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1. Introduction

Both random dispersal evolution equations (or reaction diffusion equations) and nonlocal dis-
persal evolution equations (or differential integral equations) are widely used to model diffusive
systems in applied sciences. Random dispersal equations of the form

oru(t,x)=Au(t,x)+ F(t,x,u), xeD, (.1
By pu(t,x) =0, x€aD (XGRN ifD:RN), '

are usually used to model diffusive systems which exhibit local internal interactions (i.e. the
movements of organisms in the systems occur randomly between adjacent spatial locations) and
have been extensively studied (see [1-3,6,19,20,24,29,32,42.46], etc.). In (1.1), the domain D
is either a bounded smooth domain in RY or D = RY. When D is a bounded domain, either
B, pu = B, pu :=u (in such case, B, pu = 0 on d D represents homogeneous Dirichlet bound-
ary condition), or B, pu = B, yu := g—;‘l (in such case, B, yu = 0 on d D represents homogeneous
Neumann boundary condition), and when D = RY, it is assumed that F (¢, x,u) is periodic
in x; with period p; and B, pu = B, pu :=u(t,x + p;e;j) — u(t, x) with ¢j = (81, 625, ---,n;)
(6ij =0if i # j and §;; = 1 if i = j) (in such case, B, pu =0in RN represents periodic bound-
ary condition).

Many applied systems exhibit nonlocal internal interaction (i.e. the movements of organisms
in the systems occur between non-adjacent spatial locations). Nonlocal dispersal evolution equa-
tions of the form

{ du(t,x) = VfDqu k(y —x)[u(t,y) —u(t,x)dy + F(t, x,u), x €D,
B, pu(t,x) =0, x € Dy if Dp #£0,
(1.2)

are often used to model diffusive systems which exhibit nonlocal internal interactions and have
been recently studied by many authors (see [4,7-9,12-14,18,21,26,28,30,31,44], etc.). In (1.2),
D is either a smooth bounded domain of RY or D = R¥; v is the dispersal rate; the kernel
function k(-) is a smooth and nonnegative function with compact support (the size of the support
reflects the dispersal distance) and f]RN k(z)dz = 1. When D is bounded, either D, = Dp :=
RN\ D and By pu = B, p :=u (in such case, u =0 on RN\ D represents homogeneous Dirichlet
type boundary condition), or Dy = Dy := @ (in such case, nonlocal diffusion takes place only
in D and hence Dy = @ represents homogeneous Neumann type boundary condition); when D =
R¥, it is assumed that F(z, x + pjej,u) =F(t,x,u), Dp=Dp := RY and By pu = By pu =
u(t,x + pjej) —u(t, x) (hence B, pu=0on RN represents periodic boundary condition).
Observe that (1.2) with D, = Dp and B, pu = B, pu can be rewritten as

oru(t,x)=v /k(y—x)u(t,y)dy—u(t,x) + F(t,x,u), x € D; (1.3)
D

that (1.2) with Dy = Dy reduces to

du(t,x) = v/k(y —x) [ut,y) —u(t,x)]dy+ F(t,x,u), x¢€D; (1.4)
D
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and that (1.2) with D = Dp, F (¢, x, u) being periodic in x; with period p;, and B, pu = B, pu
can be written as

oru(t,x) = vaN k(y —x) [u(t, y) — u(t,x)] dy+ F(t,x,u), x eRV,

(1.5)
ut,x)=u(t,x+ pjej), x e RN
(Gj=12,---N).

A huge amount of research has been carried out toward various dynamical aspects of random
dispersal evolution equations of the form (1.1). There are also many research works toward var-
ious dynamical aspects of nonlocal dispersal evolution equations of the form (1.2). It has been
seen that random dispersal evolution equations with Dirichlet, or Neumann, or period boundary
condition and nonlocal dispersal evolution equations with the corresponding boundary condition
share many similar properties. For example, a comparison principle holds for both equations.
There are also many differences between these two types of dispersal evolution equations. For
example, solutions of random dispersal evolution equations have smoothness and certain com-
pactness properties, but solutions of nonlocal dispersal evolution equations do not have such
properties. Nevertheless, it is expected that nonlocal dispersal evolution equations with Dirichlet,
or Neumann, or periodic boundary condition and small dispersal distance possess similar dynam-
ical behaviors as those of random dispersal evolution equations with the corresponding boundary
condition and that certain dynamics of random dispersal evolution equations with Dirichlet, or
Neumann, or periodic boundary condition can be approximated by the dynamics of nonlocal
dispersal evolution equations with the corresponding boundary condition and properly rescaled
kernels. It is of great theoretical and practical importance to investigate whether such naturally
expected properties actually hold or not.

The objective of the current paper is to investigate how the dynamics of random dispersal
operators/equations can be approximated by those of nonlocal dispersal operators/equations from
three different perspectives, that is, from initial-boundary value problem point of view, from
spectral problem point of view, and from asymptotic behavior point of view. To this end, we
assume that k(-) is of the form,

|
k@) =ks(@) 1= 5y7ko (g) (1.6)

for some ko(-) satisfying that ko(-) is a smooth, nonnegative, and symmetric (in the sense
that ko(z) = ko(z') whenever |z| = |7’|) function supported on the unit ball B(0,1) and
f]RN ko(z)dz =1, where (> 0) is called the dispersal distance. We also assume that

C

U=U§:=6—2,

(1.7)
| —1
where C = (5 I ko(z)zjzvdz) . Throughout the rest of this paper, we will distinguish the three
boundary conditions by i =1, 2, 3. Let
X1 =X2={u() € C(D.R)}
with lullx, = max, 5 lu()|( = 1,2),

X3={ue CRY,R)|u(x + pjej) =u(x)},
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with [|lul x, = max, gn |u(x)|. Let
X" ={ueXilux) =0}
(i =1,2,3). For u (x), u?(x) € X;, we define
u' Suz(u1 zuz)ifuz—uleX?'(ul—uzer')

(i =1,2,3). Note that X1 = X» and the introduction of X, is for convenience.
First, we investigate the approximations of solutions to the initial-boundary value problem
associated to (1.1), that is,

ou(t,x)=Au+ F(t,x,u), x€eD,
By.p(t, x)u =0, x€dD (xeRNif D=RN), (1.8)
u(s, x) =uo(x), xeD

by solutions to the initial-boundary value problem associated to (1.2) with k(-) = ks(-) and
v = vg, that is,

dru(t,x) =vs fDUD;, ks(y —x)[u(t,y) —u(t,x)ldy + F(t,x,u), xe€D,
By pu(t, x) =0, x € Dy if Dy # 0,
u(s,x) =uo(x), x €D,

(1.9)

where B, = B, p (tesp. By, = B,,p and Dy, = Dp), or B, = B, y (resp. Dy = Dy (= 0)),
or B, = B, p (resp. B, », = B, p and D, = Dp). In the rest of this paper, we assume

(HO0) D C RY is either a bounded C*** domain for some 0 <a <1 or D = RN, ks(-) is
as in (1.6) and vs is as in (1.7); F@t,x,u) is Cl int € R and C? in (x,u) e RY x R, and
when D =RN, F is periodic in xj with period pj, that is, F(t,x + pjej,u) = F(t,x,u) for
j=12,---,N.

Note that, by general semigroup theory (see [22,35]), for any s € R and any ug € X; N C!(D)
with B, puo=00ndD, (1.8) withb=Difi =1,b=Nifi =2,and b = P if i = 3 has a unique
(local) solution, denoted by u; (¢, x; s, ug). Similarly, for any s € R and any ug € X;, (1.9) with
b=Difi=1,b=Nifi=2,and b= P if i =3 has a unique (local) solution, denoted by
u?(l, X8, Up).

Among others, we prove

Theorem A. Assume that for given 1 <i <3,80>0,s€R, T >0, and up € X; N C3(D) with
B, pug =0if D is bounded (b= D ifi =l and b= N ifi =2), u;(t, x; s, up) and uf(t, X3S, UQ)
existon [s,s + T] for all 0 < § < §y. Assume also that SUP, < <5 T xeD.0<5<8) lui(t, x; s, up)| <
00. Then, - B

- S, . }
lim sup |lu;(t,-;s,u0) —u;(t,;s,u0)llx; =0.
8—=04¢[s,5+T]
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It should be pointed out that Theorem A is the basis for the study of approximations of various
dynamics of random dispersal evolution equations by those of nonlocal dispersal evolution equa-
tions. It should also be pointed out that when F (¢, x,u) =0 in (1.8) and (1.9), similar results to
Theorem A have been proved in [10] and [1 1] for the Dirichlet and Neumann boundary condition
cases, respectively.

Secondly, we investigate the principal eigenvalues of time periodic random dispersal eigen-
value problems of the form

—oiu+ Au+a(t,x)u =>Au, x €D,
B pu =0, x€dD (x eRN if D=RN), (1.10)
u(t+7T,x)=u(t,x), xeD,

and their nonlocal counterparts of the form

—oiu + vs fDUDb ks(y —x) [u(t, y) — u(t,x)] dy+a(t,x)u = \u, xeD,
B, pu =0, x € Dy if Dy # 0,
u(t+7T,x)=u(t,x), x €D,

(1.11)

where a(t+T,x) =a(t,x),and when D =RN a(t+T,x+p;ej) =a(t,x)for j=1,2,---, N,
and B, = B, p (resp. B, , = B,.p and Dy, = Dp), or B, = B, y (tesp. D, = Dy (=0)) or
B,y = B, p (tesp. By, = By, p and D, = Dp). We assume that a(t, x) is a C! function in
(t,x) e R xRV,

The eigenvalue problems of (1.10), in particular, their associated principal eigenvalue prob-
lems, are extensively studied and quite well understood (see [15-17,23,25,27,34,38], etc.). For
example, with any one of the three boundary conditions, it is known that the largest real part, de-
noted by A" (a), of the spectrum set of (1.10) is an isolated algebraically simple eigenvalue with
a positive eigenfunction, and for any other A in the spectrum set of (1.10), Rel < A" (a) (A" (a) is
called the principal eigenvalue of (1.10) in literature).

The eigenvalue problems (1.11) have also been studied recently by many authors (see [5,12,
27,36,38-41], etc.). Let 28 (a) be the largest real part of the spectrum set of (1.11) with any one
of the three boundary conditions. A(a) is called the principal spectrum point of (1.11). 2 (a)
is also called the principal eigenvalue of (1.11), if it is an isolated algebraically simple eigen-
value with a positive eigenfunction (see Definition 3.1 for detail). Note that 2 (a) may not be
an eigenvalue of (1.11) (see [12,39] for examples). Hence the principal eigenvalue of (1.11) may
not exist. In [41], the authors of the current paper studied the dependence of principal spectrum
points or principal eigenvalues (if exist) of nonlocal dispersal operators on underlying parame-
ters (8, a(-), and v) in a spatially heterogeneous but temporally homogeneous case. However, the
understanding is still little to many interesting questions regarding the principal spectrum points
or principal eigenvalues (if exist) of (1.11). In this paper, we show that the principal eigenvalue
of (1.10) can be approximated by the principal spectrum point of (1.11). In fact, we show

Theorem B. lims_, o A% (a) = 1" (a).
We remark that Theorem B is another basis for the study of approximations of various dynam-

ics of random dispersal evolution equations by those of nonlocal dispersal evolution equations.
We also remark that some necessary and sufficient conditions are provided in [36] and [37] for
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As(a) to be the principal eigenvalue of (1.11). Among other, it is proved in [36, Theorem A] and
[37, Theorem 3.1] that A% (a) is the principal eigenvalue of (1.11) if and only if

T

M(a) > max _8% + % /a(t,x)dt
D
X€E 0

This together with Theorem B implies the following remark.
Remark 1.1. 2% (a) is the principal eigenvalue of (1.11), provided § < 1.

Thirdly, we explore the asymptotic dynamics of the following time periodic dispersal evolu-
tion equations,

oru=Au+uf(t,x,u), xeD, (1.12)
Bypu =0, x€dD (x eRNif D=RN), '
and
o = g fDUD;, ks(y —x)[u(t,y) —u(t, x)ldy +uf(t, x,u), x €D,
B, pu =0, x € Dy if Dy #0,
(1.13)

where D is as in (HO0). In the rest of this paper, we assume that

(H1) fisC'int eRand C? in (x,u) e RN xR, f(t,x,u) <O0foru>1andd, f(t,x,u) <0
foru > 0; f(l‘-i-T,x,u):f(t,x,u);andwhenD:RN’f(t_}_T’x’u):f(t’x_i_pjej’u):
f(t,x,u)forj=1,2---,N.

(H2) For (1.12), A" (f(-,-,0)) > 0, where A" (f (-, -, 0)) is the principle eigenvalue of (1.10) with
a(t,x) = f(t,x,0).

(H2)s For (1.13), A (f (-, +,0)) > 0, where A3(f (-, -, 0)) is the principle spectrum point of (1.11)
with a(t,x) = f(¢, x,0).

Equations (1.12) and (1.13) are widely used to model population dynamics of species exhibit-
ing random interactions and nonlocal interactions, respectively (see [4,14,33], etc. for (1.12) and
[36] for (1.13)). Thanks to the pioneering works of Fisher [20] and Kolmogorov et al. [29] on the
following special case of (1.12),

U =uyy +u(l—u), xek,

(1.12) and (1.13) are referred to as Fisher type or KPP type equations.

The dynamics of (1.12) and (1.13) have been studied in many papers (see [24,33,45] and
references therein for (1.12), and [36] and references therein for (1.13)). With conditions (H1)
and (H2), it is proved that (1.12) has exactly two nonnegative time periodic solutions, one is u = 0
which is unstable and the other one, denoted by u*(z, x), is asymptotically stable and strictly
positive (see [45, Theorem 3.1], see also [33, Theorems 1.1, 1.3]). Similar results for (1.13)
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under the assumptions (H1) and (H2); are proved in [36, Theorem E]. We denote the strictly
positive time periodic solution of (1.13) by ugk(t, x).

Note that, by Theorem B and Remark 1.1, (H2) implies (H2)s when 0 < § < 1. Hence, we
only assume (H2) in the following theorem. In this paper, we show that

Theorem C. If (Hl) and (H2) hold, then for any € > 0, there exists 5o > 0, such that for all
0 < 8 < &g, we have

sup ||“:sk(t, D) —u(, ')”C(D,R) <e.
t€[0,T]

Theorems A—C above show that many important dynamics of random dispersal equations can
be approximated by the corresponding dynamics of nonlocal dispersal equations, which is of
both great theoretical and practical importance.

The rest of the paper is organized as follows. In Section 2, we explore the approximation of
solutions of random dispersal evolution equations by the solutions of nonlocal dispersal evolution
equations and prove Theorem A. In Section 3, we investigate the approximation of principal
eigenvalues of time periodic random dispersal operators by the principal spectrum points of
time periodic nonlocal dispersal operators and prove Theorem B. We study in Section 4 the
approximation of the asymptotic dynamics of time periodic KPP equations with random dispersal
by the asymptotic dynamics of time periodic KPP equations with nonlocal dispersal and prove
Theorem C.

2. Approximation of initial-boundary value problems of random dispersal equations by
nonlocal dispersal equations

In this section, we explore the approximation of solutions to (1.8) by the solutions to (1.9).
We first present some comparison principle for (1.8) and (1.9). Then we prove Theorem A.
Though the ideas of the proofs of Theorem A for different types of boundary conditions are the
same, different techniques are needed for different boundary conditions. We hence give proofs
of Theorem A for different boundary conditions in different subsections.

2.1. Comparison principle for random and nonlocal dispersal evolution equations

In this subsection, we present a comparison principle for random and nonlocal evolution equa-
tions, which will be applied in the proof of Theorem A in this section as well as in the proofs of
Theorems B and C in Sections 3 and 4.

Definition 2.1 (Super- and sub-solutions). A continuous function u(z, x) on [s,s + T') x RY is
called a super-solution (sub-solution) of (1.9) on (s, s + T) if for any x € D, u(¢, x) is differen-
tiable on (s, s + T) and satisfies that

du(t, x) = (2)vs [pyp, ks(v — 0)[ult, y) —u(t, x)ldy + F(t, x, u), x €D,
By pu(t, x) = (2)0, x € Dy if Dy # 0,
u(s, x) = (up(x), x €D,
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when b= D or N, or that

du(t, x) = (S)vs [ ks(y — O)[u(t, y) —u(t, x)ldy + F(t,x,u),  xeRV,

By pu(t,x) =0, xeRY,
u(s, x) > (Suo(x), x RN,
when b = P.

Super-solutions and sub-solutions of (1.8) on (s, s + T') are defined in an analogous way.
Proposition 2.1 (Comparison principle).

(1) Suppose that u™(t, x) and u™ (¢, x) are sub-solution and super-solution of (1.8) on (s, s +T),
respectively, then

u (t,x)<ut(t,x) Vtels,s+T), xeD.

(2) Suppose that u™(t, x) and u™ (¢, x) are sub-solution and super-solution of (1.9) on (s, s +T),
respectively, then

u”(t,x)<ut(t,x) Viels,s+T), xeD.

Proof. (1) It follows from comparison principle for parabolic equations.
(2) It follows from [36, Proposition 3.1]. O

2.2. Proof of Theorem A in the Dirichlet boundary condition case

In this subsection, we prove Theorem A in the Dirichlet boundary case. Throughout this
subsection, we assume (HO), and B, u = B, pu in (1.8), and D, = Dp (= RN\D) and
B pu = B, pu in (1.9). Note that D U Dy = RY in this case. Without loss of generality, we
assume s = 0.

Proof of Theorem A in the Dirichlet boundary condition case. Let ugy € C3(D) with
up(x) =0 for x € 0D. Let u‘i(t,x) be the solution of (1.9) with s = 0 and u;(¢, x) be the so-
lution of (1.8) with s = 0. Suppose that u (¢, x) and u‘}(t, x) exist on [0, T]. By regularity of
solutions for parabolic equations, u| € C1+%’2+°‘((O, T1x D)N C%2te ([0, T] x D). Let i1 be
an extension of u; to [0, T'] x RV satisfying that ii; € C%2T%([0, T] x RV). Define

Ly (). x) = vp / ks (v — 02t y) — 202, 0)1dy.
RN
Let G(t,x) = ii1(t, x) for (t,x) € [0, T] x R¥M\D. Then ii; verifies
ity (t,x) = Ls (i) (t, x) + Fs(t,x) + F(t,x,i1(t,x)), xeD, 1€(0,T],
ui(t,x) =G(t, x), xeRM\D,t€[0,T],
10, x) = uo(x), xeD,

where



W. Shen, X. Xie / J. Differential Equations 259 (2015) 7375-7405 7383

Fs(t,x)=Auy(t,x) — Ls(1)(t, x)
— Adiy (1, ) — v3 / ks(y — )i (1. y) — i1 (1, 0))dy.
RN
Let w‘f =10 — u‘f We then have
qwl(t, x) = Ly(w)(t,x) + Fs(t,x) +al(t,x)wi(t,x), xeD, te(0,T],
wi(t, x) = G(t,x), x eRM\D, t €0, T],

w‘f(O,x):O, xeD,
2.1

where a® (1, x) = [ Fylt, x,ul(t, x) + 6 (i1 (1, x) — ul (1, x))1d6.
We claim that

{Supte[o,r] 1 Fs(t, )llx, = O(8%), 22
SUP, (0, 71, xeRN\ B, dist(x, s D) <s |G (1, X)| = O (8). '
In fact,
Afu(nx)—va/ka@—x)(al(r,y)—a1<r,x>>dy
RN
=Aﬂ1(t,X)—v(s/8—Nko( 5 )(ul(t y) —ui(t, x))dy
RN
=Aui(t,x) —vs / ko(z)(u1(t,x +6z2) —ui(t,x))dz
RN
8222
= Adiy (¢, x) — vg / ko(z) [ N Adiy (1, x) + 0(5”“)} dz
RN
~ 2 Z12\’ ~ o
= Al (t,x) — | vs8 /ko(z)sz Any(t,x)+ 0@©%)
RN
= Au(t,x) — Ay (t, x) + O(8%)
=0@% VxeD,
and

G (2, )| = |ur (2, x)|

< sup ity (¢, x) —uy(t, 2)|
tE[O,T],XGRN\D,ZGBD,diSt(x,Z)§5

=0(8) VxeRM\D, dist(x,dD) <38.

Therefore, (2.2) holds.
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Next, let w be given by
w(t, x) = e (K18%) + K28,

where A = max a‘ls (t, x). By direct calculation, we have
tel0,T],xeD,0<5<8g

dqw(t,x) =Ls(W) +al(t,x)w + Fs(t,x)  xeD, te(0,T],
w(t, x) = e (K 18%) + K18, xeRM\D, 1€]0,T], (2.3)
w(0, x) = K»8, x €D,

where
F(t,x) = eMK18% +[A — ab (1, x)]e K18% — ad (1, x) K28.

By (2.2), there are 0 < So <o and Ky, K> > 0 such that

{Fa(r,msﬁa(r,w, xeD, 1€[0,T], (2.4)
G(t,x) < e (K18%) + K38, x e RM\D, dist(x,dD) <8, t [0, T], '
when 0 < 6 < So. By (2.1), (2.3), (2.4), and Proposition 2.1, we obtain

w(t,x) <w(t,x) = (K18%)+ K28 VxeD, te[0,T] (2.5)

for0 <6 < S(). 5
3 Similarly, let w(z, x) = e4' (—K18%t) — K»8. We can prove that for 0 < § < 8¢ (by reducing
o if necessary),

w(t,x) > w(t,x) = —e* (K18%t) — K28 VxeD, te[0,T]. (2.6)
By (2.5) and (2.6) we have
[w(t,x)| <eK18%t + K28 VYxeD, tel0,T],
which implies that there is C(7) > 0 such that for any 0 < § < &,

sup [lui(-,1) —ul(-,0)llx, < C(T)5".
te[0,T]

Theorem A in the Dirichlet boundary condition case then follows. O

Remark 2.1. If the homogeneous Dirichlet boundary conditions B, pu = u =0 on dD and
Bu.pu =u =0 on RV\D are changed to nonhomogeneous Dirichlet boundary conditions
B, pu=u=g(t,x)ondD and B, pu =u = g(t,x) on RN\B, Theorem A also holds, which
can be proved by the similar arguments as above.
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2.3. Proof of Theorem A in the Neumann boundary condition case

In this subsection, we prove Theorem A in the Neumann boundary condition case. Throughout
this subsection, we assume (HO), and B, pu = B, yu in (1.8), and Dy = Dy = ¥ in (1.9). Without
loss of generality, we assume s = 0.

We first introduce two lemmas. To this end, for given § > 0 and dy > 0, let D5 = {z €
D|dist(z, 0D) < dyé}.

Lemma 2.1. Let 6 € C'*2:27%((0, T] x xRN) N CO2([0, T] x RN) and & = h on 8D, then
for x € Dg and § small,

1
5—2/ ks(y — )61, y) — (1, x))dy
RN\D

1 L Yy—Xx, _
- / ks(y — 00 - 2= h(E dy
]RN\D )

DPo —_i\*? _z\AB
+ / k(s(y—x) Z T(f,[){(y8x> _(x8x> i|dy+0(80l)’

RN\D |.3|:2

where X is the orthogonal projection of x on the boundary of D so that || x — y|| < 2dpé and n(x)
is the exterior unit normal vector of 9D at Xx.

Proof. See [10, Lemma 3]. O

Lemma 2.2. There exist K > 0 and § > 0 such that for§ < 5,

/ ks(y —m® Y dy > K / ks(y — x)dy.

RN\D RN\D

y—x
8

Proof. See [10, Lemma4]. O

Proof of Theorem A in the Neumann boundary condition case. Suppose that ug € C3(D).
Let ug(t, x) be the solution to (1.9) with s = 0 and u,(t, x) be the solution to (1.8) with s = 0.

Assume that u»(t, x) and u5(t, x) existon [0, T]. Then u, € C!*t5:2+2 (0, T] x D). Let ii5 be an
extension of us to [0, T] x RN satisfying that i1, € C1+%’2+°‘((0, T]1 x R¥)n C0’2+°‘([0, T] x
RM). Define

La(z)a,x):va/ka(y—x)(z(r,y)—z(r,x»dy,
D
and

Ls(2)(1,x) = s / ks(y —x)(z(t, y) — z(t, x))dy.

RN
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Set wg = ug — 1. Then

dwd(t, x) = ud(t, x) — Btz (t, x)
= [Lsd)(t, x) + F(t, x,u3)] — [Adia(t, x) + F(t, x, i2)]
= Ls(wd)(t, x) + a5z, )wd (¢, x) + Fs(t, x),

where a3 (¢, x) = [ Fo (1, x, i2(t, x) + 0@ (t, x) — ii2(1, x)))d6 and

Fs(t,x) = Ls(iia)(t, x) — Aiia(t, x) — vs / ks(y — x)(ua(t, y) — ut2(t, x))dy.
RN\D

Hence wg verifies
ywy(t, x) = Ls(wd) (1, x) + a3 (t, )wd (1, x) + F5(1,x),  x €D, en
w3 (0,x) =0, eD. '
To prove the theorem, let us pick an auxiliary function v as a solution to

o v(t, x) = Av(t, x) +a§(t,X)v(t,X) +h(t,x), xeD, te(0,T],
21, x) = g(t, x), xedD, tel0,T],
v(0, x) =vo(x), xeD

for some smooth functions (¢, x) > 1, g(¢, x) > 1 and vg(x) > 0 such that v(z, x) has an exten-
sion ¥(¢, x) € CHH 2220, T] x RY) N €%+ ([0, T] x RY). Then v is a solution to

{8,v(t,x)=L5(v)(t,x)—i—ag(t,x)v(t,x)—i—H(t,x,b‘), xeD,te(0,T], 28)

v(0, x) = vo(x), xeD,te]0,T],
where
H(t,x,8) = Av(t,x) — l~,5(v)(t, x) +vs / ks(y — x)(v(t, y) — v(t, x))dy + h(t, x).
RN\D

By Lemma 2.1 and the first estimate in (2.2), we have the following estimate for H (x, ¢, §):

H(t,x,8) = Ab(t, x) — Ls(v) (¢, x) + 6% / ks(y —x)(0(t,y) — v(t,x))dy + h(t, x)
RN\D
y—x
s

C
> / ks(y — 0n(@) 2L g(&. dy

RN\D

DBY —_x\”# _z\A
+C / ks(y—x)ZTv(fJ)[(ysx) —(xgx) ]dY-H—ClS“

RN\D [Bl1=2
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C 1
> Sg(5n) / ks(y — @2 dy - DyC / bO-0dy+y Q9
RN\D RN\D

for some constants D; and C; and § sufficiently small such that C;8% < % Then Lemma 2.2
implies that there exist C’ > 0 and & such that

/

C
dy>? / ks(y — x)dy,

RN\D RN\D

1
: / ks(y — (@)

if § < &'. This implies that

H(x,t,8) > [w —Dl] f ks(y —x)dy + l,

5 (2.10)

RNM\D
if § <§&.
We now estimate Fs(f,x). By Lemmas 2.1, 2.2, the first estimate in (2.2), and the fact that

da_nz =0on dD, we have

F3(t,x) = O(5%) + v / ks(y — ) (@a(t. y) — fa(t, 1))dy

RN\D
DPO _ y—x\’ [x-x)\*
]RN\D |,3‘:2
< (8% + D|C / ks(y —x)dy
RN\D
— 8% 4 Dy f ks(y — x)dy @.11)
RN\D

for some Cp > 0 and D; > 0. Given € > 0, let v = €v. By (2.8), v, satisfies

{ dve(t, x) — Ls(ve)(t,x) — aS(t, x)ve(t,x) = €H(t,x,8), x€D, 2.12)

ve(0, x) = €vp(x), xeD.

By (2.10) and (2.11), there exist C3 > 0 and 0 < 50 < §p such that for 0 < § < 50,

Fs(t,x) <C8% + Dy / ks(y — x)dy
RN\D

Cse

5

_|_

5% /ké(y_ﬂdy:df(x’fﬁ) VxeD, 1[0, T]. (2.13)

RN\D
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Then by (2.7), (2.12), (2.13), and Proposition 2.1, we have
—Mef—vefwgfvegMe V(ngo,

where M = max _v(t, x). This implies
te[0,T],xeD

sup [lud(t,) —ua(t,)x, =0, as 0.
t€l0,T]

Theorem A in the Neumann boundary condition is thus proved. O
2.4. Proof of Theorem A in the periodic boundary condition case

In this subsection, we prove Theorem A in the periodic boundary condition case. Throughout
this subsection, we assume (HO), B, pu = B, pu in (1.8), and B, pu = B, _pu in (1.9). Without
loss of generality again, we assume s = 0.

Proof of Theorem A in the periodic boundary case. Suppose that ug € X3 N C3(R"). Let
ug(t,x) be the solution to (1.9) with s = 0 and u3(z, x) be the solution to (1.8) with s = 0.
Suppose that u3(t, x) and u$(t, x) exist on [0, T]. Set w} = u3 — u3. Then w} satisfies

qwi(t,x) = vs [ ks(y — X)W1, y) — wi(t, x)dy + a3 (t, x)wi(t, x) + Fs(t, x),
xeRN re(0, 1],

wit, x) =wi(t, x+ pje;), xeRN tel0,T],

w3 (0, x) =0, xRV,

(2.14)

where a}(t, x) = ]0‘ Fyu(t, x, uz(t,x) + 0uS(t, x) — u3(t,x)))d0 and Fs(t,x) = vs [pn ks(y —
x)[usz(t,y) —us(t,x)]ldy — Aus. Let

w(t, x) = e (K18%) + K38,

where A = max a‘g (t, x). Applying the similar approach as in the Dirichlet bound-
te[0,T],xeRN ,0<5<6

ary condition case, we can show that there are K; > 0, K > 0, and 89 > O such that for
0<é< 50,

—w(t, x) <wi(t,x) <w(t,x) YVxeRY, rel0,T].
Theorem A in the periodic boundary condition case then follows. O

3. Approximation of principal eigenvalues of time periodic random dispersal operators by
nonlocal dispersal operators

In this section, we investigate the approximation of principal eigenvalues of time periodic
random dispersal operators by the principal spectrum points of time periodic nonlocal dispersal
operators. We first recall some basic properties of principal eigenvalues of time periodic ran-
dom dispersal or parabolic operators, and basic properties of principal spectrum points of time
periodic nonlocal dispersal operators. We then prove Theorem B.
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3.1. Basic properties

In this subsection, we present basic properties of principal eigenvalues of time periodic
parabolic operators and basic properties of principal spectrum points of time periodic nonlocal
dispersal operators.

Let

Xi=X={ueCRx D,R)|u(t+T,x)=u(tx)}

with norm [lul|x; = sup,cpo 77 lu(@, )lx, (i =1,2),
Xy ={ue CRxRY, R)ju(t+T,x) =u(t,x + p;ej) =u(t,x)}
with norm ||ul| x, = SUP;e[o,7] lu(t, )|l x5, and
X' = {u € Xilu(t, x) = 0}

(i=1,2,3). And for ul,u?e X;, we define

ul < uz(u1 > uz) ifu>—u'e Xi+ (U1 —up € Xi+)
(i=1,2,3).For given a(-,-) € X; N C'(R x R), let L2 (a) : D(L?(a)) C X; — X; be defined

as follows,

(L3 (@u)(t,x) = — du(t,x) + vy /ka(y —x)u(t,y)dy —u(t, x)
D
+at,u@,x), (,x)eRxD, (3.1)

(LS(@u)(t,x) = —8;u(t,X)+v(s/ka(y —x)[u(t,y) —u(t,x)ldy
D

+a(t, x)u(t,x), (t,x)eRx D, (3.2)

and

(Li(a)u)(t, x) = —du(t, x) + vs / ks(y —x)[u(t, y) —u(t, x)ldy
RN
+a(t, ut,x), (t,x)eRxRN. (3.3)

We first recall the definition of principal spectrum points/eigenvalues of time periodic nonlocal
dispersal operators.

Definition 3.1. Let
2% (@) = sup{ReA|r € o (L (a)))

fori=1,2,3.
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(1) A? (a) is called the principal spectrum point of Lf (a).

2) If Af (a) is an isolated algebraically simple eigenvalue of Lf (a) with a positive eigenfunction,
then Af (a) is called the principal eigenvalue of Lf(a) or it is said that L?(a) has a principal
eigenvalue.

For the time periodic random dispersal operators, let a(-,-) € X; N C LR x RM), and L;(a) :
D(L;(a)) C X; — X; be defined as follows,

(Li(@u)(t,x) = —0u(t,x) + Au(t,x) +a(t, x)u(t, x)

fpri =1,2,3.Note that foru € D(L(a)), B, pu =u=00n0D and foru € D(L2(a)), By yu =
% —(ondD. Let

on

Ai(a) = sup{ReA|r € o (L;(a))}.

It is well known that A} (@) is an isolated algebraically simple eigenvalue of L;(a) with a positive
eigenfunction (see [23]) and A; (a) is called the principal eigenvalue of L;(a).

Next we derive some properties of the principal spectrum points of nonlocal dispersal opera-
tors by using the spectral radius of the solution operators of the associated evolution equations.
To this end, fori = 1,2, 3, define ®¢(¢, 5;a) : X; — X; by

B . .
((Di(t,s,a)uo)(-)=ui(t,~,s,u0,a), MOEXi,
where u (¢, -; s, ug, a) is the solution to

oru(t,x) =vg /k(s(y —x)u(t,y)dy —u(t,x) | +a(t, x)u(t,x), xe€ D (3.4)
D

with uq (s, -;s,ug,a) =uo(-) € X1, up(t,-; s, uq,a) is the solution to
Oru(t, x) =vs / ks(y — x)[u(t, y) — u(t, x)ldy + a(t, x)u(t,x), x €D (3.5)
D

with uy (s, -; s, ug, a) = ug(-) € Xy, and us(t, -; s, ug, a) is the solution to

du(t,x) =v;s /ka(y —x)u(t, y)dy —u(t,x) | +a(t, x)ut,x), xeRY  (3.6)
RN
with us(s,-;s,uo,a) = ug(-) € X3. By general semigroup property, CD;.S(t, s;a) (i=1,2,3)is
well defined.
Let A1 be —A with Dirichlet boundary condition acting on X1 N Co(D). Let

X! =D(AY) (3.7)
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for some 0 < o < 1 such that C'(D) X with ”“”XT = ||[AYullx,. Similarly, let A> be —A
with Neumann boundary condition acting on X». Let

X5 =X 3.8)
with [|lu| x5 = llullx,, and
X% = X (3.9)
with [lul|xr = [lullx;. Let
X" ={ue X u(x) >0}
(i =1,2,3). Similarly, for i =1, 2, 3, define ®; (¢, s; a) : Xl’ — Xl’ by
(i (t, s:a)up)(-) = u;(t,-;5,u0,a), uoeXj,

where u(t, -; s, ug, a) is the solution to

oru(t,x)=Au(t,x)+a(t, x)u(t,x), x€D, (3.10)
u(t,x)=0, x€dD ’
with ui(s, -; s, ug,a) =up(-) € X\, ua(t, -; s, ug, a) is the solution to
oru(t,x)=Au(t,x)+a(t, x)u(t,x), xeD,
i x)=0 x€dD G-11)
an 9 - 9
with uy (s, -; s, ug, a) = ug(-) € X5, and us(¢, -; s, ug, a) is the solution to
oru(t,x) = Au(t,x) +a(t, x)u(t,x), x eRYN, (3.12)
u(t,x +pjej) =u(t,x), x eRN ’

with uz(s, - s, u3, a) = uo(-) € X5.
Let r(CD?(T, 0; a)) be the spectral radius of CD?(T, 0; a) and Xf (a) be the principal spectrum
point of Lf (a). We have the following proposition.

Proposition 3.1. Let 1 <i <3 be given. Then
F(@(T,0; @) = M @T |
Proof. See [41, Proposition 3.3]. O
Similarly, let »(®; (T, 0; a)) be the spectral radius of ®;(T,0;a) and )L{ (a) be the princi-
pal eigenvalue of L;(a). Note that X7 is a strongly ordered Banach space with the positive
cone C = {u € X |u(x) > 0} and by the regularity, a priori estimates, and comparison prin-

ciple for parabolic equations, ®;(T,0;a) : X] — X[ is strongly positive and compact. Then
by the Krein—Rutman Theorem (see [43]), r(®;(T,0;a)) is an isolated algebraically simple
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eigenvalue of ®;(T, 0; a) with a positive eigenfunction u}(-) and for any u € o (®;(T,0; a)) \
{r(®:(T,0; a))},

Reu < r(®;(T,0; a)).
The following propositions then follow.
Proposition 3.2. Let 1 <i <3 be given. Then
r(®:(T,0; a)) = M @7,
Moreover, there is a codimension one subspace Z; of X| such that
Xi=Yi®Z,

where Y; = span{u} (-)}, and there are M > 0 and y > O such that for any w; € Z;, there holds

@i (nT, 0; a)wi || xr -
1®i (nT, 0; a)ujllxr —

Proposition 3.3. For given 1 <i <3 and aj,a € X; N C'(R x RY),

A (a1) — Al (@)l < max |ay(t, x) —ax(t, )|, (3.13)
tel0,T],xeD
and
M (a1) — A (a)] < max |ap(t, x) — aa(t, x)|. (3.14)
te[0,T],xeD

Proof. Letayg= max, (o 7).xep 41(7, X) —ax(t, x)| and
ali(t, x)=ay(t,x) £ ap.
It is not difficult to see that
q’?(f, s;af) = eiaO(’_S)CD}S(t, s;ap).
It then follows that
F(®(T, 0; a})) = e @+ (3.15)
Observe that by Proposition 2.1, for any ug € X;',
(T, 05 a; Jup < ®X(T, 0; az)ug < (T, 0; a; uo.
This implies that

r(@X(T, 0;a7)) < r(®X(T,0; a2)) < r(PX(T, 0; a})).
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This together with (3.15) implies that
X @) = ag <23 (@) < 23 (@) + ao, (3.16)

that is, (3.13) holds.
Similarly, we can prove that (3.14) holds. O

3.2. Proof of Theorem B in the Dirichlet boundary condition case

In this subsection, we prove Theorem B in the Dirichlet boundary condition case. Throughout
this subsection, we assume B, pu = B, pu in (1.10), and Dy = Dp (= RN \ D) and By, pu =
By, pu in (1.11). Note that for any a € X1 N C'(R x RY), there are a, € X} N C3(R x RY)

such that sup, o 7y llan (¢, -) — a(t, )|l x, = 0 as n — oco. By Proposition 3.3, without loss of
generality, we may assume that a € X; N C*(R x RV).

Proof of Theorem B in the Dirichlet boundary condition case. First of all, for the simplicity
in notation, we put

O(T,0)=D1(T,0;a), A =21r\(a),
and
(T, 0) = (T, 0;a), A% =215(a).
Let " () be a positive eigenfunction of ® (7, 0) corresponding to r(P (T, 0)). Without loss of
generality, we assume that ||u” || Xt = 1.
We first show that for any € > 0, there is §; > 0 such that for 0 < § < §,
A=A —e (3.17)
In order to do so, choose Dy CC D and ug € X7 N C3(D) such that ug(x) =0 for x € D\ Dy,
and ug(x) > 0 for x € IntDgy. By Proposition 3.2, there exist @ > 0, M > 0, and u’ € Z, such
that
uo(x) =au” (x) +u’'(x), (3.18)
and
1D (T, 0yl x: < Me™7"T X7 (3.19)
By Theorem A, there is §p > 0 such that for 0 < § < dp, there hold
(@2 (T, 0)u")(x) > (®(nT, 0)u")(x) — C'(nT, 8), (3.20)

and

(@2 (T, 0)u') (x) < (®(nT,0)u')(x) + C*(nT, ), (3.21)
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where C!(nT,8) — 0as 8 — 0 (i = 1,2). Hence for 0 < § < 8y,

(®° (T, 0)uo) (x) = a(P° (T, 0)u") (x) + (®° (nT, O)u') (x)
> a(®(nT,0u")(x) —aC'(nT,8) — C*(nT,8) — | DT, || xr
> ae*"Ty" (x) —aCl(nT, 8) — C2(nT, §) — Me V"7 11T

= eM=T e (g (x) — Me ""T) —aC(nT, 8) — C?(nT,8). (3.22)
Note that there exists m > 0 such that
u"(x)>m=>0 forx e Dy.
Hence for any 0 < € < y, there is n1 > 0 such that for n > ny,
e (au" (x) = Me "7y > ug(x) +1 for x € Dy, (3.23)
and there is §; < &g such that for 0 < § < 41,
C'(m\T,8) +C*(ni T, ) <eP1—mT, (3.24)

Note that ug(x) =0 for x € D\Dg and (®°(n1T, 0)ug)(x) > 0 for all x € D. This together with
(3.22)—(3.24) implies that for § < §1,

(D (1 T, 0)ug) (x) = e~ Ty(x), xeD. (3.25)
By (3.25) and Proposition 2.1, forany 0 < § < §; and n > 1,
(@ (i1 T, 0)ug) () = X171 Tug ().
This together with Proposition 3.1 implies that for 0 < § < 1,
MT = r (@ (T, 0)) > =97 |

Hence (3.17) holds.
Next, we prove that for any € > 0, there is 6, > 0 such that for 0 < § < &7,

A8 <Al te (3.26)

To this end, 1_irst, choose a sequence of smooth domains {D,,} such that Dy D Dy, D D3--- D
Dy D---D D,and N>°_, Dy, = D. Consider the following evolution equation

{ du(t,x) = Au(t,x) +a(t, x)u(t,x),  x € Dy, (3.27)

u(t,x) =0, x €0Dy,.
Let

Xl,m = {Lt € C(Dm’R)}v
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and
X?m = D(A?,m)’

where Aj ,, is —A with Dirichlet boundary condition acting on X ,, N Co(Dp,) and 0 < o < 1.
We denote the solution of (3.27) by u,, (¢, - ; s, ug) = (P, (¢, $)ug)(-) with u(s, -; s, ug) = uo(-) €
XT’m. By Proposition 3.2, we have

F(®(T,00) =e"nT,
where A} , is the principal eigenvalue of the following eigenvalue problem,

—oru + Au+a(t, x)u = \u, xeD,,
u(t+7T,x)=ul(t,x), x €D,
u(t,x)=0, x€adD,,.

By the dependence of the principle eigenvalue on the domain perturbation (see [15]), for any
€ > 0, there exists m| such that

A< % (3.28)

1,m1 —

Secondly, let u;, (-) be a positive eigenfunction of @, (T, 0) corresponding to r (P, (T, 0)).
By regularity for parabolic equations, u,, € C 3 (Dm1 ). Let (@,‘3” (7, 0)up,, ) (x) be the solution to

s = [ fp,, Koy =0t iy —utt, 0 [+ atut 0, v €D o
u(0, x) = uy, (x).
Then by Theorem A,
(@), (T, 00, ) () < (P, (0T, O)tly, )(x) + C(nT,8) VY x € Dy,
where C(nT, §) — 0 as § — 0. By Proposition 2.1,
(®°(nT, 0)uly | ) (x) < (@5, (nT, Oy, )(x) Vx€D.
It then follows that for x € D,
(% (nT, 0y 15)(x) < (P, (0T, )ty ) (x) + C(n T, 5)
="yl (x)+C(nT, 8)
< e()‘H%)”Tu”nl (x) +C@nT,?)
- e<lﬁ+e>"Te*%"Tu;nl (x) + C(nT, ). (3.30)

Note that

minu,, (x) > 0.
xeD
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Hence for any € > 0, there is np > 1 such that

¢ 1
el <

2
and there is §7 > 0 such that for 0 < § < &5,
| —
CnaT,8) < Ze®Tlu, (x) VxeD.
By (3.30)-(3.32),
(®° (2T, 0yl ) (x) < eM1FTOmT Y (x) VxeD.
This together with Proposition 2.1 implies that for 0 < § < &2,
(% (nna T, 0)utly 1) (x) < et tOmmalyr () ¥xeD.

This together with Proposition 3.1 implies that

A <A +e

for 0 < § < 85, that is, (3.26) holds.

(3.31)

(3.32)

(3.33)

Theorem B in the Dirichlet boundary condition case then follows from (3.17) and (3.26). O

3.3. Proofs of Theorem B in the Neumann and periodic boundary condition cases

Proof of Theorem B in the Neumann boundary condition case. We assume B, pu = B, yu
in (1.10), and Dy = Dy (=) in (1.11). The proof in the Neumann boundary condition case is
similar to the arguments in the Dirichlet boundary condition case (it is simpler). For the com-
pleteness, we give a proof in the following. Without loss of generality, we may also assume that

aeX,NC3R x RY).
For the simplicity in notation, put

®(nT,0)=Dy(nT,0;a), 5 =A5(a),
and
®°(nT,0) = ®(nT,0;a), A5 =21r5(a).
By Propositions 3.1 and 3.2,
r(@(T,0) = e,
and

F(® (T, 0)) = T,

(3.34)

(3.35)
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Let u" () be a positive eigenfunction of ® (7', 0) corresponding to (P (7, 0)). By regularity

for parabolic equations, u” € C3(D). By Theorem A, we have
19°(nT, 0)u" — @ (nT,0)u" || x, < C(nT,$),
where C(nT, §) — 0 as § — 0. This implies that for all x € D,
(®° (T, 0)u")(x) > (®(nT,00u")(x) — C(nT, 8)
="y (x) — C(nT, 8)
eWh=emT penT yr oy _ C(nT, 8),

and
(@ (T, 0)u")(x) < (@ (1T, 0)u")(x) + C(nT, )
ATy (x) + C(nT, 8)
= eMatonT g=enTyr () 4+ C(nT, §).
Note that

minu” (x) > 0.
xeD

Hence for any € > 0, there is n1 > 1 such that

eMTyr (x) > %u’(x) VxeD,

e mTyr(x) < %u’(x) VxeD,

and there is 8¢ > 0 such that for any 0 < § < §o,
1
CmT)s < e et2—omTyry V¥xeD.

By (3.36)—(3.40), we have that for any 0 < § < 8o,

e(xg—e)anur(x) < ((ptS(an’ O)ur)(x) < eMyromT W (x) VxeD.

This together with Proposition 2.1 implies that for all n > 1,

eh—eminT u' (x) < (q) (minT,0)u" )(x) < ePoteminT u"(x) VxeD.

It then follows that for any 0 < § < 8o,

e(kg—E)T Sr(cpa(T’ O)) Se()ug-i-e)T'

By Proposition 3.1, we have
S — Al <e VO <8<d.

Theorem B in the Neumann boundary condition case is thus proved. O

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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Proof of Theorem B in the periodic boundary condition case. We assume D = R", and
B, pu = B, pu in (1.10), and By, pu = B, pu in (1.11). It can be proved by the same arguments
as in the Neumann boundary condition case. 0O

4. Approximation of time periodic positive solutions of random dispersal KPP equations
by nonlocal dispersal KPP equations

In this section, we study the approximation of the asymptotic dynamics of time periodic KPP
equations with random dispersal by those of time periodic KPP equations with nonlocal dispersal.
We first recall the existing results about time periodic positive solutions of KPP equations with
random as well as nonlocal dispersal. Then we prove Theorem C. Throughout this section, we
assume that D is as in (HO), and (H1), (H2) and (H2)s hold. Recall that, (H2) implies (H2)s for
¢ sufficiently small by Theorem B.

4.1. Basic properties

In this subsection, we present some basic known results for (1.12) and (1.13). Let X', Xg,
and X3 be defined as in (3.7), (3.8), and (3.9), respectively. For up € X7, let (U(z,0)up)(-) =
u(t,-;up), where u(t, - ; up) is the solution to (1.12) with u(0, - ; ug) = uo(:) and B, pu = B, pu
when i =1, B, yu = B, yu when i =2, and B, ,u = B, pu when i = 3. Similarly, for ug € X;,
let (U%(z, 0)uo)(-) = u’ (¢, - ; ug), where u®(z, - ; ug) is the solution to (1.13) with u%(0, - ; ug) =
up(-) and Dy = Dp (= RN\D), Bn pu = B, pu wheni =1, D, = Dy (=) when i =2, and
By pu = By, pu and Dp = D, (=R") when i =3.

Proposition 4.1.

(D) If ugp = 0, solution u(t,-;ug) to (1.12) with u(0, -; ug) = uo(-) exists for all t > 0 and
u(t,-;ug) >0forallt>0.

(2) If uo = 0, solution u(t,-:uo) to (1.13) with u(0,-;uo) = uo() exists for all t > 0 and

u(t,-;ug) >0forallt > 0.

Proof. (1) Note that u(-) = 0 is a sub-solution of (1.12) and u(-) = M is a super-solution
of (1.12) for M > 1. Then by Proposition 2.1, there is M > 1 such that

O<u(t,x;up) <M VxeD, €0 m),
where (0, fmax) is the interval of existence of u(z, - ; ug). This implies that we must have f,3x = 00
and hence (1) holds.
(2) It can be proved by similar arguments as in (1). O

Proposition 4.2.

(1) (1.12) has a unique globally stable positive time periodic solution u*(t, x).
(2) (1.13) has a unique globally stable time periodic positive solution u3(t, x).

Proof. (1) See [45, Theorem 3.1] (see also [33, Theorems 1.1, 1.3]).
(2) See [36, Theorem E]. O
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Remark 4.1. By Proposition 4.2(2), if there is ug € Xl‘Ir \ {0} such that U (nT, 0)ug)(-) > ug(-)
for some n > 1, then we must have lim,_, oo (U (nT, 0)ug)(-) = u3 (0, -) and hence

(U (T, 0)uo)(-) < u3(0, ).
Similarly, if there is ug € X;" \ {0} such that (U®(nT, 0)ug)(-) < uo(-) for some n > 1, then
U (T, 0)uo)(-) = u3(0, ).
4.2. Proof of Theorem C in the Dirichlet boundary condition case
In this subsection, we prove Theorem C in the Dirichlet boundary condition case. Throughout
this subsection, we assume that B, ,u = B, pu in (1.12), and D, = Dp and B, pu = By, pu

in (1.13).

Proof of Theorem C in the Dirichlet boundary condition case. First of all, note that it suffices
to prove that for any € > 0, there is do > 0 such that for 0 < § < &y,

wi(t,x) —e <u*(t,x) <ui(t,x)+e Vtel0,T], xeD.
We first show that for any € > 0, there is §; > 0 such that for 0 < § < §,
u*(t,x) <ul(t,x)+e Vtel0,T], xeD. 4.1)

To this end, choose a smooth function ¢ € CSO(D) satisfying that ¢o(x) > 0 for x € D and
¢o(-) £ 0. Let 0 < n <« 1 be such that

u_(x) :=n¢o(x) <u*(,x) for xeD.
Then there is €g > 0 such that

u*(0,x)>u_(x)+e for xesupp(ep). 4.2)
By Proposition 4.2, there is N >> 1 such that

(U(NT, O)M,)(x) >u*(NT,x) —eg/2 =u*(0,x) —€p/2 VxeD.
By Theorem A, there is 81 > 0 such that for 0 < § < §;, we have
(U“(NT, Ou_)(x) > (UNT,0)u_)(x) —€/2 VxeD.
Hence for 0 < § < §;,
(US(NT,0)u_)(x) > u*(0,x) —ey VxeD. (4.3)

Note that

(U(NT,0)u_)(x)>0 ¥ xeD.
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It then follows from (4.2) and (4.3) that for 0 < § < 8y,
(UM(NT,0)u_)(x) >u_(x) VYxeD.
This together with Proposition 4.2 (2) implies that
(U(NT,0)u_)(x) <u}(0,x) YxeD (4.4)

(see Remark 4.1).
By Proposition 4.2 (1) again, for n > 1,

u*(t,x) < (UmNT +1,0)u_)(x) +€/2 Yt €[0,T], x € D. 4.5)
Fix an n > 1 such that (4.5) holds. By Theorem A, there is 0 < 51 < &) such that for 0 < § < Sl,
(UMNT +1,0u_)(x) < (U(NT +1,0)u_)(x) + Ci(8), (4.6)
where C1(§) — 0 as § — 0. By (4.4), Proposition 2.1, and Proposition 4.2 (2),
(U°(NT +1,0)u_)(x) < (U°(r,00u}(0, ) (x) = u}(t, x) 4.7
forr €[0,T]and x € D.Let0 <68 < 51 be such that
Ci(8)<e€/2 VO0<§<iy. 4.8)

(4.1) then follows from (4.5)—(4.8).
Next, we need to show for any € > 0, there is §; > 0 such that for 0 < § < 85,

u*(t,x) >ui(t,x)—e Vtel0,T], xeD. (4.9)

To this end, choose a sequence of open sets {D,,} with smooth boundaries such that D; D D> D
D3---D>DpD>--DD,and D = N> Dm. According to Corollary 5.11 in [17], Dy, — D
regularly and all assertions of Theorem 5.5 in [17] hold.

Consider

{atuzAu—i—uf(t,x,u), x € Dy, (4.10)

u(t,x)=0, x € 9Dy,.
Let U, (t,0)ug = u(t, -; ug), where u(t, - ; ug) is the solution to (4.10) with u(0, -; ug) = uo(-).
By Proposition 4.2, (4.10) has a unique time periodic positive solution u, (¢, x). We first claim

that

lim u (¢, x) — u*(t, x) uniformly in ¢ € [0, T] and x € D. 4.11)
m—0oQ0

In fact, it is clear that u* € C(R x D,R) and u}, € C(R x Dy, R). By [15, Theorem 7.1],

sup |luy, (¢, ) —u™(t, ) gaepy >0 as m— 00
teR
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for 1 <g <oo.Leta(t,x) = f(t,x,u™(t,x)) and a, (¢, x) = f(t, x,u},(t,x)). Then u*(t, x)
and u, (¢, x) are time periodic solutions to the following linear parabolic equations,

uy=Au+a(t,x)u, xeD,
{ u(t,x)=0, x€dD, (4.12)
and
u; = Au+ ay (t, x)u, x € Dy,
{u(l,x):O, x € 0Dy, 4.13)

respectively. Observe that there is M > 0, such that

lallLe(r.211xD) < M, llamllL(T.271x D) < M, 1u*(0, )|y < M, and
I3, (0, Il LD,y < M.
By [1, Theorem D(1)], {u, (¢, x)} is equi-continuous on [T, 2T] x D. VYithout loss of generality,
we may then assume that u, (¢, x) converges uniformly on [T, 2T] x D. But u (¢, -) — u*(t, -)
in L9(D) uniformly in t. We then must have
uy (t,x) > u*(t,x) as n— oo
uniformly in (¢, x) € [T, 2T] x D. This together with the time periodicity of u}, shows that (4.11)
holds.
Next, for any € > 0, fix m > 1 such that
u*(t,x) > uk(t,x)—€/3 VYtel0,T], xeD. (4.14)
Choose M > 1 such that for0 < 4§ <1,
Mu?,(t,x) > u}(t,x) Yt €[0,T], x€D. (4.15)
Let
U (¥) = Muj,(0,x),  ub(x) =u} ()5
By Proposition 4.2, for fixed m and €, there exists N > 1, such that
ul (t,x) > (Un(NT +1,00u)(x) —€/3 Vte[0,T], x €D. (4.16)
By Theorem A, there is 0 < 52 < 1 such that for 0 < § < 32,
(Un(NT +1,00u,)(x) = (UL (NT +1,00ut)(x) — C2(8) ¥t €[0,T], x €Dy, (4.17)
where C7(8) - 0as § — 0 and (U;i (t,0)ug)(-) = ul(t, -; ug) is the solution to

{ us(t,x) =g [fDm ks(y —x)u(t, y)dy — u(t,x)] +u(t,x)f(t, x,u(t,x)), x €D,
u(0, x) =up(x), x € Dy,.
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Let0 < §p < Sz be such that for 0 < § < 87,
C2(8) < €/3. (4.18)
By Proposition 2.1, for x € D we have
Us(NT +1,00u,5)(x) = (US(NT +1,00u™) (x),
and
(US(NT +1,0)u™)(x) = (U (1, ) U (NT, 0)u) (x) = (U° (£, 0)u (0, ) (x) = u}(z, x).

This together with (4.14), (4.16), (4.17), and (4.18) implies (4.9).
So, for any € > 0, there exists 6o = min{d1, 82}, such that for any 6 < §p, we have

lu*(t,x) — uj(t, x)| < e uniformins>0andx € D. O
4.3. Proofs of Theorem C in the Neumann and periodic boundary condition cases

In this subsection, we prove Theorem C in the Neumann and periodic boundary condition
cases.

Proof of Theorem C in the Neumann boundary condition case. We assume B, pu = B, yu
in (1.10), and Dp = Dy (=) in (1.11). The proof in the Neumann boundary condition case
is similar to the arguments in the Dirichlet boundary condition case (it is indeed simpler). For
completeness, we provide a proof.
First, we show that for any € > 0, there is §; > O such that
u*(t,x) <uit,x)+e Vtel0,T], xeD, (4.19)
if 0 < 8 < 8;. Choose a smooth function u_ € C°°(D) with u_(-) > 0 and u_(-) 2 0 such that
u_(x) <u*0,x) VxeD.
Then there is €y > 0 such that
u*(0,x)>u_(x)+¢ VYxeD. (4.20)
By Proposition 4.2 (1), there is N > 1 such that
(UNT,0)u_)(x) > u*(0,x) —€p/2 VY xeD. (4.21)
By Theorem A, there is 81 > 0 such that for 0 < § < &,
(US(NT,0)u_)(x) > (UNT,0)u_)(x) —ep/2 VY xeD. (4.22)
By (4.20), (4.21) and (4.22),

(U(NT,0)u_)(x) >u_(x) VxeD,
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and then by Proposition 4.2 (2),
(U‘S(NT, O)M,)(x) <uf0,x) VYxeD. (4.23)
By Proposition 4.2 (1) again, for any given € > 0, n>> 1,and 0 < § < §;,
u*(t,x) <(UmNT +1,00u_)(x)+€/2 Ytel0,T], xeD. (4.24)

By Theorem A, there is 0 < 61 < 81 such that for § < &,

(UmNT +1,00u_)(x) < (U(uNT +1,0)u_)(x) + % Vtel0,T], xeD. (4.25)
By Proposition 2.1 and (4.23), we have

(US(NT +1,00u_)(x) = (U, 00U (nNT,0)u_)(x) < (U°(t, O)ui(r, ))(x)

fort € [0, T] and x € D. (4.19) then follows from (4.24)—(4.26).
Next, we show that for any € > 0, there is 6o > 0 such that for 0 < § < §,,

u*(t,x) >uj(t,x)—e Vtel0,T], xeD. 4.27)
Choose M >> 1 such that f(¢,x, M) <Oforr e R and x € D. Put
ut(x)=M V=xeD.
Then for all § > 0,
ui(0,x) <ut(x) VxeD. (4.28)
By Proposition 4.2, there is N >> 1 such that
uw*(t,x) > (UNT 4+1,00u™)(x) —€/2 Ytel0,T], xeD. (4.29)

By Theorem A, there is 8> > 0 such that for 0 < § < 8,

(UNT +1,0ut)(x) > (U(NT +1,0)u)(x) — % Vtel0,T], xeD. (4.30)
By (4.28),

(US(NT +1,0)u™)(x) = (U°(t, )US(NT, 0)u ") (x) = (U (¢, 0)u (r, -)) (x)
— k(1 %) 4.31)

forz € [0, T] and x € D. (4.27) then follows from (4.29)—(4.31).
So, for any € > 0, there exists 6o = min{d, 62}, such that for any 0 < § < &g, we have

lu*(t, x) — ui(t, x)| < e uniformins>0andx € D. O
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Proof of Theorem C in the periodic boundary condition case. We assume D = R", and
B, pu = B, puin (1.10), and B, pu = B, pu in (1.11). It can be proved by the similar arguments
as in the Neumann boundary condition case. O
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