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Abstract

We establish the existence of multiple sign-changing solutions to the quasilinear critical problem

—Apu=1ul” "2u,  ueD"PERN),

for N > 4, where Apu := div(|Vu|P_2Vu) is the p-Laplace operator, 1 < p < N and p* := NN_pp is the
critical Sobolev exponent.
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1. Introduction

This paper is concerned with the existence of sign-changing solutions to the quasilinear criti-
cal problem
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—Apu = ul” "u, ue DVPRY), (1.1)

for N > 4, where Apu := div(|Vu|P~2Vu) is the p-Laplace operator, | < p < N and p* :=
Np
N-p
It was recently shown in [6,14,15] that this problem has a unique positive solution, up to
translations and dilations, given by

is the critical Sobolev exponent.

N—p

1 P
Ux)=an,p — )
1+ |x|»-T

where ay ), is a positive constant. This result extends the one for p =2 which was proved in [3].
However, as far as we know, no sign-changing solutions to the problem (1.1) have been found,
aside from the semilinear case p = 2.

For p =2 the existence of sign-changing solutions was first established by W. Ding in [8],
who took advantage of the invariance of the problem (1.1) under Mobius transformations to de-
rive the existence of infinitely many sign-changing solutions. Later, new sign-changing solutions
were exhibited by del Pino, Musso, Pacard, and Pistoia in [7], who used the Lyapunov—Schmidt
reduction method to establish the existence of sign-changing clusters of bubbles that solve prob-
lem (1.1) for p =2.

Neither one of these methods applies to the quasilinear case. The p-Laplacian is invariant
under Euclidean motions and dilations, but it is not invariant under the Kelvin transform, or any
suitable version of it, except in the cases p =2 and p = N; see [11]. So the argument in [8]
cannot be extended to other values of p. On the other hand, the Lyapunov—Schmidt reduction
method used in [7] cannot be applied to the quasilinear case because the linearized operator for
the p-Laplacian is not well understood for p # 2.

A different type of sign-changing solutions to the problem (1.1), for p = 2, was recently
found by the first author in [4]. These solutions were obtained by combining the use of suitable
symmetries with concentration arguments. We will show that this approach can be applied to the
quasilinear case to prove the following result.

Theorem 1.1. Let N =4n +m withn > 1 and m € {0, 1,2, 3}. Then, for any 1 < p < N, the
problem (1.1) has at least n nonradial sign-changing solutions.

It is worth noting that every solution to problem (1.1) belongs to Cllo’g (RM) for some « € (0, 1),
and satisfies the decay estimates

N—-1

N—
@) < Co(l+ x| 7)™ and  [Vu()] < Co(l + x| 717,

for every x € RV, These estimates were recently obtained by Vétois in [15].

We also mention that positive and sign-changing solutions to the quasilinear equation (1.1)
in some bounded domains have been exhibited in [5,12,13]. Multiplicity of entire solutions to
a related quasilinear critical problem, obtained by adding a suitable term to problem (1.1), was
recently established in [1], although nothing is said about their sign.

The solutions given by Theorem 1.1 arise as limit profiles of minimizing ¢-equivariant
Palais—Smale sequences for the energy functional associated to the problem
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—Apu=lu”"2u,  ueDy’®B), (1.2)

in the unit ball B in RY. A ¢-equivariant function is a function with a particular type of
sign-changing symmetries; the precise definition is given in the following section. We prove
a representation theorem for these sequences; see Theorem 2.5 below. This result yields an ex-
istence alternative: it says that the energy functional has a ¢-equivariant minimizer, either in the
unit ball, or in a half-space, or in the whole Euclidean space R". Moreover, we will prove that
the energy of these minimizers is the same in any one of these domains; see Lemma 2.3. So,
after trivial extension, this allows us to conclude that the energy functional has a ¢-equivariant
minimizer in RV,

If p =2 itis well known that the problem (1.2) does not have a nontrivial solution, neither in
the unit ball, nor in a half-space. But if p 7 2 it is not known whether this is true or not, because
the validity of the unique continuation principle is still an open question. So, in principle, there
could be solutions to the problem (1.1) which vanish in some open set.

The multiplicity statement in Theorem 1.1 is obtained by considering various symmetries
which give rise to different solutions.

This paper is organized as follows: in Section 2 we introduce our symmetric setting and prove
a representation theorem for minimizing ¢-equivariant Palais—Smale sequences in a bounded
symmetric domain. In Section 3 we prove our main result. Some facts needed for the proof of
the representation theorem are proved in the appendix.

2. The limit profile of a nodal symmetric minimizing sequence

As in [4], we consider the following symmetric setting.

Let G be a closed subgroup of the group O (N) of linear isometries of RY and let ¢ : G —
Zy := {1, —1} be a continuous homomorphism of groups. Recall that the G-orbit of a point
x € RN is the set Gx := {gx : g € G}.

Hereafter, we will assume that G and ¢ have the following properties:

(S1) For each x € RV either dim(Gx) > 0 or Gx = {x}.
(82) ¢ : G — Zj is surjective.
(S3) There exists £ € RY such that {g € G : g& =&} C ker¢.

Let © be a G-invariant domain in RV, i.e., Gx C € if x € €. A function u : © — R will be
called ¢-equivariant if

u(gx) =¢(gu(x) forall g € G, x € Q.

Note that, as ¢ is surjective, every nontrivial ¢-equivariant function is nonradial and changes
sign.

Let DYP(RN) :={u € LP"(RY) : Vu € LP(RY,RV)} be the Banach space whose norm is
given by
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As usual, we write D(l)’p(Q) for the closure of C2°(€2) in D'P(RN). We define
Dé’p(Q)q> ={ue D(l)’p(Q) :uis ¢-equivariant}.

Property (S3) ensures that this space is infinite dimensional; see [2].
The ¢-equivariant solutions to the problem

—Apu=u”"2u,  ueDy"(Q),
are the critical points of the C'-functional J : D(l)’p (2)? — R given by
1 1 *
O P _ 1P

J (u) ~—p||M|| p*|ulp*,

where |u |§I = /g |u|P"; see Lemma A.1. The nontrivial ones belong to the set
N(Q) = {u e Dy (@)% 1u #0, [lul” = [ul}).

Define

é R
c?(Q):= inf J(u).
) ueN*(Q) (

The following facts are well known. We include their proof for the sake of completeness.

Lemma 2.1.

(a) There exists ag > 0 such that |u|| > ag for every u € N ().
(b) N®(Q) is a C1-Banach submanifold of D(])’p(SZ)¢, and a natural constraint for J.

() Let T := {0 eCo ([0, 1, D(l)”’(sz)‘ﬁ) L0 (0) =0, o(1) £0, J(o (1)) < 0}. Then,
?(Q) = inf J .
O = o an e
Proof. (a): By Sobolev’s inequality, there exists C > 0 such that

F(u):= lull” = |ul% = |ull” — Cllul|”"  forevery u € Dy” ().

Hence, there exists ag such that F(u) > 0 if O < |lu|| < ag. This proves (a).
(b): It follows from (@) that N®(2) is closed in Dé’p (£2)?. Moreover, as

F'wu = plull” = p*luly. = (p = pHllull? <0 for every u e N¥(),

we have that 0 is a regular value of F : Dé’p(9)¢’ ~ {0} = R. Hence, N®(Q) is a C'-Banach
submanifold of Dé’p (22)?. This inequality also implies that A?(2) is a natural constraint for J.
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(c): For each u € N'?(Q), the function

PP
t=>Ju)=——— | ul?
P p*

is strictly increasing in (0, 1) and strictly decreasing in (1, 00), and there exists s, > 1 such
that J(s,u) < 0. So, setting o,,(¢) :=ts,u we have that o, € 7 and max;co, 1 J (0, (¢)) = J (u).
Therefore,

inf max J(o(u)) < inf max J(o,(t))= inf J(u =c2(Q).
oeT te[0,1] (0@) = ueN?(Q)tel0,1] (@u®) ueN*(Q) w0 “

To prove the opposite inequality, we define « : D(l)’p (2)? - R as

‘Ml - .
K(I/t) = ‘Mﬂp lf u # 0,

0 ifu=0.

This function is continuous thanks to Sobolev’s inequality. Note that « (1) = 1 iff u € N/ ?(Q).
Moreover, if J(u) <0 and u # 0, then «(u) > ij > 1. So, if 0 € T, then «(c(0)) =0
and k(o(1)) > 1. Hence, there exists 7y € (0, 1) such that o (t9) € N?(2) and, consequently,
max;epo,1]J (o () > J(o(t)) = c?(Q). This implies that

inf max J(o ) > c?(Q),

oeT tel0

and finishes the proof of (¢). O
Lemma 2.2. There exists a sequence (uy) such that
up € DYP(Q?,  Jw) = P (Q), and  J'(up) = 0 in (DyF(Q)?).

Proof. This follows immediately from statements (a) and (c) of Lemma 2.1, and [16, Theo-
rem29]. O

Next, we shall describe the limit profile of these sequences.
If X is a G-invariant subset of R", we denote by

={xeX:Gx={x}}
the set of G-fixed points in X. We start with the following lemmas.

Lemma 2.3. I[f Q is a G-invariant domain in RN and Q€ # @, then

Q) =c?RY) =: 2,
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Proof. Clearly, cg)o < ¢?(R). For the opposite inequality, we fix xo € ° and consider a se-

quence (¢y) in N?(RN) N CSO(RN ) such that J(¢r) — ci’o. Since ¢ has compact support, we

may choose g > 0 such that the support of @i (x) := ek_(N_p )/p Ok (ek_l(x — Xx0)) is contained

in Q. As xq is a G-fixed point, @ is ¢-equivariant. Thus, we have that ¢, € N ‘1’(9) and, hence,
c?(Q) < J (@) =J(gr) forallk.
Letting k — oo we conclude that Q) < cfo. O

Lemma 2.4. If G satisfies (S1) then, for every pair of sequences (&) in (0, 00) and (xi) in RV,
there exists a sequence (&) in RN such that, after passing to a subsequence,

e dist(Gxy, &) < Co  forall k .1)

and some positive constant Co, and one of the following statements holds true:

(a) either & € Q°,
(b) or, for each m € N, there exist g1, ..., gm € G such that

e gtk — gjEkl — 00 ask—o0  ifi# ).

Proof. Write x; = z; + yi with zx € (RV)C and y; € (RV)G)"

If (sk_l vk) contains a bounded subsequence, taking such a subsequence and setting & := zj
we obtain the statements (2.1) and (a).

If (sk_l yi) does not contain a bounded subsequence, passing to a subsequence we have that
& ! yr # 0 and

—1
Ek Yk _ Yk
e Pyl Lkl

—>y as k — oo.

Since the G-orbit of every point which is not in (RV)¢ has positive dimension, for each m € N
there exist g1, ..., gm € G such that g;y # g;y if i # j. Hence, there exist ko € N and § > 0 such
that

Yk Yk

gi— —gj—|>8 forall k>ko ifi#j.
|Vl 73

It follows that

—1 -1 —1
& 18ixk — gjxil = &, 181 vk — &jyk|l = 8 " |yk| — o0.

Setting & := x; we obtain the statements (2.1) and (). O
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Theorem 2.5. Assume (S1)—(S3). Let 2 be a G-invariant bounded smooth domain in RN and
(ur) be a sequence such that

up € DYPQ?,  Jw) = P (Q), and  J'(up) = 0 in (DyF(Q)?).
Then, up to a subsequence, one of the following two possibilities occurs:

(D) either (ux) converges strongly in Dé’p(Q) to a minimizer of J on N (),
(1) or there exist a sequence of G-fixed points (&) in RV, a sequence (gx) € (0,00) and a
nontrivial solution W to the problem

—Apw=w” 2w,  we Dy’ H), 2.2)

with the following properties:
() e — 0, & — £, £ € ()Y, and sk_ldist(gk, Q) — d €[0, ool
(ii) Ifd = oo, then H=R" and & € Q.
(iii) Ifd € [0, 00), then & € 3Q and H = {x e RN : x -v > d}, where v is the inward pointing
unit normal to 32 at & and d € {d, —d}. Moreover, H® # ¢ and Q6 # §.
(iv) W e N®(H) and J(W) = ..

_N—p
) kll)rlgo up—g, " W(%)H:O.

Proof. As p > 1 and
1 » 1,
N””k” = J(up) — FJ (uiur < C +o()|luxll, (2.3)

the sequence (u) is bounded and, after passing to a subsequence, u; — u weakly in Dé’p (Q)°.
Then, J' (1) = 0; see Lemma A.3. We consider two cases:
(M) If u #0, then u € N* ?(Q2) and from (2.3) and our assumptions we obtain

1 1
Q) < Ju) = 1l < liminf g |7 = Q) +o(1).

Hence, u; — u strongly in Dé’p(Q)‘l’ and J(u) = c?(Q).
(IT) Assume that u = 0. As

" 1
/ lug|”” =N (J(uw — ;J’(muk) — Nc?(Q),
Q

for a fixed § € (0, %c"&(Q)) there are bounded sequences (gx) in (0, 00) and (xi) in RY such
that, after passing to a subsequence,

5= sup f gl?” = / xl?”,
xeRN

By (x) Be, (xk)
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where B, (x) := {z € RV : |z — x| < r}. For these sequences we take (£) as in Lemma 2.4. Then,
|grxk — &k| < Coer for some gy € G and, as |ux| is G-invariant, setting C1 := Cp + 1, we have

that
5= f ugl?” < / ugl?". (2.4)

By (gkxx) Bcy g (8k)

This implies, in particular, that
dist(&, Q) < Cé&. 2.5)

We claim that & € (RN )G. Otherwise, for each m € N, Lemma 2.4 would yield m elements
81, - &m € G such that Bc,¢, (gi6k) N Bcyg, (gj6k) =0 if i # j, for k large enough, and from
(2.4) we would get that

m5<2 / k| </|uk|p = Nc?(Q) +o(D),

=1Be,e, (8180

for every m € N, which is a contradiction. This proves that & e (RV)C.
Define 2 :={y € RV : gry + & € Q} and, for y € 4, set

-p)/p

wi(y) == Sk up(exy + &)-

As uy is ¢-equivariant and & is a G-fixed point, wy is ¢-equivariant. Moreover (wy) is bounded
in D17 (RV). Hence, a subsequence satisfies that wy — W weakly in D7 (RV)®, wy — W ae.
in RN and wy — W strongly in Ll’; *C (RV). Note that W is ¢-equivariant. Choosing § sufficiently
small and using (2.4), a standard argument shows that W = 0; see, e.g., [16, Section 8.3].

Passing to a subsequence, we have that & — & € (RMG and g — ¢. Moreover, ¢ = 0; oth-
erwise, as uy — 0 weakly in Dé’p (2), we would have that W = 0. Furthermore,

e 'dist(gg, 32) — d € [0,00] as k — oo.
We consider two cases:

(a) If d = oo then, by (2.5), we have that & € Q. Hence, for every compact subset X of RV,
there exists ko such that X C € for all k > k. In this case we set H := RV

(b) If d € [0, 0o) then, as &x — 0, we have that & € d€2. If a subsequence of (&) is contained in
Q we set d := —d, otherwise we set d := d. We define

H:={yeR":y.v>d},

where v is the inward pointing unit normal to 92 at £. Since £ is a G-fixed point, so is v.
Thus, Q€ # @, H is G-invariant and HY # . It is easy to see that, if X is compact and
X C H, there exists ko such that X C 2 for all k > kg. Moreover, if X is compact and
X Cc RN < H, then X ¢ RV . for k large enough. As wy — W a.e. in RV, this implies,
in particular, that W =0 a.e. in RN ~ H. So W ¢ Dé’p(HW.
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If p, € C°(H), ¢ is ¢-equivariant and ¢ is G-invariant, we define

o) =, VTP o — &), ) =g, VPP T (w — W) (e L — &),

where T is the truncation given by (A.2). Then, ¢; and v are ¢-equivariant. As supp(g) U
supp(y¥r) C S for k large enough, we have that supp(gx) C €2 and supp(yx) C 2 for k large
enough and, since the sequences (¢x) and (Y¥) are bounded in Dé’p (Q)?, we get that

/ |Vwy P2V - Vo — / lwel?” 2w = J' (g = o(1),
97 Qe

/|Vwk|p*ZVwk~va(wk—W)]—/|wk|P**2wk[x/fT<wk—W>]
Qp Qi

=J (w) Y = o(1).

It follows from Lemma A.3 that W is a nontrivial solution to (2.2).
From Lemma 2.3 we obtain that c¢? () = ¢? (H) = cgo. Hence,

1 1 1 5

o P .
Coo < —||W||P <liminf — ||wg ||” = liminf — ||ux||P = 5.
8= S IWIP < liminf — all” = Timinf — e} = &

Therefore, J (W) = %, and wy — W strongly in D7 (RV). After a change of variable,
o(1) = llwg = WP = llug — & " PP W (e (x — 80117

This finishes the proof. O
3. Entire nodal solutions

In this section we prove our main result.
Theorem 3.1. Let G be a closed subgroup of O(N) and ¢ : G — Z, be a continuous homo-
morphism which satisfy (S1)—(S3). Then J attains its minimum on N'®(RN). Consequently, the
problem (1.1) has a nontrivial ¢-equivariant solution.
Proof. The unit ball Q := {x € RV : |x| < 1} is G-invariant for every G. As 0 € Q, we have that

Q0 0. So, by Lemma 2.3, ¢®(Q) = ¢
By Lemma 2.2 there exists a sequence (ux) such that

up € DYP(Q?, Jw) — c?(Q), and  J'(up) = 0 in (DYT(Q)?).

Then, Theorem 2.5 asserts that there are two possibilities: either there exists u € N'?(Q) with
J@) = ¢, or there exists W € N () with J(W) = 2. As N?(©) c N*@RN) for ev-
ery G-invariant domain ® in R¥, in either case we conclude that J attains its minimum on
NP@RN). O
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It is worth noting that in the semilinear case p = 2 the unique continuation principle excludes
the possibility that a solution to the problem (1.1) vanishes in an open subset of R". There-
fore, if QC # ¢, option (II) with Hl = RY is the only possible option in Theorem 2.5; see [4,
Theorem 2.3]. For other values of p the validity of the unique continuation principle is an open
question; see, e.g., [9]. So one cannot exclude the existence of solutions which vanish in an open
subset of RV,

In order to prove our main result, we need to show that there are groups and homomorphisms
with the properties stated in the following lemma.

Lemma 3.2. Let N =4n +m withn > 1 and m € {0, 1,2, 3}. Then, for each j =1, ..., n, there
exist a closed subgroup G j of O(N) and a continuous homomorphism ¢; : G j — Zp with the
following properties:

(@) G; and ¢; satisfy (S1)—(S3).
() Ifu,v: RN — R are nontrivial functions, u is ¢;-equivariant and v is ¢ j-equivariant with

i <J,thenu#v.

Proof. Let I' be the group generated by {e!, 0 : 6 € [0, 27)}, acting on C? by

e’ (¢1,0) = @"¢1,e"0), oW, 0) = (=080, for (41,8) €
and let ¢ : I' — Z; be the homomorphism given by ¢ (¢'?) := 1 and ¢ (0) := —1. Note that the
I-orbit of a point z € C? is the union of two circles that lie in orthogonal planes if z # 0, and it
is {0} if z =0.
Set Aj:=0O(N —4j)if j=1,..,n—1,and A, := {1}. Then the A j-orbit of a point y €
RY-4%/ isan (N —4j — 1)-dimensional sphere if j =1, ...,n — 1, and it is a single point if j = n.
Define G := IV x A j, acting coordinatewise on RN = ((C2)j x RVN=4J e,

W15 oo Vi ML, oo, 255 ) 1= (V1215 o, V255 1Y),
where y; e, neAj, z; € C? and y e R¥N~%/ and let ¢; : Gj — Z be the homomorphism
DYy Vi = O (Y1) - O (V).
The G j-orbit of (z1, ..., z;, y) is the product of orbits
Gz, zj,y) =Tzp x - xTz; X Ajy.
So, clearly, G ; and ¢; satisfy (S1)—(S3) foreach j =1, ...,n.

Now we prove (b). If u is ¢; -equivariant and v is ¢j-equivariant with i < j, and u(x) =
v(x) # 0 for some x = (z1, ..., 2, ) € (C?)/ x RN=4/ then, as

u(zy, ..., 02j,y) =u(z1,...,z;,y) and v(zy,...,02j,¥) = —v(Z1, ..., 2j, ¥),

we have that u(zy, ..., 0z, y) #v(z1, ..., 0z, y). This proves thatu Zv. O
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Proof of Theorem 1.1. Let N =4n +m withn > 1 and m € {0, 1,2, 3}. Foreach j =1, ..., n,
let G; be the closed subgroup of O(N) and ¢; : G; — Z3 be the continuous homomorphism
given by Lemma 3.2. Let W; be the ¢ ;-equivariant solution of the problem (1.1) given by Theo-
rem 3.1. Lemma 3.2 asserts that the solutions W1y, ..., W, are pairwise distinct. O

Theorem 1.1 is certainly not optimal. As the proof of Lemma 3.2 indicates, there might be
other possible symmetries that yield further solutions.

Appendix A

Here we prove Lemma A.3, which was used in the proof of Theorem 2.5.
Let © be a G-invariant domain in RY . Set

Ccx (©)% = {p € C°(O) : ¢ is ¢-equivariant},
CX(0)Y := (¢ € C®(®) : ¢ is G-invariant}.

Recall that ¥ is G-invariant if it is constant on every G-orbit of ®.

Lemma A.1. Ifu € D(l)’p(®)¢’ and J'(u)p = 0 for every ¢ € C°(©)?, then J'(u)® = 0 for every
¥ € C°(O), i.e., u is a solution to the problem

—Apu=ul”2u,  ueDy"(®). (A1)

Proof. Let ¥ € C°(®). Define

1
0w = G/ $(2)9 (g) du,

where p is the Haar measure on G. Then ¢ € C2° (©)? and, therefore, J'(u)¢ = 0. Note that, as u
is ¢p-equivariant, ¢ (g)Vu(x) = g~ Vu(gx) for all g € G and x € ®. So, using Fubini’s theorem
and performing a change of variable, we get

0= f (Va7 2Vu() - Vo) — ul” 2uxpe) ) dx

S

1
—— | [ (vurvuw sws Vo
0 G

— W @)1" U )¢ ()9 (gx) ) dudr

1
-— / / (1Vutex)1P 25 Vu(ex) -5~ Vi ()
0 G

— lu(g)|”" u(gx)v (gx) ) dudx
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1
—— | [ (vuor=2vuen - voen
G ©
— Ju(g0)l”" Zu(gx)? (gx) ) dr du

— —1 -2 *_o
= M(G)G/dﬂo/ (|Vu(y)|p Vu(y) - Vo (y) — lu()|? u(y)z?(y)) dy

= [ (194729400 - V9. 0) — )1 2u9 () dy.
®

ie,0=J () =J' (u)?, as claimed. O
Consider the truncation function
t if 7] <1,
T(t):=1 ¢ (A2)

— if|f > 1.
|7]

The proof of the following lemma is similar to that of [5, Lemma 3.5]. We give the details for
the sake of completeness.

Lemma A.2. Let (v) be a sequence in DV"P(RN)® and v e Dé’p(®)¢ be such that vy — v
weakly in DVP(RN). Assume that, for every ¥ € CC‘?O(@)G,

lim /w (|ka|1’—2ka — |Vv|p_2Vv> V(T (vx — v)) = 0. (A.3)
k— 00
®

Then, after passing to a subsequence, Vv — Vv a.e. in ©.
Proof. From the inequalities (4.3) and (4.4) in [10] we obtain that

Coln— P itp>2.
("0 — E1P7%8) - (n — &) = Coln — &[? , (A4)
P+ mprr TIPS

for every 1, £ € RY and some positive constant Cy which depends only on p.
Set

wi := (Vg |P 72V — |[Vu[P72V) - (Vg — Vo).

By the inequality (A.4), it suffices to show that, after passing to a subsequence, wy — 0 a.e.
in ©.

Note that (A.4) implies that wy > 0. Let ¢ € C(?O(@)G with ¢ > 0 and set X := supp(¥).
For each k, we split X into Ay :={x € X : |[ug(x) — v(x)| < 1} and By :={x € X :
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|k (x) — v(x)| > 1}. After passing to a subsequence, we have that vy — v in L?(X). Hence,
| Bi| = 0. Moreover, as T (vy —v) = vy — v in Ax and V(T (v —v)) = 0 a.e. in By, we have that

fwwk = / ¥ (IVUlP 2V = [V01772V0) - V(T (0 = v)).
®

Ag

Fix s € (0, 1). Since (vg) is bounded in D!P(RY), using Holder’s inequality and assumption
(A.3) we get that

N N

<A /wwk B /wwk
Ay By

<1X|"%o(1) + o(1) = o(1).

So, passing to a subsequence, we have that Yy w; — 0 a.e. in ©.

Observe that the set ®,, :={x € O : |x| < m, dist(x, 00) > %} is G-invariant for each m € N.
It is easy to construct a G-invariant function v,, € C2°(®) such that ¥, > 0 and ¥, (x) = 1 for
every x € ®,,. Therefore, passing to a subsequence, wy — 0 a.e. in ®,, for each m € N. A stan-
dard diagonal argument yields a subsequence such that wy — 0 a.e. in ®, and finishes the proof
of the lemma. O

Lemma A.3. Let (v) be a sequence in D"P(RN)? and v e D(])'p(@)‘fJ be such that vy — v
weakly in DVP(RN). Assume that

J' (v)g =o(1) and J )Y T (v —v)]=0(1),
for every ¢ € Cc°°(®)¢ and € C° (©)C. Then v is a solution to the problem (A.1).

Proof. First, we claim that Vv — Vv a.e. in ®. To prove this claim, we apply Lemma A.2. Let
v e C?(@)G. After passing to a subsequence, we have that vy — v a.e. in ®. Then, Egorov’s
theorem asserts that for every § > 0 there exists As C supp(y/) such that |As| < § and vy — v
uniformly in supp(¥) \ As. So |vg(x) —v(x)| < 1 for all x € supp(¥) \ As and k large enough.
Hence,

/mvml’*zw V(T (vg — v))

®

< / w|Vv|f"ZVv-V(vk—v)+fw|vU|P‘2Vv-V<T<vk—v)>
RN\ As As

=o(l)+C§4,
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because vy — v weakly in DP(RN). Therefore,
lim /¢|Vv|p*2Vv - V(T (vy —v) =0. (A5)
k— 00
e}

On the other hand, as J'(vi)[¥ T (v — v)] = o(1), from Holder’s inequality and the dominated
convergence theorem we get that

/ Y|V P 2V - V(T (v — v))

®

IA

/ IV P2V - VT (o — v))| + / Vol P 2V - T (v — v) Vi
® ®

IA

/|vk|f’*—2vk(w<vk—v>) + /mkv’—zwk-T(vk—v)w +o(1)
® ®

1

L
p* P

<c /W(vk—v)w* e f|T(vk—v)w|" o) =o(1).
® ®

Therefore,
klim /¢|Vvk|p_2Vvk - V(T (v —v) =0. (A.6)
—00
5}

From Lemma A.2, and identities (A.5) and (A.6) we get that Vvy — Vv a.e. in © and, as vy — v
a.e. in ®, using again Egorov’s theorem we obtain that

lim |Vuk|1’*2wk-w:/wvv’*zw.w,
k— o0

(C]

®
. *__ *_
lim | |vgl? 2vk<p=/|v|” 2vg,
k—o00
®

®
for every ¢ € C2°(©)?. Hence,
J'We=lim J'(v)p=0  forevery ¢ € C(0)?.
k— o0

So, by Lemma A.1, v is a solution to the problem (A.1), as claimed. O
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