Observing that condition (1.3) is less restrictive than u € 7/2’"(9) we are interested in studying

loc

the operator L in weaker domains of definition than that in 7/1(%&" (£2).

We will let Z denote the determinant of 7. Thus 27 is the geometric mean of the eigenvalues
of &,

0 <A(x) < 27 (x) < Ax).
The classical maximum principle of Alexandrov [3] reads as:

Theorem 1.1. Let 2 be a bounded domain and u € C(£2) N 7/1(%&" (£2). Then

< tyc|Lu/2'"" . 1.4
SgP” Sa‘g’” | Zu/ | & €2) (1.4

where ut = max{0, u} and C is a constant that depends on n and diam £2.

Numerous papers have been devoted to this estimate. In particular, Alexandrov [4] and Pucci
[16] proved that, without any restriction on the ellipticity constant, it is not possible to replace
the £ (£2)-norm of Lu by some £?(£2)-norm, p < n.

However, at least in the plane, if one fixes the ellipticity constant K = esssup, . K (x) there
is a positive ¢ depending on K such that one can obtain estimates in .Z”(£2) forall p > 2 —e.
The sharp range of values for p for which an estimate of the form (1.4) holds has been conjec-
tured by Pucci [17] and proved by Astala, Iwaniec and Martin in [5].
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In the present paper, we relax the assumption u € ”//lgcn (£2) and obtain several results for such
solutions which we refer to very weak solutions.

First we extend the maximum principle (1.4) to very weak solutions which are concave, i.e.
solutions whose Hessian matrix is nonpositive on £2.

Let @%@ (£2) denote the Orlicz—Sobolev space, O (1) = 1’7”, of functions whose second
logn (e+t)
order derivatives satisfy

/ |D?u|"
]—<OO.
P logi (e + | D%ul)

Theorem 1.2. For any concave function u € #29(2)N C(2) we have

supu<supu++C||Lu/@1/"H$n (1.5)
082

o (£2)

where C is a constant depending only on n and diam £2.

Then, we deal with the case where the coefficient matrix 7 (x) verifies an exponential inte-

grability condition
% n
/exp(' @' )dx < 0. (1.6)
2

This additional assumption on the coefficients allows us to consider solutions in somewhat

weaker class than ”//Igcn (£2); namely, satisfying the following condition

lin%)e:” /|D2u|(176)" log(e + | D?ul) = 0. (1.7)
e—>
2

Theorem 1.3. Under the assumption (1.6) the estimate (1.4) remains true for any function u €
C(2) N #>1(2) satisfying (1.7).

Finally, we consider the uniformly elliptic case. In this case we obtain the estimate (1.4) for
solutions u in the Grand—Sobolev spaces WED(2) D W) (see Section 2 for definitions
and basic properties of this space). Precisely,

Theorem 1.4. Let L be uniformly elliptic and u € C(2) N #>™ (82). Then (1.4) holds.

The paper is organized as follows: first we set up some notation and terminology concerning
Orlicz spaces, and other function spaces. Next we discuss Hodge decomposition of matrix fields.
Finally, in Section 6 the case L uniformly elliptic is treated.
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2. Notations and preliminary results

In this section we recall some basic properties of the Orlicz—Zygmund spaces and their duals.
The results we will state are well known, for the proofs we refer to [9,10,18].
An Orlicz function is a continuously increasing function

@ : [0, 00) — [0, 00),
@(0)=0, lim @ (r) = oo,
11— 00
though in most of our applications @ will be convex and in this case we call it a Young function.

Let £2 be a C!-smooth domain. The Orlicz space, denoted by & @ (£2), consists of all mea-
surable functions f on £2 such that

/@(k—1|f|) <oo, forsomek=k(f)>0.
2

£?®(£2) is a complete linear metric space with respect to the following distance function:

dista /. ¢) =inf{k > 0: f@(k‘llf —gl) < 1}.

There is also a homogeneous nonlinear functional on .Z’? (£2) called the Luxemburg functional:

Ifll.ge =1l =inf{k > 0; /ﬁp(k*llfl) < ¢(l)} 2.1
2

in the case when @ is a Young function, the expression || || is a norm and .Z? (£2) becomes a
Banach space.

The Zygmund spaces, denoted by .ZP log® £ (£2), correspond to the Orlicz functions @ (¢) =
tPlog*(a+t) with 1 < p <oo; ¢ € R.

The defining function @ () =t”log“(e +1t), 1 < p < oo is a Young function whena > 1 — p
and we have the following estimates

1 Lgpiop—t 2 < N llp < NS llzriog.2

and

/]
A1 p

1 lr 0.2 < [/ |f|”10g<e + )} " <2 fllr 0.2 2.2)

For p > 1 and o > 0 the nonlinear functional

£ \17
a = Plog”
70, um o8 (H IIfllpﬂ

is comparable with the Luxemburg norm, given at (2.1).
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The following estimates are straightforward

1l zriogt & < NFllzr <N fllgrioge 2 < L pa <2IFILgriogr 2

for o > 0. We have the Holder-type inequalities
I fgll e log” & < Cyp(a, D) fll.pa log* & * ||g||jb logf &

whenever a, b > 1 and «, B € R are coupled by the relationships

1 1 1 y a 8B
ccaty Tatw

Proposition 2.1. Forany « > 0and p > 1,
e, DI F 1% 10g.2 < 1F17 | 0108 22 < @ DIF IS 105 2-
Proof. By the obvious inequality

c(y)logle+1) < log(e + ty) <C(y)logle+1) Vy,t>0, 2.3)

and by (2.2) we have

Lf1*
o|P < P
H|f| ”.fl’logf<!|f| og<e+ |||f|a”[7)

|f]
XX 1
<c(ot)! [f] og(6+ ||f||ap>

o
<@ PGy 0.2

On the other hand, using again (2.3) we have

£
nfn“;%gf<f|f|“ﬂ10g(e+
J 7l

11 \*
S ’ apl
<cla p){[lﬂ °g<e+(||f||ap> )

<c@. 1) %nege O

A pair of Orlicz function (@, ¥) are called Holder conjugate couple, or Young complementary
functions, if we have Holder’s inequality

'/fg‘ <Covlflaligle
2
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for f € Z®(2) and g € £Y¥ (£2). Our basic example is the Holder conjugate couple & (1) =
tlog(e +t) and ¥ (¢) = e’ — 1 which define the Zygmund and exponential classes. In this case
we have the estimate

V fg‘ SAHf Nz 10g 2118 lIExp-
2

Thus Exp($2) is the dual space to the Zygmund space .Z’ log .Z(£2).

The Orlicz—Sobolev space #%®(£2), k € N is the space of all functions u such that u and
its distributional derivatives up to order k lie in .£ ?(§2). Note that #1-? (£2) is a Banach space
equipped with the norm

lullyro ) = lull zo @) + IVull g q)-

Also #>®(£2) is a Banach space equipped with the norm

lull 2oy = llull o)+ | Dz“”g@(ﬂ)

where D?u denotes the Hessian matrix of u.

Here we confine ourselves to the essential matters and refer to [1,10,23] for further informa-
tions on Orlicz—Sobolev spaces.

Let £2 be any measurable set of finite positive measure |£2| < 0o, and f an integrable function,
the notation fo = f o f(x)dx stands for the integral mean of f over £2.

The class .27 (2). For g > 1, following [12] and [13], we recall the class .29 (§2) of all mea-
surable functions & : £2 — R such that

sup 8/|h(x)|q7€dx < 00.
O<e<Lg P

If g > 1, then .£%)(£2) becomes a Banach space with the norm

lhlly = sup {sf’h(x)|q_£dx}q_g.
Q2

O<e<<qg—1

Clearly 9 (2) C ﬂ1<p<q ZLP(82), for g > 1. For a measurable function 4 on £2 we shall
also consider the quantity:

e—0t

e
(h)g = limsup{‘s][|h(x)|q‘g dx}qs.
2

Hence h € £% () if and only if (h), < cc.
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The class X9(2). Let ¢ > 1. By ¥9(£2) we denote the subclass of .29 (£2) consisting of all
functions £ such that (h)4 =0;i.e.,

he Z1(Q) lir61+ef|h|q_8dx=0.
E—>
2

The class X7 (§2) was introduced by L. Greco in [7] where many properties of this class are stud-
ied. In particular the following relations between X' (£2) and the classes of functions introduced
above are established.

Theorem 2.2. (See [7].) For any q > 1 the following inclusions hold

z1 L1
LD DT L@ (92). (2.4)
B>1

N logf &

Moreover, £9(82) is a closed subspace of X1 (§2), provided g > 1.

Our next purpose is to introduce another class of function, denoted by X (£2) and establish
some relations.

The class X2 (2). Let ¢ > 1,0 < a < 1. £Z(£2) is the subclass of .£?)(£2) consisting of all
functions & such that

heXZd(Q) < 1irg+e“f|h|“—£>qu=o,
£—>
2

Clearly if « = 1 we obtain exactly the space X'7(£2).

Theorem 2.3. The following inclusion @%(Q) C X1(82) holds, for any g > 1.

Proof. Leth € lo?if (£2). We may assume that i > 1 by considering max{|A|, 1} if necessary.
Then by the elementary inequality (e + 1) <e +1° (0 <& < 1, t > 0) we obtain

pep(1—6)g _ h? log®[(e + h)*]
"~ log%(e +h) hae
o h4 log® (e + h®)
= log¥(e + h) hae
|: log(e +1) i|q h4
< | sup T
>1 t IOg (e+h)
=1 D) ———.
[tog(e + D] log®(e + h)
Therefore, since 10g"‘(++h) is integrable and £*21=®)4 — 0 almost everywhere as ¢ — 0, by

the Dominated Convergence Theorem, the desired inclusion follows. 0O
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Corollary 2.4. Let O (1) = —{——, g > 1, and let u € #*© (2). Then
log4 (e+t)

1 _
lim agv/’Dzu|(l £)q=0.
e—0

Q

We will conclude this section by recalling the following particular case of a result due to
T. Iwaniec and C. Sbordone (see Proposition 1 in [12]). It will be a key tool to our proof of
Theorem 4.2.

Theorem 2.5. (See [12].) Let 1 <r; <r <ry < o0 and let

T: P (2RI — L7 (2, RN 2.5)

sym sym
be a bounded linear operator for any p € [r1, r2]. Then, for any 1 — % <e<1- r’—z and any
V e L7 (2, R* X" such that T(V) = 0 it holds

sym

L < Crlellv) e (2.6)

1—¢

IT(vi=v)

where

2r(ry —r1)
r=———— sup [Tl
(r—ri)(ra—r) r<p<n

Here ||T||, denotes the norm of the operator (2.5).

Remark 2.6. Under suitable condition on @, the estimate (2.6) has counterparts in Orlicz
space .Z?%, namely

[TV V) < Colel VIV . @)
3. Hodge decomposition

For any matrix field V = [Vij];”j:1 we define

n 2
DIV(V)= > T Vi,
ij=1

If V =[Vi/] belongs to .£7(£2, Rx1), 1 < p < 0o, the bi-Laplacian equation
AAv=DIV(V)

can be solved by using the Riesz transforms R = (R, ..., R,),

D*v=(R®R)[(R®R|V)]| =%V
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where R® R =[R; o Rj]; j=1,...n, 1.€.

Vg = Rk(Rl(Xn: R,-(R,-V"f))>, kil=1,...,n.
ij=1
Hence the Hodge decomposition of V reads as
V=D"+H
where v is a #/>? (R") function and H = [H"/] is a symmetric matrix field verifying

n

2H
ij=1 3xi8x]‘

=0. 3.1)

Notice that
% 2P (R RV > 2P (RN, RO
and the range of the operator
T=Id—-%: Z”(R”, ]R”X”) — Z”(R”, ]R”X”)

consists of the matrix fields satisfying (3.1).
In other words,

V=ZV+TV.

Moreover, from the .Z?-boundedness of the Riesz transforms it follows that

IZVIp+ 1T VI <CPIVIp (3.2)

where C(p) is a positive constant depending only upon p (see [11] for the independence of the
constant C of the dimension n).
Now, let £2 be a subdomain of R”. In view of the Hodge decomposition of a matrix field
VeXP(S2, Rg’;‘nf) we consider the inhomogeneous problem
AANv=feW 2r(Q),
=0 on 452, 3.3)
L =0 on asf2.

n

> <

When £2 is smooth, problem (3.3) admits a unique solution v € WEP(2) (see for example [2,
14,15,21,22]). If f has a divergence form, say f = DIV(V), with V =[VV] e CSO(Q,R?;,;‘ ,
then the solution of the system (3.3) takes the form

R (V) = D*v. (3.4)



1142 T. Radice, G. Zecca / J. Differential Equations 256 (2014) 1133-1150

Denote by 27 (52, Rg'yxnﬁ) the closure of the range of the Hessian operator

D?:C{(2) — LP (2, RI51),

sym

1 < p < oo. If 2 is smooth then Z, has a continuous extension to all .£7(s2, R?;fng’) spaces,
and so (3.4) extends to all V € P (42, RZ,’;;’:) and gives a solution v of the problem (3.3) with
D?v e P (2,RMM), 1 < p < 00.

sym

Definition 3.1. A subdomain §2 in R” is said to be regular if the linear operator Z; is continuous
in £P(2,R**") for every p € ]1, col.

sym

Any C ! bounded domain is regular (see [2], Theorem 2.1).
Now, let £2 be a regular domain and let us introduce the operator

To=Td — R : L7 (2,RIZ) — L7 (2,RI:0). (3.5)

sym sym

The range of this operator consists of matrix fields on 2 which satisfy (3.1). Hence we obtain
(as before) the Hodge decomposition of a matrix field V € Z7(£2, R "):

sym/*
V=D*+H, DIV(H) =0, D*v e #P (2, RI%)

sym

together with the uniform estimate
|D%], o+ 1Hp.2 <Cp, DIVIIp0

Since for any u € WP (82) it holds T (D?u) =0, by Theorem 2.5 with T = T, we conclude
with the inequality

|72 (|0~ D) o < Cplel| D%, (3.6)

4. Proof of Theorem 1.2

In this section we prove Theorem 1.2 in slightly more general assumption on D (see Theo-
rem 4.2 below). One of the key ingredients in our proof is Lemma 9.2 in [6].

This lemma depends upon the notion of contact set. If u is an arbitrary continuous function
on £2, the upper contact set of u, denoted I'™ or I“u+, is the subset of £2 where the graph of u
lies below a support hyperplane in R”*!, that is,

r*={ye2|u)<u(y)+p-(x—y) forall x € £, for some p = p(y) e R"}.

Clearly, u is a concave function in £2 if and only if I} = £2.
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Lemma 4.1. (See [6], Lemma 9.2.) For any u € C%(£2) N C(2) we have

1/n
supu<supu + </|detD2u]> 4.1
Q

where d = diam §2 and w,, denotes the measure of the unit sphere d B(0, 1) of R".
In this paper, using Lemma 4.1, we shall prove the following

Theorem 4.2. Let u € C(2)N#'>1(82) be a concave function (i.e. —D*u > 0) such that | D*u| €
X' (82). Then

n

< 4 d Lu 4.2)
supu < supu™ .
2 92 )" | 2 g o)
Proof. Let u € C(£22) N #*>1(£2) be a concave function such that | D%u| € X1(82),ie.
lim &7 /|D2u‘(l_s)n =0 4.3)
e—0
Q
and let 0 < & < 1. Obviously,
n
(o (x) | D*u)= Z aij (Vy,x, = Lu (4.4)
i,j=1
in 2 C R”. Multiplying (4.4) by | D?>u|~¢ we obtain
(o (x) | |D*u| ™ D*u) = |D*u| " Lu. 4.5)

Since by (4.3) |D%u| € £~ (2), then |D?*u|~ D*u belongs to .£"(£2). Hence, we can
consider (see Section 3) the Hodge decomposition:

|D*u| ™" D*u = D*v, + H, (4.6)

where v, € #2"(£2).
Moreover, using the same notation as in Section 3,

D*v, = %(|D*u| " D*u),
and

H, =To(|D*u|™* D*u)
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by (3.6) we have
| Helln < Cae - ||| D*u| ™ D?ul],,. 4.7
By (4.6), Eq. (4.5) becomes
(7 ()| D?ve) + (o (x)|He) = | D*u| " Lu.

Let now £2' CC £2, applying Lemma 4.1 to v, € #>"(£2), we obtain

1
sup ve < supv + </|det Dzvs ) 4.8)

' a2’

where d = diam £2’. Let ¢ — 0, our aim is to show that

2/ 82’

1
d M
supu < supu™ + </|detD2u|> . 4.9)
gl

Indeed, for any matrix M € R"*", let |M| the usual Euclidean norm of M. We have the following
inequality

n—1
det(A + B) <|detA| +C, Y |AF|B|"™* + |det B, (4.10)
k=1
for A, B € R"". Then by Young inequality
k —k __&
AF B * < SenA + 2L B, k=1,....n—1. 4.11)
n n

Combining (4.6) and (4.8) this yields

sup vg < supv + d (|det(|D2u| ‘D*u—H ) )% (4.12)

fold 082’

Q/

We apply (4.10) and (4.11) with A = A, = |D?*u|~*D?u and B = B, = —H, by (4.10) and
(4.11) to obtain

/|detA|+C Z|A| |B|"~ k+|detB|
(Pl 082"

sup ve <
k=1

<sup </|detA|)1 +Cn, d)|:(sn )3 [|A| )
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1 1
_n=1 n n
e ( /|B|n) +( /metm) ]
Q7 (o4l

d

l
1/n
n

(/ |detA|> A Cm D+ o+ Bl (4.13)
.Q/

= sup v;’ +
982’ w,

where the terms Jp, J> and J3 stands for the integrals between rectangular brackets, respectively.
Next, we estimate the quantities Jq, J> and J3. First observe that

|det B| < ¢, |He|",

so by (4.7), we have

1

Jl gc(n)((g% ‘/“Dzu’(l—s)l’l>7l’

2
1 1
J < C(Vl)é‘l_n—2</|D2u|(18)n> ’
2

1 1
J <C(n)</ |H8|”> <C(n)e(/|02u|“‘g)”> .
2 2

Corollary 2.4 shows that

J1,Jh,J3—0, ase—0. 4.14)

Let us consider

f|detA|=/|det|D2u|_8D2u|
' 2/

</|D2u|_"£|detD2u|

.Q/

_ / |D%u| ™" |det D?u + / |D%u| ™" |det D?u|
'N{|D%u|>1} 2'N{|D%u|<1}

/ |det Du| + / 0| D2u["0),

2'N{|D2u|>1} 2'N{|D2u|<1}

N

Since f |det D2u| < oo (otherwise estimate (4.9) is obvious), we can apply the Dominated Con-
vergence Theorem to deduce that
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</|detA|) </|detD2u|> as e — 0.

Observe that

ve > u  (uniformly in 2”), (4.15)

then letting ¢ — 0 in (4.13), we obtain (4.9).
Estimate (1.4) follows, by the following lemma.

Lemma 4.3. Letu € C(2)Nw'>! (£2) be concave. Then

(Lu)"

|detD2u| < g

Proof. The above estimate is immediate from the following matrix inequality:

trace MN \”

det M det N < ( > , M, N symmetric > 0. (4.16)

n

Indeed, taking M = —D?%y and N = [g; i1 we have

2 n n
0] =) < 5 (FERE) < () o
7 n nPn

Combining Lemma 4.3 with (4.9) the thesis (1.5) follows. O
5. Proof of Theorem 1.3

Proof of Theorem 1.3. Let u € C(22) N #>1(2) verifying (1.7) and let 0 < & < 1. Using the
Hodge decomposition in .£" log . (see Remark 2.6 and [8]) we write

|D*u| " D*u = D*v, + H,
where D?v, € Z" log.Z(£2) and

I1He ll 2n10g 2 < Cut - [ |D*u| ™ D?u]| g - (5.1)

Using again Lemma 4.1 we have

1

supve < sup v + —— Iz </’detD2v£>n (5.2)

fold 982’
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Now, via the matrix inequality (4.16) taking M = —D?v; and N = [q; 7], we have on T, 5+

1 (Tr[o (x)D?*ve]\"
|det D?v, | < —<M) . (5.3)
9 n
Hence, combining (5.2) and (5.3) we have
1
d 1 (Tl (x)D%>ve ] \"\
Q' Yol W . g n
I
d 1 "
<supv) + 7 (/ §(Tr[,gi(x)|p2u|—sp2u] —Tr[,ng(x)Hs(x)])n>
a2’ nwy,
r;r
1
c(n)d 1 2 |—¢n "
<supvl + (/— D*u |Lu|”>
02 nay" -@| |
9/
1 n
+c(n,9)</§},;z{(x)|"|[-]g|n> , (5.4)
Q/

It remains to prove that the second integral in the last inequality goes to zero as ¢ — 0. By the
duality pairing between the spaces Exp(§2”) and the Zygmund space .Z log £ (§2) we have

1 n o (x)"

[ Gl <[ ZE8] ] 5:5)
Q' P
Moreover, by (5.1) and Proposition 2.1 it holds
2 (=&
” | He|" HX log ¥ S c(me” ” D7u ”,f(l*g)" log 2" (5.6)
Hence, combining (5.5) (5.6), (1.6) and (1.7) we obtain
1 1

(/ §|;z/(x)|n|H8|"> —-0 ase—0. (5.7)

Q/

Finally we observe that

1 _ |Lu|" —en |Lul"
/@‘Dzu‘ 6”|Lu|"§ / 7 + / |D2u‘ .sn7

Q' 2'0{|D2u|>1} 2'n{|D2u| <1}

_ / |Lul" / |/ ()| D2u| D?u| )"

9 9
Q'N{|D%u|>1} 2'0{|D%u|<1}
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Then, since

(/)| D*u| D>u]~*)|"

we can apply the Dominated Convergence Theorem to conclude

1 1
1 —en n 1 n
</§|D2u| |Lu|") — (/§|Lu|”> ase — 0. (5.9)
' 2

Combining (5.4), (5.7) and (5.8) we arrive at the desired inequality. O

We conclude this section by observing that in dimension n = 2, under assumption (1.6) a con-
tinuity result is obtained in [19].

6. The uniformly elliptic case

Proof of Theorem 1.4. Let u € C(£2) N #>™(£2). Using the same arguments of the proof of

Theorem 4.2, we obtain

(o) | |D*u|™* D*u) = | D*u| " Lu. (6.1)

Then, we consider the Hodge decomposition

|D*u| " D*u = D*v, + H, (6.2)

where v, € #%"(£2) and

| Helln < Cue ||| D*u| ™" D?ul . (6.3)

By (6.2), Eq. (6.1) takes the form

(o (x) | D*ve)=|D*u| " Lu — (o7 (x) | He).

Applying Theorem 1.1 to v, we obtain, for any 2’ CC £2,

sup ve < supv;

' a2’

<supu

a2’

where d’ = diam £2’.

L (/||Dzu|—8Lu—<ﬂ<x>|Hg>|">»‘z
o 7
9/

d || D2u|~¢ Lu|* \ " [ ()| He) "\ "
+C”w,£/"[(/ 7 )*(/ 7 )] 9
ok kodd
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We are going to prove that

(1 (s

as ¢ — 0. To this aim, let us preliminary observe that by the Schwarz inequality it holds

(o (x)|He)|" / |/ |" | He | /A"(x)
/ 7 7 n | G 1] ©6)
2 kedd Q'
By assumption K = and by (6.3)

(/I(Mx%&l")ﬁ < Call K lloo |l Hell
Q/

<l Koot - || D2~ D?ul),

1
<Cn”K||oosl:‘<8/|D2M|(16)n> ) 6.7)
Ql
As ¢ — 0, last expression tends to zero. On the other hand,
/ ||D?u|~*Lul" _ / [ID%u|~*Lul" / || D?u| =" Lu|"
9 a 9 9
2 2'N{|D%u|>1} 2'N{|D%u|<1}
- f Lul" / |<M(x>|Dzu|Dzu|—f>|"_
9 9
2'N{|D%u|>1} 2'N{|D%u|<1}

Note that in £2’ N {|D?u| < 1} it holds

(< (x)| D>u| D>u|~#)|" _ |/ || D2u|1=)n
9 = 9

A" (x) 2 (I—e)n

i 2

gCnKn(x).

XCn

Using the Dominated Convergence Theorem we obtain

(/ ||D2u|~ fLul") </ lLul”) 6.8)

Combining (6.7) and (6.8), (6.5) follows.
Letting ¢ — 0 in (6.4), thanks to (6.5) and (6.7) we complete the proof. O
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