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1. Introduction

We consider a linear kinetic transport equation in a diffusive scaling,

1
Pe: efe+voef =) =D (1.1)

with the initial condition and suitable boundary conditions. The function f = f(x, v,t) is the probability phase space den-
sity function of the particles, with x € Qx C R, v € @, C R, and t > 0 being the spatial, velocity, and temporal variables,
respectively. The operator £(f) = (f) — f defines a normalized scattering operator, where (f) := va fdv and v is a mea-
sure of the velocity space. The parameter & > 0 is the dimensionless Knudsen number that is the ratio of the mean free
path of the particles over the characteristic length of the system. With the presence of ¢ in front of the time derivative of
f, we focus on the long time behavior of the system under a diffusive scaling. As ¢ — 0, the solution to this singular per-
turbation problem P¢ converges to that of a macroscopic linear diffusive model P° in (2.4) (at least away from the initial
and boundary of the space-time domain). When & = 0 (1), the system balances the transport and the scattering processes.
The linear Kkinetic transport equation (1.1) provides a prototype model for more realistic models in studying rarefied gas
dynamics, neutron transport, radiative transfer, among many others.

In this work, we are concerned with the design and the mathematical understanding of high order numerical methods
for (1.1), particularly under the discontinuous Galerkin (DG) framework and with the asymptotic preserving (AP) property.
Numerical methods with the AP property are designed for the multi-scale model P¢, and they are consistent and stable
for a wide range of values of . As ¢ — 0, the limiting schemes are consistent discretizations of the limiting equation 7°
when the discretization parameters (such as mesh and time step sizes) are fixed and under-resolved. AP methods have
gone through active development in past few decades for various problems, see e.g. the review papers [16] for kinetic
and hyperbolic equations and [11] for fluid models. Unlike domain decomposition methods for multi-scale problems, AP
methods provide a natural transition between models at different scales when ¢ varies in space and/or in time.

DG methods are finite element methods that use discontinuous functions as approximations. They are chosen here as
spatial discretizations due to their many attractive properties, such as the ease to be designed with arbitrary accuracy,
flexibility in adaptive implementation, compactness and high parallel efficiency, and more importantly, the methods suit
for many different types of differential equations, hence are a natural candidate for the design of AP schemes that can
simultaneously capture the solutions in various regimes. DG methods have a long history for simulating transport problems.
Indeed the first upwind DG method by Reed and Hill in 1973 [28] was for the linear stationary neutron transport equation.
For the stationary radiative transfer equation in diffusive regimes, it was shown in one dimension [20] that the P® upwind
DG method is not AP yet the P! upwind DG method is. The AP property was also examined in [21] for the P! upwind DG
method in the presence of the boundary layer. This property was further investigated numerically [1] and analyzed [12] in
high dimensions and/or for more general discrete spaces. And the understanding to the issue also led to the development
of a new AP-DG method in [18] that uses the reduced upwind stabilization in the numerical flux.

The methods reviewed above involve DG discretizations based on the original form of the kinetic models. The resulting
algebraic systems can be solved by (accelerated) source iterations with transport sweep techniques [2,18]. We here will
propose numerical methods that are based on a reformulated form of the underlying model. Particularly, our methods are
based on the micro-macro reformulation (see (2.2), also [26]) of the model problem (1.1), and the implicit part to solve in
our proposed methods is essentially a discrete Poisson equation. Within the micro-macro framework, in [23,25] a first order
finite difference AP method was formulated and analyzed for stability. Later a family of high order AP methods, based on DG
spatial discretization and globally stiffly accurate implicit-explicit (IMEX) Runge Kutta (RK) temporal discretizations of type
ARS (after Asher, Ruuth, and Spiteri [3,5]), was proposed in [14] and analyzed in [15]. As € — 0, the limiting schemes of the
methods in [14] are intrinsically explicit discretizations for the limiting heat equation. Therefore for the schemes with & « 1
in the diffusive regime, numerical stability requires the time step to satisfy At = O (h?), where h denotes the characteristic
spatial mesh size. Such parabolic time step condition is quite stringent for the computational efficiency. Similar issue also
occurs to other AP schemes, including the finite difference methods based on the even-odd parity formulation [17,19] or
based on the micro-macro decomposition in [23,25]. The primary objective of this work is to design new AP methods,
improved from the methods in [14], that are unconditionally stable when the underlying problem is in its diffusive regime,
and additionally we want to establish mathematical understanding of the proposed methods especially in the presence of
the initial layers. One will see that our analysis also contributes to the understanding of some previous developments in the
literature.

To enhance the stability, similar to [5,4], we add and subtract a weighted diffusion term to further reformulate the
micro-macro decomposed equation, aiming to remove the parabolic stiffness. The added term is chosen according to the
limiting equation and involves a weight function w. For this newly reformulated system, we design local DG (LDG) methods
[10] in space, and globally stiffly accurate IMEX-RK method of type ARS in time [3,5], equipped with a suitably chosen
implicit-explicit strategy.

Numerically the proposed methods (with a properly chosen weight function w) are observed to be unconditionally
stable in the diffusive regime when &/h is relatively small. Fourier type numerical stability further confirms this when
it is applied to a discrete velocity model. Our stability analysis also reveals a scaling structure of the model, and this
provides useful guidance to the choice of the weight function @ in terms of the model and discretization parameters
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g, h, At. Using weight functions preserving this scaling structure in return will result in some invariant property of the
numerical stability condition (see the existence of the function F, ,, in the stability condition in Section 4). Based on our
analysis, the weight functions @ = exp(—¢&/h) and @ = exp(—¢&2/At) will preserve the scaling structure of the model, while
the choice @ = exp(—&2/h) used in [5] will not. What we also look into is the stability property of the methods when they
are applied to the kinetic regime with € = 0 (1) where the transport effect dominates.

Another important aspect is to examine the proposed methods being AP, with the limiting schemes as ¢ — 0 not only
being consistent to the limiting equations but also being high order accurate. This is investigated with the initial layers
being taken into account. We first carry out formal asymptotic analysis for the continuous problem within the micro-macro
framework when & « 1 with the possible presence of the initial layer and when the boundary condition is periodic in x.
On the numerical level, strategies are proposed to avoid order reduction or inaccuracy when the initial data is not well-
prepared. For the resulting methods, formal asymptotic analysis is carried out to confirm the AP property of the proposed
schemes, regardless the initial data being well-prepared or not. Moreover, the limiting schemes are of formally high order
accuracy. The asymptotic analysis identifies more property of the weight function w, see (5.13), to ensure the AP property
of the methods.

The remaining of this paper is organized as follows. In Section 2, we reformulate the model equation, and carry out
a formal asymptotic analysis with respect to the parameter ¢ <« 1 and when the initial data may or may not be well-
prepared. In Section 3, we present the proposed numerical methods, by first discretizing the problem in time then in space.
Modification is proposed to the numerical methods during the first one or two time steps to address the accuracy reduction
or loss in the presence of the initial layer. In Section 4, numerical stability is examined through Fourier analysis in both the
diffusive and kinetic regimes. It also provides some guidance on choosing the weight function w in the schemes. Formal
asymptotic analysis is then performed for the proposed methods in Section 5, and it shows the methods are AP, with the
limiting schemes as ¢ — 0 being formally high order accurate. The performance of the proposed methods is demonstrated
numerically in Section 6, which is followed by concluding remarks in Section 7.

2. Model equation

In this section, we will reformulate the model equation (1.1) and carry out a formal asymptotic analysis with respect to
the parameter & when it is small, i.e. € <« 1. It is assumed that the boundary condition is periodic in x. The readers can
have two specific examples of (1.1) in mind. One is the one-group transport equation in slab geometry. Here ©, =[—1, 1]

and
<f>=[fdv= %/f(x,v,t)dv,
Qy Qy

with dv as the standard Lebesgue measure. The other is the telegraph equation, involving two discrete velocities with
Q, ={-1,1}, and

1
= [ fav=3Ger=1.0+ fxv=-1.0).
Qy

In both cases, the scattering operator £(f) = (f) — f in (1.1) only acts on the v variable and has one dimensional null space

Null(£) ={f: f = (f)} =Span{1}.
2.1. Reformulation

Our proposed numerical methods are based on a reformulated form of the model equation (1.1), obtained in two steps.

As the first step, we reformulate (1.1) into its micro-macro decomposition, originated in [26] for PDE analysis and later
used in [23,15,14] for numerical method design. Consider the square-integrable space L%(2,) in v, with an inner product
(f,g) := (fg). Let I1 be the L? projection operator onto Null(£), and let p := I1f = (f). Then f can be decomposed
orthogonally into

f=({f)teg=p+eg, (2.1)

where (g) = 0. We now apply IT and its orthogonal complement I — IT to (1.1), and this leads to the micro-macro reformu-
lation

oo + dx(vg) =0, (2.2a)
1 1
8—2v3x,0 = —g—zg. (2.2b)

The operator I is the identity operator. As it will be shown in next subsection, as ¢ — 0, the system (2.2) (at least away
from the initial layer) becomes

1
0 g + E(l — I (vixg) +
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o p + dx(vg) =0, (2.3a)
g=—vkp, (2.3b)

which implies that the macroscopic part p satisfies a diffusive (indeed a heat) equation,

0P = (V2>3xx/0 (2.4)

with an asymptotically consistent initial condition p(x,0) = limg_o(f(x, -, 0)). (The initial data of f for the model equation
(1.1) may depend on &.) The relation (2.3b) will be referred to as the local equilibrium, and it indicates g can be expressed in
terms of p in the limiting model. Note that (v2) =1 for the telegraph equation and (v?) = 1/3 for the one-group transport
equation in slab geometry.

As the second step, we add a weighted diffusion term w(v2)d, 0 to the both sides of (2.2a), and get

dp + ax<v(g+wvaxp)> = w(v?)dxp, (2.5a)

1 1
dg+ — (I—H)(vaxg)+ Vo =—38 (2.5b)

The term (v2)dp is closely related to the limiting equation (2.4), and a similar idea was used in [5]. The non-negative
weight function w depends on ¢ and it is bounded and independent of x, satisfying

w—>1 as ¢—0. (2.6)

Other properties desired for the weight function @ will be identified as we analyze the proposed numerical methods.
2.2. Formal asymptotic analysis with initial layers: the continuous problem

In this section, we will carry out a formal asymptotic analysis for the micro-macro reformulation (2.2) (hence (2.5)),
assuming the smallness of the parameter €. Particularly, we will consider the case with initial layers when the initial data is
not well-prepared. One can refer to [27] for an analysis based on the original form of a kinetic transport equation. Note that
the analysis here does not essentially depend on the dimension of the spatial space €2, and the velocity space €2,. Within
this section, functions will be written with their explicit dependence on &, such as u(x, v, t; €). Here and below, when the
big-O notation z = 0(Y") is used, it means that there exists a constant C > 0, Yo > 0, such that |z| < CY",VY < Yy. Here
T can be g, h, or At, while C is independent of €, h and At. Under the assumption that the boundary condition is periodic
in x, boundary effects including boundary layers are not considered. The initial data f(x,v,0; &) = p(x,0;¢) + eg(x, v, 0; ¢)
is taken as

fx.v.0:6) = A(x,v) + €O (x,v) + 0(¢?), (2.7)
where A and © are integrable in v. This implies
5 A—(A)
px,0;8)=(A)+e(®) +0(), gR&v,0¢)= —  t 0 —(®)+ 0(¢). (2.8)
The solution to (2.2) has the following decompositions
p=p"+p, g=g' +g. (2.9)

Here p (x t;e) and g I(x,v,t; &) correspond to the interior solution that is the entire solution away from the initial layer;
while pi(x,t; &), g'(x, v, t; &) are from the initial layer solution, and they decay to zero when exiting from the initial layer.
Next we will derive the leading terms in o and g for the interior problem and the initial layer up to O (1), and then
summarize our main observations.

Interior problem: for the interior problem, we take the ansatz

o' =plx,+0(), g =ghx v,t)+0(), (2.10)

and plug them into (2.2). (One can start with an O(¢~!) term in g', and this term turns out to be zero.) After collecting
the O(1) leading terms, we get

g + dx(vep) =0, (2.11a)
80+ vdxph =0, (211b)

and this implies that the leading term p(’, of the interior solution satisfies the heat equation

3Py = (v2)dxxpp- (212)



Z. Peng et al. / Journal of Computational Physics 415 (2020) 109485 5

And g(', itself is not an independent quantity, and it is determined by p(’, via (2.11b).

Initial layer: for the initial layer problem, one can show the layer width is of 0(s?) following a standard dominant balance
argument [13]. Let 7= t/e? be the scaled (or called stretched) time variable. The initial layer solution, still represented by
p'(x,7;¢) and g'(x, v, T; ¢), satisfies

3 p' + &0, (vg') =0, (2.13a)

drg +e(d—TI)(vag) + vaxp' = —g'. (2.13b)
We take the ansatz

Pr=phxT)+0(@), g=g xv. e +ghx v.T)+0(), (214)

and collect 0(¢~1') and O(1) terms, respectively, and get

o(™: g ,+g,=0, (2.15a)
o): d,0h=0, (2.15b)
drgh + (A —TD(vikg' () + vy + gh = 0. (2.15¢)

Now by matching the leading terms of p and g with the given initial data (2.8), we have
0():  pPy(x.0) + po(x,00 = (A), g 1(x,v,0)=A—(A), (2.16a)
o(e): g(’,(x,v,O)—l—gB(x,v,O):(H)— (®). (2.16b)
Based on (2.15b) and pé(x, o0) =0, we get
oh(x,T) =0, VYT >0. (217)
This, together with (2.16a), gives the asymptotically consistent initial condition for the interior heat equation (2.12):
Py(x, 0) = (A). (218)
Moreover, from (2.16b), (2.11b) and (2.18), we get the initial data for gg in the initial layer solution,
h(X. v, 0) = O — (©) + Vip}(x.0) = © — (©) + Vi (A). (219)
We next solve for gi1 from (2.15a) and (2.16a),
g v, ) =g ;(x,v,00e " = (A —(A)) e ". (2:20)

Finally we can solve for g6 based on (2.15¢), (2.17), (2.19), (2.20):

g, v, 7) = (gh(x, v, 0) = T = M {vae(A — (AD})e™"

= (o —(O®) + Vg (A) — T — TD{vay(A — (A))})e—f. (2.21)

Summary and observations: In summary, when ¢ « 1, the solution to the micro-macro reformulated system (2.2) with the
initial condition (2.7) has the following form

P, t; 8) = po(x, 1) + 0 (&),
1 . :
g0V, 6:6) =go(X, v, 0) + — gLy (6 v, 1/6%) + gy, v, /) + 0 (&).
One can make the following observations:

e For the leading term (,oé,g(')) in the interior solution, ,oé satisfies the heat equation (2.12) with the initial condition
(2.18), and g is determined by p] via (2.11b);

e The leading term (up to O(1)) in p does not contain an initial layer;

e When 1g' + gl =0, with g',, g} given in (2.20)-(2.21), the leading term (up to O (1)) has no initial layer; otherwise
the initial layer of O(g?)-width is present.
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e Based on the explicit formula in (2.20)-(2.21), the leading term of g is free of the initial layer if and only if

A L9 (0) + vag(A) — T — ) {vay(A — (A} =O. (2.22)

That is,
A=(A), O—(0)+vik(A)=0.
This, under the assumption (2.7) and (2.8) on the initial data, is equivalent to
g(x,v,0;&)+vikp(x,0; &) = 0(e). (2.23)

Note that (2.23) indicates the initial data is within the O (&)-width neighborhood of the local equilibrium (2.11b) (see
also (2.3b)). In this case, we say the initial data is well-prepared. The analysis above shows that the initial data being
well-prepared or not determines the presence of the initial layer in the leading term of the solution.

Definition 2.1. The initial data f(x,v,0;¢) = p(x,0; &) + €g(x,v,0; ¢) is said to be well-prepared if it satisfies the relation
(2.23).

3. Numerical methods

In this section, we will present the proposed numerical methods. We will start with the temporal discretization, then
discretize in space. The boundary condition in space is assumed to be periodic. Some more general boundary conditions
will be considered in Section 6.2.
3.1. Temporal discretization

In time, we will apply IMEX-RK methods. We will begin with the first order method and explain our proposed implicit-

explicit strategy, then discuss initial layer treatments to avoid accuracy loss or reduction, and finally we will present high
order IMEX-RK methods.

First order temporal discretization. When the temporal accuracy is of first order, our scheme, denoted as IMEX1, is defined
as follows. Given the numerical solution p", g" at t =t", we look for p"*1, g"*1 at t"*1 =" + At, satisfying

pn+1 _ pn
PV E i) = o(v) o™, (31a)
gn+] -g" 1 n 1 n+1 1 n+1
Bl - =—— . 1
AL + 8( )(voxg") + 2 Vox 0 ezg (3.1b)

The implicit-explicit strategy we adopt here (and later for high order temporal discretizations) is to treat all the terms that
are dominating when ¢ « 1 implicitly. This includes the most stiff terms on the scale ;—2 in (3.1b), and the diffusion term
on the right side of (3.1a). Note that in the diffusive regime with & <« 1, the solution (at least away from the initial layer) is
expected to stay close to the local equilibrium g + vdyp = 0. Hence based on the property (2.6) of the weight function w,

namely, ® — 1 as ¢ — 0, the term

A (V(g + WVdxp)) = e (V(g + Vdp)) + (@ — 1)(V?) e

is less dominating, and it is treated explicitly together with the transport term (I — IT)(vdxg).

Treatment for initial layers. When the initial data is not well-prepared, the solution will contain an initial layer of O (g?)-
width in its leading term. In this case g can be of O(¢~) initially, yet after the first time step at t = At >> 2, the solution
exits from the initial layer, and both p and g should be of O(1). This feature, however, is not well respected at the discrete
level by our implicit-explicit strategy above, mainly due to the explicit treatment of g in (3.1a). In fact in this case, the
numerical scheme (3.1) may produce p!, g! of size 0(¢~1) following (3.1a), hence becomes very inaccurate. To overcome
this, one would want to treat the g term (hence the g+ wvdyp term) in (3.1a) implicitly. With the consideration for an
easy analysis, we propose to replace the scheme (3.1) at n =0 by

p'—p°
At
- g
At

+ dx(vgl)y =0. (3.2a)

1 0

1
& g (3.2b)

&

1 0 1 0
+ (= T (v3g®) + — voxp® = —
I &
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The resulting scheme with the modification, namely (3.1) for n > 1 and (3.2) for n =0, is still referred to as the IMEX1
scheme. Using this slightly modified scheme, one will get p', g! = 0(1) even with g = 0(e~1). This will be explained
more systematically in Section 5.1. Alternatively, we can address the accuracy issue around the non well-prepared initial
data by replacing the scheme at n =0 by (3.2a) coupled with (3.1b). In [7], an initial fixing strategy based on Richardson
extrapolation was used to guarantee the designed second order accuracy in the presence of an initial layer.

Remark 3.1. The first order temporal discretization (3.2) was previously used in [23] for the same kinetic equation to define
a first order finite difference AP scheme regardless of the initial data, and this scheme also has the parabolic time step
restriction At = O(h?) as &€ — 0 just like our method in [14,15]. Here, we use the discretization (3.2) only for the first
time step to deal with the initial layer, and more specifically, to drive the numerical solution to be O (1) after the first step.
Note that away from the initial layer, our implicit-explicit strategy in (3.1) drives the numerical solution to stay close to
the local equilibrium, with g" + vaxp" = 0(g),n > 2, while a scheme with (3.2) for all n > 0 drives the solution to satisfy
g™t 4 va,p" = 0(e), that is g" 4+ vayp™ = 0(g) + O (At) with an extra O(At) error. This shows that our implicit-explicit
strategy (3.1) better keeps the computed solution close to the local equilibrium when ¢ « 1.

Higher order temporal discretization. To improve the temporal accuracy, higher order globally stiffly accurate IMEX-RK time
integrators of type ARS will be applied. An r-stage IMEX-RK scheme we consider here can be represented with a double
Butcher tableau

clA clA

BT pT (3.3)
where both A = (@;j) and A = (ajj) are lower triangular r x r matrices, with A having zero diagonal entries. For convenience,
the index is taken as i, j=0,1,---,s, with s =r — 1. The components o~f ¢ =~(E,-) and ¢ = (c;) are related to A and A in the
usual way, namely, ¢; = le;]o aij, ¢i = lezo ajj, i=0,---,s and vectors b = (b;) and b = (b;) provide the quadrature weights

to combine the numerical approximations from inner stages. The IMEX-RK scheme is said to be globally stiffly accurate [5] if
cs=Cs=1, and a5j=bj,d5j=b;,Vj=0,---,s. (34)
Its being type ARS [5] refers to the following structure of the implicit part

0 0
PR ERY) o)

where A is invertible. We want to particularly point out that the r-stage IMEX-RK method of type ARS effectively has
s=r —1 stages.

The first order time integrator in our scheme (3.1) is globally stiffly accurate and of type ARS. It is denoted as ARS(1,1,1)
and represented by

olo o 0]0 0
1‘101‘01
10 o1

For second and third order accuracy, we use ARS(2,2,2) and ARS(4, 4, 3) proposed in [3] (also see the appendix in [5]
for the formulas). Here ARS(s, s, p) stands for an IMEX-RK method of type ARS, that is p-th order accurate with effective s
stages in both the explicit and implicit parts. In this work, the semi-discrete temporal schemes with ARS(1, 1, 1), ARS(2, 2, 2)
and ARS(4, 4, 3) are referred to as the IMEXp scheme, with p =1, 2, 3, respectively.

When the initial data is not well-prepared, the IMEXp scheme may suffer from order reduction or poor accuracy. Based
on the formal asymptotic analysis in Section 5 (also see Remark 3.3 and Remark 5.2), the following strategy is proposed. At
n =0, we replace the IMEXp scheme by the first order scheme in (3.2). In addition, for the first two steps with n =0, 1, we
modify the time step size into At; = Aty = AtP, where At is the time step used for later steps and predicted by stability
analysis. Here and below, whenever needed, we will use At, to represent the time step size from the n-th time step.

Remark 3.2. It is important for us to use globally stiffly accurate IMEX-RK methods in order for the proposed methods to
be AP (also see discussion in [5]). Moreover, with our proposed implicit-explicit strategy, such time integrators also ensure
that the numerical solutions from both inner stages and full RK steps will stay close to the local equilibrium when ¢ « 1,
particularly with g" + vd,p™ = O(g), n > 2 (see Section 5). The implicit part .4 being triangular will render a simple system
to solve. We want to point out that the IMEX-RK methods being ARS is not essential for our analysis. Compared with the
A-type IMEX-RK methods which are another viable type of globally stiffly accurate IMEX-RK for our objective, the ARS type
has a relatively more manageable order conditions. For instance it was proved in [6] that there is no three stage A-type
IMEX-RK method that is second order accurate and globally stiffly accurate.
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Remark 3.3. In the presence of the initial layer, high order versions of the scheme (3.2) will still result in first order temporal
accuracy, hence it is sufficient to apply the first order scheme (3.2) directly at n =0 in the modified scheme.

Remark 3.4. Our goal is to design AP methods with high order accuracy for & ranging from 0 to O(1). To this end, it seems
important that the numerical solutions stay sufficiently close to the local equilibrium in the diffusive regime, namely, g" +
vdxp" = O (¢). This property is guaranteed by our proposed implicit-explicit strategy (at least for n > 2, also see Section 5).
To facilitate with the understanding, in Appendix A, we examine a family of AP methods, that are closely related to our
proposed methods except using a different implicit-explicit strategy as in (3.2). Both our formal analysis and numerical
tests show that an insufficient approximation of the local equilibrium at the numerical level can result in temporal accuracy
reduction in g (at least) in the diffusive regime with ¢ <« 1, and this reduction may further affect the accuracy in f. Surely
a mathematically more rigorous analysis would be needed to fully understand how different implicit-explicit strategies may
affect the accuracy of formally high order AP methods.

3.2. Spatial discretization

For the semi-discrete methods in Section 3.1, DG methods will be further applied in space. We will start with some
notation. Let Qy =[x, Xg] be the computational domain in space, with a mesh defined by x; =X} <X3 <o <Xyl =XRe

Let I; = [xif%,x 1] be an element with its length h; =X, 1 —x;_1 and its midpoint x;. We set h maxl h;. With k be any

1+ -3
nonnegative integer. we define a finite dimensional dlscrete space

Uk ={uel2@o:uly e P, Vi=1,- N], (3.6)

where the local space PX(I) consists of polynomials of degree up to k on I. For any u € U¥, we further deﬁne its jump at

Xi 1 as (ul;, 1 _u(x 1) u(x+1) Here, u(x*) = limp,_ o+ u(x+ Ax), and we also use u;, 1 =u(x;, 1) u+ —u(x 1) Vi.
2

The spatlal dlscretlzatlon will follow a standard derivation of DG methods, with the diffusive term dlscretlzed v1a a local
DG method, which is based on the first order form of dyxp with g = dxp as an auxiliary unknown. The fully discrete scheme
with a first order temporal accuracy is given as follows. Given o, qf and gj(-,v) € Uﬁ that approximate the solution p,

q=2dp and g at t =t", we look for pft!, g™, gl*1(-,v) e UK at (" =" + At, satisfying

@t @) +dn(oft @) =0, Vo e UF (3.7a)
ppt — pft
(T 0) Hhvigh + ovah). @) =ovh@ T ¢). Vo eU; (3.70)
gn+l _ gn 1
(P ) + b (h ) — (o)™ ) = ——(g”“ ). V¥ eUj. (37¢)
The bilinear forms in the scheme are
h(pn ) =3 / et Yy Wy (3.82)
(@) == / andxpdx — ) Ty ;1101 (3.8b)
bn,v(gn, ¥) = (A= IDDy(gn; v), ¥) = (Dn(gh; V) — (Dn(gn; V)), ¥)- (3.80)

Here (-, -) is the standard inner product for the L?($2y) space. For any fixed v € Q, the function Dy,(gy; v) € UL‘ in (3.8¢) is
the upwind approximation of the transport term vdyg within the DG framework, namely,

(Dn(gn; V), ) == / vgndapdx | = 3 (va,_y Wy, YV e UL, (3.9)
i Ii i

with Vg being the upwind numerical flux consistent to vg,

(3.10)

75— vg—, ifv>0,
&= vgt, ifv<0.

The terms o and ¢ in (3.8) are also consistent numerical fluxes, related to the discretization of a diffusive operator. In this
paper, either of the following alternating flux pairs is considered.
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right-left: g=p%, §=q7; left-right: g=p", §=q*. (3.11)

These alternating fluxes are known to lead to stable and optimally accurate DG discretizations for the diffusive operator dyy,
see [10].
We further introduce two linear operators, DY, Dﬁ U ’,; —U ’,j satisfying

(DF . v)=—dn(@. V), (Diy, ) =la(¥, ). (3.12)

Both approximates the spatial derivative dx. They are well-defined bounded operators following the Riesz representation,
and are determined entirely by the discrete space U’,j and the involved numerical fluxes. With these, the scheme (3.7) can
be rewritten into its strong form,

qzﬂ _ Dﬁ(pf?ﬂ)’ (3.13a)

pn+1 _pn

hTh + Dl (v(gh + ovg))) = o(v*) D i), (3.13b)

gn+1 _ gn -l v 1

A= TD(E ) + 5 D (o D = — g (3130)
qﬁ“

Once we realize the fully discrete scheme (3.13) is obtained by replacing the spatial derivative operator in (a first order
form of) (3.1) by the discrete analogue, it is straightforward to write down the fully discrete schemes with the higher order
globally stiffly accuracy IMEX-RK schemes of type ARS in time. These fully discrete schemes will be referred to as IMEX-LDG
methods, or IMEXp-LDG if the p-th order accuracy in time is specified, or IMEXp-LDGk if UL‘_l is used in the LDG spatial
discretization, with p=1,2,3 and k=1,2,---.

The initialization will be done for p, g, q via the L? projection onto Uﬁ. In actual implementation, for less smooth p(-, 0),
such as in the Riemann problem in Section 6, we instead initialize qg € U;j as a discrete derivative of ,o,?, namely, q,? = D,’:’ p,?.

The choice of the numerical fluxes is important for the discrete derivative operators Df: and DZ (or equivalently, dj
and I;) to preserve some key relation of the differential operators. This is summarized in next lemma, which can be verified
directly. The superscript | to an operator denotes its adjoint.

Lemma 3.5. With each pair of alternating fluxes (3.11), the following holds
dn(¢, @) =ln(9, ¢), Vo,¢ e UL, orequivalently Df = —(DhHT. (3.14)
Proposition 3.6. The proposed IMEX-LDG method is uniquely solvable for any € > 0.

The proof of this proposition boils down to the unique solvability of the problem examined in next lemma. And the
boundedness established in next lemma will also be used in the formal asymptotic analysis of the numerical methods.

Lemma 3.7. Given S € L?() and y > 0. Consider the following problem: look for pp, qp, € Uﬁ, such that

@n, @) +dn(pn, @) =0, Yo eUK,  (on,¢) — ylh(n ) =(S,¢), Vé UK, (3.15)
or equivalently,
G =Dy pn.  Pn=yDiGn+ Sh. (3.16)

Here Sy, denotes the L? projection of S onto U’g. Then py, and qp, are uniquely solvable. In addition, || px|| < ||S]].
Proof. Take ¢ =qy, ¢ = pp, in (3.15), and use the relation of I, and dy in Lemma 3.5, we get

ol > + v llanl 1> = (S, pr) < 1ISI] 11 onll- (3.17)

Particularly if S =0, then p, = q, = 0. This, in combination with the linearity of the problem and Uﬁ being finite di-
mensional, indicates the uniqueness hence the unique solvability of the solution oy, gy € UL‘. From (3.17), one also obtains
llonll <1ISIl. O
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4. Numerical stability by Fourier analysis

In this section, Fourier analysis, also referred to as von Neumann analysis, is presented to study the numerical stability of
the proposed IMEXp-LDGk methods when they are applied to the telegraph equation with the discrete velocity in different
regimes. Numerical experiments show that such analysis also informs about the methods when they are applied to more
general models, such as the one group transport equation in slab geometry. Furthermore, the analysis in this section provides
some guidance to the choice of the weight function w, particularly see Theorem 4.1 and Theorem 4.3. Note that our schemes
with or without the modification during the first few steps to address the non well-prepared initial data share the same
numerical stability.

4.1. Setup of the analysis

To carry out the Fourier analysis, we assume the mesh is uniform and the boundary condition in x is periodic. Consider
the IMEXp-LDGk methods with p =1,2,3,k > 1 and the left-right alternating flux pair in (3.11), applied to the telegraph
equation where Q, = {—1, 1}. Let the numerical solutions be

k—1 k-1

PROO =Y b ), ) =Yy (), (41a)
=0 =0
k—1 k-1
g D=> gl on®. gx-D=> g ¢LK (4.1b)
=0 1=0

for any x € I ;. Here d),’n ®) = ¢! (Xm), with X = % and ¢' being the I-th Legendre polynomial on [—1, 1].

Recall (g}}) =0, this implies g”+,m, = —g’l.ml, Vn, m,l. Moreover, g, can be locally eliminated. We now collect the in-
dependent unknowns into oy, = (0hg. .-, Oy ,{_1)T, g = (gi’mo, R g“+.m,€_1)7, take the ansatz p" = p" exp(Zxkxy) and
g" =8"exp(Zkxy) with 72 = —1, then our IMEXp-LDGk scheme will render

~n+1 “~n

ot o o

e =G%(¢&, h, At; “n s 4.2
<gn+1) ( E)<gn) (4.2)

where G®(e,h, At; &) is a 2k x 2k amplification matrix dependent of the model parameter &, mesh size h, time step size
At, the discrete wave number & = «h € [0, 277], and also the weight function w in the scheme (3.1). (More details about
G®(g,h, At; &) can be seen from the proof of Theorem 4.1.) The following principle will be used for us to study numerical
stability.

Principle for Numerical Stability: For any given ¢, h, At, let the eigenvalues of G® be 1;(§), i =1, ..., 2k. Our scheme is
“stable”, if for all & € [0, 27r], it satisfies either

(%) ~max {2} <1, or (4.3)
i=1,...,.2k

(%) _rlrlaXZI{lk;(S)l}zl and G® is diagonalizable. (4.4)
i=1,..., k

This principle is a necessary condition for the standard L% energy to be non-increasing, and the resulting analysis pro-
vides mathematical insight regarding the stability of the proposed schemes. For the rest of this section, we will use this
principle to study the stability conditions. On the other hand, what we have learned here about numerical stability through
Fourier analysis seems to be quite consistent with what we have observed numerically for the schemes.

4.2. Main findings

The next theorem reveals a structure of the amplification matrix G* in terms of its dependence on &, h, At when the
weight function is taken to be w = 1.

Theorem 4.1. For any given k > 1 and p = 1, 2, 3, the amplification matrix G® (e, h, At; &) of the IMEXp-LDGk method with the

weight function w = 1 is similar to some matrix E(%, %; &). As a direct consequence, the eigenvalues of this G® (¢, h, At; §) depends

. At : . 2 e/h
on g, h, At only in terms of £ and £, or equivalently, only in terms of £ and 5; = At/(ah).

Proof. Throughout the proof, we write the amplification matrix G®(e,h, At; &) with the weight function w =1 as
G(e, h, At; ). We first consider the IMEX1-LDGk scheme defined in (3.7) with @ = 1. Let us start with examining how
each term in (3.7) contributes to the amplification matrix. With the notation and expansion in (4.1), we have
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k 1
(Do o), == o’ / i (0)3xpy ()X

k—1

+ Z p”+1¢m(xm+%)¢£,1 Xy 1) — ZPZJE Pm—1 (xm——)¢m(xm—l) (43)

Here (., )y, is the standard L2 inner product on I;. Substitute into (4.5) the ansatz ,0”+1 = piexp(Zkxm), Vm, Vs, and use
o5 (%) = ¢° (Xm) with X, = 2, we obtain

k—1
( hon ¢,’n), = exp(Zkxm) »_ Dis(£)p*, (4.6)
s=0
where Dis(§) = — [, #*®)3xd! (X)dx + ¢*(1)¢!(1) — exp(—Z£)¢* (1)¢! (—1). We write D(§) = (D,5($)> e Rk and it only
depends on & = «h (surely also on k).

Similarly, there exist S(&) = (Sis(£)), L(§) = (Lis(£)) € R¥*K, such that
k—1 k—1
((@=mDugh) (v =1).6h) =exp@icxm) Y Ss©8L  (Dipp.¢h), =exp@ixm) Y- Lis©)P!-
" s=0 m s=0
Indeed —L(§) = D* := D(é)T, that is, —L(£) is the conjugate transpose of D(£). We also define M = (Mjs) € Rk with

Mis =% [} ¢°(0¢! (x)dx.
Based on the derivation above, the Fourier analysis for the IMEX1-LDGk method will lead to

hM + (v2)2tD*M~1D 0 ot
AtD (€2 4+ AthMm ) \ g"t!

_<hM + (v2) 4 D*M~1D AtD* ) (ﬁ”)

0 e2hM —ents )\ g" (4.7)

1
~ —~ . =1 0 .
Here p" =[pg, - ,,5,?,1]T, and g" =[gg, - ,§"k71]T. We further left-multiply ( 30 %1) to both sides of (4.7), and get
&
h 2\ At -1
EM+(V )ED*M D 0 (ﬁn-H)
=~n+1
D (+aom) \®
G
"M+ (v?)4D*M~'D Atpr o
- (&) (48)
& t &
0 ey AL £g
GRr

and hence the amplification matrix G(¢e, h, At; &) = GL_lGR. One can verify that this matrix G is similar to E(%, %; &), more
specifically,

(’})' ?) "6e.h At 9(’” ?) )
where G(£, &1;¢) =
M DEDMID 0\ MR DD o
%D (%-F%)M 0 EM— AL g

For the general IMEXp-LDGk method with p =2, 3, we can carry out a similar analySIS as above. Particularly, for the I-th
inner stage, we have

/ﬁn,(l) An
(55)-senseo(E),
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4 4
5 ‘ s ‘
-5 -4 -3 -2 -1 0 1 2 3 4 5 5 -4 -3 -2 -1 0 1 2 3 4 5
o o
(a) IMEX1-LDG1 with w = 1 (b) IMEX2-LDG2 with w = 1

2 2
3 3
4 4
5 ‘ 5 ‘
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5
o o
(¢) IMEX3-LDG3 with w = 1 (d) IMEX3-LDG2 with w =1

Fig. 4.1. Stability regions of the IMEXp-LDGk methods with the weight function w = 1. White: stable; black: unstable.

one can then show

-1
hl 0 ) hI 0\ =~ & At
<0 ]) G[(S,h,At, é)( 0 1>_Gl(Ev Eas)

for some a(%, %, £). With the identical similarity transformation for all inner stages, the theorem will hold for p=2,3. O

Remark 4.2. The structure of the amplification matrix G® with w =1 shown in Theorem 4.1 is essentially due to the
diffusive scaling of the model.

The result in Theorem 4.1 shows that numerical stability of the proposed schemes with the weight function w =1
depends on &, h, At only in terms of £/h and ¢2/At. In order for this intrinsic structure not affected by the weight function
w, one should choose w as a function of £/h and &%/At only. By taking into account the property in (2.6), some suitable
weight functions include w = exp(—&/h) and w = exp(—&2/At). On the other hand, the weight exp(—&2/h) used in [5]
does not keep such scaling structure of the amplification matrix, while the piecewise constant weight @ = x{c<py in [4]
does (here xf is an indicator function associated with the set E). The discussion above leads to the next theorem, which
can be established just as for Theorem 4.1.

Theorem 4.3. The result in Theorem 4.1 holds as long as the weight w in the scheme is a function of % and %, or equivalently, it is a
. e &2
function of ¢ and .

4.3. Numerical results

We are now ready to present the results from the stability analysis. Motivated by Theorem 4.1 and Theorem 4.3, and
based on the stability principle, we plot stability regions in terms of o =log;y(e/h) and 1 = log,o(At/(gh)) in Fig. 4.1 for
® =1, and in Fig. 4.2 for w = exp(—&/h) and @ = exp(—&2/At). What we also plot are the results for the methods with
the weight function w = 0 in Fig. 4.3, and in this case, our methods recover the DGp-IMEXp methods proposed in [15]. The
white region in each plot represents the stable region. Both ¢ and 7 are sampled with a spacing 1/40, and the discrete
wave number & is uniformly taken from [0, 27r] with 100 samples. As the horizontal axis o =log;q(e/h) goes from the
left to right, the spatial mesh starts from being under-resolved to being resolved with respect to the g-scale of the model,
hence the model goes from its diffusive regime to its kinetic (or transport) regime. Our observations are summarized below.
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(a) IMEX1-LDG1 with w = exp(—¢/h) (b) IMEX1-LDG1 with w = exp(—¢?/At)
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(c) IMEX2-LDG2 WiUth w = exp(—¢/h) (d) IMEX2-LDG2 witil w = exp(—e%/At)
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(e) IMEX3-LDG3 Wi”th w = exp(—¢/h) (f) IMEX3-LDG3 witﬂ w = exp(—e?/At)

Fig. 4.2. Stability regions of the IMEXp-LDGk methods with the weight function @ = exp(—¢&/h) and @ = exp(—¢&2/At). White: stable; black: unstable.

1. When the weight function is w = 1, exp(—&/h), or @ = exp(—g%/At), the IMEXp-LDGp scheme (with p =1,2,3) is
unconditionally stable with no restriction on the time step size At when o < 0} 4, or equivalently when &/h < Rp 4.
Here o, ,, and R; ,, are some constants. This confirms the proposed schemes are unconditionally stable in the diffusive
regime, measured by sufficiently small e/h. In this regime, exp(—&/h) ~ 1 and exp(—&2/At) ~ 1, and the proposed
method with all three weights are very “close” and hence with comparable o, ,, for a given p.

2. When the weight function is @ = 1, exp(—&/h), or @ = exp(—&%/At), and under the condition o > Op,w, the IMEXp-
LDGp scheme (with p =1, 2,3) is conditionally stable. And the boundary of the conditionally stable region is deter-
mined by a function Fj 4, that is, the scheme is stable when n < F, ,, (o).

2.a) With the scale- and mesh-dependent weight function @ = exp(—&/h) and exp(—&2/At), it is observed that the
function Fp (o) ~ Cp , when o > 1 for p=1,2,3. Here Cp,, is some constant. This implies that when the
regime is relatively kinetic (or transport) with h « ¢, the conditional stability requires approximately

lo (At)<C
210 ch’ = P

corresponding to a hyperbolic type time step condition At = O(¢h). This is highly desirable numerically. With the
constant weight function @ = 1, similar observation can be made when p =1, 3, not when p =2.

2.b) For the scheme with the constant weight function w =1 and p = 2, the boundary of the stability region becomes
a straight line with a slope approximately —1 for large o. That is, the function Fp ,(0) ~ -0 +Cp , when o > 1,
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(a) IMEX1-LDG1 with w =0 (b) IMEX2-LDG2 with w = 0 (¢c) IMEX3-LDG3 with w = 0

Fig. 4.3. Stability regions of the IMEXp-LDGp methods with w = 0 (the methods are also the DGp-IMEXp methods in [15]). White: stable; black: unstable.

with Cp ,, being some constant. This implies in the kinetic regime with h « ¢, the conditional stability of the
method requires approximately

logo0(25) < —log;o(5) + C
£10 oh’ = 210 h p.w-

This corresponds to At = O (h?), a parabolic time step restriction for stability in this regime. Such time step re-
striction, though not desirable, is also confirmed numerically.

With the same spatial discretization (namely the LDG2 method and w = 1), if we apply a more costly temporal
discretization, the third order ARS(4, 4, 3) scheme in time, the resulting IMEX3-LDG2 method will display the de-
sired stability property in both the diffusive and kinetic regimes, namely the unconditional stability in the diffusive
regime and the hyperbolic time step condition in the kinetic regime, see the final plot in Fig. 4.1.

3. When the weight function is w = 0, our proposed IMEXp-LDGp methods (p = 1, 2,3) are exactly the DGp-IMEXp
methods previously designed and studied in [15]. Note that this zero weight does not satisfy the property in (2.6), and
the unconditional stability is not expected in the diffusive regime. From Fig. 4.3, one can observe that in the kinetic
regime, the methods require hyperbolic time step condition. This is expected as the IMEX-LDG methods with the weight
® = exp(—¢/h), exp(—&%/At) and w = 0 are very “close” when & > h. In the diffusive regime when & « h, the DGp-
IMEXp methods requires a parabolic time step condition At = O(h?). Recall this is one motivation for the present
work.

5. Formal asymptotic analysis with initial layers: numerical methods

In this section, we assume € <« 1 and perform a formal asymptotic analysis for the proposed schemes with the small
& while the mesh parameters h and At are fixed. The main objective is to show the schemes are asymptotic preserv-
ing (AP), namely, the limiting schemes as ¢ — 0 are consistent discretizations of the limiting equation. In the presence
of the initial layer, the limiting equation is referred to as the interior heat equation (2.11) ((2.12)) with the asymptot-
ically consistent initial data (2.18). In addition, we will show the limiting schemes are of formally high order accuracy.
The initial data f(x,v,0;¢&) = p(x,0;¢€) + eg(x,v,0; ¢) is taken as (2.7) (also see (2.8)). With this, p(x,0; &) = 0(1), yet
g(x,v,0;&) = 0(¢~") in general, unless other property is specified for the initial data (e.g. being well-prepared). The fol-
lowing assumptions are further made for the initial data.

Assumption. All spatial derivatives of p at t = 0, namely ||8,5m),0(~, 0; &)|| with m=1,2,---, have comparable scales as
[lp(-, 0; &)|| with respect to ¢. Similarly all spatial derivatives of g at t = 0, namely \|8§m)g(~, v,0;8)|| withm=1,2,---,
have comparable scales as ||g(-, v, 0; £)|| with respect to . For instance, they can all be 0(1), or all be 0(e~1).

Under this assumption, it is reasonable to state that, at the discrete level, the discrete spatial derivatives of p (resp. g,
g) of all orders, such as DD}, D/D{, DD} that are defined based on one or more from D}, D}/, Dy, have comparable
scales as p (resp. q, g) respect to €. As for the small parameters &, h, and At, it is assumed that €2 « At. That is, the exact
solution exits from the initial layer (if it exists) by the time t = At, and the temporal mesh is under-resolved with respect
to the initial layer feature. In addition, we assume & < At <1, At/h = 0(1) to avoid explicit dependence on At,h of the
hidden constant in the big-O notation. For instance, under this assumption, £/(¢2 + At) <1 holds.

This section is organized as follows. In Section 5.1, the formal asymptotic analysis is carried out for the first order
semi-discrete temporal scheme, IMEX1, for both the well-prepared and non well-prepared initial data. In Section 5.2, the
analysis will be done for the fully discrete IMEX1-LDG methods, to illustrate the role of the spatial discretization. Finally in
Section 5.3, we analyze the method involving higher order IMEX-RK temporal discretizations, to see how the structures of
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the adopted IMEX-RK methods, namely being globally stiffly accurate and being type ARS, work for the proposed methods
to achieve the AP property. For the clarity of the presentation, we will focus on the analysis for the schemes with the weight
function w = 1. More general weight functions will be discussed in Section 5.2.

5.1. Semi-discrete temporal scheme: IMEX1

In this section, we consider the semi-discrete temporal IMEX1 scheme in Section 3.1 with the weight function w = 1. Let
R™ = g" + vd,p", then the IMEX1 scheme in (3.1) leads to the following updates for p"*1, g"t1 and R™1,

Pl = p" + At (V) k" — Atdy(VR™), (5.1a)
2
11 & n EAL n At n+1
= — I_ H Va - Va ’ 5']b
g PRV 82+At( )(vaxg") 82+At( 0" ) (5.1b)
2
5 EAL
R = = (g" +vagp™t!) — I— ) (vig™). Slc
82+At(g + voxp"") 82+At( )(Voxg") (5.1¢0)

Based on the classical PDE theory for the well-posedness of second order elliptic equations, one can get the unique solv-
ability of o™ from (5.1a), and additionally ||p™*1|| < C(]|p"|| + ||8x(VvR™)||) for some generic constant C.

When there is an initial layer, the proposed modification (3.2) to the first time step with n =0 leads to a different set of
updates,

1__ & o A a n)<va 0) AL aep® (5.2a)
E=ara® 1A %8 g2+ ar 2P :
2
1 0 2 0 € 0 EAL 5. o
— p0 4 At(v2) e p® — At ——— (VRO) — v2) , 5.2b
Pl ="+ ALV )ip® = At 5o (VRY) = e (Viag?)) (5.2b)

2

1_ & 0o_ EAL a-n (vaxg")
g2 4+ At g2+ At
VALV B " — vAt(—ax(vRO) __eat (vzaxxxgo)). (5.2¢)
g2+ At g2+ At

The initial data being well-prepared corresponds to R® = O (¢). Under the assumption of the initial data (2.7), the more
general data would lead to R® = 0(¢~1). Accordingly, we examine two cases to understand the behavior of the schemes
when ¢ « 1.

Case 1: the initial is well-prepared with R = O (¢). In this case, following mathematical induction in n, one can show that
the updates in (5.1) with € « 1 lead to

e P g"=0(1), 3", 0xg" = 0(1), Vn > 0;

e R"=g" 4+ voayp" = 0(e),Vn > 0; that is, the numerical solution stays within the O (g)-width neighborhood of the local
equilibrium. In addition, d,(vR™) = O (¢), Vn > 0;

e p" satisfies

pn+l _ ,0"

= (V) o™t + 0(e), Vn=>o0. (5.3)

Here the estimates for the spatial derivatives of p", g", (vR™) are obtained similarly as for p", g", R" after one differentiates
each equation in (5.2) with respect to x and uses the assumption on the initial data and the spatial derivatives. In this case
with the well-prepared initial, the limiting scheme as ¢ — 0 is a consistent scheme of the first order temporal accuracy for
the limiting heat equation, and more specifically, the scheme involves a backward Euler method in time with the consistent
initial data. And the computed p and g satisfies the local equilibrium property. This shows the IMEX1 scheme is AP.

Case 2: the initial is not well-prepared with R® = 0 (¢~"). In this case and with & « 1, the updates in (5.1) for n>1 and in
(5.2) for n=0 lead to

e p", g"=0(1), 3xp", 3xg" = 0(1), ¥n > 1, even though p?, 3x0° = 0(1) and g°, 9xg® = 0(e™ ).
o R"=g"+vdp" = 0(¢), 9x(VR") = 0(¢), Vn > 2, while R?, 8,(vR%) = 0(¢~") and R, 9x(vR") = 0(1).
e p" satisfies

n

pn+l —p

TN (v3aup "t +0(e), V¥n=>2, (5.4)
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Table 5.1

The relation between the initial data and the accuracy of the semi-discrete
temporal IMEXp scheme without any special modification during the initial
steps to address the potential accuracy loss and reduction for & « 1. The
IMEXp scheme here refers to the scheme in (3.1) for p =1 and scheme in
(5.14)~(5.15) for general p, with n > 0. Here R® = g% 4 v, 0°.

Initial being well-prepared? RO IMEXp

yes, with RO = 0 (¢) RO=0(e) 0 (AtP)

no, with RO = 0(1) (VRYY = 0(s) 0 (AtP)
(VR =0(1) 0(Aty)

no, with R® = 0(e~") (VR%) = 0(¢) 0(At1) + 0(Aty)
(VRO =0(1) 0(At1) + O(Aty)

(VRO =0("") o1

while at n =0, 1, it satisfies
Pl =%+ At (v’ + 0(A),  p?=p! + At(VE)dwp® + 0(AD). (5.5)

In Case 2, even though the local truncation errors at the first two steps are 0 (1), the local errors in p! and p? are of first
order in At, hence the limiting scheme as € — 0 of the IMEX1 scheme is still a first order consistent discretization of the
limiting interior heat equation with the asymptotically consistent initial condition. Particularly, the limiting scheme involves
a perturbed forward Euler method of the first order accuracy during the first time step, a perturbed backward Euler method
of the first order accuracy during the second time step, and a standard backward Euler method afterward. The solution of
the limiting scheme satisfies the local equilibrium property when n > 2 (after the first two steps and away from the initial
layer). Hence the proposed IMEX1 scheme with the modified first step treatment is still AP.

Remark 5.1. The analysis above can be improved based on more refined classification of the initial data. For example, there
is an intermediate case with R% = 0(1). Moreover, a close examination shows that the initial quantity R® comes into play
in (5.1a) via its first moment in v, namely (vR?), instead of R® itself. And (vR®) could be much smaller than R® with
respect to €. In Table 5.1, we summarize the accuracy of the semi-discrete temporal scheme IMEX1 (and indeed IMEXp,
with p =1,2,3) when it is applied to cases with various size of the initial data (vR%) with respect to & and when the
scheme is not modified during the initial steps to address the possible accuracy loss or reduction. From the table, one can
see that with p =1, only the worst case, namely (vR%) = 0(g~1), requires a modified version of the IMEX1 scheme to
achieve the first order temporal accuracy. In practice, the initial data is often given as f|;—o = fo, and R and (vR?) can be
expressed in terms of fo as follows

_ fo—{fo)
T ¢

1
R? +vde(fo), (VR®) = (v¥)ax(fo) + - (vfo). (5.6)

5.2. Fully discrete scheme: IMEX1-LDG

In this section, we will consider the fully discrete scheme in Section 3.2, the IMEX1-LDG method with the first order
accuracy in time. The focus will be on understanding the role of the spatial discretization. We start with the schemes with
the weight function w =1, and then discuss the cases with more general weight functions.

The analysis can be based on the numerical scheme either of its integral form (3.7), or its equivalent strong form (3.13).

We will follow the latter for a more clear presentation. Based on (3.13), one gets the following updates for pﬁ“, q',:“, gﬂH,
as well as for R} " := gl*! + gt
qﬂ“ . D,f (IO;]H-]) =0, (5.7a)
ppt = AtvADI(gpt") = pff — AtDI((VR]))). (5.7b)
2
i1 € 0 gAL n At n+1
= - 1—-T)(Dy(gl; v) — ——vq ', 5.7c
8 o2 Acsh 82+At( )(Dr(ghs V) 2+ ag (5.7¢)
2
e ENAL
Rn+] _ ny oy n+1y I1— T (D "; ). 5.7d
h = acn TV )~ o A IDDn(gy; v) (5.7d)
1

The unique solvability of g and p}f“ from (5.7a)-(5.7b) is guaranteed by Lemma 3.7, and additionally, ||p,'1”1|| =

C(||p,':|| + At||D,f(vRﬂ)||), with some generic constant C. From this, (5.7) and the assumption on the initial data (espe-
cially its discrete analogue), one can conclude that with the well-prepared initial data satisfying R® = 0 (¢),
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* . qy, & = 0(1), Du(gy; v) = 0(1), ¥n>0;
o R'=gl+vql=0(e), D}((vR!)=0(e), ¥n = 0;
e pp, and gy satisfy
pn+1 _pn
att =D (ppt), hTh = (DI @)+ 0(e), Vn=0. (5.8)

Here the estimate for qj is obtained similarly as for the semi-discrete case, namely, by applying Dfl to (5.7a) and Dfl) to
(5.7b) and utilizing that Lemma 3.7 holds if one switch D;’ and Dﬁ in (3.16). Now with the fixed h and At, the limiting
scheme as ¢ — 0 is a consistent scheme for the limiting heat equation, and it involves the first order backward Euler
method in time, and a local DG method in space with the discrete space U’g , together with the consistent initial data. And
the computed g, g satisfies the local equilibrium property. This shows the IMEX1-LDG scheme is AP. Note that the analysis
shares great similarity as that for the semi-discrete IMEX1 scheme, due to the property of Lemma 3.5. When the initial
condition is not well-prepared, the formal asymptotic analysis can be done similarly as for the IMEX1 scheme with the
modification during the first time step, and similar conclusions can be obtained as in Table 5.1, except that the accuracy in
Table 5.1 is only for temporal accuracy, and in space, the scheme has the designed formal (high order) spatial accuracy of
the local DG method.

For the limiting scheme, one can also write down its integral form when the initial data is well-prepared: look for

prtt gitt, gt (-, v) e U, such that
@ @) =—dn(ppt". @). Ve €U, (5.9a)
Ion+1 _ pn
(e #) = V(@ 9). Vo e U, (5.9b)
@t vy =vdn(ppt ) = —(vgpt ), Yy e UR, (5.9¢)
for n > 0. In fact, (5.9¢) implies gf*! = —vq ™.

Finally in this section, we want to take a look at the schemes with a more general weight function w, which satisfies
(2.6). All the updates in (5.7) stay the same except for the second equation (5.7b) to be replaced by
Pt — wAt(vHD] (@) = p! — ADI((VR])) — (@ — DALV D] (q}). (5.10)

Similar as for the case when w =1, with ¢ « 1 and the well-prepared initial data, one can get oy, qj. g Dn(gp; v) =
0(1), Rl = gl + vq}l = 0(g), D} ((vR")) = 0(g), ¥n > 0. Moreover, D (g} "' — q%)/At = 0(1). Now the solution o} and q]
satisfy, Yn >0,

& =Dy oy
and
pn+1 _pn
= (AD@) — DR(VRY) +He — 1D (v?) Di(gy ! —qf) (5.11)
—— —
0(e) O(At)
= (vA)Dl(gp") — 0(e) + (@ — 1)O(AD). (5.12)

One can see that as long as

(w—1)0(At) =0(e), (5.13)

the limiting scheme will be a consistent implicit discretization of the limiting heat equation, hence the proposed methods
are AP. The two scale- and mesh-dependent choices, @ = exp(—&/h) and w = exp(—g2/At), suggested by the numerical
stability analysis, satisfy the property (5.13) under our assumption At/h = 0(1).

5.3. Higher order temporal discretizations: IMEXp

What remained is to understand the semi- and fully-discrete schemes with higher order temporal discretizations. Since
the spatial discretization does not essentially affect the analysis (just as for the first order case in Sections 5.1-5.2), we
here only focus on the semi-discrete temporal IMEXp scheme in this section. Such analysis also informs us the asymptotic
behavior of the fully-discrete IMEXp-LDGk scheme.

In our IMEXp scheme, globally stiffly accurate IMEX-RK methods of type ARS, denoted as ARS(s, s, p), are applied. These
are one-step p-th order method with effective s stages (see Section 3.1 for the specific form of the schemes for p =1, 2, 3).
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Based on the definitions, the time integrators being globally stiffly accurate ensures that the numerical solution at t"*! is
the same as that from the last inner stage of the RK step; and with the type ARS structure, the solutions from the first inner
stage are the same as that from the previous RK step. Using these features, and following the same implicit-explicit strategy
used in the IMEX1 scheme, the IMEXp scheme is: given the numerical solution p", g" at t =", we look for p"*+1, g1 at
"1 =" + At, such that

oM = pt ) gn+1 _ gn.(s)’ (5.14)
where p® gn® =0, ... s, are from inner stages, satisfying
PO = o g0 — gn (5.15a)
-1 ) ) 1 )
pn,(l) =p"— AtZaU (axw(gn,(]) + vaxp",(J)») + Atzalj ((V2>8xx)0n’(])> =1, s, (5.15b)
j=O j=1
g =gn_ = Zal] (11 (vaxe" <J>) -= Za, ("0 +vao" ) 1=1, s (5.15¢)

Note that the summation in the implicit part is from j =1 instead of j = 0. It implies that the update in the inner stages,
related to the implicit part of the IMEX-RK methods, does not explicitly depend on the solution from the previous RK step.
This is due to the ARS structure and plays an important role in the presence of the initial layer.

When the initial data is not well-prepared, a modification is proposed to the first two steps in Section 3.1. To examine
the asymptotic behavior of the methods, two cases will be considered next. We will write R" = g" + vdyp", and R*® =
gn-(l) + Vaxp"'(l).

Case 1: the initial is well-prepared with R® = 0 (¢). The IMEXp scheme will lead to the updates of p"t1, g"*1 R"*1 together
with pm®, g O RO a5 follows.

Pl = pn®) gt _ gn(s) gl _ pn(s) (5.16)
where the inner stages are updated according to
pn,(O) =p", gn,(O) =g" RO — g (5.17a)
-1
p" O =p" + Atay (<V2>8xx,0n’(l)) AtZaz O (VR™D) + ALY ay ( )Oxx 0" “’) =15, (5.17b)
j=0 j=1
2 N n,(l) -1
o 878" — Atayvoxp AL i (1 — IT) (vag™ )
£ 82+aHAt 82+a Atz l]( ) (Voxg™)
At -1
_ aiR"9, 1=1,... s, 5.17c
&2 +ayAt ; U ( :
5 -1
& EAL ;
RPO=—"__ ( "+ vo ”'(l)) — ) G A—TI) (vig™ WV
el L 82+0”At;0 y A=) (vag™ D)
A
_ aiR™9, 1=1,... s 517d
€2 +ayAt ; i ( :

With &€ « 1, we have

o p" D g0 =0(1), 3" D, 8 p™ D, 8, P =0(1), [=0,--- 5, ¥n>0.

e R"=0(¢), R"D =0(¢), oq(vR*Oy=0(e),¥n>0,1=0, --- , 5. That is, the numerical solutions from both inner stages
and full RK steps stay within the O (¢)-width neighborhood of the local equilibrium.

e o™ satisfies

!
Pt =pn®  where ph®=p" +At2alj( 8xxp”(”)+0(5) I=1,---,s, V¥n>0.
j=1
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Hence the limiting scheme for p" as € — 0 is a consistent scheme of p-th order temporal accuracy for the limiting heat
equation, and more specifically, the scheme involves the implicit part of ARS(s, s, p) in time with the asymptotically consis-
tent initial data. Additionally, the computed solution satisfies the local equilibrium property at the full RK steps and at all
inner stages. This shows the IMEXp scheme is AP.

Case 2: the initial is not well-prepared with R® = 0 (¢~1). The IMEXp scheme will lead to the updates of p"t1, g"*1 R+1
as well as p™® g ® R0 wn > 2, just as in (5.16)-(5.17) except that in step 1 with n =0, the update in (3.2) is used with
the time step At; = AtP, and in step 2 with n =1, the update (5.16)-(5.17) is used with the time step At; = AtP. Then
with ¢ « 1, the modified scheme leads to

o p" g" ph 0 g =0(1), 9p™D, 8 p™ D, 3g™ D = 0(1), ¥n>1,1=0,---,s, even though p®=0(1),g° = 0(c™ ).

o R"=0(), R*D = 0(e), 9 (vR*P)=0(e), vn > 2,1=0,---,s, while R =0(s71), R = R © = 0(1), 8,(vR") =
0(1), and R¥® = 0(¢), 9x(vR*Oy=0(e),I=1,---,s.

o p" satisfies

1
p”+l = p"’(s), where p"'(’) =p"+ AtZaU ((vz)axxpn’(j)) +0(), I=1,---,s, Vn>2,
=

while at n =0,

= p%+ At; (v?) 0 p° + O (Aty), with Aty = AtP. (5.18)
And at n =1, p? = p"® where

1
Pt =p'+ At Y ay ((v2)9p™ D) = Atalid(vR') + 0 (6)
j=1
l .
=p'+ ALY a (<v2>axxp"~“)) +0(AL) +0(e), [=1,---,s, with At = AtP. (5.19)
j=1

In the limit of € — 0, the local error to p! in Case 2 is of first order in At; = AtP hence of p-th order in At. In the second
step to computer o2, the scheme can be regarded as a perturbed method to an otherwise p-th order temporal discretization.
Given that each inner stage solution p!® is perturbed by an error proportional to At,, 02 will be of first order in At,
hence the choice of the step size At, = AtP ensures that p? is a p-th order approximation. When n > 2, the scheme has
similar behavior as in Case 1. Therefore we can conclude when & — 0, the limiting scheme is a consistent scheme with the
p-th order accuracy. This shows the IMEXp scheme is AP even in the presence of the initial layer.

Remark 5.2. Consider the diffusive regime with € « 1. When the initial data is not well-prepared with the presence of
the initial layer, the modification for n = 0 based on (3.2) will drive the numerical solution to be bounded with respect to
¢ after the first step, yet the solution by then is only within the O(1)-width neighborhood of the local equilibrium. The
second step based on (5.16)-(5.17) further drives the numerical solution to fall into the O (¢)-width neighborhood of the
local equilibrium. Our scheme in each of the first two time steps will lead to a first order error to the solution at the full RK
steps. Such first order error is with respect to the time step size, and it can be reduced to the desired accuracy by taking
Atq = Aty = AtP, where At is the time step size for later steps, predicted by stability analysis.

Remark 5.3. Similar to Remark 5.1, a more refined analysis can be carried out for the accuracy of the IMEXp scheme, which
is summarized in Table 5.1. From this table, one can see that only for the worst scenario, namely when R?, (vR%) = 0(¢™1),
the proposed modification is needed to gain full accuracy. For other moderate cases, such as when R® = 0(s~1) with
(VR = 0(¢g), 0(1), or when R® = 0(1) with (vR%) = 0(1), one can gain the full temporal accuracy by using the base
IMEXp scheme with a modified step size in the initial one or two steps, without the need for the scheme (3.2).

Remark 5.4. In Case 2, the property that R*©@ = 0(1) while R¥® = 0(e), I=1,---,s is due to that the update in (5.17d)
does not depend on R™©@. This feature is due to the IMEX-RK method being of type ARS.

Remark 5.5. In actual simulation, it is possible that £2 « At, yet the modified step size Aty, At (= AtP) is smaller than
the initial layer width. In this case, more than one modified time step would be needed for the solution to exit the initial
layer to ensure full accuracy.
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6. Numerical examples

In this section, we will present a set of numerical examples to illustrate the performance of the proposed schemes
in terms of their accuracy and robustness, when the underlying models involve different values of ¢ in different regimes
with smooth or non-smooth solutions. When the initial data is not well-prepared, we also demonstrate the effectiveness
of the proposed strategies to avoid the order reduction and inaccuracy of the numerical solutions. Two weight functions
will be considered, and they are w =1 and w = exp(—¢/h). The schemes with w =1 are referred to as the IMEXp-LDGp
methods, while the schemes with w = exp(—&/h) are referred to as IMEXp-LDGp-M methods. Recall that in IMEXp-
LDGp and IMEXp-LDGp-M methods, the discrete space U,’:_1 is used in space. The numerical results by the schemes with
o = exp(—&2/At) are qualitatively similar to those by the schemes with w = exp(—&/h), and they are not presented here.

Based on the stability analysis in Section 4, we observe that the methods, when applied to the model equation (1.1), are
unconditionally stable when ¢/h <R, ,, for some constant R, > 0; when ¢/h > R, 4, the methods are stable under the
condition

At £

h Sgp,a)(h) (6.1)
for some function Gp .. In an ongoing project, we also carry out an energy-type stability analysis for the IMEX1-LDG1
scheme, and the analysis suggests a specific form of Gy, (,(s), namely, Gp »(s) = Bj:fl. This form of Gp (s) seems to also
fit what we numerically observed through Fourier-type stability analysis for other IMEXp-LDGp(-M) methods. Motivated
by this, for our numerical experiments in this section, we take Gp ,,(s) = % with the parameters «p and g, chosen

based on the stability plots in Section 4. Particularly when the boundary conditions are periodic, the time step size is set as
At = Atcrrp for IMEXp-LDGp and At = Atcipam for IMEXp-LDGp-M, where

IMEX1-LDG1:  Atcpp = 0.25h, e <h/4, .
- : CFLT= 1 min(0.25h, jf;i’}l), €>h/4, (6.2a)
0.25h, e <h/251,
IMEX2-LDG2:  Atcra = | min(0.25h, Z75h) - h/251 < & < 5h/2, (6.2b)
0.625h?, &> 5h/2,
IMEX3-LDG3: At 0.25h, e <h/30, .
O3 AL =0 in0.25h, 432%) ¢ - hy30, (620)
IMEX1-LDG1-M : At 0.25h, e <h/4, .
PRI BIEFMT min0.25h, 220, & > hya, (6.24)
IMEX2-LDG2-M : At 0.25h, e <h/251, -
S SERMT min(0.25h, R, e > hy251, (6.2e)
IMEX3-LDG3-M : At _ ] 0:25h, e <h/35, oor
- -M: CFL3M = min(0.25h, 4'335755—8;’1)’ &> h/35. 2f)

Note that an O (h) upper bound is imposed to the time step size to ensure reasonable resolution of the numerical solutions.
As implied by the stability analysis in Section 4, a parabolic time step condition is needed for the IMEX2-LDG2 method in
the kinetic regime. When the boundary conditions are not periodic, time step sizes may need to be adjusted due to the
numerical boundary treatments. This will be specified when we come to those examples. In all figures in this section, the
reference solutions are always plotted in solid lines.

With the IMEX temporal discretization, linear systems need to be solved for each time step. Fortunately, the implicit
part of our schemes with the global nature comes from the discretization of a Poisson operator, the corresponding linear
system is hence symmetric and positive definite when the boundary conditions are periodic. For such examples, Conjugate
Gradient method is used as the linear solver. In the case of Dirichlet boundary conditions (see Section 6.2 and Remark 6.1),
symmetry will be broken, and Conjugate Gradient Squared method will be applied instead. Even though not explored in this
work, one can apply standard fast solver techniques for elliptic equations, such as multigrid methods, to efficiently solve the
linear systems resulting from the proposed methods.

6.1. Telegraph equation

Two examples will be presented for the telegraph equation which involves discrete velocity. The meshes are uniform.
We use the left-right flux pair alternating flux (3.11).
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Table 6.2
L' errors and orders for the example in Section 6.1.1, IMEX1-LDG1(-M).
& N IMEX1-LDG1 IMEX1-LDG1-M
L' error of p Order L' error of j Order L' error of p Order L' error of j Order
0.5 10 3.781E-02 - 4.824E-02 - 3.629E-02 - 5.128E-02 -
20 1.763E-02 110 2.585E-02 0.90 1.623E-02 116 2.732E-02 0.91
40 7.956E-03 115 1.334E-02 0.95 7.507E-03 111 1.392E-02 0.97
80 3.699E-03 111 6.742E-03 0.98 3.617E-03 1.05 6.988E-03 0.99
160 1.773E-03 1.06 3.380E-03 1.00 1.778E-03 1.02 3.496E-03 1.00
320 8.664E-04 1.03 1.691E-03 1.00 8.817E-04 1.01 1.748E-03 1.00
102 10 7.001E-02 - 9.516E-02 - 4.472E-02 - 7.900E-02 -
20 3.875E-02 0.85 5.187E-02 0.88 2.169E-02 1.04 3.885E-02 1.02
40 2.011E-02 0.95 2.640E-02 0.97 1.057E-02 1.04 1.929E-02 1.01
80 1.036E-02 0.96 1.342E-02 0.98 5.113E-03 1.05 9.537E-03 1.02
160 3.588E-03 153 5.461E-03 130 2.196E-03 1.22 4.599E-03 1.05
320 1.108E-03 170 2.300E-03 125 1.094E-03 1.00 2.299E-03 1.04
1076 10 4.460E-02 - 7.907E-02 - 4.460E-02 - 7.907E-02 -
20 2.180E-02 1.03 3.895E-02 1.02 2.180E-02 1.03 3.895E-02 1.02
40 1.078E-02 1.02 1.946E-02 1.00 1.078E-02 1.02 1.946E-02 1.00
80 5.356E-03 1.01 9.702E-03 1.00 5.356E-03 1.01 9.702E-03 1.00
160 2.668E-03 1.01 4.843E-03 1.00 2.668E-03 1.01 4.843E-03 1.00
320 1.331E-03 1.00 2.419E-03 1.00 1.331E-03 1.00 2.419E-03 1.00
Table 6.3
L' errors and orders for the example in Section 6.1.1, IMEX2-LDG2(-M).
& N IMEX2-LDG2 IMEX2-LDG2-M
L' error of p Order L' error of j Order L' error of p Order L' error of j Order
0.5 10 1.944E-03 - 9.887E-004 - 1.965E-003 - 9.223E-04 -
20 4.667E-04 2.06 2.185E-04 218 4.567E-04 211 1.850E-04 2.32
40 1.155E-04 2.01 4.831E-05 218 1.128E-04 2.02 4.162E-05 215
80 2.821E-05 2.03 1.046E-05 2.21 2.789E-05 2.02 9.751E-06 2.09
160 6.974E-06 2.02 2.451E-06 2.09 6.928E-06 2.01 2.396E-06 2.02
320 1.733E-06 2.01 5.941E-07 2.04 1.730E-06 2.00 5.984E-07 2.00
102 10 6.524E-03 - 1.861E-03 - 6.524E-03 - 1.861E-03 -
20 1.616E-03 2.01 4.376E-04 2.09 1.616E-03 2.01 4.376E-04 2.09
40 4.031E-04 2.03 1.047E-04 2.06 4.031E-04 2.00 1.047E-04 2.06
80 1.007E-04 2.00 2.561E-05 2.03 1.007E-04 2.00 2.561E-05 2.03
160 2.518E-05 2.00 6.336E-06 2.02 2.518E-05 2.00 6.336E-06 2.02
320 6.294E-06 2.00 1.576E-06 2.01 6.294E-06 2.00 1.576E-06 2.01
10-6 10 6.605E-03 - 1.860E-03 - 6.605E-03 - 1.860E-03 -
20 1.630E-03 2.02 4.417E-04 2.07 1.630E-03 2.02 4.417E-04 2.07
40 4.065E-04 2.00 1.069E-04 2.05 4.065E-04 2.00 1.069E-04 2.05
80 1.016E-04 2.00 2.642E-05 2.02 1.016E-04 2.00 2.642E-05 2.02
160 2.539E-05 2.00 6.582E-06 2.01 2.539E-05 2.00 6.582E-06 2.01
320 6.346E-06 2.00 1.644E-06 2.00 6.346E-06 2.00 1.644E-06 2.00

6.1.1. Smooth solution with periodic boundary conditions
First, we consider an example with the following exact solution

1 i - =2
y Xp(yDsinG), Y = =g,

T exp(yt)cos(x)

P&, t)
glx,v==%1,0)

on the domain Qy = [—m, ] with periodic boundary conditions. We carry out the convergence study for the IMEXp-
LDGp and IMEXp-LDGp-M methods (with p =1,2,3) in different regimes with & = 0.5, 1072 and 10~%. The errors in
the normalized L! norm (namely, normalized with respect to the domain size) and convergence orders for p(x,t) and
jx, t) =(vg) = %(g(x, v=1,t)—g(x,v=—1,t)) are shown in Tables 6.2-6.4 at time T = 1.0. For both p and j, we observe
the optimal p-th order convergence for all three schemes in all regimes, implying an optimal accuracy with respect to
the approximation property of the discrete space U,’; 1 As expected, the error obtained with two different weights differ
in the kinetic regime and have the same leading digits in the diffusive regime. In the intermediate regime, the IMEX1-
LDG1 and IMEX1-LDG1-M methods give quite different errors, while for p = 2, 3, the errors obtained by IMEXp-LDGp and
IMEXp-LDGp-M methods have the same leading digits.
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Table 6.4
L' errors and orders for the example in Section 6.1.1, IMEX3-LDG3(-M).
& N IMEX3-LDG3 IMEX3-LDG3- M
L' error of p Order L error of j Order L' error of p Order L' error of j Order

0.5 10 6.780E-05 - 1.125E-04 - 6.223E-05 - 9.885E-05 -
20 9.617E-06 2.82 8.386E-06 3.75 8.831E-06 2.82 1.918E-05 2.37
40 1.183E-06 3.02 4.172E-06 1.01 8.901E-07 3.32 1.960E-06 3.29
80 1.177E-07 333 6.258E-07 2.74 1.552E-07 2.52 5.958E-07 172
160 1.413E-08 3.06 7121E-08 3.14 2.339E-08 2.73 1.815E-08 5.04
320 1.929E-09 2.87 1.067E-08 2.74 1.844E-09 3.67 6.854E-09 141
640 2.258E-10 3.09 1.881E-09 2.50 2.998E-10 2.69 3.904E-10 413

102 10 2.491E-04 - 2.473E-04 - 2.491E-04 - 2.473E-04 -
20 3.139E-05 2.99 3.127E-05 2.98 3.139E-05 2.99 3.127E-05 2.98
40 3.901E-06 3.01 3.902E-06 3.00 3.901E-06 3.01 3.902E-06 3.00
80 4.873E-07 3.00 4.874E-07 3.00 4.873E-07 3.00 4.874E-07 3.00
160 6.090E-08 3.00 6.091E-08 3.00 6.090E-08 3.00 6.091E-08 3.00
320 7.613E-09 3.00 7.613E-09 3.00 7.613E-09 3.00 7.613E-09 3.00

106 10 2.485E-04 - 2.546E-04 - 2.485E-04 - 2.546E-04 -
20 3.139E-05 2.99 3.139E-05 3.02 3.139E-05 2.99 3.139E-05 3.02
40 3.910E-06 3.00 3.911E-06 3.01 3.910E-06 3.00 3.911E-06 3.01
80 4.892E-07 3.00 4.892E-07 3.00 4.892E-07 3.00 4.892E-07 3.00
160 6.114E-08 3.00 6.114E-08 3.00 6.114E-08 3.00 6.114E-08 3.00
320 7.641E-09 3.00 7.641E-09 3.00 7.641E-09 3.00 7.641E-09 3.00

6.1.2. Riemann problem
The second example for the telegraph equation is a Riemann problem, with the initial conditions

p(x,0)=p; =2.0, g(x,v,0) =g, =0, for x<0, (63)
p(x,0)=pgr=1.0, g(x,v,0)=gg =0, for x>0, )

and £ = 0.7, 1078, Without loss of generality, we use a mesh satisfying Xgrl = 0, for some ko € N.

When & = 0.7, the computational domain is taken as 2y = [—1, 1] with the final time T = 0.15. In Fig. 6.4, we present
the numerical results by IMEXp-LDGp-M methods with h = 0.025 and p = 1,2, 3. No nonlinear limiter is applied. The
results by the lowest order IMEX1-LDG1-M method are most dissipative, while the results by IMEXp-LDGp-M methods
with p =2, 3 are much sharper. As no limiter is applied, some mild oscillations are observed around discontinuities in the
results by the IMEXp-LDGp-M methods with p =2, 3.

In Fig. 6.5, we present the numerical results of the IMEXp-LDGp methods with h = 0.025 and p =1, 2, 3. In order to
control numerical oscillations, the TVB-minmod limiter in [9] with M =1 is applied to p, g and q for the IMEXp-LDGp
methods with p =2, 3, and the time step size is also adjusted to be smaller. More specifically, we take 0.025AtcF;1 for
the IMEX1-LDG1 method, 0.5Atcf2 for the IMEX2-LDG2 method, and 0.125AtcF.3 for the IMEX3-LDG3 method. One can
see the IMEXp-LDGp methods with p =2, 3 outperform the IMEX1-LDG1 method. The results by the IMEX2-LDG2 method
match the reference solutions the best (note that the time step size of this method is O (h?) for this example). The use of
nonlinear limiter still leave visible oscillations to the results by the IMEXp-LDGp (p = 2, 3) methods.

Even though the IMEXp-LDGp- M methods use larger time step sizes without a nonlinear limiter, they overall perform
better than the IMEXp-LDGp schemes for this Riemann problem when ¢ = 0.7. We attribute this to the auxiliary unknown,
q = dxp, that contains a Dirac-§ singularity in this Riemann problem. The singularity in g imposes challenge to the IMEX-
LDG methods with the weight function @ =1 in the Kkinetic regime. For the IMEX-LDG-M methods, the weight function
w =exp(—&/h)|e=0.7.n=0.025 ~ 10~13, and it significantly reduces the impact of the singularity in q. Actually, in this regime,
the IMEX-LDG-M schemes are very close to the DG-IMEX schemes in [15] (which are also the proposed methods here with
the weight w = 0).

When & = 1075, the computational domain is taken as Qy = [—2,2] with the final time T = 0.15. The solutions are
smooth around this time, and no limiter is needed. Still with h = 0.025, the numerical solutions are shown in Fig. 6.6. The
results obtained by the IMEXp-LDGp schemes and IMEXp-LDGp-M schemes have no visible difference. Hence, only the
results of the IMEXp-LDGp-M schemes are presented with p =1, 2, 3. All methods capture the solutions well, and higher
order methods show better resolution.

6.2. One group transport equation in slab geometry
In this section, we will consider the one-group transport equation in slab geometry in a more general form [23], namely,

€0, + voyf = %(m — f)—eoaf +G (6.4)
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Fig. 6.4. Numerical solutions by IMEXp-LDGp-M methods for the example in Section 6.1.2 with € =0.7 at T =0.15. The reference solution is obtained by
the first order forward Euler upwind finite difference scheme, with h =10~3 and At =7 x 10~%. No limiter is applied.

on Qy = [x1,xg] and with a continuous velocity space €, = [—1, 1]. The parameter o5 = 0s(x) is the scattering coefficient,
which is assumed to be positive, the non-negative o4 = o4 (x) is the absorption coefficient, and G = G(x) is the source term.
Following the derivation in Section 2, one can get the micro-macro reformulation

0 p + 0x(vg) = —0oap + G,

1 1 os (6.5)
0 g + E(l —ID(voxg) + 8_2V3x,0 =28 048
When € — 0, the limiting equation (at least away from the initial and boundary) is
g=—vp/os. dp=(v})3x(0xp/05) —0ap +G. (6.6)

The proposed IMEX-LDG methods can be extended directly to (6.4) based on the following reformulated form of the
model:

¥p + 0x(v(g + 0vq/o5)) = w(v?)dy(q/0s) —oap +G,  q=dp, (6.7a)

1 1 (o
g+ (= TH(Vig) + 5 vixp == 58— 04g. (6.7b)
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Fig. 6.5. Numerical solutions by IMEXp-LDGp methods for the example in Section 6.1.2 with € =0.7 at T = 0.15. The reference solution is obtained by the
first order forward Euler upwind finite difference scheme, with h =10~3 and At =7 x 10~%. The minmod limiter with M =1 is used when p =2, 3.

In addition to periodic boundary conditions, some numerical examples in this section involve Dirichlet boundary condi-
tions, that are given at the inflow boundaries of the domain Q4 =[x, xg], in the form of

f&xp,v,t)= fr(v,t), v=>0, and fxg,v,t) = fr(v,t), v<O0.

They are insufficient to define p = (f) (resp. g and q) at the boundary within the micro-macro decomposition framework. In
this case, numerical boundary treatments are needed to complete the proposed methods. Next we will present two strate-
gies, which will be described when o5 =1 and o4 =0, and can be easily given to the cases with more general o5 and o4.
We will first present assumptions for boundary conditions and then impose boundary conditions through numerical fluxes.

1.) Limiting boundary condition. The first boundary treatment is based on the limiting equation as &€ — 0. Similar strategy
was used in [5,17] within an even-odd decomposition framework. As € — 0, the limiting equation gives

g=—Vokp =—vq, Wwith q=20p. (6.8)
We assume this relation at the boundary, then the given boundary conditions become

pLt) —evqr(t) = fr(v,t), v>=0 and  pg(t) —evqr(t) = fr(v,t), v <0.
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Fig. 6.6. Numerical solutions by IMEXp-LDGp-M methods for the example in Section 6.1.2 with € = 107¢ at T = 0.15. The reference solution is obtained
by solving the limiting diffusion equation using the forward Euler with second order central difference scheme, with h=10"3 and At =2.5x 10~7.

We further integrate the first equality in v from 0 to 1 at the left boundary, and integrate the second equality in v from
—1 to 0 at the right boundary. This gives

1 0
1 1
PL(t)—SEQL(t)Z/fL(V,t)dV, ,OR(t)+5§(IR(t):/fR(Vvt)dV~ (6.9)
0 4

Motivated by this, the following numerical boundary treatment is proposed.

e We specify numerical fluxes p and vg at both boundaries:

1
3 1 —
Py =/fL(v,tn)dV+58q”(XD = ol (veh)y =ve"(xp),
2 2
0
/ 1
“n _ n/,— Ao T _ ng,—
Pust —/fR(v,tn)dv— 560"y, )= Pk (v8T)yy g = ve" (X, ). (6.10)
0



26 Z. Peng et al. / Journal of Computational Physics 415 (2020) 109485

e We modify the equation (3.7b) into the following

pn+1 pn

(T @) i (vgh. &) + oV (@] ) = o (V@ 6). Ve € U (6.11)
where I, (-, ) is just as before in (3.8b), with the numerical flux modified at the boundary, namely,

T ="+ ("D = PP Gy =00 1) = R (R = P )
while

v, Z / (vep ax¢dx—2<vgh>,_l[¢]1,, (6.12)
and (/vg\Z)Fl =</vg\g)i71,vl‘ =2,3,---,N —1 for interior nodes, and

2 2
s _ ot j— _ e
(vg")1=(vg )(x%), (vg" )N 1 =(vg >(xN+%)

at boundaries.

One can see that the numerical boundary treatments are essentially imposed through numerical fluxes. The two parameters
c; and cg are non-negative, and they are used to facilitate the inclusion of some jump terms c; (p"(xT) — pr) and cg (pg —
2

,o"(x;+1 )) at the domain boundary to ensure the full accuracy of the overall algorithm when alternating fluxes are used at

2
the interior nodes. More specifically, when the right-left alternating flux in (3.11) is used in our scheme, we take c; =1 and
cg = 0, while with the left-right alternating flux, we take ¢; =0 and cg = 1. One can refer to [8,24] to better understand
the role of these jump terms in relation to the accuracy of the schemes.

2.) Inflow-outflow close-loop boundary condition. Using the solution inside the domain to provide the outflow boundary
data, we get a close-loop strategy similar to that in [15]. For the left boundary, we require the following relations:

oLt) +egr(v,t) = fr(v,t), v=>0 (inflow), (6.13a)

pL(t) +€8L(v,t) = pr(XT,0) + egn(xT,v,t), v =<0 (outflow), (6.13b)
2 2

(gL(v,t)) =0. (6.13¢)

We integrate (6.13a) in v from O to 1, and integrate (6.13b) in v from —1 to 0. Summing up the resulting equations and
with (6.13c), one can express the boundary data p; in terms of the known f; and the unknown interior solution, and
further get g; from (6.13a)-(6.13b), hence (vg;(v,t)). This leads to, at t =t",

0
o :pL(t”)_ /fL(v t dv+,0h(x+)+8/gh(x1,v)dv) (6.14a)
-1
F(frv.th) —pr(eh), v >0,
neyy -2 ") = 8( 6.14b
() =8, 1) i;(pg<x;>+eg,’;(x;v)—m(t")), v <0, (614b)
Similarly, for the right boundary we can get
1 0 1
n.a ny _ n ng,— n,.—
PR = PR(ET) = 2(ffR(v,t )dv+ph(xN+%)+€fgh(xN+%,v)dV), (6.15a)
-1 0
1 n/y— N y— n
slopx ) t+egy(xy 1,v)—pr(t")), v=0,
gh(v) 2 gr(v, t") = [f(p“ N+ "N PR(") (6.15b)
+(frv,t") — pr(tM), v <0.

Based on the relations above, we propose a numerical treatment for boundary conditions, again by working with the
modified equation (6.11) and IL in (6.12) and specifying the numerical fluxes on the domain boundary as follows,

P=pl T =a"6) e (") - p), (vghy = (vei ), (6.16a)
Py = PR Tyay ="Ky D) +er (07 =P (X, ), (Ve y,y = (veR(v) (6.16b)
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and

N+%,v), ifv>0, (617)

—_ vgi(v), ifv>0, —_ vgp(x
veR(v), ifv <0.

e =1vgrat. vy, itv<o,  (&ney=
2

The jump terms for q in (6.16) are for the same accuracy consideration as in the limiting boundary condition strategy,
with the constants c¢; and cg taken similarly as well.

Remark 6.1. In our numerical experiments, we use the limiting boundary conditions for the diffusive regime, and the inflow-
outflow close-loop boundary conditions for the kinetic regime. For the diffusive regime, it is observed that using the inflow-
outflow close-loop boundary conditions may require a stringent time step condition, namely, At = O (h?), for numerical
stability, while using the limiting boundary conditions will keep the unconditional stability of the proposed scheme. For
the intermediate regime, the choice will be example-dependent. With either numerical boundary treatment above, the

symmetry of the resulting linear system to update ,oﬁ“ will no longer hold.

Remark 6.2. For those examples in Section 6 with Dirichlet boundary conditions, we only consider the isotropic ones, that
is, when f; and fr are independent of v. When f; and fr are anisotropic and depend on v, the solutions can develop
boundary layers. Such cases however can not be handled effectively by our proposed boundary treatments. In [22], the
boundary layer issue was addressed for a finite difference scheme, which is based on a different micro-macro decomposition
of the governing equation, together with the use of some extra unknown variable near domain boundary.

In our simulations, the velocity space €2, is discretized using 16-point Gaussian quadrature, and the operator (-) is
replaced by its numerical analogue. The results are obtained with the left-right flux pair alternating flux (3.11). And the
meshes are uniform unless otherwise specified.

6.2.1. Smooth example with periodic boundary conditions
With 04 =G =0, 0, =1, we consider a smooth example with the initial conditions

p(x,0) =sin(x), g(x,v,0) =—vcos(x)

on the domain Qyx = [—m, ] with periodic boundary conditions. We carry out the numerical simulations for different
regimes with € = 0.5, 1072 and 10~°. The final time is T = 1.0. The convergence order of the schemes is calculated by
Richardson extrapolation:

order = REy =log; (||un — tn/2ll1; 20/ U2 — Un/allLy @) -

Here up is the numerical solution computed with a mesh size ’71 = %. And the numerical error is computed as Ry =

[lup — uny2llLy 0 /192

The numerical errors and convergence orders of p and j = (vg) are shown in Tables 6.5-6.7 for the IMEXp-LDGp and
IMEXp-LDGp-M schemes with p = 1,2, 3. The optimal p-th order of convergence is observed for all the schemes in all
regimes. When p = 2, 3, the schemes with the two different weights do not lead to much difference in numerical errors in
all regimes.

6.2.2. Diffusive and kinetic regimes with isotropic boundary conditions
We here consider an example from [5,23] with isotropic Dirichlet boundary conditions together with zero initial condi-
tion, namely

fiv,t)y=1, fr(v,t)=0; f(x,v,00=0, xeQy;
os=1, 04 =0, G=0.

The computational domain is Q4 = [0, 1], with &£ =10~ for the diffusive regime and & =1 for the kinetic regime. For the
numerical boundary treatments, we apply the inflow-outflow close-loop boundary conditions for ¢ =1 and the limiting
boundary conditions for &€ = 10~4. The spatial meshsize is taken to be h = 1/40.

Note that the initial and boundary data on the left boundary are not compatible, and this will lead to a Dirac-§ type
singularity in g = dxp. In the kinetic regime with ¢ = 1, this example will impose similar numerical challenge to the methods
with w =1 as the Riemann problem in Section 6.1.2. Related to this, when ¢ =1, 0.25AtcF;1 is used for the IMEX1-LDG1
scheme while 0.125AtcF;3 is used for the IMEX3-LDG3 scheme, in order to get reasonable numerical solutions.

In Fig. 6.7, we plot the computed density p. More specifically, the top two rows are for the kinetic regime with ¢ =
1 by the IMEXp-LDGp (in the first row) and IMEXp-LDGp-M (in the second row) methods, with p =1,2,3. In each
plot, the computed p at times T = 0.1, 0.4, 1.0, 1.6 and 4.0 are presented. It is observed that higher order methods
capture more details, and additionally, the IMEXp-LDGp-M scheme outperforms the respective IMEXp-LDGp scheme when
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Table 6.5
L' errors and orders for the example in Section 6.2.1, IMEX1-LDG1(-M).
& N IMEX1-LDG1 IMEX1-LDG1-M
Ry for p Order Ry for j Order Ry for p Order Ry for j Order
0.5 10 1.454E-01 - 9.771E-03 - 6.466E-02 - 1.036E-02 -
20 3.367E-02 1.09 5.434E-03 0.85 3.154E-02 1.04 5.613E-03 0.88
40 1.661E-02 1.02 2.809E-03 0.95 1.588E-02 0.99 2.859E-03 0.97
80 8.233E-03 1.01 1.423E-03 0.98 8.013E-03 0.99 1.439E-03 0.99
160 4.101E-03 1.01 7.159E-04 0.99 4.024E-03 0.99 7.212E-04 1.00
1072 10 7.092E-02 - 1.053E-02 - 7.085E-02 - 1.053E-02 -
20 3.600E-02 0.98 5.340E-03 0.98 3.597E-02 0.98 5.341E-03 0.98
40 1.795E-02 1.00 2.677E-03 1.00 1.793E-02 1.00 2.677E-03 1.00
80 8.969E-03 1.00 1.339E-03 1.00 8.953E-03 1.00 1.339E-03 1.00
160 4.513E-03 0.99 6.703E-04 1.00 4.478E-03 1.00 6.689E-04 1.00
10-6 10 7.084E-02 - 1.055E-02 - 7.084E-02 - 1.055E-02 -
20 3.600E-02 0.98 5.344E-03 0.98 3.600E-02 0.98 5.344E-03 0.98
40 1.795E-02 1.00 2.678E-03 1.00 1.795E-02 1.00 2.678E-03 1.00
80 8.963E-03 1.00 1.339E-03 1.00 8.963E-03 1.00 1.339E-03 1.00
160 4.482E-03 1.00 6.692E-04 1.00 4.482E-03 1.00 6.692E-04 1.00
Table 6.6
L' errors and orders for the example in Section 6.2.1, IMEX2-LDG2(-M).
& N IMEX2-LDG2 IMEX2-LDG2- M
Ry for p Order Ry for j Order Ry for p Order Ry for j Order
0.5 10 2.270E-02 - 1.482E-02 - 2.269E-02 - 1.479E-02 -
20 5.677E-03 2.00 3.822E-03 1.96 5.676E-03 2.00 3.806E-03 1.96
40 1.403E-03 2.00 9.524E-04 2.00 1.404E-03 2.02 9.476E-04 2.01
80 3.484E-04 2.01 2.377E-04 2.00 3.483E-04 2.01 2.367E-04 2.00
160 8.678E-05 2.01 5.937E-05 2.00 8.677E-05 2.01 5.915E-05 2.00
102 10 2.265E-02 - 1.462E-02 - 2.265E-02 - 1.462E-02 -
20 5.637E-03 2.01 3.773E-03 1.95 5.637E-03 2.01 3.773E-03 1.95
40 1.408E-03 2.00 9.393E-04 2.01 1.408E-03 2.00 9.393E-04 2.01
80 3.518E-04 2.00 2.346E-04 2.00 3.518E-04 2.00 2.346E-04 2.00
160 8.794E-05 2.00 5.863E-05 2.00 8.794E-05 2.00 5.863E-05 2.00
10°6 10 2.262E-02 - 1.467E-02 - 2.262E-02 - 1.467E-02 -
20 5.624E-03 2.01 3.765E-03 1.95 5.624E-03 2.01 3.765E-03 1.95
40 1.404E-03 2.00 9.372E-04 2.01 1.404E-03 2.00 9.372E-04 2.01
80 3.510E-04 2.00 2.340E-04 2.00 3.510E-04 2.00 2.340E-04 2.00
160 8.774E-05 2.00 5.849E-05 2.00 8.774E-05 2.00 5.849E-05 2.00
Table 6.7
L' errors and orders for the example in Section 6.2.1, IMEX3-LDG3(-M).
& N IMEX3-LDG3 IMEX3-LDG3-M
Ry for p Order Ry for j Order Ry for p Order Ry for j Order
0.5 10 1.670E-03 - 1.449E-04 - 1.674E-03 - 1.448E-04 -
20 2.069E-04 3.01 1.805E-05 3.01 2.065E-04 3.02 1.797E-05 3.01
40 2.560E-05 3.01 2.258E-06 3.00 2.561E-05 3.01 2.250E-06 3.00
80 3.206E-06 3.00 2.845E-07 2.99 3.206E-06 3.00 2.834E-07 2.99
160 4.014E-07 3.00 3.580E-08 2.99 4.013E-07 3.00 3.566E-08 2.99
102 10 1.621E-03 - 1.253E-04 - 1.621E-03 - 1.253E-04 -
20 2.071E-04 2.97 1.558E-05 3.01 2.071E-04 2.97 1.558E-05 3.01
40 2.581E-05 3.00 1.958E-06 2.99 2.581E-05 3.00 1.958E-06 2.99
80 3.223E-06 3.00 2.487E-07 2.98 3.223E-06 3.00 2.487E-07 2.98
160 4.029E-07 3.00 3.183E-08 2.97 4.029E-07 3.00 3.183E-08 2.97
10-6 10 1.619E-03 - 1.248E-04 - 1.619E-03 - 1.248E-04 -
20 2.070E-04 2.97 1.545E-05 3.01 2.070E-04 2.97 1.545E-05 3.01
40 2.581E-05 3.00 1.927E-06 3.00 2.581E-05 3.00 1.927E-06 3.00
80 3.224E-06 3.00 2.407E-07 3.00 3.224E-06 3.00 2.407E-07 3.00
160 4.029E-07 3.00 3.009E-08 3.00 4.029E-07 3.00 3.009E-08 3.00
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Fig. 6.7. The numerical density p for the problem in Section 6.2.2. Top row: the results of IMEXp-LDGp schemes in the kinetic regime with e =1 at T =0.1,
0.4, 1.0, 1.6 and 4.0. Middle row: the results of IMEXp-LDGp-M schemes in the kinetic regime with ¢ =1 at T =0.1, 0.4, 1.0, 1.6 and 4.0. The reference
solutions for the first two rows are obtained by the first order forward Euler upwind finite difference scheme, with h =5 x 1074 and At =2.5 x 107>,
Bottom row: the results of IMEXp-LDGp-M schemes in the diffusive regime with & = 10~* at T = 0.05, 0.15, and 2.0. The reference solution for the
bottom row is computed by the DG1-IMEX1 scheme in [14], with h =103 and At =1075. From left to right: p=1,2,3.

p = 1,3. Even though q = dxp contains singularity due to the incompatible initial and boundary data, with the weight
w = exp(—¢&/h)|e=1,n=1/40 ~ 1018, the wq term has negligible contribution to the IMEXp-LDGp schemes. In this regime,
the IMEX-LDG schemes are very closed to the DG-IMEX schemes in [15]. For p =2, the methods with two weights produce
comparable results. Again recall that the parabolic type time step condition At = O (h?) is used for the IMEX2-LDG2 scheme.

When & =104, the problem is in its diffusive regime and numerical results by the methods with the two weights have
no visible difference. In the third row of Fig. 6.7, we plot the computed p by the IMEXp-LDGp schemes (with p =1, 2, 3)
at T =0.05, 0.15 and 2.0. It is observed that higher order methods have better resolution. We want to mention that if the
inflow-outflow close-loop boundary condition is applied, the IMEXp-LDGp method is unconditionally stable with p =1, 2,
while the IMEX3-LDG3 requires At = O (h?) for stability (see Remark 6.1).

6.2.3. Intermediate regime with isotropic boundary conditions, varying scattering frequency, and source term
Here we consider an example with isotropic Dirichlet boundary conditions and a constant source, and the scattering

coefficient os(x) is spatially varying [23]:

fuwv,H)=0, fr(v,0)=0, f(xv,00=0, osx)=1+(10x)?% o04=0, G=1
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Fig. 6.8. The numerical density p for the problem in Section 6.2.3 at T = 0.4. The reference solution is obtained by the first order forward Euler upwind
finite difference scheme, with h =5 x 107> and At =1.25 x 1077 for e =102,

on = [0, 1] and & = 10~2. The effective Knudsen number is ﬁ at the spatial location x. We want to use this example
to demonstrate how our methods work in the presence of spatially varying scales.
For the IMEXp-LDGp-M schemes, the weight function is taken to be

£
= exp( na, )s
where 05 is the average of o5(x) over the spatial domain, namely, o5 = K;_x| fo os(x)dx. When the schemes are conditionally
stable, the time step conditions are adjusted. Particularly, we use 0.7AtcFy3 for the IMEX3-LDG3 scheme and 0.75Atcri3Mm
for the IMEX3-LDG3-M. No adjustment is needed for other schemes. To impose the boundary conditions numerically, we
apply the limiting boundary conditions.

In Fig. 6.8, the numerical solutions for p are plotted at T = 0.4 with h = 0.025. Since the two weights do not lead to
visible difference, we only present the results by the IMEXp-LDGp-M methods with p =1, 2, 3. Due to the spatial variation
of the scattering coefficient, there is a sharp feature near the right boundary in space. Overall high order schemes with
p =2, 3 have better resolution.

6.2.4. Two-material problem
The example we will consider here involve two different materials [23,15],

0s=0, oa=1, G=0, for xeQx;=[0,1],
0s=100, 04=0, G=0, for xeQyr=[1,11],
fiv,t)=5, frv,t)=0; f(x,v,0)=0, xeQy,

with Qy = Q1 U Qy g. Following [21,23], the parameter ¢ is set to be 1, meaning that the dimensional variables are used
here. And the system consists of a purely absorbing slab region €2x; of one mean-free path length, connected to a purely
scattering slab region Qy g of a thousand mean-free path length that is more diffusive over long time observation. We want
to use this example to demonstrate our proposed methods applied to such problems in the presence of multiple scales. An
isotropic configuration of f is introduced to the purely absorbing region € ; from the left boundary, and it will attenuate
and become anisotropic (that is, v dependent) before entering the purely scattering region Qx . An interior layer will arise
between the absorbing and scattering regions. In our simulation, a non-uniform mesh is used, with the mesh size h = 0.05
in Qy; and h =0.5 in Qyr. We apply the inflow-outflow close-loop numerical boundary conditions, and the left-right
numerical fluxes in (3.11) are used for the interior points.
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Fig. 6.9. The computed steady-state density p for the problem in Section 6.2.4 at T =20000. The reference solution is obtained by the first order forward
Euler upwind finite difference scheme, with h =5.5 x 103 and At =10

For this example, even though there is a purely absorbing subregion €24, we choose to use the weight function w =
exp(—&/(100h)) for the IMEXp-LDGp-M schemes. This choice is based on the scattering coefficient o5 = 100 in the purely
scattering subregion €y r. We examine the steady state solution by running the simulation over a long time, and the
computed solutions for density p are presented in Fig. 6.9 at T =20000. Visually, the results of IMEXp-LDGp and IMEXp-
LDGp-M coincide with each other. Only the results of IMEXp-LDGp-M are shown with p =1, 2, 3. All the schemes match
the reference solution well. The higher order the scheme is, the better resolution it has.

6.3. Examples with non well-prepared initial data

Finally we consider two examples with non well-prepared initial data in order to demonstrate the effectiveness of the
proposed initial fixing strategies for accuracy in the presence of the initial layer. Example 1 starts with f(x,v,0) = (1 +
(v —0.5)%)(1 + 0.05 cos(x)), while Example 2 has f(x,v,0) = (14 &(v — 0.5)2)(1 + 0.05cos(x)). They both have p(x,0) =
14 0.05cos(x) and g(x, v,0) = O (¢~ 1). The computational domain is €y = [0, 27r] with periodic boundary conditions. The
final time is T =1.0 and & =105,

Note that (vf(x, v, 0)) =0 for Example 1, implying (vR®) = 0(1), and (vf(x, v, 0)) # 0 for Example 2, implying (vR?) =
0(e~1) according to (5.6). As predicted by the asymptotic analysis (also see Table 5.1), without any initial treatment, the
IMEXp-LDGp(-M) scheme will be first order accurate for Example 1 and inaccurate for Example 2. And with the initial
fixing strategies we have proposed, the full accuracy of order p will be achieved. This is confirmed by the results in Table 6.8
and Fig. 6.10 before the fix, and by the full order of accuracy in Table 6.9 after the fixing strategies are applied. Since the
weight function w = exp(—¢&/h) is very close to 1, the leading digits of the errors obtained by IMEXp-LDGp and IMEXp-
LDGp-M are the same. Only the results of the IMEXp-LDGp-M methods (with p =1, 2, 3) are shown in error tables. Given
that the errors and orders are computed based on Richardson extrapolation, we also plot the numerical solutions with the
fixing strategies and the reference solutions in Fig. 6.10 for Example 2 to make sure the correct solutions are captured
numerically.

7. Conclusions

In this paper, we design and analyze high order methods based on discontinuous Galerkin spatial discretizations and
implicit-explicit Runge-Kutta temporal discretizations for linear kinetic transport equations in a diffusive scaling. With
Fourier type stability analysis, the methods are shown to be unconditionally stable in the diffusive regime ¢ « 1, and can
have hyperbolic type stability condition At = O(gh) in the kinetic regime & = O(1). The design of the methods takes into
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Table 6.8
L' errors and orders by the IMEXp-LDGp-M schemes for Example 1 in
Section 6.3, £ =107, T = 1, without any initial fixing strategy.

Scheme N Ry for p Order Ry for j Order
p=1 10 4.264E-03 - 5.049E-04 -
20 2.115E-03 1.01 2.519E-04 1.00
40 1.064E-04 0.99 1.245E-04 1.02
80 5.309E-04 1.00 6.199E-05 1.01
160 2.652E-04 1.00 3.091E-05 1.00
p=2 10 8.290E-04 - 9.376E-04 -
20 4.768E-04 0.80 3.629E-04 137
40 2.641E-04 0.85 1.815E-05 1.00
80 1.402E-04 0.91 9.410E-05 0.95
160 7.232E-05 0.96 4.829E-05 0.96
p=3 10 1.745E-04 - 1.883E-04 -
20 9.763E-05 0.84 7.476E-05 133
40 5.138E-05 0.93 3.546E-05 1.08
80 2.614E-05 0.97 1.758E-05 1.01
160 1.315E-05 0.99 8.783E-05 1.00
Table 6.9
L' errors and orders by the IMEXp-LDGp-M schemes for Examples 1 and 2 in Section 6.3, ¢ = 10~%, T = 1.0 with initial fixing
strategy.
Scheme N Example 1 Example 2
Ry for p Order Ry for j Order Ry for p Order Ry for j Order
p=1 10 Full accuracy is achieved without fixing strategy 2.587E-03 - 5.760E-04 -
20 1.583E-03 0.71 2.789E-04 1.05
40 8.589E-04 0.88 1.374E-04 1.02
80 4.462E-04 0.94 6.807E-05 1.01
160 2.271E-04 0.97 3.387E-05 1.01
p=2 10 1.144E-03 - 8.299E-04 - 1.049E-03 - 8.372E-04 -
20 2.815E-04 2.02 1.884E-04 214 2.474E-04 2.08 1.657E-04 2.34
40 7.024E-04 2.00 4.687E-05 2.01 6.154E-05 2.01 4.108E-05 2.01
80 1.755E-05 2.00 1.170E-05 2.00 1.536E-05 2.00 1.025E-05 2.00
160 4.387E-06 2.00 2.925E-06 2.00 3.840E-06 2.00 2.560E-06 2.00
p=3 10 8.381E-05 - 5.375E-05 - 7.864E-05 - 5.367E-05 -
20 1.035E-05 3.02 6.896E-06 2.96 1.046E-05 2.92 6.965E-06 2.95
40 1.290E-06 3.00 8.601E-07 3.00 1.332E-06 2.97 8.877E-07 297
80 1.612E-07 3.00 1.074E-07 3.00 1.681E-07 2.99 1.121E-07 2.99
160 2.014E-08 3.00 1.343E-08 3.00 1.955E-08 3.10 1.522E-08 2.88

100 — T T T T T T
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Fig. 6.10. The numerical density p computed by the IMEXp-LDGp-M methods with (left) and without (right) the initial fixing strategy for Example 2
in Section 6.3. Here &€ =107, T =1.0, N = 320. Reference solutions are computed by the forward Euler central difference scheme solving the limiting
diffusion equation with N =2000.
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account the initial layer which may be present in the solutions, and in particular when the initial data is not well-prepared,
initial fixing strategies are proposed in the first one or two time steps to overcome the possible accuracy reduction or loss
for € < 1. The overall schemes are shown to be asymptotically preserving, namely the methods in the limit of the &€ — 0
are consistent and high order discretizations for the limiting diffusive equation with the asymptotically consistent initial
condition. In an ongoing project, an energy-based numerical stability will be performed, together with the error estimates
as well as a rigorous asymptotic analysis.

The proposed methods are based on a reformulated form of the underlying model, by adding and subtracting a weighted
diffusion term. Even though such idea is not new, our analysis provides mathematical understanding about the desired
properties (not all known previously) of the weight function. One can refer to Theorem 4.1 and Theorem 4.3 that suggest
how the weight function depends on the model and discretization parameters ¢, h, At, and one can also see equations (2.6)
and (5.13) for the desired properties on the magnitude of the weight function to ensure the AP property. On the algebraic
level, the implicit part that needs to be solved globally comes from a discrete Poisson operator. The methods in this work
can be combined with fast computation techniques for scattering operators to simulate physically more relevant kinetic
transport models involving multiple scales. Some other issues that are not addressed here include positivity preserving
technique and boundary layer treatments.
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Appendix A. AP methods with a different implicit-explicit strategy: accuracy reduction

In order for us to achieve AP methods with high order accuracy for a broad range of ¢, it seems important that the
numerical solutions stay sufficiently close to the local equilibrium in the diffusive regime, namely, g" + vaxp" = O (¢). This
property is guaranteed by our proposed implicit-explicit strategy (at least for n > 2, also see Section 5). To help with the
understanding, we here take a closer look at a family of AP methods, that is closely related to our proposed methods except
using a different implicit-explicit strategy as in (3.2) [23]. Our study here show that with an insufficient approximation of
the local equilibrium at the discrete level, formally high order AP methods can reduce to first order temporal accuracy in g
(at least) in the diffusive regime with & « 1, and this reduction may further affect the accuracy in f =p +¢eg.

Since the root of the issue lies in the temporal discretization, particularly in the implicit-explicit strategy, we will start
with a first order in time discretization based on an implicit-explicit strategy as in (3.2), and consider

,0"+1 - p" 1 2 2 1

T+ax<vg"+ )+ (V) B p = 0 (V) 0", (Ala)

gn+1 _gn 1 n 1 n 1 n+1

— + —(I-1II)(vo — Vo =—— . A.lb
A7 +8( (v xg)+82pr 28 (A1b)

By combining this new implicit-explicit strategy with the second order ARS(2, 2, 2) method and the third order ARS(4, 4, 3)
method, we will have the formally second and third order in time method, referred to as the IMEX2-LM scheme and the
IMEX3-LM scheme, respectively.

A.1. Formal analysis in the limit of ¢ — 0
Without loss of generality, we next will focus on the IMEX2-LM scheme in our analysis. We consider the diffusive regime

with & <« 1, and assume @ = 1 (see the property in (2.6)). Given the numerical solution p", g" at t", we update p"*+1, gnt1
at t"t1 by the IMEX2-LM scheme as follows.

pn,(O) =p", gn,(O) =g" (A.2a)

D = p" — y AL (V)™ @ + (vg™ V) = (v3)p™ D), (A2b)
1 1 1

gtV =g"—yat (5(1 ~ M (vag™ ) + Svaep™© + g—zg"'“)> , (A2¢)

P = p" = At(v?) (30 p™ @ + (1 = 8)duxp™ ) (A.2d)
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— (1= )AL (9(vg" V) = ()iep™ V) = y AL (autvg™ ") = (VD)3 )

1 1
g =g"—5At (E(l — M (vag™ @) + 8—2v3x,0”‘(0)> (A.2e)

—(1-d)At (%(l — M vaxg™ M) + :—zvaxp"’“)) - % (A=rgnV+ygt).
As &€ — 0, we formally obtain
PO =pt "D = oy At(v?)ag ™D, (A3a)
P = "+ ALV (1= )™ D+ y Bp™ ). (A3b)

an implicit discretization of the limiting diffusive equation (2.4) to solve p, with its second order accuracy directly inherited
from the IMEX-RK ARS(2,2,2) method. This implies the AP property of the IMEX2-LM scheme. On the other hand, the
variable g is approximated by

g O =gt g — _yy om0 (A4a)
1 =g +yg™ = —svap™ @ — (1 - §)vap™® (A.4b)

as € — 0, and this further gives
1-6— 1-4
gl = %vaxp”’(o) - Tvaxp”’(”. (A.5)

Next we will argue that the scheme for g in (A.4) is only of first order accuracy. By taking a spatial derivative over
the IMEX2-LM scheme (A.2), it is not hard to see that in the limit of ¢ — 0, dyp is approximated by the same second
order scheme as (A.3). Hence to show g"*! being first order accurate boils down showing g"t! + v, p"*! being first order
accurate. Based on the limiting scheme (A.4)-(A.5),

1-6—y 1-§6

gl +vip™! = V" = ——(Vkp" + Y ALV VD™ V)

+ (vaxo" + AL (1 = 1)ood™ P + y o™ )

= Aty (6 = oo™ D + ¥ ™)
= SAt(V2)Vaxxp" + O (AL?). (A.6)

Recall that in the limit of ¢ — 0, the exact solution satisfies g + vdyp = 0. This, combined with (A.6), indicates the local
truncation error to preserve this local equilibrium is first order in At, so is that for g in the limit of ¢ — 0. This reduced
order of accuracy will be subsequently carried over to the IMEX2-LM scheme with ¢ <« 1 in the diffusive regime (say, under
some uniform boundedness assumptions for the continuous and discrete solutions as at the beginning of Section 5). With
similar analysis, one can formally shown that the IMEX3-LM scheme is first order accurate when approximating g in the
diffusive regime. Given that f = p + eg, the accuracy reduction in g can further affect the accuracy for f.

A.2. Numerical study

We here will report some numerical tests to support and complement our formal analysis. For the IMEXp-LM scheme
(p =2,3), we combine it with the LDG spatial discretization in Section 3.2 with the discrete space Uf;_1, and the weight
function is taken to be w = exp(—e&/h). The resulting method is referred to as the IMEXp-LDGp-M-LM scheme, with the
time step set as At = Atcripaq as defined in (6.2e) and (6.2f) for p =2, 3, respectively. The choice of the time steps by no
means is optimal.

We consider the example in Section 6.1.1 from the telegraph equation. In Table A.10, we report the L! errors and orders
for j = (vg) when & =107% on spatial meshes of N = 10, 20, --- ,320 elements, and the first order accuracy in g is ob-
served. As a comparison, our proposed methods with the same weight function approximate j with the designed p-th order
accuracy (p = 2, 3), see Tables 6.3-6.4. Note that with this €, the errors in g are rather small, hence the order reduction
in g does not affect the accuracy order of f = p + €g on the meshes we used. We further test the IMEXp-LDGp-M-LM
scheme (p = 2, 3) in relatively more kinetic regimes with € = 1072, 0.5, and the full p-th order accuracy is observed for j
as designed. The results are omitted.

Finally we consider a more interesting case with ¢ = 10~3 when the problem is in a relatively intermediate regime. In
Table A.11, the L! errors and orders of both p and j as well as the Ll errors and orders of f are reported for the IMEX3-
LDG3-M-LM and IMEX3-LDG3-M schemes on spatial meshes of N = 10, 20, - -- , 640. Here o1l == (1l @) A few
observations can be made.
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Table A.10
L' errors and orders of j = (vg) for the example in Section 6.1.1 with & = 1076
IMEXp-LDGp-M-LM with p =2, 3, and w = exp(—¢/h).

& N IMEX2-LDG2-M-LM IMEX3-LDG3-M-LM
L' error of j Order L' error of j Order
10-6 10 1.303E-02 - 2.952E-02 -
20 6.652E-03 0.97 1.518E-02 0.96
40 3.254E-03 1.03 7.629E-03 0.99
80 1.642E-03 0.99 3.658E-03 1.06
160 8.164E-04 1.01 1.826E-03 1.00
320 4.071E-04 1.00 9.029E-04 1.02

Table A11
L' errors of p, j=(vg) and Ll errors of f as well as the respective convergence orders, for the example in Section 6.1.1 with
& =10"3: IMEX3-LDG3-M-LM and IMEX3-LDG3-M, and w = exp(—¢&/h). Here el =gl )

N L' error of p Order L' error of j Order L! error of f Order
IMEX3-LDG3-M-LM 10 1.867E-04 - 1.515E-02 - 1.868E-04 -
20 2.366E-05 2.98 7.642E-03 0.99 2.403E-05 2.96
40 2.951E-06 3.00 3.658E-03 1.06 4.254E-06 2.50
80 3.694E-07 3.00 1.825E-03 1.00 1.826E-06 1.22
160 4.627E-08 3.00 9.022E-04 1.02 9.022E-07 1.02
320 5.720E-09 3.02 1.630E-07 124 5.720E-09 7.30
640 7157E-10 3.00 1.390E-08 3.55 7.156E-10 3.00
IMEX3-LDG3- M 10 1.867E-04 - 2.233E-04 - 1.867E-04 -
20 2.366E-05 2.98 2.749E-05 3.02 2.366E-05 2.98
40 2.951E-06 3.00 3.452E-06 2.99 2.951E-06 3.00
80 3.691E-07 3.00 4.284E-07 3.01 3.691E-07 3.00
160 4.611E-08 3.00 5.354E-08 3.00 4.611E-08 3.00
320 5.720E-09 3.01 6.668E-09 3.01 5.720E-09 3.01
640 7.155E-10 3.00 8.338E-10 3.00 7.155E-10 3.00

e First of all, the accuracy for p is third order as designed for both schemes, with errors of two methods being compara-
ble.

e Secondly, while the computed g by our proposed IMEX3-LDG3-M scheme is of full third order accuracy, that by the
IMEX3-LDG3-M-LM scheme is only of first order accuracy on relatively coarser meshes with N =10, ---,160. When
N = 320, 640, the problem is now in a more kinetic regime with respect to the discretization parameter At and h, and
the convergence order for g by the IMEX3-LDG3-M-LM scheme improves. One should note that with the time step
taken according to (6.2f), we have used At =0.982 x 1072 for N = 160, and At =0.559 x 10~ for N = 320. The drastic
change in the time step size may also contribute to the significant error drop when N = 320, 640. On all meshes we
examined, the errors in g by the IMEX3-LDG3-M-LM scheme are always larger.

e Finally if we examine the errors and orders in f = p + ¢g, the order reduction is most pronounced when N = 80, 160.
Note that with a fixed &, smaller N corresponds to a relatively more diffusive regime, and larger N corresponds to a
relatively more kinetic regime.

Based on the tests above, one can see that the AP methods based on the implicit-explicit strategy as in (A.1) result in
order reduction in g in relative diffusive regimes, and this reduction can further affect the accuracy in f. A mathematically
more rigorous analysis would be needed to fully understand our observations.
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