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path goes to zero. As opposed to the classical drift-diffusion limit where the stiff collisions
are all in one scale, new difficulties arise in the two-scale stiff collision terms because the
simple BGK penalization [15] fails to drive the solution to the correct limit. We propose
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Semiconductor Boltzmann equation that the evolution of the solution resembles a Hilbert expansion at the continuous level.
Energy-transport system Formal asymptotic analysis and numerical results confirm the efficiency and accuracy of
Asymptotic-preserving scheme our scheme.
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1. Introduction

The semiconductor Boltzmann equation describes the transport of charge carriers in semiconductor devices. By incor-
porating the quantum mechanical effects semiclassically, it provides accurate description of the physics at the kinetic level
[32,8,27]. A non-dimensional form of this equation usually contains small parameters such as the mean free path or time,
which pose tremendous computational challenge since one has to numerically resolve the small scales. To save the compu-
tational cost, in the past decades various macroscopic models were derived from the Boltzmann equation based on different
dominating effects. One of the widely-used models is the drift-diffusion equation (a mass continuity equation for electrons
or holes) [34,17]. Ideally, if the parameters in the kinetic equation are uniformly small in the entire domain of interest,
then it suffices to solve the macroscopic models [29,9,35]. In practical applications, however, the validity of these models
may break down in part of the domain and one has to resort to kinetic equations [5,6]. To handle such multiscale phe-
nomena, a typical approach is to use domain decomposition [4,30], but the task of setting up a good interface condition
coupling the two models at different scales can be highly non-trivial. An alternative approach seeks a unified scheme for
the kinetic equation such that when the parameter goes to zero it automatically becomes a macroscopic solver. This design
concept leads to the asymptotic-preserving (AP) scheme [22], first proposed by S. Jin for transport equations in diffusive
regimes [21].

In the semiconductor framework, the first AP scheme was introduced in [23] for the Boltzmann equation with an
anisotropic collision term. The scheme was further improved in [11]. Recently a high-order scheme was constructed in [13],
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which relaxed the strict parabolic stability condition to a hyperbolic one. All these works deal with a single, linear collision
operator with smoothed kernel which uniquely defines an equilibrium state. As a result, the corresponding macroscopic
equation is in the form of a drift-diffusion equation. Although this equation gives satisfactory simulation results for semi-
conductor devices on the micrometer scale, it is not able to capture the hot-electron effects in submicron devices [28].
Some works in the high field scaling considered this effect, but it only makes sense for the situation where the field effect
is strong enough to balance the collision [25,7].

In this work, we consider a more realistic semiconductor Boltzmann equation [1,10]. By assuming the elastic collision
as dominant, and electron-electron correlation as sub-dominant effects, one can pass on the asymptotic limit to obtain
an energy-transport (ET) model, which is a system of conservation laws for electron mass and energy with fluxes defined
through a constitutive relation [26]. To design an AP scheme for such kinetic equation, we face twofold challenge: 1. the
convection terms are stiff; 2. two stiff collision terms live on different scales. The convection terms can be treated by
an even-odd decomposition as in [24,23]. For the collision terms, due to their complicated forms, we choose to penalize
them with a suitable BGK operator [15]. However, unlike the usual collision operator with smoothed kernel, the leading
elastic operator has non-unique null space. Only when the electron-electron operator at next level takes into effect, the
solution can be eventually driven to a fixed equilibrium — a Fermi-Dirac distribution. A closer examination of the asymptotic
behavior of the numerical solution reveals that the penalization should be performed wisely, otherwise it won’'t capture
the correct limit. To this end, we propose a thresholded penalization scheme. Simply speaking, when a certain threshold is
satisfied, we turn off the leading order mechanism and move to the next order, which in some sense resembles the Hilbert
expansion at the continuous level. We will show that this new scheme, under certain assumptions, satisfies the following
four properties required in a standard AP scheme: let « denote the small parameter; At, Ax, and Ak be the time step and
mesh size in spatial and wave vector (momentum) domain, then

1. for fixed «, it is consistent to the kinetic equation when At, Ax, Ak — 0;

2. for fixed At, Ax, Ak, it becomes a discretization to the limiting ET system when o — 0;
3. it is uniformly stable for a wide range of «, from ¢ = 0(1) to o « 1;

4, implicit terms can be implemented explicitly (free of Newton-type solvers).

The rest of the paper is organized as follows. In the next section we give a brief review of the semiconductor Boltzmann
equation and the derivation of its ET limit in diffusive regimes. Section 3 is devoted to a detailed description of our AP
schemes. We first consider the spatially homogeneous case with an emphasis on the two-scale collision terms, and then
include the spatial dependence to treat the full problem. In either case, the asymptotic property of the numerical solution
is carefully analyzed. In Section 4 we present several numerical examples to illustrate the efficiency, accuracy, and AP
properties of the schemes. Finally, the paper is concluded in Section 5.

2. The semiconductor Boltzmann equation and its energy-transport limit

The Boltzmann transport equation that describes the evolution of electrons in the conduction band of a semiconductor
reads [32,8,27]

1
0f + Ve M) VS + 3 ViV (x.0)- Vif = Q(f). xe 2 CR! keBCRY, d=23, (21)

where f(x,k,t) is the electron distribution function of position x, wave vector k, and time t. ii is the reduced Planck
constant, and g is the positive elementary charge. The first Brillouin zone B is the primitive cell in the reciprocal lattice
of the crystal. For simplicity, we will restrict to the parabolic band approximation, where B can be extended to the whole
space B =R, and the energy-band diagram & (k) is given by

h2
e(k) = — k|,
(k)= 5 Ik

with m* being the effective mass of electrons.
In principle, the electrostatic potential V (x,t) is produced self-consistently by the electron density with a fixed ion
background of doping profile h(x) through the Poisson equation:

eoVx(e: ) VxV (x, 1)) =q(p(x,t) — h(x)), (22)

where

L g
p(x,t) ._/f(x, k, t)—(zn)d dk
Rd

is the electron density (the spin degeneracy g =2s + 1, with s = 1/2 being the spin of electrons). €p and €,(x) are the
vacuum and the relative material permittivities. The doping profile h(x) takes into account the impurities due to acceptor
and donor ions in the semiconductor device.
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The collision operator Q models three different effects:
Q= Qimp + Qph + Qee,

where Qjmp and Qpp account for the interactions between electrons and the lattice defects caused by ionized impurities
and crystal vibrations (also called phonons); Qe describes the correlations between electrons themselves. We will specify
their forms later.

2.1. The nondimensionalized semiconductor Boltzmann equation

In this paper, we are interested in a high energy scale [2,1] at which the relative energy gain or loss of electron energy
during a phonon collision is very small, then it is valid to consider an elastic approximation of the electron-phonon in-
teractions Qpp. Combining elastic collisions (Qjmp, which is elastic by nature, and the elastic part of Qpy) and performing
careful nondimensionalization on (2.1), one arrives at the following scaled semiconductor Boltzmann equation in diffusive
regime [10]:

1 1 1 .
O f+ —(Vike -V f +VxV - Vi f) = = Qet(f) + — Qee(f) + Q})”;fl(f), (2.3)
o o o

where the parameter o can be interpreted as the scaled mean-free path for elastic collisions. The energy-band diagram & (k)
is now simply

1
e(k) = E|k|2. (2.4)

The elastic collision Qe and the electron-electron collision Qe are given by (the exact form of Qg‘}fl

the following discussion and is thus omitted):

will not be needed in

Qe ())(k) = / Pei(k, K')5(e" — &) (f — f)dK', (2.5)
Rd
Qee(f)(k) = / Dee (k. k1.k' k7)8(e" + &1 — & —e1)8(K +kj —k —kq)
R3d
x [fFa=nfya—nf) — ffr(1—nf')(1 —nfi)]dkidk’dk], (2.6)
where § is the Dirac measure. &', &1, f’, f1, --- are short notations for e(k’), e(k1), f(x,k’,t), f(x,kq1,t), ---. n is the

typical distribution function scale characterizing the degree of degeneracy of the system. The scattering matrix @e(k, k') is
symmetric in k and k': @ej(k, k') = iK', k); Pee(k, k1, k', k}) is pairwise symmetric in four variables: ®ee(k, ki,k',k}) =
Dee(kr, k, k', K)) = Pee (K, K, k, kq). They are determined by the underlying interaction laws. The Poisson equation (2.2)
becomes

DoVx(e:(X) ViV (x, 1)) = p(x,t) — h(x), (2.7)
where Dy is the square of the scaled Debye length, and

px,t) = / fx, k,t)dk.
Rd

2.2. The energy-transport limit

This subsection is devoted to a formal derivation of the asymptotic limit of (2.3) as &« — 0. Our approach, following that
of [10], is a combination of the Hilbert expansion and the moment method which mainly rely on the properties of the
collision operators Qe and Qee. To this end, we list them at first. They will also be useful in designing numerical schemes.

Proposition 1. (See [1].)
1. For any “regular” test function g(k),

l / I 7 / /
/ Qu(fgdk=—> / el (k. K)3(e" &) (/' = f) (g — g) dkdk'.
Rd R
In particular, for any g(e(k)),

/ Qu(fg(e) dk = 0.
]Rd
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2. Qe (f) is a self-adjoint, non-positive operator on L2(R%).
3. The null space of Qe|(f) is given by

N(Qe) ={f(eb). Vf}.
4. The orthogonal complement of N'(Qgy) is

N(Qe)* = {g(k) | / g(k)dN, (k) =0, Ve e R},
Se

where the integral is defined through the “coarea formula” [14]: for any “regular” functions f and e(k) : RY — R, it holds

fk)dk = ( f(k)ng(k)>ds. (2.8)
oo ]U)

Here S, = {k € RY, e(k) = &} denotes the surface of constant energy &, dN, (k) is the coarea measure, and N(g) := fss dNg (k)
is the energy density-of-states. Under the parabolic band approximation (2.4), (2.8) is just a spherical transformation:

o0

_ d—2 ’
R[f(k)dk /(/ f(Iklo) k| do)ds

0 gd-1
and N(&) = [ga_1 k|92 do = m(S41)[k|4~2.

5. The range of Qe is R(Qel) = N (Qe1)L. The operator is invertible as an operator from N (Qe) L onto R(Qe)) = N (Qep) L. Its
inverse is denoted by Q&].

6. For any v (¢ (k)), we have Qei(f ) = ¥ Qui(f) and Q' (Fy) = v Q" ().
Proposition 2. (See [2].)

1. For any “regular” test function g(k),

/Qee(f)gdk=—}1/@ee(lc,l<1,l<’,k’1)8(8’+8§ —e—e1)8(k' + Ky —k—kq)
Rd R4d

x[f'fia=nHA—=nf)— fAL(1—nf)1—nf)](& + & — g — g1) dkdkidk’dk;.

In particular, we have the conservation of mass and energy

/Qee(f)dk=/Qee(f)8dk=0.
Rd Rd

2. H-theorem: let H(f) =In(f/(1 — nf)), then fRd Qee(/YH(f)dk <0, and if f = f(e(k)),

/Qee(f)H(f)dk:O & f=Mq(ek) < Qee(f)=0,

Rd
where
1 1
Mq(e(k) = — ——5—— (2.9)
Nz=leT +1

is the Fermi-Dirac distribution function [33]. The variables z and T are the fugacity and temperature. Alternatively, Mq can be
defined in terms of the chemical potential 4 =TInz and T.

We also need the properties of the operator Qce, an energy space counterpart of Qee: for any F(e(k)),

Qee(F)(&) 2=/Qee(F)(k)dNe(k)-
Se
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Proposition 3. (See [1].)
1. Conservation of mass and energy

/Q_EE(F)ds :/Q_ee(F)s de =0.
R R

2. H-theorem: let H(F) =In(F/(1 — nF)), then [, Qee(F)H(F)de <0, and
/Q_&(F)H(F)ds =0 = F=Mq) <= Qe(F)=0.
R
Now that the mathematical preliminaries are set up, we are ready to derive the macroscopic limit. The main result is
summarized in the following theorem.

Theorem 4. (See [10].) In Eq. (2.3), when a — 0, the solution f formally tends to a Fermi-Dirac distribution function (2.9), with the
position and time dependent fugacity z(x, t) and temperature T (x, t) satisfying the so-called energy-transport (ET) model:

p V- Jp 0 ) ( 0 )
a . — . = i , 2.10
t<p5>+<vx-ls> <VxV~1p Wi 219

where the density p and energy £ are defined as

1 1
p(z,T):/fdk:/quk, E(z,T)z—/fedkz—/qudk; (211)
Rd R4 led p]Rd
the fluxes j, and jg are given by
Jjp@D\__(Dn Dn Yoz _ Yl (212)
jez.T) Dy Dx L '
with the diffusion matrices
Dij = / Vi€ ® Q' (—Vike)Mq(1 — nMg)e'I 2 dk; (213)
Rd
and the energy relaxation operator ng{‘el is
Wiz, T) = / oirel(Mg)e dk. (2:14)

Rd

Proof. Inserting the Hilbert expansion f = fo +a f; +a?f, +... into Eq. (2.3) and collecting equal powers of & leads to
0(a™?): Qalfo)=0, (2.15)
0(a™"): Qei(f1) = Vke - Vo + ViV - Vifo — Qee(fo)- (2.16)

From (2.15) and Proposition 1 (3), we know there exists some function F such that
fo(x, k,t) = F(x, e(k), t).

Plugging fo into (2.16):

Qei(f1) = Vi - (VxF + VxV g F) — Qee(F). (217)

The solvability condition for f; (Proposition 1 (4-5)) implies

/ng - (VxF + VxV 3 F) dNeg (k) = / Qee(F)dNg (k).
Se Se

Clearly the left hand side of above equation is equal to zero (Ve is odd in k), so

f Qce(F) dN¢ (k) = Dee(F) = 0.
Se



J. Hu, L. Wang / Journal of Computational Physics 281 (2015) 806-824 811

By Proposition 3 (2), we know that F is a Fermi-Dirac distribution Mq with position and time dependent z(x,t) and T (x, t).
Therefore, Qee(F) itself is equal to zero by Proposition 2 (2), and (2.17) reduces to

Qei(f1) = Ve - (VxMq + VxV0:Mq).
Then using Proposition 1 (5-6), we have
fr=—94" (—Vké) - (VxMq + VxVd: My). (2.18)

Going back to the original equation (2.3), multiplying both sides by (1, e(k))T and integrating w.r.t. k gives:

[los+ e v v win | (1) ak= [| 5 0ah+ g owtnr + oten] (1) a. (219)
Rd Rd

Terms involving Qe (f) and Qee(f) vanish due to Propositions 1 (1) and 2 (1). Since Q‘“EI conserves mass [8], (2.19) sim-
plifies to

P 1 TN k=
O <p5> +/&(Vk€ ' fo+VxV 'ka) (8) dk = <Wmel(f)) (2-20)
Rd

where wmel( )= fpa Qmel( e dk.
From the previous dlscussion, we know f = fo+oa f1+... with fo being the Fermi-Dirac distribution (2.9), and f; given
by (2.18). Plugging f into (2.20), to the leading order we have (O («~!) term drops out since fy is an even function in k):

0
at (éog) +/(vl<8 : v)(f] +VXV : ka]) (;) dk: (Wlnel(Mq)> (22])
Rd

Utilizing the special form of Mg, one can rewrite fi as

Viz V'V VT
(Ws)(" ot

fi=-

Then a simple manipulation of (2.21) yields the ET system (2.10). O

The ET model (2.10) is widely used in practical and industrial applications (see [28] for a review and references therein).
It can also be derived from the Boltzmann equation through the so-called SHE (Spherical Harmonics Expansion) model [16].
In either case, the rigorous theory behind the formal limit is still an open question.

Remark 5. If the electron-electron interaction Qe is assumed as one of the dominant terms in (2.3), i.e., the same order as
elastic collision Q¢ (Which could be the physically relevant situation for very dense electrons), one can still derive the ET
model (2.10) via a similar procedure [2], but the diffusion coefficients D;; are different. A rigorous result is available in this
case [3].

Remark 6. If we consider even longer time scale such that the energy relaxation term Wli)'l‘fl equilibrates the electron

temperature T to lattice temperature T, and further assume that Mg is the classical Maxwellian, then (2.10) reduces to a
single equation

Vip ViV
otp+ Vx| =D - =
o [ ll( o Tp )]
This is the classical drift-diffusion model [36,34].

Remark 7. Unlike the classical statistics, given macroscopic variables p and £ (2.11), finding the corresponding Fermi-Dirac
distribution (2.9) is not a trivial issue. Under the parabolic approximation (2.4), p and £ are related to z and T via [18]

(2.22)

where F),(z) is the Fermi-Dirac function of order v
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1 F -

Fv(z) = dx, 0<z , 2.23

v(2) F(v)[z—le"-i-l <zZ<00 (2.23)

0
and I"(v) is the Gamma function. For small z (0 < z < 1), the integrand in (2.23) can be expanded in powers of z:
o n 2 3
— _1\n+1 Z_ — s Z_ Z_ _

fv(z)_n;( D TRl

Thus, when z « 1, F,(z) behaves like z itself and one recovers the classical limit.

3. Asymptotic-preserving (AP) schemes for the semiconductor Boltzmann equation

Eq. (2.3) contains three different scales. To overcome the stiffness induced by the O(e~2) and O(a~") terms, a fully
implicit scheme would be desirable. However, neither the collision operators nor the convection terms are easy to solve
implicitly. Our goal is to design an appropriate numerical scheme that is uniformly stable in both kinetic and diffusive
regimes, i.e., works for all values of « ranging from o ~ O(1) to o < 1, while the implicit terms can be treated explicitly.

We will first consider a spatially homogeneous case with an emphasis on the collision operators, and then include the
spatial dependence to treat the convection terms. To facilitate the presentation, we always make the following assumptions
without further notice:

1. The inelastic collision operator Qip‘}fl in (2.3) is assumed to be zero, since it is the weakest effect and its appearance

won't bring extra difficulties to numerical schemes.
2. The scattering matrices @ and ®ee are rotationally invariant:

el (k. k') = D (K, [K']),  Pee(k k1, K Ky) = Pee(IKI, k1], |K'|.

K1),
Then it is not difficult to verify that (see Proposition 1 (4))
Qe (N (k) = re1(e)(LF1(e) — f()), (3.1)
where
rei(e(k)) == / ey (k, k)8 (" — &) dk’ = D (K|, [KI)N (&),
R

and [f](e(k)) is the mean value of f over sphere Sg:

1
Fe00) i= g [ FaoaN:Go.
Se

In particular, for any odd function f(k),

1
Ael(€)
This observation is crucial in designing our AP schemes.

Qu(NHk) =—ra(®) fk),  Qx' (/Hk)=— f k).

3.1. The spatially homogeneous case

In the spatially homogeneous case, Eq. (2.3) reduces to

1 1
of = a_ZQel(f) + &Qee(f)a (3.2)

where f only depends on k and t. An explicit discretization of (3.2), e.g., the forward Euler scheme, suffers from severe
stability constraints: At has to be smaller than O(«?2). Implicit schemes do not have such a restriction, but require some
sort of iteration solvers for Q. and Qe Which can be quite complicated.

To tackle these two stiff terms, we adopt the penalization idea in [15], i.e., penalize both Qg and Qee by their corre-
sponding “BGK” operators:

Qel(f) _,Bezl(Mel - f) + ,Bel(Meé_ f) + Qee(f) _ﬂee(Mee _f) + ,Bee(Mee - f)
o o o o

o f =

Using the properties of Qee and Qg from the last section, Mee can be naturally chosen as the Fermi-Dirac distribution Mq
(in the homogeneous case p and £ are conserved, so Mg is an absolute Maxwellian and can be obtained from the initial

(3.3)
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condition), whereas Mg can in principle be any function of & such that it shares the same density and energy as f (the
choice of Mg is not essential as we shall see, and we will get back to this when we consider the spatially inhomogeneous
case). As the goal of penalization is to make the residue Q.(f) — Be(M, — f) as small as possible so that it is non-stiff or
less stiff, and Qe|, Qee can be expressed symbolically as

Qai(f)k) = QL (FH(e) — hei(e) f (k); Qee () (k) = Q& (k) — Qe (N () f (),
we choose

Bet = maax Ael(€); Bee ~ mkax Qe_e(f)(k)~ (3.4)
Other choices are also possible [15]. Generally speaking, we only need the coefficient to be a rough estimate of the Frechet

derivative of the collision operator around equilibrium.
Therefore, a first-order IMEX scheme for (3.3) is written as

fn_'_l - fn _ Qel(fn) - ,Bel(Mel - fn) + ,Bel(Mel - fn-H) + Qee(fn) - ﬂee(Mq - fn) + ﬂee(Mq - fn-H).

At o? o? o o

(3.5)

3.1.1. Asymptotic properties of the numerical solution
To better understand the asymptotic behavior of the numerical solution, in this subsection we assume that Qee(f) =
Mgq — f. Then scheme (3.5) becomes

fn+l - fn _ Qel(fn) _ﬂel(Mel - fn) + ﬁel(Mel - fn+]) + (1 _ﬂee)(Mq - fn) + ﬂee(Mq - fn+1)
At o a? a a '

This is equivalent to

wp1 1 S5(Be —he) + G (Bee — 1) & e At
= At At + At e Qa(f")+ At A, Mq
T+ 23 Bel + 5 Bee T+ 23 Bel + 5 Bee T+ 23 Bel + 5 Bee

1+ 25 (Bet = hel) + G (Pee = 1)

f™ + some function of .
1+ %,Bel + %ﬂee

Iteratively, it yields

fn _ (1 + (%(ﬂel — Xel) + %(,Bee
1+ %,Bel + %,Bee

—1D\" 0 .
) f* + some function of .

So when « is small, for arbitrary initial data f° and any integer m, there exists some integer N, s.t.
fh< O(am) + some function of ¢, forn > N, (3.6)

which means that f" can be arbitrarily close to the null space of Qg:

Qul(f") < 0(a™), forn>N. (3.7)
At this stage, if we examine the distance between f and Mg, we found that
At At At
- Mg = 1 -l-]ﬁié:;;l j_(;e;ee D) (f" = Mg) + Wi—l—%ﬁeegel(ﬂ)’ (38)
S0
| f™ — Mq| <r|f" — Mq| + 0(a™), forn> N,
where

1+ %ﬂel + %(,Bee -1
1+ %,Bel + %,Bee
Then for proper Bee, we have 0 <r <1 and

M4 M| < |7 M| +0(@™), forn > N. 59

This implies that no matter what the initial condition is, f will eventually be driven to the desired Fermi-Dirac distribution,
but the convergence rate can be rather slow for small @. What even worse is, when o — 0, r — 1, we see from (3.8), (3.6)
that f will stay around some function of &, but nothing guarantees it is M! This violates the property 2 mentioned in the
Introduction.
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On the other hand, we know from (3.7) that Qe (f™") can be arbitrarily small after some time. What if we just set it
equal to zero afterwards? Dropping this term as well as its penalization leads to

[ (A= Be)Mg = [ | Bee(Mq = f"1)

At o o
which is
1+ 5 (Bee = 1)
- q:“—(f”—Mq). (3.10)
1+ 5 Pee
Hence as long as Bee > 1/2, we have |1++e;1) <1, and f" will converge to Mq regardless of the initial condition.

Compared with (3.8), this one has much faster convergence rate.

3.1.2. The thresholded AP scheme

The above simple analysis illustrates that the penalization idea [15] should be applied wisely, especially when there are
stiff terms on different scales. Back to the original equation (3.2), we propose to solve it as follows.

At time step t"*1, check the norm of Qg (f") in k:

o if Qe (fMI > 6, apply scheme (3.5);
e otherwise, apply (3.5) with Qg (f™) = B =0.

As explained previously, the threshold can be chosen based on the property we expect in (3.7), say, § = a™, some m > 2.
However, in practice, as any numerical solver of Qg has certain accuracy, we therefore set

§=0(ak), (3.11)
where | denotes the order of accuracy of the numerical solver for Q.
Remark 8. The choice of threshold (3.11) does not violate the consistency of our method, since when Ak — 0, we have
8 — 0, and we are back to the original scheme (3.5) whose consistency to (3.2) is not a problem (i.e. the scheme satisfies

the property 1 in the Introduction).

3.2. The spatially inhomogeneous case

We now include the spatial dependence to treat the full problem (2.3). To handle the newly added stiff convection terms,
we follow the idea of [23] to form it into a set of parity equations. Denote f* = f(x,k,t), f~ = f(x, —k, t), then they solve

1 1 1
atf+ + a(vkg : vxf+ + ViV - ka+) = a—ZQel(f+) + aQee(f+),

of  — é(vké‘ Vi fTH VRV ka_) = %QEI(JC_) + égee(f_)'

Now write
k=2 (FF ), kD= o (77— ),

we have
o Vee VL4 Y ) ngr) L QU0 512
it — (Vke Vyr + ViV - Vier) = a2 4 Ll +)2;2Qee(f 2 (3.13)

where we used the fact that j is an odd function in k, thus Qe(j) = —AelJ.
For (3.12)-(3.13), the same penalization as in the homogeneous case suggests

Qel(r) - IBel(Mel —r) ﬁel(Mel —r)
o? + o?
Qee(er) + Qee(f7) — 2Bee(Mq —T1) ﬂee(Mq =)
2u o
i+ Qee(fT) — Qee(f7) +2Bectj  Pee .
_J.
202 o

0T + Ve - Vyj+ ViV -V j =

8tJ+ (V1<8 Var + ViV - Vi) = ——
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Note here Mq = Mq(x, &,t) is the local Fermi-Dirac distribution, and Mej = Me(x, €, t) is some function of ¢ whose form
will be specified later. The coefficients B¢ and Bee are chosen the same as in (3.4), except that Be. can also be made space
dependent.

The above equations can be formed into a diffusive relaxation system [24]:

Bel(Mey — 1) n Bee(Mq — r),

0T + Vi€ - Ve + ViV - Viij = G1(r, j) + o2 = (3.14)
. . .1 )
0rj +0(Vke - Vxr + ViV - V1) = Ga (1, j) — %1 - ﬁ[xeu + (1 — a?0)(Vke - Var + ViV - V)], (3.15)
where
) — Bet(Mey — 1 + ) = 2fee(Mq —T1
Gi(r, j) = Qe (1) iezl( el ) + Qee(fT) + Qee(];a) Bee( q )’ (3.16)
- ) + 2Beet j
Go(r. j) = Qee(f™) Q;Zl(zf )+ 28ee ]7 (317)
and 0 < 6(x) < 1/a? is a control parameter simply chosen as 6 (o) = min{1, 1/a?}.
A first-order IMEX scheme for the system (3.14)-(3.15) thus reads
e . . oy, Ba(MyTh =1 fee(MgH — ™)
T+Vke-vx1"+vxvn-vk1”:c](r”,]”)+ = e'az + d - , (3.18)
jn+1 _jn n n ny __ no.n Bee n+1
T+9(vks.vxr + VeV V™) = Go (i, ) — o
1 ;
= —[ral™ + (1= 0?0) (Vie - Va4 VT vt L
(3.19)

3.2.1. Asymptotic properties of the numerical solution
Leaving aside other issues such as the spatial discretization, let us for the moment again assume that Qee(f) = Mq — f,
then (3.18)-(3.19) simplify to

e . o Q™) = pa(Mpy — 1) fa(My! — ™)
A + Ve - Vo' + Vo VT v T = ™ el + EIO{Z
(1- Igee)(Mg -1 lgee(l\'/[g-"_1 —
* o + o ’
n+1 _ in -1
L o(Vie V" + ViV ™) = Pee = Ljn _ Pec jui
At o o
1
— —[rai™T + (1= ?0) (Vie - V™ 4 VY gt
o
The scheme for j is actually
: 1+ 5 (Bee — 1) o
n+1 _ A;x — Jn _ — a — (VkE . ernJr] + VanJrl . VkrnJr])
1+ ﬁ)\el + Eﬁee 1+ @)\el + Eﬂee

O At
+ m[(vks V™ 4 VT Gt — (Ve - Vi + ViV V)]
2 /vel o Pee

When o <« 1 (so 6 = 1), suppose all functions are smooth, we have

1
= —A—(Vks VT VT V) 4 0(a).
el

The scheme for r results in

i _H%(ﬂel—kew%(ﬂee—l)rn At (Ve Vi + V0" V"
= At At - At At k€ - Vx]© + Vx 'kj)
T+ 25 Bel + 5 Bee T+ 25 Bel + 5 Bee
3 2 Bee
» Qu (") + " (Mg — Mg)

+ - - - -
l+(%,3el+%ﬂee ¢ 1+(%ﬁel+%ﬂee
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At A_ztﬁel
+ o Mn + o
1+%ﬂel+%ﬂee g 1+%ﬂel+%ﬁee
1+ %(ﬂel — Xel) + %(ﬂee -1 n
= At At r
T+ 22 Bel + 5 Bee
Iteratively, this gives
. (1 + 55 (Bet — de) + G (Bee
1+ % Bel + % Bee
Clearly the first term on the right hand side will be damped down as time goes by no matter what the initial condition is.
After several steps, we have

(Mg — Mg)

el

+0 (az) + some function of €.

—1\"
) r® + 0(a?) + some function of &.

Mm=0 (az) + some function of &, forn > N,
which implies
Qe (") = O(ozz), forn > N.

At this stage, if we continue to penalize Q. ("), similarly as before,

1+ 25 Bel + 5 (Bee = 1) il
i _MZ-H = o Aet - Atee (rn_Mtrll)+ At o At Qai(r")
T+ 25 Bel + 5 Bee T+ 22 Bel + 5 Bee
At [ ) ) Mg+t — My
S I VY S S v VAL v/ L) I B
1+ %ﬂel + %,Bee ( ) At
2
_ oz P (MS“ - Mg Mg —M21>
1+ %ﬁel + %,Bee At At
14 25 et + 5 (Bee — 1)
— e @ (" - M)+ 0(a?+AL), forn>N. (3.20)

1+ %lgel + %,Bee
From (3.20) we see that r will converge to Mq with a dominant O (At) error. Therefore, a good choice of Mg is
Mep = Mg,
which will not only simplify the scheme, but also improve the asymptotic error from O (At) to O (a?).
Moreover, like the spatially homogeneous case, we suffer from the same problem that the convergence rate is too

slow for small but finite . To accelerate the convergence, we again choose some threshold § as in (3.11) such that once
| Qe1 ™) ]I(x) < & (check it for every x), we set Qg (™) =0 and turn off its penalization. Then (3.20) becomes

1+ 2L (Bee — 1 At M+ Mt
et et o 1w Bee =Dy AL Vie - V' + ViV v ) + —4—— 4
q At q At
1+ 5 Bee 1+ 5 Bee At
14 2L (Bee — 1
=T A j_(fre; )(r”—Mg)—i-O(ot),
"o Pee

and we gain much faster convergence rate.

3.2.2. The thresholded semi-discrete AP scheme

Based on the discussion above, we integrate the thresholding idea into (3.18)-(3.19) to propose the following semi-
discrete AP scheme.

At time step t"t1, given "= (fH)", (f)", ", j", p", E", and V"

o Step 1: Compute Mj*" used in (3.18) and V™! in (3.19).
Although (3.18) appears implicit (recall Mej = Mg), Mg“ can be computed explicitly similarly as in [15]. Specifically,
we multiply both sides of (3.18) by (1, e(k))T and integrate w.r.t. k. Utilizing the conservation properties of Qej, Qee,
and the BGK operator, we get

/r”‘” (;) dk:/r"(l) dk—At/(Vk8~ijn+Van-VU“)(;) dk.
Rd Rd Rd
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Note that by definition
1 . 1 (P
J(omfo(2)a=(2).
R4 R4

so the preceding scheme just gives an evolution of the macroscopic variables
pn+1 ,0” . . 1
<pn+1€n+l ={ pnen )~ At [ (Ve - V" + ViV - Vi ") e ) dk-
Rd

Once p"™1 and "1 are computed, we can invert the system (2.22) to get z'*! and T"t! (details see [18]). Plugging
them into (2.9) then defines Mg“. Given p™*1, V™1 can be easily obtained by solving the Poisson equation (2.7).
e Step 2: Compute r"t1,
At every spatial point x, check the norm of Qg (") in k:
— if |Qa(™)||(x) > 8, apply scheme (3.18);
- otherwise, apply (3.18) with Q¢ (r")(x) = Be1 = 0.
e Step 3: Employ scheme (3.19) to get j"*1.
e Step 4: Reconstruct fm+1 = (fH)ymtl =+l 4 o jn+1 and (f)mH! = iHl — g4,

3.2.3. Space discretization

We finally include the spatial discretization to the previous semi-discrete scheme to construct a fully-discrete scheme. We
will show that when o — 0, it automatically becomes a discretization for the limiting ET model (2.10), thus is Asymptotic
Preserving (satisfies the property 2 in the Introduction).

For the sake of brevity, we will present the method in a splitting framework, namely, separating the explicit and implicit
parts in (3.18)—(3.19). This is equivalent to an unsplit version since our scheme is of an IMEX type. We also assume a slab
geometry: x € 2 C R1. Extension to higher dimensions is straightforward.

Let rl"fm, j?m denote the numerical approximation of r(x;, km,t") and j(x;, km,t"), where 0 <l < Ny, 0 <m =

(mq,...,mg) < N,‘f, Ny and Ny are the number of points in x and k directions respectively. We have at time step t"*1:

e Step 1: Solve the explicit part of (3.18)-(3.19) to get r;’jm and jj .. The thresholding idea is embedded in this step when
computing Gl(rfm, jﬂm): if |Qa(M™)] <8 at x;, set Qe (™) (x;) = 0. For convection terms, we use the upwind scheme
with a slope limiter [31] on the Riemann invariants.

e Step 2: Solve for the macroscopic quantities p;* and &* and thus define (Mq);‘jm and V,’fm.

1
pf =Y riaAkl = 3 > rinlkml*AK /o
m m

Finding (Mq);fm is then exactly the same as in the semi-discrete scheme. V" is solved from a simple finite-difference
discretization of the Poisson equation.

e Step 3: Solve the implicit part of (3.18)-(3.19) to get rf;] and jml (if the threshold is satisfied in Step 1, set Be; =0 in
r's equation as well):

el =t BalM =il Beel (M) — 11
= 5 +
At o o
n+1 * n+1 n+1 n+1 n+1
-’7n1 —Jim 1 n+1 2 Tetm —T—im 1 Tm+1 — Tim—1 Bee . 1
—m_m_ + (1 —a20) | kypy, 2T —LM 4 (g vyrtl oMbl mel ) g Zee gl
At o7 | Medim + ( M km =52 @V 2AK o Jim

(3.22)

First, it is easy to see that macroscopic quantities o and & remain unchanged during this step (the right hand side of

(3.21) is conservative). Therefore, the previously obtained (My) and V;* are in fact (M Y41 and V™1, From (3.21)
9Im Im Im Im

one can easily obtain rl”#, and then (3.22) directly gives rise to jml.

: (3.21)

3.2.4. Asymptotic properties of the fully discrete scheme
As already shown in Section 3.2.1, sending o to zero in (3.18)—(3.19) for Qee = Mq — f leads to

rn+1 — Mg+l’

1
jﬂ+1 — _)\_(ng . ern+l + vaﬂ+1 . Vkrn+])’

el

which in 1-D fully discrete form read
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n+1 — (Mq)n—H

rl,m Im >

n+1 n+1 n+1 n+1
= 1 K Tiitm ~T—1m + @V Tme1 ~ Tim—1
Lm A L 2Ax X 2Ak

Plugging these relations into the discrete scheme of r resulted from the last subsection, we get (after multiplication by
(1,&(k)T and integration w.r.t. k):

1 ( P+ pn ) / 1 {km1 [k (M)fy2.m = 2Mq)i'y + M)y
_ M ey
0

At \ prtigntl — pnen rei(e) | 2A% 2Ax
Rd
e V),-, (Mq)ln+1.m+1 - (Mq)?—&-l,m—] —@® V)n (Mq)?—l,m-&-] - (Mq)?—l,m—1
X 2Ak X 2Ak
Ik, | (V)] M)}y — 2(MMo)}, + (Mo,
- —ZA]x (Mo)iq m = 2(Mq)]py + (M) ) + Ak (V)] Ak
(Mq)?+1,m+1 - (Mq)?fl,mﬂ (Mq)?ﬂ,mq - (Mq)?fl,mfl
+ Ky 41 —km,—1
2AX 2Ax
|(@x V]| 1
— e (M) = 2Mo)y + (Mol ) t{ . ) dk=0, (3.23)

which is a kinetic scheme [12] for the ET model (2.10) (compare with (2.21) and (2.18)). Here for notation simplicity, we
only consider the upwind scheme, the slope limiter can be added in the same manner.

4. Numerical examples

In this section, we present several numerical examples using our AP schemes. In order to perform the tests, we need
accurate numerical solvers for the collision operators. Since the electron-electron interaction Qee falls into a special case
of the quantum Boltzmann operator, we adopt the fast spectral method developed in [20]. For the elastic collision Qy, it
is desirable to compute it in the same spectral framework but the direct evaluation would be very expensive. Here we
introduce a fast approach by exploring the low-rank structure in the coefficient matrix. Details are gathered in Appendix A.

In the following, we always assume k € [—Lg, Lg]> in 2-D and x € [0, Ly] in 1-D. Ny is the number of points in
each k direction and Ny is the number of spatial discretization. For simplicity, we assume the scattering matrices
Pei(k, k') = Pee(k, k1,k',k}) = 1. Then according to (3.4), Bei and Bee can be chosen as B = 2w and Be. = mp since

Qee(f) =3 Jpa [o1 ffrdodky =mpf (see also (A1)).
4.1. The spatially homogeneous case
We first check the behavior of the solution in the spatially homogeneous case. Consider the non-equilibrium initial data
folky, ky) = %[(lq — 12 + (ky — 0.5)2]e (ki =1 +(2=0.5%)

The parameters are chosen as o = 5e—3 (diffusive regime), n = 10 (strong quantum effect; the equilibrium is very different
from the classical Maxwellian), L, = 10.5, Ny = 64. Under this condition, a stable explicit scheme would require At =
0 (1e—6), while our scheme gives fairly good results with much coarser time step At = 1. Fig. 1 shows the AP error in
L°°-norm

errorAP}~ = max| f" — Mg| (4.1)
I<1,k2

with time. Here we can see that during the initial period of time, this error decreases very slowly as explained in (3.6):
f is only driven to some function of &, not Mg, because of the dominating mechanism Q.. Once the threshold comes into
play as shown in (3.10), f will start to converge to Mg at a reasonable speed, which appears as a sharp transition in the
asymptotic error. The magnitude of the threshold § affects the position of this sharp transition in the way that bigger §
leads to earlier transition, as displayed in Fig. 1. As a comparison, the solid curve is obtained by the regular AP scheme
without threshold, the error decreases very slowly as in (3.9). Fig. 2 displays the evolution of f at different times, where
we clearly see that f first transits from non-radially symmetric to radially symmetric and then moves toward the desired
Fermi-Dirac distribution Mg.

4.2. The spatially inhomogeneous case

In the rest of simulation, we always take Ly =1, Ly = 9.2, and assume periodic boundary condition in x and zero
boundary in k. The time step At is chosen to only satisfy the parabolic CFL condition: At = O (Ax?) (independent of ).
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——errorAP with threshold 1.20
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0.025¢ — errorAP without threshold
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0 ‘
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Fig. 1. Plots of the asymptotic error (4.1) versus time with different thresholds. Here n =10, At =1, Ly = 10.5, and Ny = 64.

initial distribution f at t=50

0.1
0.08
0.06
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0.02
o]
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fatt=175 f at t=500
0.14 0.1+
0.08+ 0.08+
0.06- , /m\ 0.06 : AN
0.04 0.04
/ 0.02 .
\
g A
10
_5 )
-10 -10 -10 -10
k, K, K, K,
Fig. 2. Evolution of f at times t = 0, 50, 175 and 500. Here n =10, At =1, Ly = 10.5, and Ny = 64.
4.2.1. AP property
Consider Eq. (2.3) with non-equilibrium initial data
1 Lx 2 242 212
folx, k1, ko) = 5(6780(#%) + l)(e*[(kﬁl) +hyl 4 o= lki+1) +k2])‘
The electric field 9,V is set to be one.
We check the asymptotic property by looking at the distance between r and Mg, i.e.,
errorAP}, = Z " — M3|AxAk2, errorAP}~ = max | — Mg|. (4.2)

x,k1,k
x,k1.ka 1r2
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o=1e-3 o="1e-3
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J— ot —errorAP in L'

107 errorAP in L | 107k ~ |

Fo=s ---errorAP in L™ “TTerrorAPin L
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10°
107

-5 . . . ]
10 0 0.05 0.1 0.15 0.2
time

Fig. 3. Plots of the asymptotic error (4.2) versus time. Here Ny = 40, At = 0.2Ax?. Left: n = 0.01 (classical regime), Ny = 32. Right: = 3 (quantum regime),
N, = 64.
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Fig. 4. Doping profile h(x) for 1-D n*-n-n" ballistic silicon diode.

The results are gathered in Fig. 3, where we observe a similar trend as in the space homogeneous case that r converges to
Mg in two stages: first to a radially symmetric function (some function of ¢) and then the local Maxwellian Mq. This in
some sense mimics the Hilbert expansion in the derivation of ET model in Section 2.

4.2.2. 1-Dnt-n-n™ ballistic silicon diode

We finally simulate a 1-D n*t-n-n" ballistic silicon diode, which is a simple model of the channel of a MOS transistor.
The initial data is taken to be

tanh(40(x — 2*)) — tanh(40(x — 2x))
2

fox, ki, kz) = (1.1 + > X (e’[(kl’l)zﬂ‘%] + e’m““)z*kg]).
For Poisson equation (2.7), we choose h(x) = po(x) = [ fodk, €(x) =1, Co = 1/1000, with boundary condition V(0) =0,
V(Lx) = 1. The doping profile h(x) is shown in Fig. 4.

We consider two regimes: one is the kinetic regime with o = 1, where we compare our solution with the one obtained
by the explicit scheme (forward Euler); the other is the diffusive regime with o = 1e—3, where our solution is compared
with that of the ET system using the kinetic solver (3.23). Good agreements are obtained in Figs. 5, 6. Here the macroscopic
quantities plotted are mass density p, energy £ defined in (2.11), electron temperature T and fugacity z obtained through
(2.22), electric field E = —dxV, and mean velocity u defined as u = j,/p.

5. Conclusion

We constructed an asymptotic preserving scheme for a multiscale semiconductor Boltzmann equation (coupled with
Poisson equation) that in the diffusive regime captures the energy-transport limit. Besides the stiff convection terms, the
two-scale collision operators pose new difficulties since the simple BGK penalization is unable to capture the correct limit.
The key ingredient in our scheme is to set a suitable threshold for the leading elastic collision such that once this threshold
is crossed, the less stiff collision begins to dominate. In this way, the convergence of the numerical solution to the local
equilibrium resembles the Hilbert expansion at the continuous level. We analyzed this asymptotic behavior using a sim-
plified BGK model. Several numerical results confirmed the asymptotic-preserving property for any non-equilibrium initial
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—AP
A explicit

0o 0.2 0.4 0.6 0.8 1 "200 0.2 0.4 0.6 0.8 1
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Fig. 5. Density p, velocity u, energy £, temperature T, fugacity z, and electric field E at time t = 0.05. ‘—' is the AP scheme, ‘A’ is the forward Euler
scheme. Here « =1, n =1, Ny =40, Ny =64, At = 0.2Ax2.

data, as well as the uniform stability of the scheme with respect to the mean free path, from kinetic regime to diffusive
regime. As a variant of the scheme in this paper, we have devised another formulation using a splitting approach. The re-
sults are reported in a companion paper [19]. It is also interesting to include the inelastic electron-phonon interaction into
the equation and we leave it to the future work.
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Appendix A. Fast spectral methods for collision operators Qe and Qe

In this appendix, we briefly outline the numerical methods for computing the collision operators Qg and Qee. For
numerical purpose, we assume the scattering matrices ®ej(k, k') = ®ee(k, k1, k', k7) =1, and the wave vector k € R2.
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Fig. 6. Density p, velocity u, energy &, temperature T, fugacity z, and electric field E at time t =0.05. ‘—' is the AP scheme, ‘A’ is the kinetic scheme
(for the ET system). Here o = 1e—3, =1, Ny =40, Ny = 64, At =0.2Ax?.

A.1. Computation of Qee

Under the parabolic band assumption, (2.6) reads

K2 kP K2 k%)

Qee () (k) 2/5(k +K, —k—k1)8<7 ML L
R6

< [f'fia=nHa—nf) = ff(1=nf)(1 = nf])]dkidk'dk].
By a change of variables, it is not difficult to rewrite the above integral in the center of mass reference system:
1 / /
Qee(N) =5 f f [ FA=nHHA =nfo)— fH(1=nf)(1 = nfi)]do dki, (A1)

R2 S1

where
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k+ki |k—k|
kK = ,
k 5 + 5 o
;o k+ki Jk—kq]
ki = — o.
2 2

This is just the usual form of the quantum Boltzmann collision operator for a Fermi gas (of 2-D Maxwell molecules). Our
way of computing Qee follows the fast spectral method in [20]. The starting point is to further transform (A.1) to a Carleman
form

Qee()(k) = f / Se- Y[FFA—1HA—nf)— Ffi(1—nf)(1 —nf))]dedy. (A2)
]RZ RZ

where k1 =k +x+y, K =k+x, and k =k + y. If Supp(f (k)) C Bs (a ball with radius S), we can truncate (A.2) as

Qb (Nl = f/S(X-y)[f’f{(l —nHHA =nfi)— fFHL(1=nf)(1—nfi)]dxdy

Br Br

_ //S(X-y)[(f/f{ R = n(F Ff P — F R — fuf)F)] dxdy

Br Br

with R = 2S. We next choose a computational domain D; = [—L, L]? for k, and extend the function f(k) periodically to

the whole space R2. L is chosen such that L > M%S to avoid aliasing effect. We then approximate f(k) by a truncated
Fourier series

N/2-1

fk) = Z J?jei%j'k, sz

j=—N/2

1 —

— kye Tk dk. A3
07 | 1o (A3)
Dy

Note here j is a 2D index rather than 1D. Inserting the Fourier expansion of f into Qge( f), and performing a spectral-

Galerkin projection, we can get the governing equation for QX.(f) j- The computation is sped up by discovering a convolu-
tion structure and a separated expansion of the coefficient matrix. The final cost is roughly O(MN?logN), where N is the
number of points in each k direction, and M is the number of angular discretization. More details can be found in [20].

A.2. Computation of Qe

Under the parabolic band assumption (2.4), (2.5) reads (see also (3.1))

Qa (k) =/6(8’ —e&)(f' = f)dk' = / f(Iklo)do — 27 f (k). (A4)
R2 st
Compared to Qee, this one is much easier to compute. For instance, one can do a direct numerical quadrature plus in-
terpolation to approximate the integral over S!. To achieve better accuracy, we here present an efficient way to compute
Qel(f) based on the same spectral framework of Qee(f). Specifically, we still adopt the Fourier expansion (A.3). Inserting it
into (A.4), we get
N/2-1
Qu(f)ky= > Bk jfj—27mf(), (A5)

j=—N/2

where
. T .
Bk, j)=2m Jo(r |k||1|>-

Here L has to be L > @S to avoid aliasing. A direct computation of the above summation requires obviously 0 (N*) steps,
which can be quite costly. But note that the coefficient matrix B(k, j) only depends on the magnitude of k and j, which
means that its rank is roughly O (N). Therefore, we can find a low rank decomposition of B(k, j) as (for 2-D problems this
can be precomputed via a SVD)

O(N)

Bk, j)=")_ Ur() V().

r=1
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Then computing the summation in (A.5) becomes

N/2-1 N/2—1 O(N) 0(N) N/2—-1
Y Bkopfi= Y Y UVi(Dfi= ) U] Y Vi
j=—N/2 j=—N/2 r=1 r=1 j=—N/2

The cost is reduced to O (N3).

To summarize, we have two fast spectral solvers for the collision operators Qg and Qe (the cost of Qee is dominant due
its intrinsic complexity). Both of them provide high-order accuracy and are thus suitable for testing asymptotic properties
of our schemes.
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