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Abstract

This is a continuation of our previous work (Y. Shi and C. Yu, 2016 [21]) on the trace and inverse trace
of Steklov eigenvalues. More new inequalities for the trace and inverse trace of Steklov eigenvalues are
obtained.
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1. Introduction

For a compact oriented Riemannian manifold (M", g) with nonempty boundary, the Dirichlet-
to-Neumann map L?) : AP(dM) — AP(dM) for differential p-forms maps w € AP (IM) to
iyd® where @ € AP(M) is the tangential harmonic extension of w and v is the outward unit
normal vector on d M. This new notion of Dirichlet-to-Neumann map was recently introduced
by Raulot and Savo [18]. When p =0, L© coincides with the classical Dirichlet-to-Neumann
map or Steklov operator essentially introduced by Steklov [22]. The same as the Steklov oper-
ator (see [23] for example), LP) was proved to be a nonnegative self-adjoint first order elliptic
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pseudo-differential operator by Raulot-Savo [18]. Hence, the eigenvalues of L(P) are discrete,
and can be listed in ascending order counting multiplicities as follows:

0501(1’)502(”)<~--§ak(”)§~--. (1.1)

They are called Steklov eigenvalues for differential p-forms on M.
It is clear that 01(0) = 0 with constant function as the eigenfunction and 02(0) > 0. However,

this is not true for p > 1. Indeed, it is not hard to see that (see [18])
ker L'V = HE (M). (1.2)
Here
HY (M) ={w e AP(M) | do = 8w =0and i, = 0}. (1.3)
By Hodge theory on compact manifolds with nonempty boundary (see [20]),
dim "y (M) =b,, (1.4)

where b, is the p-th Betti number of M. Hence, the multiplicity of the eigenvalue 0 for LP) is
the same as the p-th Betti number of M.

There has been many works on Steklov eigenvalues (see for example [2-7,9-13,16-19,26,
25]) and Dirichlet-to-Neumann map since their importance in mathematical physics (see [15])
and applied mathematics (see [24]). It is really hard to give a complete list for works on estimates
of Steklov eigenvalues. One can consult the survey [8] for recent progresses.

In [12], Hersch—Payne—Schiffer proved the following interesting inequality for bounded sim-
ply connected planar domain €2 by using harmonic conjugate:

o

p+1

2_2 -
) q((J)r)lL(aQ)Z < { (p+qg)m p +q is even (15)

‘ (p+g—1>%n? p+gqisodd.

Here L(02) means the length of d2. This result was generalized by Girouard and Polterovich
[9] to general surfaces:

(v +0)2(p + q)*n? p+qiseven

O _© 2

o, (1.6)
Here M is a compact surface with genus y and k boundary components. Note that, by setting
p =g¢q in (1.5) and (1.6), one can obtain estimates for Steklov eigenvalues that generalized the
classical result of Weinstock [26] and a result of Fraser and Schoen [6] respectively.

In [28], Liangwei Yang and the second author generalized (1.5) to higher dimensional case by
applying the trick of harmonic conjugate introduced by Hersch—Payne—Schiffer [12] to the new
setting of Steklov eigenvalues for differential forms introduced by Raulot—Savo [18]. The result
is as follows:

0 -2
al(jpa,jf_zjq < Ayt pirqOM). (1.7
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Here M is of dimension n and A4 (0 M) means the k-th eigenvalues of d M for the Laplacian oper-
ator. This result produces new estimates even in the case of surfaces. Indeed, in [14], Karpukhin
proved the following inequality by using (1.7):
© 0 2 _[(p+a+2y+2k—=2°7* pgiseven
Tp+1 qHL(aM) { (p+q+2y +2k— 1272 p+qisodd. (1.8)
Here M is a compact oriented surface with genus y and k boundary components. It is clear that
inequality (1.8) is sharper than (1.6).
In [12], Hersch, Payne and Schiffer also obtained some sharp estimates on the inverse trace
of Steklov eigenvalues on bounded simply connected planar domain 2 with smooth boundary.
Their result is:

2n

1 L) 1
sz—n ;lf (1.9)

i=1 914

for any positive integer n. It is not hard to see that the inequality is sharp on the unit disk. This
estimate was generalized to general surfaces by the authors in [21].

The equality (1.9) can be reformulated in majorization relations. Let x = (x1,x2, -+, Xx,) €
R". Rearrange its components in descending order as xjj > xpp] > --- > x|,]. Let y € R" be
another vector. We say that x is weakly majorized by y, denoted by x <, y, if

m m
Zx[i]SZy[i], (1.10)
i=1 i=1

for any m = 1,2, ---, n. Furthermore, we say that x is majorized by y, denoted as x < y, if
x <y yand Yy 7, x; =Y yi. Now, using the majorization relations, (1.9) can be reformulated
as
L(BQ)(ll 1> (1+1 Lol Lo 1) Qi
s =<wl—mt o ot o o : .
(0) 0’ _(0) 0) (0) 0)
i 2 " ) 03 04 Os %n  Om+41

The following two basic majorization principles are useful for producing new inequalities:

(1) if x <, y and f is an increasing convex function, then

(fGxn), fx2), - fOa)) <w (fF D, f2)s -5 f )

(2) if x < y and f is a convex function, then

(f(-xl)v f(x2)’ ) f(-xl’l)) <w (f()’l)» f(y2)’ ) f(yn))

By applying the basic majorization principle with f(r) =2 to (1.11), one has

2 2 2
1 1 1 >L(as2)2 . 1 1 1 L1
(0) + W + -+ 0(0) =5 + = +32+ + . (1.12)
=p) 3

2n+1
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As mentioned in [21], a weaker version of this inequality can be found in [4]. In fact, the general
estimates in [21] can also be obtained in this way.

In [12], the authors also posed the following interesting question: is the following inequality
true for bounded simply connected planar domain €2 with smooth boundary:

Lo+~ o+ 2 o <1+ Ly 1)9 (1.13)
©) _(©0) O - Sttt ) _
%% o3 % o0 %2n+1 4 2 3 n

According to the knowledge of the authors, no answer has been found. (1.12) can be also viewed
as a weaker version of the inequality. The question of Hersch—Payne—Schiffer is the motivation
of the study of this paper.

Furthermore, note that the inequalities (1.7) and results in [21] have a similar feature. The left
hand sides of the inequalities depend on the geometry of M by definition while the right hand
sides of the inequalities depend only on the intrinsic geometry of d M. This may in some sense
relate to the interesting problem of determining the geometry of M from the Steklov spectrum
or the Steklov operator. In this paper, we obtain new inequalities in a similar feature on the trace
or inverse trace of Steklov eigenvalues by combining the tricks in [27] and [28].

The first main result of this paper is the following inequality mixing up trace and inverse trace
of Steklov eigenvalues with weights.

Theorem 1.1. Let (M", g) be a compact oriented Riemannian manifold with nonempty boundary.
Then, for any positive integer r, s and m,

ne
7F

_1
, N2l o N (2 e S
(n—2) P i 1Nby 1 +r+s+i—
(Z(aiabn—2+s+i—l> ) Z( (0)) = Z( P ) (1.14)

i=1 i=1 \Oryi i=1
whereq=p=1,g>1, i+ =1,
ay>ay>--->a,; >0and (1.15)
cr=cy>-->cy > 0. (1.16)

Here Ly means the k-th eigenvalue of the Laplacian operator on 0 M.

When m = 1, Theorem 1.1 gives us (1.7). The weights ay, as,---a, and c1,ca, -+, ¢y can
be used to make the inequality sharper. For example, when M is a simply connected surface, we
can choose suitable weights to make (1.14) sharp on the unit disk.

Corollary 1.1. Let M? be a compact oriented simply connected surface. Then, for any positive
integer n,

1
o, 0 2 2\ 2 3
pRCIRA T | o] P > (1.17)
i3 ~ L(AM)? © i) ’

i=1 i=1 1+i i=1
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The equality holds when M is a disk. Letting n — 00, one has
1

(0) (0) 2\ 2
i i +021+1 < 4\/§7T3 i 1 (1.18)
i3 ~ 3L(OM)? O ’ ’

i=1 i=1 1+i

Proof. Note that, in this case, bpp=1and by =0.Letp=1,g=2,r=s=1,m=2n

ca= (2T (1.19)

azi—1 =az = L(8M) s .

and cpi—1 =cp; =1fori=1,2,---,nin (1.14). Then, the conclusion follows by noting that
hoi (OM) = dr ey (M) = [ —2F ’ (1.20)

2i = A2i+1 = L(@M) .

fori=1,2,---. O

One can produce many inequalities of a similar form with (1.17) which is sharp on the unit
disk by choosing suitable weights.

The second main result of this paper is an inequality mixing up different types of inverse
traces for Steklov eigenvalues as follows.

Theorem 1.2. Let (M", g) be a compact Riemannian manifold with nonempty boundary. Then,

for any positive integer r, s, mand k =1,2,--- ,m,
1 p m q
k—
Z (n—2) (n—2) (n—2) TuC, - Z ( © )
1<ij<ig<-<ix<m bp_p+s+i1—1%b,_o+s+ip—1" O-bn 2+s+ir—1 i=1 O-r-‘rl
kp k,
> M[)#qﬁuﬁ X
prq
Z < 1 )kl]’)‘?’q
L<iy <ip iy <mm by 4r4s4i]—1Ab, | 4r4s4in—1 " Aby_j+r+stig—1
(1.21)
where p >0, g > 1 and p > 0.
When p=qg and k = =11n (1.21), we have
m m %
(o) o) 2 () e
i=1 \Or+i by_g+r+i i=1 " on-

This is a special case of inequality (1.11) in [21]. The weight  can be used to make the inequality
sharper. For example, when M is a simply connected surface, we have the following inequality.
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Corollary 1.2. Let M? be compact oriented simply connected surface. Then

1 P20\ Lem
0) _(0) ©) _(0) +§Z< (0)) 222)1—17.[2;1(”!)2' (1.23)
Oy 03+ 02 Ot i=1 \%14i ’

Proof. Letm=k=2n,r=s=1,p=1,u= ﬁ and g = 2n in (1.21). Then, the conclusion

follows by noting that

o = = (27 (1.24)
2i = AN2i+4+1 = L(BM) .

fori=1,2,---. O

Note that (1.23) is sharp when n = 1 and M is the unit disk and is not sharp when n > 2 on
the unit disk.

The strategy to prove Theorem 1.1 and Theorem 1.2 in this paper is similar with that in [21].
The main difference is that we do not apply Courant—Fischer’s min—max principle directly to
obtain eigenvalue comparison (see Lemma 2.1). This is also a generalization of the key lemma
in [28].

The outline of the remaining parts of this paper is as follows. In Section 2, we recall some
preliminaries including harmonic conjugate, eigenvalue comparison and matrix inequalities that
will be used in Section 3. In Section 3, we prove Theorem 1.1 and Theorem 1.2.

2. Preliminaries

We first prove an eigenvalue comparison in the same spirit with Courant—Fischer’s min—max
principle. The result generalizes the key lemma in [28]. The proof is similar with that in [28].

Lemma 2.1. Let (M", g) be a compact oriented Riemannian manifold with nonempty boundary
and

€1,€2, ", €, "

be a complete orthonormal system of positive Steklov eigenvalues for p-forms according to
eigenvalues listed in ascending order. Let V be a finite dimensional subspace of

Q)EAP(M) AO)ZO, iva)=0, C()LLZ(Z)M) HZ(M), .
and J—LZ(BM) €1,€2, ", €]
Here p=0,1,2,--- ,n— 1, s is a positive integer, v is the unit outward normal vector on M,
HY (M) ={we AP(M) | do = 8w =0 and i,w =0}, 2.1

and A is Hodge—Laplacian operator. Suppose that dimV = m. Then

O st < M(4) 22)
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fork=1,2,--- ,m. Here
A(A) <A2(A) <--- < An(A)

are the eigenvalues of the linear transform A : V. — V defined by

/((d(Aa),dﬂ)Jr(5(A0!),5ﬂ))dVM=/(iuda, ivdp)dVam (2.3)

M oM

forany o, B €V, and b, is the p-th Betti number of M.

Proof. Let oy, o, -, a, € V be eigenforms of A for A1(A), A2(A), - -, Ay (A) respectively.
By linear algebra, we can also assume that

/((dai,dotj)+(5a,-,8aj))dVM=8,-j. (2.4)
M
Then
/ <l'vd0l,', ivdaj)dVg;M =Xi(A) / ((da,-, dOlj) + (50[,’, 50(j>) dVy
aM M (2.5)
= Ai(A)d;;.
Let E; = span{ay, ap, - - - , o }. Then,
Ex Nspan{€sk—1, €4k, -} #0
by dimension reasons.
Let w € Ey Nspan{€s4x_1, €54k, - - - } be nonzero. Suppose
o
w = Z Ci€;.
i=s+k—1
Then
fBM (ivdw, i,dw)dVyy _ fBM (ivdw, i,dw)dVyy
Sy {dw, do) + ($w, sw)dVy - Sour livdw, @)dVy
(p) 2
Dkt be—i—i cf (2.6)

- ) (p) 2
izt Obp+i€i

(P
Z O tsthk—1°
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On the other hand, suppose @ = Zle cij, by (2.4) and (2.5),

Jou livdow. ivdw)dVay Y5y Ai(A)e? ) o7
Jy do.do) + 6o, 60)dVyy Y& 2 - '

Combining the above two inequalities, we obtain the conclusion. O

Secondly, recall the following result about harmonic conjugate of harmonic functions for
higher dimensional manifolds in [28,21].

Lemma 2.2. Let (M", g) be a compact oriented Riemannian manifold with nonempty boundary
and u be a harmonic function on M. Suppose that

sdu L2 My~ (M). 2.8)

Then, there is a unique w € A"~%(M) such that
(1) dw = *du,
2) dw=0;
3) iyw=0and
@) o Lpagu Hi 2 (M).
Here
HY ={y € AP(M) | dy =8y =0andi,y =0}. (2.9)

w is called the harmonic conjugate of u.

Next, recall some matrix inequalities that will be used in the next section. The inequalities are
simple and may be well known for experts. However, since we can not find direct reference for
them, proofs of them are also given.

Lemma 2.3. Let A be a m x m matrix that is positive definite and
M(A) =A2(A) =+ = A (A) (2.10)
be its eigenvalues. Then,
(1) foranyO<p<landay>ay>--->an >0,
m

D (@i (AP <Y (@Al )P 2.11)

i=1 i=1
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) forp=lorp<0,and0<aj; <ay <---<ay,

D @ri(A))? =Y (@A, )P (2.12)

i=1 i=1

() foranyp<0andk=1,2,--- ,m

D (i (A) - a (A)”

1<ij<ip<--<ix<m

(2.13)
> > (Al DA, in) - Alix, i) .
I<ii<ip<--<ix<m
Here A(i, j) means the (i, j)-entry of A.
Proof.
(1) By Schur’s Theorem (see [1]),
{A(1,1),AQ2,2),---, A(m,m)} < {A1(A), 22(A), - -+, Am(A)}. (2.14)
Note that, f(z) = —t? is convex for 0 < p < 1. By basic majorization principles, we have
{_A(ls 1)])’ _A(Zv 2)[7’ Tt —A(m, m)p}
(2.15)
<w {=A1 (AP, =22 (AP, -, =Am (AP}
Leto:{1,2,---,m}— {1,2,---,m} be a permutation such that
A(c(1),0(1)) <A(0(2),0(2)) <--- < A(o(m), o (m)).
Then, by (2.15) and rearrangement inequality,
—af’)»f—af)»g—u-—a,ﬁ)nﬁ
=—(@a{ —a))A] — (@ —a§)\] +A5) —--— (@) _  —ap) W] + A5+ 44 )

—an O+ 20+ ah)
> —(af —a5)A(1),0(1)? = (a7 —a3)(A(o (1), 0(1)) + A (2),0(2))") —---
—(ap_; —am)(A(a (1), 0(1)P + A(0(2),0(2)P + -+ Ao (m — 1), 0(m — 1))")
— ap(A(o (1), 0 (1) + A (2),02)F + -+ Ao (m), 0 (m)))
=—aj A(c(1),0 (1)’ —aj A(0(2),06(2))" — - —apA(o (m), o (m)?
>—al A(1, )P —al AQ2,2)P — - —ajp A(m, m)".
(2.16)

This completes the proof of (1).

Please cite this article in press as: Y. Shi, C. Yu, Trace and inverse trace of Steklov eigenvalues II, J. Differential
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(2) Note that f () =t? is convex for p > 1 or p <0. So, by basic majorization principles,

{A(L, DP,AQ, 2P, -, A(m, m)P}
<w {21(A)P, 22(A)P, - A (AP}

Then, a similar argument as in (2.16) will give us (2).
(3) Applying (2) to the exterior power AKA of A (see [1]) with all ¢;’s being 1, we have

. o .r P
S wnnors £ (i)

Uy
I<ij<ip<--<iy<m 1<ii<ip<--<ip<m
2.17)
Here
Ay, i) A(r,i2) -+ A(, i)
inig, i | A(iz,i1) Az, i2) -+ Al ir) 2.18)
i1, 02,0y | |0 : el ' '
Ay, i1) Ay, i) - A, i)
By Hadamard’s inequality,
A [’.1”?’“' ’] < A1, i1)A(i2,i2) -~ Alir, iy). (2.19)
11,12, ,1r

So, we have (3). O

Finally, recall the following elementary inequality that will be used in the next section. For
completeness, we also give a proof.

Lemma 2.4. Let x1, x2, -+ , X and p1, p2, -+ , Pm be positive numbers. Then

1 1 }L 1N\7?
X = P (plm Py’ "'szzm> (x1x2- - xpm)P. (2.20)
Here
1 1 1 1
= (2.21)
I 4 p2 Pm

Proof. Letg; = % fori =1,2,---,m. Then

1 1 1
q1 q2 dm

Please cite this article in press as: Y. Shi, C. Yu, Trace and inverse trace of Steklov eigenvalues II, J. Differential
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By Young’s inequality,

xP P2l

1 1 q1 1 1 q2 1 1 qdm
:_<qllnx{7> _I__(qz‘izxé’) +..._<qrglmx£>
q1 q2 dm

11 | (2.23)

a
>q,' gy g (x1x2- - xm) P

1 1 1 L\P
=;(Pf1pfz"'szzm) (x1x2- - xpm)P.

This completes the proof of the inequality. O
3. Proof of the main theorems

In this section, we prove Theorem 1.1 and Theorem 1.2. First, by using Lemma 2.1 and
Lemma 2.2, we have the following comparison of eigenvalues.

Lemma 3.1. Let (M", g) be a compact oriented Riemannian manifold with nonempty boundary.
Then, for any positive integers r, s and m, there are two m x m matrices A and B that are both
positive definite such that

M) 0 < (A);

-2
@) o2 i 1 <hi(B) and

() B, i) < A7 G, )b, +rastiot,

fori=1,2,---,m. Here A~'(i, j) and B(i, j) mean the (i, j)-entry of A~' and B respectively,
Mx means the k-th eigenvalue for the Laplacian operator on 0M, and by means the k-th Betti
number of M.

Proof. Let
1
JAOM)’

be a complete orthonormal system for eigenvalues of the Laplacian operator of d M according to
eigenvalues

o1 = G2 P,

O=A1 <A< <h<--.
Here A(0M) means the area of 9 M. Moreover, let

10171//2,...,1#,{’...

and

€1,€2, ", €y

Please cite this article in press as: Y. Shi, C. Yu, Trace and inverse trace of Steklov eigenvalues II, J. Differential
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be complete orthonormal systems for positive Steklov eigenvalues of functions and (n — 2)-forms
respectively, according to eigenvalues listed in ascending order.

By the same argument as in the proof of Theorem 1.1 in [21], there are nonconstant harmonic
functions u1, up, - - - , u,, such that

(D) *du; L2 Hi ' (M);
(2) u; J-LZ(;;M) Y1, ¥, s Y-t
3) w; J—L2(3M) €1, €, -+, €51 Where w; is the harmonic conjugate of u; as in Lemma 2.2;

4) u; € span{¢32, @3, figb,,,1+r+s+,-_1} where éi means the harmonic extension of ¢;;
(5) [y ldui,duj)dVy = 8;;

fori, j=1,2,---, m. For making the argument more self-contained, we sketch the construction

ofuy,us, -, uy, in the following. Suppose that u1, us, - - - , ux—1 satisfying (1), (2), (3), (4) and
/(dui,duj)dVM:(Sij fori, j=1,2,---,k—1, (3.1
M

have been constructed. Suppose that

U =ca¢ + 393+ -+ Ch,_4rtstk—1Pb,_1+r+s+k—1 (3.2)

with ¢;’s constants to be determined. Note that (1), (2), (3) and

/(duk,dui>dVM=0f0ri=1,2,-~~,k—l (3.3)
M
make
by 1+r—-—DD+s—14k—1=b,_1+r+s+k-3
homogeneous linear restrictions on the b, _1 +7 +s 4k —2 unknowns ¢, ¢3, - - - , Ch, | +r+s+k—1-

Because the number of unknowns is greater than the number of homogeneous linear restrictions,
there is a nonconstant uy satisfying (1), (2), (3), (4) and (3.3). By re-scaling uy, we can suppose
that

/ (dug, dug)dVy = 1. 3.4)
M
This gives us the construction of uy, ua, - -+ , uy,.
Note that
/(da)i,da)j)dVM=/<du,-,duj>dVM=8,-j (3.5)
M M

fori,j=1,2,---,m.
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Let V =span{uy, ua, - ,u;,}and W = span{wy, w2, - -- , 0 }.Let A: V—>Vand B: W —
W be linear transformations on V and W such that

/(du,dv)dVM=/(Au,v)dV3M (3.6)
M oM

for any u, v € V and
[ asacap = [ tia.ivpravin (3.7)
M oM

for any «, B € W respectively. Then, by Courant—Fischer’s min—max principle,

0
0,0 < Xi(A), (3.3)
and by Lemma 2.1,
-2
o erit < %i(B) (39
fori=1,2,---,m.
Denote the matrix of A and B under the bases {u,u3,---,u,} and {w, w2, -+ ,wy,} as A

and B respectively. Then, by (3.6) and (3.7),

AT = f (i, uj)d Vo and B, j) = / (iver, iva;)d Vau, (3.10)
oM oM
fori,j=1,2,---,m. Moreover,

B(i.i) [y (bvoi, ivei)dVayy
ATV D) [y (i ui)dVay
_faM (iy *du;, iy *du;)dVyy
- faM (uj, u;)dVymy (3.11
_f(’)M (dui,du;)dVyy
— fo (i ui)dVay

< Aby_jHrts+i—1-

This completes the proof of Lemma 3.1. O
Remark 3.1. (3.8) can also be shown by similar arguments as in the proof of (2.1).
Now, we are ready to prove Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. Let A, B be the matrices in Lemma 3.1. Then, by Lemma 3.1, (2.11)
and (2.12), we have
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m 1 m
-2 ? 1
> (aioy i) =3 @By

IA
BN
L
~
Z
==
—_
&
>
NS
|
+
~
EY
*
|
fay
S

I
[]=
—
D
b
L
~
N
~—
= |-
—
8
q\
>)_.
>
i
i
~
+
“
*
|
N
Sl

i=1 (3.12)

1 *\ ¥

" i\ - a')\b i—1 qT !
1, ~\7 iNby_1+r+s+i— g
< Z(CiA l(l,l))]) Z( lci )

i=1

*"_‘

m 4 % m a*\ ¢
Z ( Ci )1’ Z (ai)\bn1+r+s+i—1> z

, Ai(A) , Ci

q 1 *

m 4 9
- ©0) Ci
i=1 \Orti i=1 '

This completes the proof of Theorem 1.1. O

S

Similarly as in the proof of Theorem 1.1, by using Lemma 3.1 and Lemma 2.3, we can prove
Theorem 1.2.

Proof of Theorem 1.2. Let A and B be the matrices in Lemma 3.1. Then, by Lemma 3.1, (2.13),
(2.12) and Lemma 2.4,

1 o\
k-1
Z -2 ) ) +“lez< (0))
1<ij<iy<--<ig<m \ Obp_s+s+i1—1%b,_o+s+ir—1 """ Oby_s+s+ix—1 i=1 \Oryi
> Gorora) oty (i)
= ~|—,bLCm__1 < )
iy iy < Aiy (B)Aiy(B) - -+ i (B) = \i(A)
1 P -1\ 1 q
> ) +uci Y (a760)
i Z . <B(ll,l])B(12,12)"'B(lkalk)> ml &
<iy<ip<--<iy<m i=1
x| 1 )
\<iy <in iy <m L N B 1) B2, 12) - Blik, k)
1. .\¢ “1,. .\4 1. -\
+u (AT G,i)) +ul(A G, 0)) +- -+ A7 (s i) (3.13)
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k A 1 A 1 A 1 %
g _kp_ kp (i, i1)AT (i, 0) - AT (g, 0 Ptq
> P9 g whe 3 ( l(;l. D 2 (02, 2) - (ik k))
rq iy iy m i <m (i1,i1)B(i2, i2) - - - B(ik, ix)
k q kp kp
> p——i—qpkp+qqkp+q'ukp+q X
p4
_Pq_
Z ( 1 )kP+‘I
Aby_i+r+s+iy—1Aby_j+r+stiz—1 " Ab,_j+r+s+ip—1 ’

1<ij<ip<--<ix<m
This completes the proof of Theorem 1.2. O
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