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Abstract

We investigate the traveling wave solutions of a three-species system involving a single predator and a
pair of strong-weak competing preys. Our results show how the predation may affect this dynamics. More
precisely, we describe several situations where the environment is initially inhabited by the predator and by
either one of the two preys. When the weak competing prey is an aboriginal species, we show that there exist
traveling waves where the strong prey invades the environment and either replaces its weak counterpart, or
more surprisingly the three species eventually co-exist. Furthermore, depending on the parameters, we can
also construct traveling waves where the weaker prey actually invades the environment initially inhabited
by its strong competitor and the predator. In all those situations, we find the infimum of the set of admissible
wave speeds; these results are sharp at least when the three species diffusive at the same speed.
© 2021 Elsevier Inc. All rights reserved.

MSC: primary 35K40, 35K57; secondary 34B40, 92D25

Keywords: Predator-prey system; Persistence; Traveling wave; Invaded state; Invading state

* Corresponding author.
E-mail addresses: formosal502@ gmail.com (Y.-S. Chen), thomas.giletti@univ-lorraine.fr (T. Giletti),
jsguo@mail.tku.edu.tw (J.-S. Guo).

https://doi.org/10.1016/j.jde.2021.02.013
0022-0396/© 2021 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2021.02.013&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2021.02.013
http://www.elsevier.com/locate/jde
mailto:formosa1502@gmail.com
mailto:thomas.giletti@univ-lorraine.fr
mailto:jsguo@mail.tku.edu.tw
https://doi.org/10.1016/j.jde.2021.02.013

Y.-S. Chen, T. Giletti and J.-S. Guo Journal of Differential Equations 281 (2021) 341-378

1. Introduction

In this paper we consider the following system

U =djtyy +riu(l —u—kv—bhw),xeR, t >0,
vy =dovyy + vl —hu—v—byw),x eR, t >0, (1.1)
wy =d3wyy +r3w(—1+au+av—w),x eR, t >0,

in which u(x, t) and v(x, ¢) stand for the densities of two preys and w(x, t) is the density of the
predator at (x,t),d; and r;, i = 1,2, 3, are their diffusion coefficients and intrinsic growth rates,
respectively, 4 and k denote the interspecific competition coefficients of two preys, the carrying
capacities of two preys are assumed to be 1, b; and b; are predation rates of u and v, respectively,
and the conversion rates for both preys are assumed to be a.

Throughout this paper, we always assume that the parameters d;, r; (i = 1,2,3), h,k,a, b;
and b, are all positive such that

a>1, h<l<k. (1.2)

In particular, the single predator w cannot survive without feeding on the preys, yet it can live
together with either of those two preys. Moreover, the preys are competing and, in the absence
of the predator w, the prey v is the strong competitor and the prey u is the weak competitor.
However, both preys undergo a priori different predation rates, and therefore the presence of the
predator may invert their roles and lead to new dynamics, as we shall show in our main results.
Throughout this work, we shall consider situations when the single predator w is an aboriginal
species, and one of the two preys u and v is aboriginal while the other is alien. Our aim is to see
the role of the predator in the ecological system (1.1) and in particular on the persistence of these
two preys. It turns out that the following scenarios can happen, depending on the parameters:

(1) three species can co-exist, no matter which prey is alien;

(2) the alien strong competitor v can replace the aboriginal weak competitor u to co-exist with
the predator w;

(3) more surprisingly, it seems that the alien weak competitor # may replace the aboriginal
strong competitor v to co-exist with the predator w if it is more resistant to predation.

1.1. The ODE system
Let us start with some preliminary study of solutions of the diffusionless ODE system. Aside

from the trivial steady state (0, 0, 0), and since a > 1, we always have the existence of the semi-
co-existence states E, = (0, vy, wy) and E* = (u*, 0, w*), where

14 b a—1
Yi=m o= —— 1.3
" 1+ab; v 1+ab; (1.3)
1+b —1
by 1= — T 22 =2 (1.4)

= W= —m—.
14 ab; 1+ab;

Let us briefly describe the stability of these two constant states. To do so, we define
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By :=1—kvy —biws, p*:=1—hu* —byw*,
or equivalently

_—bhia—D+ba—k) - (k-1 ﬁ*:bl(a—h)—bz(a—1)+(1—h)

= 1.5
P 14+ ab; 14 ab; (1.5)

It is then easy to see that 8* > 0 (resp. B« > 0) implies that E* (resp. E,) is unstable in the ODE
sense. On the other hand, if 8* < 0 (resp. B« < 0) then E* (resp. E) is stable instead, again in
the ODE sense. From (1.5), one can check that 8* > 0 if and only if

—h 1—nh
by <L : (1.6)
a—1 a—1
Also, By > 0 if and only if
a—1 k—1
a>k and by > b + . (L.7)
a—k a—k

Finally, there exists at most one more (positive) constant state, in which the three species co-
exist. This co-existence state only exists in some parameter range, in particular, one needs A # 0,
where

A:=1—hk+abi(1 —h)—aby(k—1).
By Cramer’s rule, when A # 0 and if the co-existence state E. := (u., v¢, w,) exists, then

AM AU A
uC:X>0,vC:Z>O,wC:K>O, (1.8)

where

Ay:==bila—D+bia—k)—(k—1), Ay:=bi(a—h)—bya—1)+(1—h),
Ay :=a—h—k)— (1 —hk).
Assume the existence of the (unique) positive co-existence state E.. Since the characteristic
equation associated with the linearized system around E. is given by WBHar2+ar+a=0,
where
ay :==r1uc + v + r3we,
ay :=rirnucve(l — hk) + rirsucw:(1 +aby) + raryvew:(1 + aby),
ag := (riraraucvewe) A,
it is clear that E. is unstable, if A < 0. Moreover, one can also check that E. is stable, if A > 0
and hk < 1. We point out that if either E* or E is stable, then E, (if exists) must be unstable in

the ODE sense. Indeed, if E* is stable so that 8* < 0, then A, < 0 and so A < 0 (if E exists)
which implies that E. is unstable.
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Let us mention a special case when E, is stable, whose interest is that a particular Lya-
punov function then exists, which we shall use to classify entire in time solutions of (1.1); see
Lemma 4.7 below. Precisely, if E. exists, i.e., (1.8) holds, and if moreover

by b
k|—=4+h | —<?2, 1.9
‘/b1+ ‘/b2< (1.9

then E. is stable while E* and E, are unstable. Indeed, (1.9) can be rewritten as hk < 1 and

2 —hk —2+4/1—hk 2 — hk +2+/1 — hk
2 by <by < 2

by.

We first show that E, is stable, i.e., A > 0. We assume by contradiction that A < 0. Then, for E,
to exist, it must hold that A, <0, A, <0, and A, < 0. To have A < 0, we need

1-h

b2>b1k_l.

Recalling the previous inequality, it follows that

1-h 2—hk+2J/1—-hk
<

b
=1 k2

by,

ie.,

2—hk+2/1—hk k-1
. >

1.
k? 1—-h

gk) =

The derivative of g(k) has the same sign as

1
2 — k)2 — hk + 21— hk) — h(k*> = k)(1 + ——),
2= k)2~ hk + ) —h( =1+ =)

which is negative for k € (2, 1/h), and decreasing with respect to k € (1,2). Also, fork =2 —#h,
it is equal to 0. It follows that g (k) is increasing with respect to k € [1, 2 — k], then decreasing.
Furthermore, g(2—h) = 1. Since g(2 — h) is the maximum of g, we have reached a contradiction.
Hence A > 0 and E. is stable. The existence of E. also implies that A, A, and A, are positive.
It follows that (1.6) and (1.7) hold, and in particular E, and E* are unstable.

1.2. The notion of a traveling wave

To see the persistence of preys, our approach is to study the traveling wave solutions con-
necting two appropriate constant states of system (1.1). A solution of (1.1) is called a traveling
wave solution with speed s, if there exist positive functions {¢1, ¢z, ¢3} defined on R such that
u(x,t) =¢1(x +st), v(x, 1) =¢ga(x +s1) and w(x, ) = ¢3(x +st); here ¢, j =1, 2, 3, are the
wave profiles and are assumed to converge at 00 to constant states to be specified below.

Letting z := x + st and substituting (u, v, w)(x, 1) = (¢1, $2, $3)(z) into (1.1), we get that
(s, ¢1, P2, ¢p3) must satisfy the following system of equations:

344



Y.-S. Chen, T. Giletti and J.-S. Guo Journal of Differential Equations 281 (2021) 341-378

d19](z) = s¢1(2) +r1$1(D[1 — $1(2) — k2 (z) — b193(2)] =0, z € R,
29} (2) — 5¢5(2) +r2¢2(D)[1 — hp1(2) — $2(2) — b2gp3(2)] =0, z € R, (1.10)
d3¢5(2) — s#5(2) +r3¢3(2)[—1 +ap1(2) +ap2(z) — $3(2)]1 =0, z € R,

where the prime denotes the derivative with respect to z.

Throughout this work, we shall consider several types of traveling waves which differ from
each other by their limits as z — £o00. Up to the symmetric change of variables x <— —x, we can
always assume that

s>0,

and therefore we shall refer to the limit of (¢1, ¢2, ¢3) at —oo as the invaded state or unstable
tail, and to the limit at oo as the invading state or stable tail.

As we mentioned before, we shall assume that the predator is aboriginal and consider the two
cases where either of the two preys co-exists with the predator. Therefore we shall assume at the
unstable tail that either

Z_l)iI_noo(<151(Z)» $2(2), $3(2)) = E* := (u*, 0, w™), (1.11)
or
im (¢1(2), 2(2), $3(2)) = By := (0, vy, wy). (1.12)

On the other hand, depending on the parameters we shall face two situations where either the
three species eventually co-exist, or the aboriginal prey goes to extinction and is replaced by the
alien prey. In the former case, we shall have the asymptotic boundary condition at the stable tail

Jim (61(2), $2(2), ¢3(2)) = Ec = (ue, Ve, we). (1.13)

In the latter case, one must distinguish whether the aboriginal prey is the weak or the strong one;
that is, we shall have either (1.11) together with

Zl_i)rgo(dn (2), 92(2), $3(2)) = Ex 1= (0, v, wy), (1.14)
or (1.12) together with
Zl_i)rgo(qﬁl (2), $2(2), $3(2)) = E* 1= (u™, 0, w"), (1.15)

In order to study the existence of traveling waves for the non-monotone system (1.1), we apply
a two-fold method based on a construction of appropriate generalized upper-lower solutions, and
on a Schauder’s fixed point theorem (cf. [17,18,14,15]). This method has been proved to be very
successful, and we refer the reader to [11,12,14,5,13,15,3,20] for 2-component systems as well
as [10,16,19,2,9] for 3-component systems. However, the construction of a suitable set of upper
and lower solutions depends heavily on the system at issue and therefore it is rather nontrivial,
which is one difficulty in applying this method. These generalized upper-lower solutions serve
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as the upper and lower bounds of the domain for an appropriate integral operator deduced from
(1.10). Their purpose is to ensure that the integral operator maps this domain into itself, and
therefore that a fixed point exists by Schauder’s fixed point theorem. Provided that it satisfies the
appropriate asymptotic conditions at the tails, this fixed point provides a traveling wave solution
of (1.1).

Another difficulty is precisely to check that the wave profile obtained above satisfies the
wanted stable tail limit, which requires different approaches depending on the invading state.
One of the classical approaches for deriving this limit is the method of contracting rectangles
(cf. [10,3,9]). However, it turns out that this method is not directly applicable to our problem.
To overcome this difficulty in the case of the waves connecting the semi-co-existence states, we
introduce a new idea of dimension reduction (see Section 4 below), which is one of the main
contributions of this work. In this new method, we only consider, instead of 3-d rectangles, a
sequence of shrinking 2-d rectangles. Moreover, we need to derive a priori certain positive lower
bounds on ¢, and ¢3 at the stable tail, since the lower bounds of these two components of our
constructed upper-lower solutions are not good enough to apply the method of contracting rec
tangles. On the other hand, to obtain the traveling waves connecting the co-existence state at the
stable tail limit, another approach is needed and therefore we instead apply a Lyapunov argument.

The rest of this paper is organized as follows. First, our main results are described in Section 2.
Next, the existence of solutions to (1.10) with either (1.11) or (1.12) is carried out in Section 3.
Section 4 is devoted to the derivation of the stable tail limit. Then we deal with the non-existence
of waves in Section 5. Finally, in Section 6, we provide the detailed verification of upper-lower
solutions constructed in Section 3.

2. Main results
In this section, we shall present the main results obtained in this paper. We recall that
Be=1—kv, —biwy, B*=1—hu* — byw*,

or equivalently

5 _—bila=1D+bya—k) —(k—1) ﬁ*_bl(a—h)—bz(a—l)—i-(l—h)
T 1 +aby e 1 +ab; :

We also recall that the sign of B, (resp. 8*) determines the stability of the semi-co-existence
states E, = (0, vy, wy) (resp. E* = (u*, 0, w*)) in the ODE sense. In particular, both states may
be admissible as the unstable tail limit of the traveling wave solution. This leads us to introduce

Sy 1= 2\/ dir1Bx, §* = 2\/ dara B*,

whenever they are well-defined. These may be understood as the linear invasion speeds into the
respective states E, and E* whenever they are unstable. By an analogy with the well-understood
Fisher-KPP scalar equation, one may also expect these values to be the infimum wave speeds,
and this shall be confirmed by our results.

Our first result deals with the situation when the strong competitor prey is the alien species,
and either replaces the weak aboriginal prey, or eventually co-exists with both the other species.
With our notation, this means that the state E* = (1™, 0, w*) may be invaded by either E, =
(0, vy, wy) or E¢ = (e, Ve, We).
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Theorem 2.1. Suppose that §* > 0, i.e., (1.6) holds. Assume further that
rB* >rilk + b1 (2a — 1)]. 2.1

Then system (1.10) has a bounded positive solution (¢1, ¢z, ¢3) satisfying the boundary condi-
tion (1.11), for s > s* provided that

dy > max{dy,d3}, nrp*=>rs; (2.2)
and for s = s* provided that
d d
B cdi=dr<ds, r(2-2)p = (2.3)
2 d>

Moreover, (¢1, ¢2, P3) satisfies (1.14) if B <0 and

1 a(l—h)—1
a>——, by<—-—"——; 2.4)
aa —1)

while (¢1, ¢2, ¢3) satisfies (1.13) if (1.8) and (1.9) are enforced.

Some of the conditions in Theorem 2.1 appear to be mostly technical. Setting aside such
assumptions, Theorem 2.1 roughly states that, when the semi-co-existence state E* is unstable,
then there exists a traveling wave for any speed larger than s* connecting E* to a stable tail limit,
which must also be a stable state of the ODE system. In particular, depending on the sign of B,
the stable tail limit shall be either E, or E..

Remark 2.1. Let us point out that all the situations in Theorem 2.1 can be encountered in some
parameter ranges. Indeed, notice first that (2.1), (2.2) and (2.3) are the only conditions on the
intrinsic growth rates and the diffusivities. These are clearly achievable and we focus on the
choice of coupling parameters a, h, k, by and b;.

Consider first the case of a traveling wave satisfying (1.11) and (1.14), i.e., connecting the two
semi-co-existence states. All conditions 8* > 0, B, < 0 and the second inequality in (2.4) rewrite
as upper bounds on b;. The only remaining condition is a > ﬁ, which raises no compatibility
issue. Therefore, a traveling wave connecting these two semi-co-existence states clearly exists in
some parameter range, typically when b; is small.

The other case, i.e., of a traveling wave connecting E* to E., is a bit more complicated,
because the corresponding assumptions involve both upper and lower bounds on b;. First, one
may choose a, h and k so that hk <1, h +k <2 and a > zl__h}fk hold. It follows that A, > 0,
and (1.8) rewrites as

A>0,A,>0, Ay,>0.

The positivity of A, also implies that 8* > 0. On the other hand, the assumption & / Z—f +h Z—; <
2 rewrites as

2 —hk —2J/1—hk 2 —hk+2J1—hk
<

P by <by P by
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From the definitions of A, A, and A, in Subsection 1.1, one can find by such that a traveling
wave connecting E* to E, exists if

-1 k—1 2—hk—2J1—hk
max{a by + , bl}

a—k a—k k2
. 1—nh 1—hk a-—nh 1—h 2—hk+2J1—hk
< min b1 + , 1 , big.
k—1 atk—1) a—1 a—1 k2

This is achievable, for instance, if k is close to 1.

Now we turn to the more surprising case when the strong competitor is the aboriginal prey,
i.e., the unstable tail limit of the traveling wave is the semi-co-existence state E.. It turns out
that, due to the predation, it is possible that the weak alien prey invades the environment with

positive speed.

Theorem 2.2. Suppose that B, > 0, i.e., (1.7) holds. Assume further that

r1Bx = 1r2lh + by(2a — 1)]. (2.5)

Then system (1.10) has a bounded positive solution (¢1, ¢z, ¢3) satisfying the boundary condi-
tion (1.12), for s > s, provided that

di > max{dy, d3}, 11« >r3; (2.6)
and for s = s, provided that
d d
S cdi=dy<ds, n(2-2)p =n. @2.7)
2 di

Moreover, we have that
liminf¢;(z) >0 fori=1,3.
Z—>+00
Furthermore, if (1.8) and (1.9) are enforced, then (¢1, ¢2, ¢3) satisfies (1.13).

Theorem 2.2 tells us that a weak intruding prey can invade an environment inhabited by the
strong competing prey, thanks to the effect of predation. In the co-existence case, the three even
species converge together to a positive equilibrium. In the case when the co-existence state E. is
unstable, we expect that the weak prey completely replaces the strong one, i.e., that (¢1, ¢2, ¢3)
satisfies (1.15). Unfortunately we have not been able to prove this rigorously and we leave it as
an open issue for future work.

Remark 2.2. Let us again point out that the assumptions in Theorem 2.2 can indeed be satisfied.
The argument is the same as in Remark 2.1.
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Remark 2.3. We note from Theorem 2.1 that traveling waves exist for all speeds s > s* only
when both conditions (2.2) and (2.3) hold. In particular, three species must diffuse at the same
speed, i.e., di = da = d3. The same limitation holds for the traveling waves obtained in Theo-
rem 2.2.

Our last main result shows that the wave speeds s* and s, exhibited above are truly the infi-
mum wave speeds of traveling wave solutions. More precisely:

Theorem 2.3. The following statements hold:

(1) Assume that B* > 0, hence s* > 0. Then no positive solutions of (1.10), (1.11) and either
(1.13) or (1.14) exist for s < s*.

(2) Assume that By > 0, hence sy > 0. Then no positive solutions of (1.10), (1.12) and either
(1.13) or (1.15) exist for s < s.

As we shall observe in Section 5, in the above non-existence theorem the stable tail limits can
actually be replaced by the positivity of the infimum limit at co of the alien species component.
In particular, either prey invading the environment must do so at least at the corresponding speed
¥ Or $y.

3. Existence of solutions to (1.10)
First, we give the definition of generalized upper-lower solutions of (1.10) as follows.

Definition 3.1. Nonnegative and continuous functions (¢;, ¢», ¢3) and (¢ 1,92, £3) are called

a pair of generalized upper and lower solutions of (1.10) if 5;/, ﬂ’, 5;, Q:, i=1,2,3, are
bounded functions and satisfy the following inequalities

U () =] () — 581 () + 1181 (D[ — §1(2) — k¢, () —bip, ()1 <0, (3.
U (2) = dr () — 5§ (2) + 12§52 (D)1 — h (2) — $2(2) — b, ()] <0, (3.2)
Us(2) i= d3s (2) — 53(2) + r3¢3(D)[—1 +ag, (2) +agy(2) — $3()] <0, (3.3)
L1(2) :=d1¢](2) — s¢/ (2) + 11, (D[] — ¢, (2) —kpr(2) — b1p3(x)1 =0, (3.4)
L2(2) i= a9} (2) — 59, (2) + 119, (D1 — h(2) — ¢,(2) —b2p3(2)] =0, (3.5
L3(2) := d3¢](2) — s¢/,(2) + 3¢, ()[—1 +ag, (2) + ag,(x) — $,(2)] =0, (3.6)

for z € R\ E with some finite set £ = {z1,22, ..., Zm}-

With this notion of generalized upper-lower solutions, we have the following existence theo-
rem for system (1.10).

Proposition 3.2. Given s > 0. Suppose that system (1.10) has a pair of generalized upper-lower
solutions (¢, ¢,, P3) and (91, 92, 93) such that
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$.(2) <$;(2), Vz€R, i=1,2,3, 3.7)
lim @;(z) < lim ¢;(z), lim ¢/(z) < lim ¢'(z), Vz; €E, i =1,2,3. (3.8)
7=z =z >z >z

J J J J

Then system (1.10) has a solution (¢1, P2, ¢3) such that Qi <¢i<é¢;, i=12.73.

The proof of Proposition 3.2 can be done by a standard argument as that in, e.g., [17,18,10]),
and thus we omit it here.

3.1. Upper-lower solutions for waves invading E* = (u*, 0, w*)
In this subsection we shall construct generalized upper-lower solutions of (1.10) with bound-
ary condition (1.11) at the unstable tail. Hence we assume that 8* > 0 so that E* is unstable.

Also, we impose condition (2.1) from Theorem 2.1.

3.1.1. Cases > s*
We fix here s > s* and further assume that (2.2) is enforced. Let A1 and A, be the two positive
roots of

G(x) :=dox? — sx + 1%,

which are given by

s — /52 —4dyry B* s ++/s2 —ddyry ¥

A= = 3.9
! 2d, ? 2d, ©9)
It follows from the first inequality in (2.2) that
0<i <mind— 21 (3.10)
2dy 2d3
Moreover, by (2.1) and (2.2), we have that
123 —shi +rilk4+b1(2a — )] < dar? —sh +r2* =0,
hence
k4+b12a—1
0<R.= 1T ‘2(a Ny, G.11)
_(dl)\l —sA1)
Now we introduce the following continuous functions
- Jur+bwreM:, <0,
¢1(Z)—{ 1, 20, (3.12)
_Jurd = pretd), z<zy,
ggz)—{o, o (3.13)
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M 7 <0,

$2(z) = 1. 2> 0. (3.14)
eMz qeli)vlz’ 7 <20,
— _ w* 4+ AeM:, 7 <0,
¢3(2) = 2a—1, 20, (3.16)
_ w*(l_e)t]Z)’ Z<Oa
93(2) o, 2> 0, (3.17)
where constants A, pp, u and g are defined in sequence as follows:
A=Qa—-1) —w*>0; (3.18)
R=<pi =1 (3.19)
1 <pu<min{2,A2/11}; (3.20)
hbiw* +14+byA
q>max{l,r2( 1w+ 1+ 5 )} (3.21)
=G (phr)
The points z; and z, are defined by
- —Inp; _ —In(g)
Y (=D’

By the choice of pp in (3.19), which is admissible due to (3.11), and because g > 1, we have that
z2 < 0 < z;1. Note also G(uA1) < 0 so that g is well-defined.

Lemma 3.3. Suppose that B* > 0 and s > s*. Let (2.1) and (2.2) be enforced. Then the functions
(@1, 02, P3) and (qb ¢ ¢ ) defined in (3.12)-(3.17) are a pair of generalized upper and lower
solutions of (1.10) m the sense of Definition 3.1, satisfy (3.7)-(3.8) and are such that boundary
condition (1.11) holds at the unstable tail.

The proof of Lemma 3.3 is given in Section 6.
3.1.2. Cases=s*

When s = s*, then Ay = Ap = 5/(2d;). Here we impose condition (2.3). Then we introduce
the following continuous functions

— o Jur+ L*hwr(—z)eM?, 7 < =2/Aq,

$1(2) = 1. e= —2/h, (3.22)
_Jurll = piL*(=2)eM?], z <z,

¢,(2)= 0. > 2L (3.23)

— | L*(=2eMF, z<=2/A,

¢2(Z)_ 1, Z> _2/)\11, (324)
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[L*(=z) — q(—=2)Y/?]eM?, 7z <z,

#,(2) = 0. o (3.25)

— o fwr+ L*A(=2)eME, 7 < =2/Aq,

$3)=1,,_ 1. e> 2/, (3.26)
_Jwrll = L¥*(=2)eM?], z < =2/Ay,

$,(2) = 0. o> —2/y, (3.27)

where L* := A1e?/2, A =2a — 1 — w*, and the constants pi, ¢ are chosen in sequence such that

max{R,2¢ '} < p <1 (3.28)

(notice that R < 1 still holds thanks to (2.1) and d; = d»), and

4ry(L*)2M (hbyw* + 1 + by A 2 7 \'?
g > max | 2EDMBbwT+ LH02A) s [2 0 e . (329)
dp Al 2M1€

Az

It is easy to check that the function z € (—o00, 0] — pjL*(—z)e*!? reaches its maximum at

—1/A1, where it takes the value p1e/2 > 1. Thus we can define z; by

2 1
L*(—zp)e"¥ =1, -, . 3.30
piL™(=z1)e z1€[ /\1 M] (3.30)

We also define

q 2
22 :=_<§) .

Note that the choice of ¢ in (3.29) ensures that zo < —2/A1.
Then we have the following lemma, whose proof is given in Section 6.

Lemma 3.4. Suppose that B* > 0 and s = s*. Let (2.1) and (2.3) be enforced. Then the functions
(¢>1, ¢2 ¢3) and (¢> ¢ ¢ ) defined in (3.22)-(3.27) are a pair of generalized upper and lower
solutions of (1.10) i m the sense of Definition 3.1, satisfy (3.7)-(3.8) and are such that boundary
condition (1.11) holds at the unstable tail.

With Lemmas 3.3 and 3.4 in hand, the first part of Theorem 2.1 is proved by applying Propo-
sition 3.2.

3.2. Upper-lower solutions for waves invading E, = (0, vy, wy)

In this subsection we shall construct generalized upper-lower solutions of (1.10) with bound-
ary condition (1.12). Hence we assume that 8, > 0 and E, is unstable, and we impose condition
(2.5).
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3.2.1. Cases > s,
Here we also impose condition (2.6). Let o1 and o> be the two positive roots of H(x) :=
dix? —sx + r1Bs, that is,

s —+/s2 —4dir B s ++/s2 —4dir1 B

= = 3.31
a1 2d; 7 2d; -31)
By (2.6), we have
s s
0 <miny—, —¢. 3.32
<Ul_mm{2d2 2d3} (3.32)
Moreover, by the same reasoning as that for (3.11), using (2.5) and (2.6), we have
h+by2a—1
0<s.= 2Tt 22( a-bl_ | (3.33)
—(dro{ — so01)
Let the constants B, p2, i, g be defined in sequence as follows
B=Q2a—-1)—w,; (3.34)
S<pp=1 (3.35)
1 < <min{2,07/01}; (3.36)
1+ kb b1 B
q>max{1,r1( + K2ty + 51 )}; (3.37)
—H (o)
as well as zg := —1In(g)/[(n — D)o1], z2 :== —In(py)/o1. Note that H(uop) < 0 and so ¢ is
well-defined. Also, we have zg < 0 < z5.
With these parameters, we introduce the following continuous functions
— _jenr, <0,
=11 " 11, (3.38)
_ et — qell«0'117 Z <20,
Ql(Z) =1o. 2> 2. (3.39)
— vt bweem, z<0,
() = 1. 250, (3.40)
_ (I = p2e?%), z <z,
Qz(z) =o. 2> 2, (3.41)
- o _ Jwet+Bet, 2 <0,
$3(z) = 2a—1, 20, (3.42)
_J w1 =€), z<0,
¢, = 0, z>0. (343)

Then we have the following lemma, whose proof is given in Section 6.
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Lemma 3.5. Suppose that By > 0 and s > s.. Let (2.5) and (2.6) be enforced. Then the functions
(¢>1, ¢2 ¢3) and (¢> ¢ ¢ ) defined in (3.38)-(3.43) are a pair of generalized upper and lower
solutions of (1.10) i m the sense of Definition 3.1, satisfy (3.7)-(3.8) and are such that boundary
condition (1.12) holds at the unstable tail.

3.2.2. Case s =s,
Here we impose (2.7). When s = Sy, then o1 = 02 = 5/(2d1) = 5/(2d>). Then we introduce
the following continuous functions oF (z) and Qj (z) for j =1,2,3.

TOE A, :ZZ} (3.4)
8, = | [lnm9 maCDT 2220 (345)
TROES S :ZE (3.46)
O osm
$3(2) = fjfﬁ*B(_Z)em’ s :ZE (3.48)
py@) = o LTI =T (3.49)
where L, := 0’162/2, B = (Q2a — 1) — wy, p; satisfies max{S, 2e_1} < p2<1,and
q= max:“”LiM(1 +;1b2w* 0B 03]} with M = (20716)7/2. (3.50)

Moreover, zp := —(q/L*)2 and z € [—2/01, —1/01] is defined (uniquely) by

p2Ly(—z2)e” 2 =1,
Also, the choice of ¢ in (3.50) implies that zgo < —2/07. We shall obtain the following lemma:

Lemma 3.6. Suppose that B, > 0 and s = s,. Let (2.5) and (2.7) be enforced. Then the functions
(b1, b2, ¢3) and (¢> ¢ d) ) defined in (3.44)-(3.49) are a pair of generalized upper and lower
solutions of (1.10) m the sense of Definition 3.1, satisfy (3.7)-(3.8) and are such that boundary
condition (1.12) holds at the unstable tail.

The proof of Lemma 3.6 is also given in Section 6. Then, similarly as before, the first part of
Theorem 2.2 is proved, by applying Proposition 3.2 together with Lemmas 3.5 and 3.6
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4. Asymptotic behavior of stable tail

This section is devoted to the proof of the second parts of Theorems 2.1 and 2.2. Throughout
this section, we shall denote

¢1.+ =limsupg;(2), ¢; :=liminf¢;(z), j=1,2,3,
. Z—00

7—> 00

where (@1, ¢z, ¢3) denotes any of the traveling wave solutions obtained in Subsections 3.1
and 3.2. We recall that, by construction,

0<¢1,02(2) <1, 0<¢3(z) <2a—1, VzeR. 4.1
4.1. Preliminaries: the ODE system

Let us first introduce the 6-dimensional first order ODE system corresponding to (1.10):

¢ =1,

Vi = glsv = rid1(1 = ¢1 — ko — big3),

=¥ 4.2)
Uy = g2 —rga(1 = hpy — 2 — bag3)],

¢ =13,

V= glsvs — rads(—1 +ag1 +ags — d3)].

For convenience, we shall denote by ¥ = (¢1, V1, 2, ¥2, @3, ¥3) any solution of (4.2), and
rewrite (4.2) as W' = F(¥). In this subsection we state several lemmas related to the stable
manifolds of various equilibria of (4.2). For convenience, we write explicitly its Jacobian matrix:

0 1 0 0 0 0
— (1 =2¢1 —k¢o —b1¢3) ke 0 oo 0
0 0 0 1 0 0

V) = -y )
Ir(¥) Zhdn 0 —Z20-2¢—h¢1 —brg3) Zbrs 0
0 0 0 0 0 1
—ags 0 —ags 0 —Z(-1+agtagy—2¢3) Z

Lemma 4.1. There exists an open neighborhood Wy of the steady state (0, 0,0, 0, 0, 0) such that
any solution \V of (4.2) satisfying W(z) € Wy for all z > 0 must also satisfy W(z) € {¢p1 =0, ¢ =
0} for all z.

Proof. The matrix of the linearized system of (4.2) around (0, 0, 0, 0, 0, 0) is

0 1 0 0O 0 O
—g—lld%O 0O 0 O
0 0 0 0 0 1
0 0 0 0;—330[13

(95}
W
(9]
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which has one negative real eigenvalue and five eigenvalues with positive real parts. By standard
perturbation theory, this means that the steady state (0, 0, 0, 0, 0, 0) of (4.2) has a 1-dimensional
stable manifold S. Furthermore, there is a neighborhood Wy of (0, 0, 0, 0, 0, 0) such that, for any
W(0) € Wy \ S, there exists z > 0 such that W(z) ¢ Wy.

Now notice that {¢1 = 1 =0, ¢ = » = 0} is an invariant set for (4.2). Repeating the same
standard stability analysis, one finds that (0, 0,0, 0,0,0) also admits a 1-dimensional stable
manifold in the subset {¢; = Y| = 0, ¢» = Y» = 0}. This implies that S is actually included
in {¢1 = Y1 =0, ¢p2 = ¥, =0}, and the lemma follows. O

The next two lemmas can be proved in the same way.

Lemma 4.2. There exists an open neighborhood W1, of the steady state (1,0,0,0,0,0) such
that any solution V of (4.2) satisfying V(z) € W1, for all z > 0 must also satisfy W(z) € {¢p =
0, ¢3 =0} for all z.

There exists an open neighborhood W1 ,, of the steady state (0,0, 1,0,0,0) such that any
solution W of (4.2) satisfying W(z) € W1y for all z > 0 must also satisfy W(z) € {¢3 = 0} for all
Z.

Lemma 4.3. Assume that . > 0. There exists an open neighborhood W, of the steady state
(0,0, vy, 0, wy, 0) such that any solution V of (4.2) satisfying V(z) € W, for all z > 0 must also
satisfy W(z) € {¢1 =0} forall z.

Assume that B* > 0. There exists an open neighborhood W* of the steady state (u*, 0, 0,0, w*, 0)
such that any solution V of (4.2) satisfying V(z) € W* for all z > 0 must also satisfy
Y(z) € {¢o =0} forall z.

4.2. Some general estimates

For the sake of conciseness, we state here some lemmas that hold in both cases of a strong
alien and a weak alien competitor prey. In particular, throughout this subsection (¢1, ¢2, ¢3) shall
still denote any of the traveling wave solution constructed in either Subsections 3.1 or 3.2.

The first lemmas state that some components of these traveling wave solutions cannot go
simultaneously to 0. They rely on a sequential argument inspired by persistence theory in dy-
namical systems, which has also been used in the context of spreading behavior in predator-prey

systems [6,7].

Lemma 4.4. It holds that
liminf[¢] + ¢2](z) > 0.
>0
In particular we can define

812:= Zig’(f)[dh + ¢21(z) > 0.

Proof. We proceed by contradiction and assume that there exists a sequence {z,},eN such that
zn —> 00 and ¢1(z,) + ¢2(z,) — 0 as n — oco. Then we let any ¢ > 0 arbitrarily small, and we
define another sequence
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7, :=inf{z <z, | VZ' € (z,z), [p1 + $21(Z) <&},

so that [¢; + ¢21(z),) = e for all n. Furthermore, we know from elliptic estimates that
(¢1, 2, $3)(- + z,) converges up to extraction of a subsequence to a solution (431,d;2,¢_>3)
of (1.10), and that qS] = ¢_>2 = 0 by the strong maximum principle. Hence z, — z), — 00 as
n— 0o.

Passing to the limit as n — oco, we find that (¢1, ¢2, ¢3)(- + z;,) converges to another solution
of (1.10), which we denote by (¢, 435, ¢3§ ). Furthermore, by construction we have that éf 0) +
$5(0) =¢ and 0 < ¢¢, ¢S < e forall z > 0.

We now claim that there exists §(¢) — 0 as &€ — 0 such that

195 (2)| < 8(e), V> 0. (4.3)

We proceed by contradiction and assume that there exist sequences ¢, — 0 and y, > 0 such that
lim,_s oo ¢§" (yn) > 0. By standard elliptic estimates, we find that (q)f", ¢§")(yn +2) — (0,0),

and then that ¢A3§" (yn + x + st) converges as n — oo to an entire in time solution w(x, ¢) of
Wy =d3wyy +r3w(—1—w),
which is also bounded from above by 2a — 1. Thus this limit must be identical to 0, a contradic-
tion. Claim (4.3) is proved.
Next, as ¢ — 0, we get that (¢7, ¢35, #5) — (0, 0, 0) uniformly in [0, +-00). By standard ellip-

tic estimates, it also follows that ((qAbf)’, (qgg)’, (qA&g)’) — (0,0, 0) in [0, +00). Therefore, we can
find & small enough so that

(@5, (65), 85, (95, 85, (65)) € W,

for all z > 0. Applying Lemma 4.1, we infer that éf = qgg = 0. However, by construction we have
that qgf(O) + q3§ (0) = & > 0, thus we have reached a contradiction. The lemma is proved. O

Lemma 4.5. It holds that
liminf[¢, + ¢31(z) > 0.
7—>00
In particular we can define

823 1= Zigg[@ + ¢31(z) > 0.

Proof. We again proceed by contradiction and assume that there exists a sequence {z,},eN such
that z, — oo and ¢2(z,) + ¢3(z,) — 0 as n — oo. Then we let any ¢ > 0 arbitrarily small, and
we define another sequence

2, i=inf{z <z, | VZ' € (z,20), [d2 + $31(2)) < ¢},

so that [¢ + ¢31(z},) = ¢ for all n. As in the previous lemma, it follows from a limit argument
and a strong maximum principle that z,, — z,, — 00 as n — 00.
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Passing to the limit as n — oo, we find that (¢1, ¢2, $3)(- + z,,) converges to another so-
lution of (1.10), which we denote by (6%, 435, ¢3§ ). Furthermore, by construction we have that
q§§ ) + qgg 0)=c¢and 0 < qgg <]3§ < ¢ for all z > 0. Provided that ¢ > 0 is small, we also have
by Lemma 4.4 that

~ )
$(2) > ; >0, (4.4)

for any z > 0.
We now claim that there exist §(¢) — 0 as ¢ — 0 and z. such that

11— ¢5(2)| <8(e), VZ > ze. (4.5)

Indeed, we proceed by contradiction and assume that there exist sequences ¢, — 0 and y, — oo
En

such that lim,,_, oo qAﬁf" (yn) < 1. By standard elliptic estimates, we find that (q32 , (ﬁg")(yn +27)—>

(0, 0), and then that éf" (yn + x + st) converges as n — 0o to an entire in time solution u(x, t)
of

ur =diuxx +riu(l —u),
which is also bounded from below by ‘S% (recall (4.4) and that y, — 00). Thus this limit must
be identical to 1. We have reached a contradiction and the claim (4.5) is proved.
Therefore, for ¢ small enough we have found a solution of (1.10) which is in Wy, for all

7 > Zg, hence é; = (]3§ = 0 by Lemma 4.2 (with a shift z — z — z.). This contradicts the fact that
435 0) + ¢3§ (0) =& > 0. The lemma is proved. O

It follows that, in all cases, the predator cannot go to extinction at the stable tail.
Lemma 4.6. It holds that ¢5 = liminf,— o0 ¢3(z) > 0.
Proof. The argument is again very similar. As in the proofs of Lemmas 4.4 and 4.5, we assume

by contradiction that, for any small & > 0, there exist sequences {z,},eN and {z},},eN such that
Zn — 7, = 00 as n —> 00, and

$3(z,) =€ = $3(2),
for all z € [z}, z,]. From elliptic estimates, (¢1, ¢2, $3)(- + z,) converges to another solution of

(1.10), which we denote by ((;Ab‘ls qgg , <$§" ). Furthermore, we have that q3§ (0) =¢ and q3§ < ¢ for all
z> 0. Up to reducing ¢ > 0, we also have by Lemma 4.5 that

~ )
¢§<z>z§>o

for any z > 0.
Next we claim that there exist §(¢) — 0 as ¢ — 0 and z. such that

16 (2| + |1 — @5 (2)| <8(e), Vz = z. (4.6)
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Indeed, taking any sequence z,, — 00 as n — 00, we have up to extraction of a subsequence that
the pair (¢7, ¢3)(- + z,) converges to (¢1, ¢2) which satisfies

5 5 -
¢ 17 7 ¢
and
di{(2) =581 (2) + 11 D1 = $1(2) —kp2(2)] 2 0, z€R, 47
2y (2) — 5¢5(2) + 120221 — ho1(2) — $2(z) — boe] <0, z€R. '
Letting ; = 1 — ¢ and ¥/, = ¢, we get that (|, ¥,) is a nonnegative supersolution of
Y1 —di(YD)zz +sW1): —ri(L =Y (=¥ +ky2) =0, zeR, 1>0, .8)
Y2 —dr(Y2)zz +s(Y2); —roY2(1 —h+hyyi — Y2 —b2e) =0, z€R, 1> 0, -

which is a cooperative reaction-diffusion system and hence satisfies a comparison principle. In
particular, we must have that v/ (z) > 1// (t) and ¥r,(z) > w (t) forall > 0 and z € R, where
(1// 1// ) solves (4.8) with the initial data (0, 623/2); notice that due to the invariance by trans-
latron (1// ¥,) does not depend on the spatial variable z.

Furthermore provided that ¢ is small enough, then (0, 23/2) and (1, 1) are respectively a sub
and a supersolution of (4.8). By the comparison principle and parabolic estimates, it follows that
1,0 and 1ﬁ2 are nondecreasing in time and converge to a constant steady state (P, Q) of (4.8),
W1th 0 <P <1 and 623/2 < Q < 1. It is straightforward to check that, when & > 0 is small
enough, the only such steady state is (1, 1 — by¢). Putting the above facts together, we find that
¢~)1 =(0and ¢32 € [1 — bye, 1]. Hence (4.6) is proved.

Then we get for ¢ small enough a solution of (1.10) which is in W, for all z > z, hence
<133 = 0 by Lemma 4.2. This contradicts our construction and the lemma is proved. O

We complete this subsection with a lemma which shall allow us to derive the stable tail limit,
regardless of the alien species, in the co-existence case.

Lemma 4.7. Assume that E. exists, i.e., (1.8) holds, and if also

[by  [b
k|2 4n 2L <o, 49
b T B, < 4.9)

let (u, v, w) = (u, v, w)(x,t) be a bounded entire solution of (1.1) such that

m::min( inf  wu(x,t), inf w(x,t), inf w(x,t)>>0. (4.10)
(x,t)eR?2 (x,1)eR?2 (x,1)eR?2

Then (u, v, w) = (uc, Ve, We).
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Proof. First, we denote M = max{||u|/co, [|V]lco> |W|leo} and define the functions g(x) =x —
In(x) — 1 and ® = ®(u, v, w) given by

r3au, u r3av, v w
D(u,v,w) = gl— )+ gl— ) t+twegl|l—)-
bir Ue bory Ve We
Let us compute the Lie derivative of ®, denoted by Lx®, along the three dimensional vector
field

X:=ru(l—u—kv—>biw,rnv(l —hu —v—byw), rsw(—1+au+ av — w))
associated to the kinetic part of (1.1). Then, using that (u., v., w) is a stationary state, we find

Lx®u, v, w) = (D, Dy, By - X
- ’;—“(u —u) (1 — 1 — kv — byw) + r;_a(v — )1 — v — hu — byw)
1 2

+r3(w —we)(—1+au +av —w)

rsa ria
= w—u)? = 2w —v0)? = —w)?
by by
rzak n rzah ( ) )
| —F+— ) (u- vV — V).
b by e ¢

On the other hand, for any (X1, X») € R2, we have

k h 1k h
Xi+X3 — (— + —) Vbib2|X1]1X2| = [1 -5 (— + —) \/blbz] (X7 + X3).

bl bz b] b2

Taking X| = %(u —u.) and X, = %(v — v.), we infer from (4.9) that

Lx®(u, v, w) < —a [ (= 1) + 0 = v + (w = we)?

for some o > 0 and any u, v, w > 0. Furthermore, recalling the definition of ® above, there exists
B > 0 such that

Lx®u,v,w)<—-B8®u,v,w), Y(u,v, w) € [m, M]3.

From this inequality, the proof of Lemma 4.7 follows from the same arguments as that in [6,
Lemma4.1]. O

We point out that similar results hold for the two species predator-prey system:

Lemma 4.8. Any entire in time solution of

Uy =diyy +riu(l —u — bjw), @11
wy =d3wyy +r3w(—14+au — w), '
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such that

0 < min{infu, infw} < max{supu, supw} < 400,
R2 R2 R2 R2

must satisfy that u = u™* and w = w*.
Similarly, any entire in time solution of the subsystem derived from (1.1) by letting u =0, and
satisfying

0 < min{infv, infw} < max{sup v, supw} < 400,
R2 R2 R2 R2

must satisfy that v = vy and W = Wy.

Proof. The proof of this lemma can be found in [6, Lemma 4.2] by a Lyapunov argument (see
also [4,8]). We omit it here. O

4.3. The case of the alien strong competitor

Now we turn to the case when the strong competing prey is the alien species, and in partic-
ular we assume here that 8* > 0, i.e., (1.6) holds. Now (¢1, ¢z, ¢3) denotes the traveling wave
solution constructed in Subsection 3.1. In order to apply either method of contracting rectangles
(see [9]) or Lyapunov function (see Lemma 4.7 above), positive lower bounds on the traveling
wave solutions are typically required.

We already know by Lemma 4.6 that ¢3 > 0. We therefore continue the proof of the stable tail
limit by obtaining some better lower bounds for ¢,. Because ¢; only persists when the invading
state is E, it shall be considered separately in Subsection 4.3.2.

Lemma 4.9. It holds that ¢, = liminf,_, » ¢2(z) > 0.

Proof. We again proceed by contradiction and, as in the proof of Lemma 4.6, for any small
e > 0 we find sequences {z,},cN and {z),},eN such that z, — z), & 00, ¢2(z),) = ¢ and ¢ < ¢
in [z, za].

By standard elliptic estimates, we find that (¢1, @2, ¢3) (- + z,,) converges to another solution
of (1.10), which we denote by (¢°, ¢3§, ¢3§) Furthermore, by construction we have that ¢3§ 0)=¢
and (135 < ¢ for all z > 0. Also, due to Lemmas 4.4 and 4.5, there exist some &y > 0 independent
of e such that ¢3‘f (2), ¢A>§ (z) > &g for all z > 0.

We then claim that there exist z, and §(¢) — 0 as & — 0 such that

65 (2) — u*| + |95 (z) — w*| <8(e), Yz > ze. (4.12)

Indeed, proceed by contradiction and assume that there exists z¥ — oo such that for instance
liminf|#](z°) — u*| > 0 when (some subsequence of) ¢ — 0. By parabolic estimates and

up to extraction of another subsequence, we get that ((2)8 , q@é, ¢3§)(~ + z%) converges to a so-
lution (qg?, QSS , qAﬁg) of (1.10). Moreover, we have by construction that @2 = 0, and therefore
(qASO, qgg)(x + st) is an entire in time solution of (4.11). It also follows from our construction that
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0<dp=< ‘2’(1) <land 0 < §p < dA)g < 2a — 1, hence from Lemma 4.8 that (13? =u™* and ¢A>§) =w*.
We have reached a contradiction and proved the claim (4.12). o o
Therefore, we can choose & > 0 small enough so that (¢7, (¢7)", @5, (95", ¢5. (93)) € W*,

for all z > z,. Since 8* > 0 and applying Lemma 4.3, we conclude that qASZ = 0. This contradicts
the fact that ¢3§ (0) = & > 0, and ends the proof of the lemma. O

4.3.1. Semi-co-existence case
This subsection is devoted to showing that the traveling wave solution obtained in Subsec-

tion 3.1 approaches E, = (0, vy, wy) as z — 00, if B, < 0 and (2.4) holds.
Recall that

(b;' :=limsup¢;(2), ¢j_ :=1izr£1)£réf¢j(z), j=12,3,

>0

Unfortunately, the implicit lower bound in Lemma 4.9 on ¢, is not enough for our purpose. We
immediately improve it:

Lemma 4.10. It holds that ¢; > 1 —h — b2(2a — 1) := y».
Proof. The proof is the same as that of Lemma 4.1 in [9]. Take any sequence z, — 00, and by

elliptic~ estimates assume up to extraction of a subsequence that ¢»(- + z,) — ¢2 as n — oo.
Then ¢ > ¢, > 0 and, by (4.1), it satisfies

A2y — 5¢y +radall —h — do — br(2a — D] < 0.
On the other hand, the solution of the ODE
Ou=rau[l —h—u—>by(2a —1)],
with initial condition
u(t =0)= ¢y >0,
converges to y» as t — +00. Since ¢, > ¢, , we can apply the parabolic comparison principle

on the whole real line, and we find that ¢~32 > y». Due to the arbitrary choice of the sequence z,,,
we conclude as wanted that ¢, > . O

Now define

my(0) := (1 —0)(y2 — &) + 6vs,  Ma(0) :=(1—6)(1 + &%) +Ov,,
m3(0) :=(1—-0)(03 —&) + 0wy, M3(0):=(1—-0)2a—1+¢)+0w,,

where y» =1 —h —by(2a — 1) > 0, 83 := min {w,./2, (ay> — 1)/2, ¢35 } > 0, and ¢ satisfies

4.13)

. hkyy + hb163 aky, +ab1ds ay, — 83— 1
0 <& <min{ s, 83, .

hk +hby + by ak +aby +1° a
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Notice that ay, — 1 > 0 follows from (2.4), which in turn ensures together with Lemma 4.6 that
such constants §3 and ¢ indeed exist. Also, due to a > 1 and the definition of &3, we have that
0 <y2<wvy <1andd3 <wy <2a— 1. Hence m;(0) is increasing and M;(6) is decreasing in
6 €10, 1] for j =2,3.

Due to the lack of a positive lower bound for ¢y, instead of considering 3-d rectangles, we
consider the following 2-d contracting rectangles:

Q(6) :=[ma(0), Ma(0)] x [m3(0), M3(6)] C (0,00)%, 0 €0, 1]. (4.14)
Also, we consider the set
A:={0€[0,1) | m(0) < ¢, < ¢;r < My(0), k=2,3}. (4.15)
Obviously, by (4.1) and Lemma 4.10, we have

m0) =y —e<y<d, <¢f <1<1+e*=M0),
m3(0) =38 —e <8 <¢; <¢f <2a—1<2a—1+e=M;(0).

Hence 0 € A and also the quantity 6y := sup A is well-defined such that 6y € (0, 1].
By passing to the limit, we have

mj(60) < b7 <7 <M;(60). j=2.3. (4.16)
To proceed further, we derive a better upper bound for ¢; as follows.
Lemma 4.11. Under the condition (4.16), it holds that
¢ < M1 (6p) :=max{0, | — kma(6p) — bim3(6o)}.

Proof. Taking any sequence {z,},eN tending to 0o, up to extraction of a subsequence, we have
¢1(- + z,) > @1 as n — oo. It follows from (4.16) that

A\ — 5@ + ridi[1 — b1 — kma(80) — bim3(8)] = O,

on the whole real line. Recalling also that ¢; < 1 and applying the parabolic comparison princi-
ple, we get that ¢1(z) < u(t) for any z € R and ¢t > 0, where u solves

0t = riull —u — kma(6o) — bym3(6p)],
with initial condition
u@t=0=1.

One may check that u(r) — M, (6p) as t — +00, hence qAS 1 < M1(6p). Due to the arbitrary choice
of the sequence z,, we reach the wanted conclusion. O
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Next, we prove that 6y = 1. We assume by contradiction that 6y € (0, 1). In particular, one of
the following equalities must hold:

¢j_:m.,~(90), qb;r:Mj(Go), j=2,3. 4.17)
To reach a contradiction with (4.17), we introduce and compute
ay:=1—hM;(8y) —m2(6p) — baM3(6),
@y := 1 — My(69) — bam3(60) = —(1 — 6p)[e* + b2(83 — €)1 <0,

a3 :=—1+amy(8p) —m3() = (1 —bp)lay, —1—83 —e(@a—1)] >0,
w3 :=—14+aM;(6y) +aM>(6y) — M3(6o).

We also compute that
o >0,

and to do so we distinguish the two cases when M1(6p) > 0 or M;(8p) = 0. In the former, we
have

ar=(1—h)+ (1 —=00)[—(1 — hk)y> + hb183 — b2(2a — 1)]
+0[(hk — Dvy + hbywy — bowy] — (1 — 0p)e[—(1 — hk) + hby + b3]
=1 —-h)+ 1A —6p)[—(1 —hk)ys + hb163 — by(2a — 1)]
+6o[h(1 — Bi) — 11 = (1 — 6p)e[—(1 — hk) + hb1 + bs]
= (1 —6p){(hkyr + hb163) — e(—1 + hk + hb1 + b2)} — Oph B,

using o =1—h —by(2a — 1), vy + bow, =1 and B, = 1 — kv, — bjw,. Since B, < 0, it easily
follows from (4.13) that a» > 0 in that case. In the other case when M/ (6p) = 0, we have

ar=>1-0)[h+ (1 —br)e]>0.

Similarly, when Mj(6y) > 0, we have

w3 =—(1 —6p)[(akyr +ab183) —e(ak +ab; + 1 —ae)]+abyBs <0,

using By« < 0 and (4.13). On the other hand, w3 = —(1 —6p)(a + ¢ — ae?) < 0 when M;(6p) = 0.

From these inequalities, we can get a contradiction following an argument given in [9].
For instance, if ¢, = m2(6p) in (4.17), then there exists a sequence z, — 0o such that
(#1, $2, 93) (- + z,) converges to a solution (P1,00, P2,00, P3,00) Of (1.10) such that

0 < 1,00 <M1(80), m3(6p) < P3,00 < M3(60),
¢2,oo > ¢2,oo(o) =m3(6p) > 0.
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Evaluating the equation for ¢  at 0, one finds a contradiction with the fact that ap > 0. Other
cases can be dealt with similarly.
Hence 6y = 1. This implies that ¢, = ¢>2+ = vy and ¢5 = <1>3+ =Wy, i.e.,

lim ¢2(2) = vy, lim ¢3(z) = wy. (4.18)
—> 0 —> 00

Finally, applying again Lemma 4.11 with 6y = 1 and recalling that 1 — kv, — bjw, < 0, we also
conclude that ¢, = (]51+ = 0. The proof is now completed.

4.3.2. Co-existence case

In this subsection, we show that the traveling wave solutions obtained in Subsection 3.1 con-
verge to E. as z — 00, if (1.8) and (1.9) hold. Recall that in particular B, > 0; see the discussion
in Subsection 1.1.

Since the method of contracting rectangles is not applicable in this case, we switch to a Lya-
punov argument. However, in applying this method, we still need to derive some positive lower
bounds for all components. The positive lower bound of ¢ is derived by a similar argument as
that in Lemma 4.9.

Lemma 4.12. It holds that ¢; = liminf, , 5 ¢1(z) > 0.

Proof. By contradiction, we find for any small & > 0 a solution (438, qSé, &g ) of (1.10), such that
q@f(O) =¢and qAbf < ¢ for all z > 0. Furthermore, by Lemmas 4.6 and 4.9, there exists § > 0 such
that q@é, q3§ > § on [0, +00).

As in the proof of Lemma 4.9 and more specifically of (4.12), one can then use Lemma 4.8 to
infer that

|5 (2) — Vi + 165 (2) — wal < 8(e), Vz > ze,

where z, > 0 and §(¢) — 0 as ¢ — 0. Finally, due to 8, > 0 and applying Lemma 4.3, we
conclude that ¢>f = 0, a contradiction. The lemma is proved. O

Finally, by elliptic estimates, for any sequence z, — oo and any limit (@1 00, $2.00, $3.00)

of (¢1, ¢2, #3)(- + z4), then (u, v, w)(x, 1) = (P1,00, $2,00, P3,00) (X + s7) is an entire solution
of (1.1). Moreover, by Lemmas 4.6, 4.9 and 4.12, it satisfies the assumptions of Lemma 4.7. It
follows that the stable tail limit is the desired state E..

4.4. The case of the alien weak competitor

Next we turn to the case when the aboriginal prey is the strong competitor. Here we only
manage to establish the stable tail when it is the co-existence state. Still, the following result
states that the alien weak competitor always invades the environment when (1.7) and (2.5) hold,
as we assume throughout this subsection.

Lemma 4.13. It holds that ¢ = liminf,_, » ¢1(z) > 0.
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The proof is exactly the same as that of Lemma 4.12, and therefore we omit it. It relies on the
fact that, in Theorem 2.2, we make the assumption that S, > 0.

Let us now make the additional assumptions that (1.8) and (1.9) hold. Then we show that
(@1, ¢, ¢3) satisfies (1.13). Thanks to Lemma 4.7, it is enough to show that ¢,” > 0 for i =
1,2, 3. We already dealt with i = 1, 3, so that it only remains to prove the following lemma.

Lemma 4.14. It holds that ¢, = liminf, , » ¢2(z) > 0.

Again, this result has actually already been proved above. Indeed, it is the same as Lemma 4.9
thanks to the fact that 8* > 0, which is itself a consequence of (1.8) and (1.9). This concludes
the proof of Theorem 2.2.

5. Non-existence of traveling waves
The first statement of Theorem 2.3 immediately follows from the next result.

Theorem 5.1. Assume that 8* > 0. For s < s*, there is no positive solution (¢1, ¢2, ¢3) of (1.10)
and (1.11) with

liminf ¢, (z) > 0.
77— 00

Proof. First, suppose that for some s < 0, there exists a positive solution (¢1, ¢2, ¢3) of (1.10)
satisfying the boundary condition (1.11). We choose N > 1 large enough so that if y < —N then

*

1 =h¢1(y) — 2(y) — b2gp3(y) > %

Now we integrate the second equation in (1.10) in y from —oo to z < —N and in z from —oo to
—N. Then we obtain the following contradiction
—-N z -N

/ / 2V dydz < — f dry(2)dz = —dada(~N) <0,

—00 —O0 —00

rp*
2

0<

Now suppose that there exists such a traveling wave solution for some s € (0, s*). Then we
pick ¢ small enough so that 0 < s < 24/d2r2[B* — (h + by)¢]. By the positivity and continuity
of (¢1, ¢2, ¢3), and the fact that

lim (¢1,¢2,¢3)(z) =E* and liminf¢;)(z) >0,
Z—>—00 Z—> 00
there are nonnegative constants c; and ¢ such that

$1(z) —c1¢a(z) <u* +¢e, VzeR, (5.1)
$3(2) — c22(z) <w* 46, VzeR. (5.2)

366



Y.-S. Chen, T. Giletti and J.-S. Guo Journal of Differential Equations 281 (2021) 341-378

Using the notation (u, v, w)(x,t) = (¢1, ¢2, #3)(x + st) and plugging (5.1) and (5.2) into the
second equation of (1.1), we get

v; > dovyy +1u[B* — (W +b2)e — (1 + hey +byca)v], x€R, > 0.
The spreading theory of [1] gives

*—(h+b
liminfuv(ct,t) > w >0,
1—00 1+ hcy +brc

for any |c| < 24/dar2[B* — (h + b2)¢]. This in particular holds true with

s + 2«/d2r2[ﬁ* — (h+ by)e]
T 2

On the other hand ct + st = (s — 24/dar2[B — (h + by)e])t /2 — —o0 as t — oo. This implies
that v(ct, t) = ¢o(ct + st) — 0 as t — o0, a contradiction. O

When S, > 0, one can check by the same argument that there is no positive traveling wave
solution going to E, at the unstable tail limit and such that the infimum limit at co of the first
component is positive. This concludes the proof of Theorem 2.3.

6. Verification of upper-lower-solutions
6.1. Proof of Lemma 3.3
It is easy to check that (3.7) and (3.8) hold, as well as the unstable tail limit. Therefore we

focus only on the differential inequalities.
(D) U1 (z) <0 for z # 0. Recall that for z > 0,

P12 =1, $,(2) =0, p,(2) =0.
It immediately follows that
U(z) =0 forz=>0.
On the other hand, for z < 0, we have
$1(2) =u* +byw* e, ¢,(2) 2 0, ¢, (z) =w*(1 — ™).
Then, using u* 4+ byw™* = 1, we obtain

U (z) < blw*(dl)»% —sADEME + (w4 bwt et ) (—bjw* et 4+ byw* 1Y)

= blw*(dlk% — S)»l)e)hlz <0,
for z < 0, where the last inequality holds thanks to (3.10).
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(2) Ur(z) <0 for z # 0. For z > 0, we have
$,()20. g2 =1, §,(2) =0.
Therefore U, (z) <0 for z > 0. For z < 0,
¢, =u*(1 = p1e"9), $y(x) =M%, $,(2) =w*(1 — ™),

and then

Usr(z) = (dzk% — sAD)EMT 4 M1 — hu* + hu* pre'® — €M% — byw* + byw*e1?]
=G ()M + re® i (hu* py + bow* — 1)

< 1 i (hu* + byw* — 1) <0.

Here we used G(11) =0, p; <1 from (3.19) and * > 0.
(3) Uz (z) <0 for z #0. For z > 0, we have

$1@D=1 ) =1 ¢ =2a 1,
hence
Us(z)=r3Qa—D[-1+a+a—(2a—1)]=0.
Furthermore, for z < 0,
$1@) = +hiw*e s, §y(2) = €M, §3(2) = w* + At
Using —1 4+ au™ — w* =0 and (3.18), we get

Us(z) = A(dgk% —sh)eM + r3(w* + A )M (abywt +a — A)
= A(d323 — sA)eM? 4 r3(w* + A1) [(1 4 abpw* —a 4 1)
= A(d323 — s0)eM? <0,

for z < 0, thanks to (1 +ab))w* =a — 1 and (3.10).
4) L1(z) = 0for z ¢ {0, z1}. For z > z; > 0, we get

9, =0, gr(x) =1, 3(z) =2a — 1,

and thus £,(z) =0.
For 0 < z < z1, we have

¢, @=u(1- p1e*9), ¢o(2) =1, ¢3(2) =2a — 1,
and, by (3.10) and the choice of p; in (3.19), it follows that
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L1(2) = —u*p1(dir3 — sr)eM 4 ru* (1 — pret)[1 —u*(1 — p1e*?) —k — by (2a — 1)]

> —u*pi(dirf — sh)eM — riutlk + by (2a — 1)]

> {=pi@iad - si) = nlk+b1Ca - 1} z 0.
Lastly, for z < 0, recall that

¢, (@) =u*(1 = p1e"), §y(2) = €M%, P3(2) =w* + A
Then, using u* + byw* = 1 and again the choice of p; in (3.19), we obtain
L1(z) = —u*p; (dl)»% —sADeM 4t — ple)‘lz)e)‘lz[u*pl —k—b1A]
> —u*pl(dl)»% —sAD)eM 4 ru*(1 — pre et [—k — b1 (2a — 1)]

= wert [ pi(@iad = i) = nlk+bi1Ca - 1} 20,

for z < 0.
(5) L3(z) = 0 for z # z3. For z > 75, we have Qz(z) =0 and thus £,(z) = 0.
Then, for z < z <0,

¢1(2) =u* +bjw*er, $,(2) = M — get M Ba(z) = wr + AeME
Using G(A1) =0 and 8* > 0, we get
L2(z) > —qG(MM)eMlZ + rz(e)“lz _ qe’“‘lz)(—hblw*e)“z — M berMZ)
= —qG(pr)e'™ ' — re? (hbyw* + 1 4 brA)

> Mg G (uny) — re@ MM (hbyw* 4 1 + by A)]

> MM —gG(uri) — ra(hbiw* + 14+ byA)] > 0,
for z < z3, by the choice of u in (3.20), which ensures that 2 — > 0 and G(uX;) < 0, and the
choice of ¢ in (3.21).

(6) £3(z) =0 for z #0. For z > 0, 93 (z) =0 gives L3(z) =0.
For z < 0, we have

¢, =u*(l=p1e"9), $,(2) 20, ¢,(2) =w* (1 — %) <w™.
Then, using p; <1, =1 +au™ — w* =0 and (2.2), we get

L£3(2) = —w*(d3hi — sh1)eMe +r3g. ()™ (—au* py + w*)
> —w*(dahi — sh)eM® = r3g. ()€t

> w*eM (rp* —r3) =0,
for z < 0. This completes the proof of Lemma 3.3.
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6.2. Proof of Lemma 3.4

Here s = s*. As before, we only deal with the differential inequalities.

(1) Uy (z) <0 for z # —2/A1. For z > —2/Aq, then ¢,(2) =1, Qz(z) > (0 and q_53(z) =0, so
that ¢/ (z) <O0.

For z < —2/A1, we have that

$1(2) =u* + L' biw*(—=2)e", ¢,(2) 2 0, ¢,(z) = w*[1 — L*(=2)e*].
Then

Ui(z) < L*byw* (=2d121 4 5)e** + L*byw* (d 1A} — shp)(—z)et?
= —nL*bhw*B*(—z)e** <0,
for z < —2/A1, by using the first part of (2.3), (3.9) with s = s* and g* > 0.
(2) Up(2) <O forz # —2/Ay. For z > —2/A1, we have that ¢, (2) > 0, ¢»(z) =1 and ¢, (2) =

0, hence U (z) <O0.
For z < —2/A1, due to z; > —2/A1, we have

¢, @) = u*[1 — pIL*(—2)e"7], $y(2) = L*(=2)e*%, ¢,(2) = w*[1 — L*(—2)eM7].
Then

Us(z) = L*(=2dan1 + 5)e™ + L*(dar} — shp)(—z)et*
+r L* (—2)eM3[B* + hu* pi L* (—2)e™? — L*(—z2)eM* + byw* L*(—z)e’1?]
= n[L* (=) P (=1 + hu* py + byw®)
< —nL*(=2)e (1 = hu* — byw®) = —n[L*(=2)e" 7P * < 0,
for z < —2/X1, by using p; <1 and g* > 0. _ _ _
(3) Uz(z) <0forz # —2/r1. Forz > =2/A1, then ¢((2) =1, ¢(z) =1 and ¢3(z) =2a — 1

and hence U3(z) = 0.
For z < —2/Aq,

¢1(2) = u* + L*biw* (—2)e"?, ¢,(z) = L*(—2)eM?, $3(z) = w* + L*A(—z)e™'*.
Then

Us(z) = L*A(=2d3r + 5)eM? + L*A(d3A3 — sh)(—z)e?
+r3¢3(D)aL*biw* (=2)e" +aLl* (—2)e"* — L*A(=z)e"]
= L*A(=2d311 + )€™ 4+ L*A(d3A3 — shp)(—z)et?
+r33()[(1 + ab)w* — (a — DIL*(—z)e*t*
= L*A(=2d3r1 + )% + L*A(d3A — sh1)(—2)e*? <0,
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for z < —2/A1, using A =2a — 1 — w* > 0 and since —2d3A; + s <0 and d3)»% —si1 <0, by
the first part of (2.3).
4) L1(z) =0 for z ¢ {—2/A1,z1}. For z > z1, L1(z) =0 by 91 =0. Next, for —2/1] <z <
Z1, we have
9, () =u*[1 — piL*(=2)e"?], $p(2) =1, $3(z) =2a — 1.
Then

L1(z) = —u* piL*(=2d1h + $)eM —u* piL*(diA2 — sh) (—z)eM?
+r1¢, ([l —¢,(2) —k —b1(2a — 1)]

> —u*pl(dlk% —sAy) —rutlk +b1a — 1]

= w*{—pi(diA] — sh1) — rilk + b1 (2a — 1)]} > 0,
by the first part of (2.3), L*(—z)e*1? > 1 for z € (—2/A1,z1), diA3 — sk < 0 and the choice of
p1 in (3.28).

Lastly, for z < —2/A1,
¢, () =u*[1 — piL*(=2)e"?], §y(2) = L*(—2)e*'?, p3(z) = w* + L*A(—2)e"'?,

and thus

L1(x) = —u*pIL*(=2d 1 + $)e™' —u* pi L*(di 1] — sh1)(—2)e™'*
+riut(l = prL*(=2)e N’ pr L (=2)eM™ — kL*(=2)eM™ — b1 L* A(=2)e*]
= —u*plL*(d1A% — sA))(—z)eM?
+riut[l — prL (=)™ lu* py + biw* —k — by (2a — D]L* (—z)e*
> —u*pIL*(diA] — sh)(=2)eM? + ru*[—k — by (2a — D]L* (—z)e '
= u*{—pi1(diA] — sh1) — rilk + b1 (2a — DIIL*(—2)e* > 0,

where we again used the first part of (2.3) and (3.28), and in particular the fact that u*p; +
biw*—k<1—-k<0. B

(5) L2(z) = 0 for z # z2. For z > z2, then ¢, (z) = 0 and L»(z) = 0.

For z < 73, and since z2 < —2/A1, we have ¢ (z) = u* + L*b; w*(—z)er?, as well as

,(2) =[L*(—2) — q(=2)"/21e™?, §3(2) = w* + L*A(=z)e'".
It follows that, for z < z7,
d
£2() = 47 (=) 4 9, (@) (oA — sh)
+r2¢, (DIB* — hL*brw* (—2)e*® — L*(=2)e"* + q(—2)/2eM* — by L* A(=z)e 7]

d
> qf(—zr”em + lL*(=2)e" P (—hbiw* — 1 — by A)
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_@_ =3/2 M1z _i 20 NT/2 Az *
=7 (7 g = (LY (=) (hbiw” 1+ b A)
2
d 4
> §<—z>—3/2eklz |:q - d—rz(L*)zM(hlnw* +1+ bzA)} >0,
2

by the choice of g in (3.29), where we have used

(_Z)7/26MZ <M := 7\" Vz<0
- 2\1e ’ '

(6) L3(z) > 0 for z # —2/Ay. For z > —2/X1, due to 93(2) = 0, we immediately get that
L3(z) =0.
For z < —2/A1, we also have z < z; and

¢, (@ =u*l = piL*(=2)¢"'7], $,(2) 20, ¢,(2) = w*[1 = L*(—2)e*""].
Then

L3(z) = —w*L*(=2d3r; + 5)eM? — w*L*(d3A3 — sh)(—z)e?

+r3¢, (D) —au*piL*(=2)e" + w* L (=z)e™7]
> [—(d3)} — sh1) — r3au® py 4 3w Jw* L* (—z)e*
> [—(d3r} — sA1) — r3lw*L* (—z)e™1*,

using s =2dyA1 < 2d3)q, p1 <1 and au™ — w* = 1. Now notice that

d
d3)»% —SsA1 = (d—z — 2) rnp* < —r3,

due to the second part of (2.3). It follows that £3(z) > 0 for z < —2/X1. This completes the proof
of this lemma.

6.3. Proof of Lemma 3.5

We now turn to the case when the invaded state is E., first when s > s,.

(1) Uy (z) <0 for z #0. For z > 0, then ¢, (z) = 1, Qz(z) >0, Q3(Z) =0 and it follows that
Ui (z) <0.

Forz <0,

$1(2) = €77, ¢,(2) = (1 = p2e™), ¢,(2) = w(1 — &%),
In that case,

Uy (2) = (d10? — 501)€%7 4 r1e77[1 — %17 — kv, (1 — pre?) — biw(1 — €%17)]
= H(01)e™% +r1e*3 (=1 + kv, pa + biws)

< r1€%13 (=1 + kvy 4 bjwy) = —r1€22 B, <0,
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by p» <1 and B, > 0. B
2) Ur(z) <0 for z#0. For z > 0, Ql(z) =0,¢,(2) =1, q_53(z) =0and so U (z) =0.
For z <0,

$,(2) 20, $5(2) = vs + baw,e”, ¢,(2) = wi(1 — %)
Using 1 — vy, — bow, =0 and (3.32), we get
U(z) < bzw*(dza]2 —s501)e’? <0 for z <O0.
(B)Us(z) <0forz #0.Forz>0,¢,(z) =1, $»(z) =1, ¢3(z) =2a — 1 and hence Us(z) =

0.
For z < 0, we have

$1(2) = €717, $5(2) = vy + brwye”'%, $3(2) = wy + Be'.
Using —1 + av, — wy =0 and again (3.32), we obtain
Us(z) = B(d30} — 501)e% 4 r3d3(2)[ae’* 4 abyw,e®'* — Be'?]
< r3¢3(2)[ae’"? + abyw,e®'* — Be”'?].

Now note that
ae®? + abywye®* — Be®'* = e%“[a + (1 +abr))wyx — 2a — 1)] =0,

since B =(2a — 1) — wy and (1 4+ aby)w, = a — 1. Hence we deduce that U3(z) <0 for z < 0.
4) L1(z) = 0for z # zg. For z > zg, we have Ql(z) =0, ¢,(z) <1, ¢3(z) <2a— 1, therefore
L1(z) =0.
Forz <z9 <O,

¢, (2) =™ = qe" %, $(2) = vi + bawse”', $3(2) = w + Be'E

Then

L1(z) = —qH(noyp)e!'

+r1(e?% — get 1) [—e%'F + gt — kbywye®'t — by Be®'?]
—qH (uop)e"? 4+ r1e?* (—e®'? — kbyw,e®'* — by Be®'%)

= M [—qH (noy) — rie® MM (1 4 kbyw, + b1 B)]

el [—qH (noy) — ri(1 + kbyws + b1 B)] > 0,

v

v

by the choice of u in (3.36) and ¢ in (3.37).
(5) L2(z) = 0 for z ¢ {0, z»}. First, for z > zo > 0, we have £,(z) = 0 since Qz(z) =0.

Next, for any 0 < z < z3, we have ¢,(z) = 1, 0,(2) = ve(l = p2e™) < 1, ¢3(2) =2a — 1,
and then
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L3(2) = =0 p2(dac} — 561)e%1% + rav(1 — pae® )1 — h — v, (1 — p2e®%) — by(2a — 1)]
> — v, pa(daoi — 501)e7% + ravi(1 — pre®¥)[—h — by(2a — 1)]
> — v, pa(daoi — 501) — ravilh + bry(2a — 1)]
— v, {—pz(a’2012 —s501) — ralh + by (2a — 1)]] >0,
by (3.32) and the choice of p; in (3.35).

Lastly, for z < 0, then ¢, (z) = €17, Qz(z) = v, (1 — p2e?1%), ¢3(z) = wy + Be?'%. It follows
that

L2(2) = —v*p2(d20'12 — 501)€%% + 120, (1 — p2e™9)[—he®'? + v, pre® — by Be®7]
> —v,p2(da0] — 501)e” + rav. (1 — pre”)[—he”* — by(2a — 1)e”']
> —v.p2(dao] — 501)e” = ravllh + by(2a — 1)]e”
= v.e"? | = pa(daof = 501) = ralh + ba(2a = D1} 2 0,
where we used 1 — v, — byw, =0, and again (3.32) and the choice of p; in (3.35).

(6) L3(z) > 0 for z #0. For z > 0, since 91 (z) =0, we immediately get that £3(z) = 0.
For z < 0, then

$,(2) 20,8,(2) = vl — p2e), §,(2) = wi(1 —€).
Using —1 4+ avy, — wy =0, p» <1,d3 <d; and (2.5), we obtain

L£3(2) = —wi(dsof — 501)e”' + 13 (—avy ps + w,) e
> —w*(dl(rl2 — so01)e’t — r3<]53e"IZ

> i (r1fx —13)e”* >0,
for z < 0. This completes the proof of Lemma 3.5.
6.4. Proof of Lemma 3.6

Finally we consider the case when the invaded state is E, and the speed s = s,.
(1) Uy (z) <0for z £ —2/01. For z > -2 /01,

P12 =1, $,(2) 20, ¢,(z) =0,

hence U;(z) <O0.
For z < —2/01,

$1(2) = La(=2)e”%, §,(2) = vill = p2Ls(=2)e”"7], ¢,(2) = wi[l — Li(=2)e”'].
Then
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Uy (z) = Ly(=2d101 + )€ + Ly(dio? — s01)(—2)et*
+”1L*(_Z)eglz[,3* — L(—2)e”'* + kv*pZL*(_Z)ealz + b1 Lowy(—2)e”%]
< V1Li(—z)zez‘7‘z(—l + kvy + biwy)

= —rlLi(—z)zezmzﬂ* <0,

using pp <1l and B, =1 — kv, —biw, > 0.
2)Ur(z) <0 forz # —2/01. For z > =2 /01,

$,(2)=0, gr(2) =1, $,(2) =0,

and so U»(z) <O0.
For z < —2/01, we have

$,(2) 20, $5(2) = vs + Librws (=2)€”'%, ¢,(2) = ws[1 — Ly(=2)e”"7].
Then, we get

Ur(z) < Ly(—2dro1 + 5)e’'% + L*(dzol2 —501)(—2)e’t*

= —r1LyBs(—2)e’* <0,

using vy + bowy = 1, di = d» and again S, > 0.

(3) Us(z) <0 for z # —2/0y. For z > —2 /01, we have ¢, (z) = 1, ¢,(z) = 1, ¢3(z) =2a —

and so U3(z) =0.
Forz < -2/0y,

$1(2) = Li(=2)e”'%, ¢5(2) = vi + Librws(—2)e”'%, ¢3(z) = wy + L B(—2)e”'%.
Then
Us(z) = LyB(=2d301 + 5)e°'* + Ly B(d30} — s01)(—2)e*

+r3¢3()[1 —a + (1 + aby)wy] Ly (—2)e”"*
= L,B(—2d301 + 5)e°* + L B(d30% — 501)(—2)e”'* <0,

1,

for z < —2/01, using B = (2a — 1) — w, and (1 +aby)w, =a — 1, as well as —2d301 + 5 <0

and d30} — so1 < 0 which are due to (2.7).
(4) L1(z) > 0 for z # z0. For z > 29, ¢, (z) =0 and s0 L1 (z) =0.
For z < zg < —2/07, there holds ¢ (2) = [L«(—2) — q(—z)'/?1e%1% and

$2(2) = vy + Libows(—2)e™?, ¢3(2) = wy + L B(—2)e'.
It follows that

375



Y.-S. Chen, T. Giletti and J.-S. Guo Journal of Differential Equations 281 (2021) 341-378

d
Li1(z) = Z]q(—z)_3/ze‘”z +¢,(2)(d 012 —s01)
+7r19,(D[Bx — ¢, (2) — kLibrwi(—2)e”'* — b1 Ly B(—2)e”'*]
> LZ—IQ(—Z)%/ze”‘Z
+r1[Ls(—2) — g(—2)/?1e [ =L (—2)e”'? — kL brws(—2)e”'* — by Ly B(—2)e”'?]

d
> Zl‘l(—z)_3/ze"lZ +r1L5(=2)°€* (=1 — kbyw, — b1 B)
d
= (—g) % [q:l — nL3(=2)"?e™ (1 + kbyw, + bﬂ)}
d
> (—7) 732017 [QZI —rMLI(1 + kbyw, + blB)] >0,

for z < zp, by the choice of ¢ in (3.50) and (—z)"/?¢%12 < M for all z < 0.
(5) L2(z) = 0 for z ¢ {—2/01, z2}. For z > z2, we have 92(2) =0andso £5(z) =0.
Then, for —2/01 < z < 22,

$1() =1, ¢,(2) = vull = paLa(=2)€”*], p3(2) =2a — 1,
and, using s = 2d,071,
L2(2) = —vupaLu(daof — 501)(=2)e”* + 12, ([l —h — ¢, (2) — ba(2a — 1)]
> —v, paLy(drof — 501)(—2)e”' — rav,[h + by (2a — 1)].

Since L4(—z)e®* > 1 for all —=2/0| < z < z», we obtain that

L2(2) > vl —pa(dao? — s01) — ralh 4 by (2a — 1)]} > 0,

for z € (—2/071, 22), by our choice of p».
Next, for z < —2 /07,

$1(2) = Li(=2)e”, ¢,(2) = vall = p2Ls(=2)€” )], $3(2) = wy + LiB(—2)e”'".
Then we compute

01z

L2(z) = v p2Ls(daof — so1)(—2)e
+r20[1 — p2Ly(—2)e” ¥ ][—hLy(=2)e”* + vy pa Ly (—2)e”* — by Ly B(—2)e”'*]
> —v,p2Li(dr0] — 501)(—2)e” — ravilh + by (2a — 1)]Ly(—2)e”'
= v{—pa(da0{ — 501) — ralh + b2(2a — D} L1 (—2)e”'* > 0,

using vy + bow, = 1, s = 2dr01, and again our choice of p».
(6) L3(z) >0 for z #—2/01. For z > —2 /o1, we have fg(z) =0 and so £3(z) =0.
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For z < —2/01,

$,(2) 20, ¢,(2) = vill — paLs(=2)e”"], @,(2) = wil[l — Li(—2)e”'].

Then, using av, — wy =1, p2 <1, and s = 2d 01 < d301 by (2.7), we get

[:3(2) = _w*L*(_2d301 =+ S)ealZ — U)*L*(d30'12 — so‘l)(_z)ealz
+r3¢,(2)(—avs + wy) Ly (—2)e”'*

> [—(d30? — 501) — r3]ws Ly (—2)e'%.

Due to the second part of (2.7), one may infer that £3(z) > 0 for z < —2/0. The proof of this
lemma is thus completed.
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