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Abstract

We consider the polyharmonic equation (—A)"u = ¢* in RN with m >3 and N > 2m. We prove the
existence of many entire stable solutions. This answers some questions raised by Farina and Ferrero in [7].
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we are interested in the existence of entire stable solutions of the polyharmonic
equation

(=A)"u=¢e" inRV. (1.1)

withm >3 and N > 2m.
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Definition 1. A solution « to (1.1) is said to be stable in 2 C RY if

/ |V(Am74¢)|2dx — / e”¢2dx >0 forany ¢ € C;°(2), when m is odd;
Q Q

/ |A%¢|2dx — / e“¢2dx >0 forany ¢ € C°(S), when m is even.
Q Q

Moreover, a solution to (1.1) is said to be stable outside a compact set K if it’s stable in RY \ K.
For simplicity, we say also that u is stable if Q@ =R,

For m = 1, Farina [6] showed that (1.1) has no stable classical solution in RN for 1 < N <9.
He also proved that any classical solution which is stable outside a compact set in R? verifies e €
L' (R?), therefore u is provided by the stereographic projection thanks to Chen—Li’s classification
result in [3], that is, there exist A > 0 and xo € R? such that

3222
(44 A2|x — x0|2)?

u(x) zln[ ] for some A > 0. (1.2)

Later on, Dancer and Farina [4] showed that (1.1) admits classical entire solutions which are
stable outside a compact set of RV if and only if N > 10.

It is well known that for any m > 1, A > 0 and xo € R*", the function u defined in (1.2)
resolves (1.1) in the conformal dimension R>", there are the so-called spherical solutions, since
they are provided by the stereographic projections.

For m = 2, the stability properties of entire solutions to (1.1) were studied in many works,
especially the study for radial solutions is complete. Let u(x) = u(r) be a smooth radial solution
to (1.1), then u satisfies the following initial value problem

(=A)"u=e",
utHy=0, vOo<k<m-—1, (1.3)
AfuQ)=ar, VO<k<m-—1.

Here the Laplacian A is seen as Au = !~V (rN — )/ and ay are constants in R. Equivalently,
let v = (—A)ku for 0 <k <m — 1, the equation (1.3) can be written as a system

L, N-—1 N-—1

—vk—Tv,Q:vk_H for 0<k<m-—2; and —v, _,— v e’ (1.4)

m—1—

r

where v (0) = (—1)ax and v, (0) =0 forany 0 <k <m — 1.
Letm =2, ag =u(0) = 0 (it’s always possible by the scaling u(Ax) + 2m In1). Denote by ug
the solution to (1.3) verifying a; = B, it’s known from [1,5,11] that:

e There is no global solutions to (1.3) if N <2.

e For N > 3, there exists o < 0 depending on N such that the solution to (1.3) is globally
defined, if and only if 8 < Bo.

e If N =3 or 4, any entire solution ug is unstable in RY, but stable outside a compact set.



X. Huang, D. Ye / J. Differential Equations 260 (2016) 6493-6503 6495

e If 5 < N <12, then ug is stable outside a compact set for every 8 < By while ug, is unstable
outside every compact set.

o If 5 < N <12, there exists 81 < Bo such that ug is stable in RY if and only if § < B;.

o If N > 13, ug is stable for every B < fo.

Moreover, Dupaigne et al. showed in [5] the examples of non-radial stable solutions for Ay =e
in RN with any N > 5, and Warnault proved in [ 1 1] that no stable (radial or not) smooth solution
exists for A2y = e if N < 4.

Recently, Farina and Ferrero [7] studied (1.1) for general m > 3, they obtained many results
about the existence and stability of solutions, especially for the radial solutions. More precisely,
they proved that:

e For N <2m, no stable solution (radial or not) exists;

e Form > 1oddand 1 <N <2m — 1, any radial solution is stable outside a compact set;

e Form > 1and N = 2m, the spherical solutions, i.e. solutions given by (1.2) are stable outside
a compact set;

e For m > 3 odd, if (—l)kak < 0 for same 1 < k <m — 1, then the radial solution is stable
outside a compact set;

e For m > 2 even and u(0) = 0, there exists a function ® : R"~! — (—o00, 0) (depending
on N) such that the solution to (1.3) is global if and only if a,,,—1 < ®(ay, ..., an—2). More-
over, if a;,—1 < ®(ay, ..., a,—2), then the solution is stable outside a compact set.

It is also worthy to mention that for the conformal or critical dimension N = 2m with m > 2,
many existence results were established by prescribing the behavior of u at infinity. See [2,12,5]
for m =2 and see [8,9] for m > 3. Clearly, these results imply the existence of many non-radial
solutions which are stable outside a compact set.

However, in the supercritical dimensions N > 2m with m > 3, less is known for stable solu-
tions. Farina and Ferrero raised then the question (see for instance Problem 4.1 (iii) in [7]) about
the existence of stable solutions. In this work, we will provide rich examples of stable solutions.
First we consider radial solutions to (1.3) and show that the solution is stable if we allow a,;,_;
to be negative enough.

Theorem 1.1. Let m > 2 and N > 2m. Given any (ax)o<k<m—2, there exists 8 € R such that the
solution to equation (1.3) is stable in RN forany a;,—1 < B.

Furthermore, given any N > 2m, we prove the existence of non-radial stable solution to (1.1)
and the existence of stable radial solutions for the following borderline situations.

(i) N >2m,m > 3is odd, and (—l)kak >0forany | <k <m —1;
(i) N>2m,m>4iseven, u(0)=0and a,,_1 = P(ay,...,an_2).

The existence of stable radial solutions on the borderline for m > 4 even in arbitrary supercritical
dimension is a new phenomenon comparing to m = 2, where the borderline solutions are not
stable out of any compact setif 5 <N < 12.

Theorem 1.2. For m > 3 odd and N > 2m, there exists entire stable solution u of (1.3) satisfying
sign(ag) = (=¥ forall 1 <k <m — 1.
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Theorem 1.3. For any m > 3 and N > 2m, there exist non-radial stable solutions to (1.1). More-
over, when m > 4 is even, there are radial stable solutions on the borderline hypersurface of
existence, i.e. when a,,_1 = ®(ay).

The proof of Theorem 1.3 is based on the following result, which is inspired by [5], where we
construct some stable solutions to (1.1) by super-sub-solution method.

Proposition 1.4. For any m > 2 and N > 2m, let P(x) be a polynomial verifying
P(x)

m
|x|—o00 In |x|

=00 and deg(P)<2m —2.

Then there exists Cp € R such that for any C > Cp, we have a solution u of (1.1) verifying
2ym—4Y . N
—Px)—C<ux)<—-Px)—C+A+[x]D""2 in R".
Consequently, there exists c p € R such that the above solution u is stable in RN for any C > c p.

It will be interesting to know if all radial solutions are stable in high dimensions as for m =2
and N > 13. Unfortunately, we are not able to answer this question completely, but we can prove
that for m > 3 odd, and a wide class of initial data (ai), the corresponding radial solutions are
always effectively stable in large dimensions.

Theorem 1.5. Let m > 3 be odd, then there exists Ny depending only on m such that for any
N > Ny, the radial solution to (1.3) with ap <0 for 1 <k <m — 1 is stable in RV,

The following Hardy inequalities will play an important role in our study of stability, see
Theorem 3.3 in [10]. Let m > 2 and N > 2m. If m is odd, then

2 —
AN’mfl(dexS/W(AmTl(p)Fdx foranytpngo(RN),
X
RN

where

m—1

N — 2 2 "2
AN.m ;:( ) H(N—4i—2)2(N+4i—2)2. (1.5)
If m is even, then

2
MN,m/Jdegfmedx for any ¢ € C°(RY),
RN

where

ﬂ
62

-2
T
AN = ]_[ (N +4i)>(N — 4i — 4)%. (1.6)
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Theorem 1.1 is proved in Section 2. More examples of stable solutions will be given in Sec-
tion 3, including the proofs of Theorems 1.2, 1.3 and 1.5.

2. A first existence result

Here we prove Theorem 1.1. We will make use of a well-known comparison result (see for
instance Proposition 13.2 in [7]).

Lemma 2.1. Let u, v € C*™([0, R)) be two radial functions such that A™u — e* > A"v — e in
[0, R) and

A*u(0) > A*v(0), (A*u) (0) > (A*v)'(0), VYO<k<m—1. 2.1
Then for any r € [0, R) we have
Au(ry > Akv(r), forall0O<k<m —1.

Now, we consider radial solutions to the initial value problem (1.3). Denote

k
cszk(rzk)=n2i(N—2+2i) for any k > 1. (2.2)
i=1

Case 1: m > 3 is odd.

Fix Aku(O) =gy for 0 < k <m — 2. Consider the solution u ) to (1.3) associated to the
initial values a, 0 <k <m — 1. We know that the solution is globally defined in RY for any (ax),
see [7]. Clearly, the polynomial

W(r)=ap+ Z T2 it cx given by (2.2)

1<k<m—1

verifies AW =0 in RN and Ak\IJ(O) =aqi foral0<k<m—1.

As A" (u(g) — W) = —e"@ < 0, it’s easy to check that u,)(r) < ¥(r) for any r > 0. We
claim that: ug,) is stable when a,,,_ is small enough. In fact, we need only to get the following
estimate:

AN, )
M <5 inRY, (2.3)

where Ay, > 01is given by (1.5). Let
h(r):Cm—lrz_zm aop + Z il 2k+2mlnr—ln)\N,m
1<k<m— 2

Obviously lim,_, 1o h(r) = 0 and lim, ¢ h(r) = —00. So Hp = supg ) h(r) < oo exists and
(2.3) holds if —a,,,_1 > Hy. We conclude that if a,,_1 < —H),
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/|V(A%¢)|2dx—fe”<ﬂk>¢2dxz/|V(A'"T”¢)|2dx—/e“’¢2dx
RN RN

RN RN

_ 2
> [V o) Pdx — i [ 2 x>0,
|x|2m
]RN

RN

i.e. (g is stable in RV,

Case 2: m is even.

Let Aku(O) =qay for 0 <k <m — 2 be fixed. We can check that the scaling u(Ax) 4+ 2mIn X
does not affect the stability of the solution, so we can assume that ap = 0 without loss of gener-
ality. By Theorem 2.2 in [7], the solution to (1.4) is global if and only if a,,—1 < o = ®(ar). For
any a,—1 < Po, consider

_ 2m—2
W) = gy () + (am—1 — Po)r ’

Cm—1

then AW = A"ug = e'fo > eV, Using Lemma 2.1, we have u ) < ¥ in RY as Ak\II(O) =
Aku(ak) (0) for any 0 <k <m — 1. As above, if there holds

(ayy—1 750);'2”’72

e e Cm—1 < KN.m

S in RV, (2.4)
p

with fn , given by (1.6), then u () is stable in RV. Let

_ KN,
gr)y= Conq 12 2m [u/go (r)—1In erm] — Bo.
By [7], the borderline entire solution ug,(r) = o(r?=2) as r — 00. So lim,_, 5 g(r) = —Po,

lim, 0 g(r) = —o0, and (2.4) holds if we take —a,,,—1 > SUP( o) 8- O
3. More stable solutions

Here we show more examples of stable solutions by proving Theorems 1.2, 1.3 and 1.5.
3.1. Proof of Theorem 1.2

Consider u?, solution of (1.3) with the initial conditions a; = (—l)ks forO0<k<m-—3;

am—2 = —p with 8 > 0 and a,,—1 = ¢. Here ¢ € (0, 1] is a small parameter, for simplicity, we
will omit the exponent ¢ in the following. Let
W(r) = _ P oms +eH(r),
Cm—2
where

m—3 (—l)k r2m72
Hr) =1+ Z rk 4 with ¢ given by (2.2).
k=1 Ck Cm—1
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Therefore (—A)"W =0 and Ak\II(O) = Aku(O) for any 0 <k <m — 1. Denote also

m=3 p2k 2m=2

Hy(r) —1+Z—+

Cm—1

As we have

F

Cm—2

u<Ww<-— P4 4L eH,(r) in [0, 00),

there holds u(r) < e H,.(1) in [0, 1]. Denote yg := e+ and consider v :=u — ¥ + ZS r2m,

Then A™v = A"u+yy=—e"+yp>0forany ¢ <1 and r € [0, 1]. Since Akv(O) = 0 for any
0<k<m—1,wegetv>0in [0, 1], hence

_ 0
B yom—4 _ YO om
Cm—2 Cm

P gy wrepoane<t.
Cm—2 Cm

u(ry=¢eH(r) —

>—Hi(1) —

Inversely, consider w :=u — W + %rzm in [0, 1], there holds A™w = e — e <0in [0, 1]. By
Lemma 2.1, we have then Akw(r) <0in [0, 1] for any 0 < k < m, so that for r € [0, 1],

o éo
Amflu(r) <g— . P2, AMT 2u(r) <-B+ —r - 4
2N 2N 8N(N +2)

Moreover, as A"y is decreasing, we have A"y < AP ly(1) <6 — % in (1, 00). Con-
sequently, for r > 1,

0
Amfzu(r)=Amfzu(l)—i—/p]*N/sN*lAm*lu(s)dsdp
0
o

£ 1—N _Emln(ls) N0y
’8+2N 8N(N+2) / /[8 TN Sap
0

r2 1 1 2
=—P+e— — € 7+—/ p———=p""N\)dp
2N 8N(N +2) 2N2 N +2

1

. 5o (e P ) e%o Y
= — S E— — ryr— ———r .
8N(N —2) 4N? N2(N%—4)

Combining the above estimates, we conclude that if 0 <& < &1 := min(l, § N2)

)
A"Pu(r) < =B+ 3= =h() forany r €[0.00).
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This yields then for ¢ < ¢1, by Young’s inequality,

m=3 (_l)k r2m74 r2m74
ury<e+e Y —r* £ h(p) 5281+[C1+h(ﬁ)] . Vrs0.
=1 Ck Cm—2 Cm—2
As limg_, o h(B) = —o0, there exists B large such that u(r) <InAy , — 2mInr in (0, 00) if

B > B1. This means that u is stable forany 0 <e <ejand 8 > ;. O
3.2. Proof of Proposition 1.4 and Theorem 1.3

As already mentioned, Theorem 1.3 is a direct consequence of Proposition 1.4. So we will
consider firstly Proposition 1.4.

Let P be s polynomial in RY with deg(P) <2m — 2 such that In |x| = o(P(x)) as |x| goes to
infinity. We are looking for a solution u of the form u(x) = —P(x) — C + z(x) with

(=A)"z(x) = e PO=CH jn RV and z(x) = O(Ix*" V)as x| > co.  (3.5)

Equivalently, we will resolve the following system:

—Az=(N —2m)(2m — 2)v; in RN,
—Avg = (N —2m +2k)2m — 2k —2)vep; inRN, I <k<m -2 3.6)
—Avpy_) =dpe PO)=Cet inRY.

Here
1 m—1
— = 2i(N —2i —2).
i L!z( i—2)

Set W; :=(1+ |x|2)-/ -3 for j € Z, the straightforward calculations yield that
—AW; =(N-2/)2j—2)W;_1+(N =2j)(N —2j +2)W;_» forany jeZ.

Therefore, for 2 < j < &, we have —AW; > (N —2j)(2j —2)W;_;.
Let N > 2m,

Z(x):=W,(x) >0, Vi:=W,_x(x)>0 for 1 <k<m-—1.

So—AZ>(N-2m)2m—2)V|,—AVy > (N —2m+2k)2m —2k —=2)Vj4 forl <k <m -2
and

—AVy_1=N(N-=2)W_=N(N —2)(1 + |x|2)_1_%
Consider

2 2ym—4
In(1 + |x|°) +Ind,, —In[N(N —2)]+ (1 + |x|")" " 2,

N +2
FOO) = —P) +
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by our assumption on P and m < %, readily maxgwy f(x) = Cp < oo exists. For any C > Cp,
we have

—AVp_y >dpe POCreZ > g o= PO=CoZ in RN,

In other words, (Z, V1, ..., V;;—1) is a super-solution in RY to the system (3.6) for C > Cp.
Since the system (3.6) is cooperative, (0,0, ...,0) and (Z, V1, ..., V;,—1) form a pair of or-
dered sub- and super-solutions, we obtain the existence of a solution to (3.6), hence a solution
of (3.5). Moreover, the solution u satisfies —P(x) — C <u(x) < —P(x) — C + Z(x) in RV.
To ensure the stability of u, it’s sufficient to choose C such that

M) < T PW—CHZ@) < (p=PO=CHI |V1\|’22 in RV, (3.7)
X

where yn i, = An.m In (1.5) if m is odd and yn_, = un m given by (1.6) if m is even. Let
g(x)=1—Inyy, — P(x) +2mln|x|, clearly C}, = Maxpn\ (o) §(X) < 00 exists since

lim g(x)= lim g(x)=—o0.
|x]—0 |x]—o00

Therefore, if we take C p=max(Cp,C ED), u is a stable solution in RY if C > C p. The proof of
Proposition 1.4 is complete. O

Remark 3.1. We do not know if the assumption lim)y| o0 % = o0 is equivalent or not to the
apparently weaker condition limy|_ o P(x) = 00.

Proof of Theorem 1.3. Indeed, if P is non-radial in Proposition 1.4, the solution u constructed
is clearly non-radial. On the other hand, if P is radial, as our super- and sub-solutions are radial,
we can work in the subclass of radial functions to get a radial solution u. So for m > 4 even, if we
consider polynomials P(r) = o< j byr? with b j>0and 1 <j <m — 2, we obtain radial
stable solutions u satisfying u(r) = o(r?m=2y at infinity. By [7], such radial solutions must be on
the borderline hypersurface a,,—1 = ®(ay). O

Remark 3.2. For m > 3 odd, if we take P(x) = P(r) = b;r? with b; > 0, the radial stable
solutions obtained verify that (=AY u(0) > 0, ie. sign(ay) = (=¥ for 1 <k <m — 1, since
otherwise u(r) < —C r* at infinity, see [7]. The solutions obtained in the proof of Theorem 1.2
are different, because they satisfy lim,_, o AM=ly <0,

3.3. Proof of Theorem 1.5
Our argument is based on the following estimate.

Lemma 3.3. Let & be a radial function in C*(RN). Suppose that A& > rtg(r) with £ > —1 and
g nonincreasing in r, then

42

E(V)Zg(o)‘Fmg

(r), Vr=0.
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In fact, we have

r

,
g'(r)y>r—N / g()sV stds > r'Ng@r) | sV 1as = Isergg(r). (3.8)
0 0
Integrating again, we get
42
E(r) = £(0) +g(r)m~

Now consider m odd. Let u be the solution to (1.3) with a; <0 forall 1 <k <m — 1. Denote
wi = Afuforl <k <m—1.As A" 1w = —e* <0and A¥w;(0) =ax41 <Oforall0 <k <
m —2,we get w; <0in R¥ hence u is decreasing in . By Lemma 3.3, as —Aw,,_1 = ¢€",

r2 r2
—Wiy—1(r) > —au—1(0) + ﬁeu(r) > ﬁeu(r)’
so we have

2
— AWy (r) = —wp_1(r) > ﬁe“(r), Vr>0.

Applying again Lemma 3.3, we obtain

4 4
un2) 2 —an2 g e = g
By induction, forall | <k <m — 1,
—Wp—k(r) = ie”(” for any r > 0,
Pr(N)
where
k—1
Pu(N) =2k TV +20).
£=0
In particular, there holds
—Au(r)=—w(r) > ﬂe"(”, Vr>0.
= Pu—1(N)
Using (3.8), we get
p2m—1
—u'(r) > M v >0.

(N +2m —2) Pp_1(N)
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Therefore

S2m—1 r2m

.
e 4 > gmu0 +/ ds > ,
N (N+2m—=2)Py—1(N) = Pu(N)
0

hence

P, (N
M) < —m2( ) for any r > 0.
r m

As polynomial in N, deg(P,,) = m while deg(Ay_») = 2m, so there exists Ny such that for
N > Ny, Py (N) < Ay, then e < % < ’\r’;—,,:” i.e. the solution u is stable in RY. 0O
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