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contractions of the tube’s elastic membrane walls producing a traveling wave in the form of
a “step-function” traversing the swimmer from right to left, propelling the swimmer from
left to right. The problem is motivated by medical applications such as drug delivery. The

Keywords: influence of several non-dimensional design parameters on the velocity of the swimmer
Micro-swimmers is investigated, including the swimmer aspect ratio, and the amplitude of the traveling
Immersed boundary method wave relative to the swimmer radius. An immersed boundary method based on a finite
Fluid-structure interaction element method approach is successfully combined with an elastic spring network model
Reduced 1D model to simulate the two-way fluid-structure interaction coupling between the elastic cylindrical

tube and the flow of a 3D viscous, incompressible fluid. To gain a deeper insight into
the influence of various parameters on the swimmer speed, a reduced 1D fluid-structure
interaction model was derived and validated. It was found that fast swimmers are those
with large tube aspect ratios, and with the amplitude of the traveling wave which is
roughly 50% of the reference swimmer radius. It was shown that the speed of our “optimal
swimmer” is around 1.5 swimmer lengths per second, which is at the top of the class
of all currently manufactured micro-swimmers swimming in low Reynolds number flows
(Re =1075), reported in [11].

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Micro robots, or micro-swimmers, are a class of artificial nano- or micro-scale particles capable of converting external
energy into motion. They swim in low Reynolds number regimes (Re = 10-¢) where viscosity dominates. Due to the re-
versibility in low Reynolds number flow (e.g. Stokes flow) the action of swimming micro organisms in nature are different
from regular size swimmers such as fish [30]. New propulsion methodologies are needed to efficiently move these swim-
mers. It turns out that all the micro-swimming organisms create in one way or another a traveling wave, moving in the
opposite direction of the swimmer motion (see e.g., spermatozoa [5,24], celia [19], amoeba [3], and anguilliform swimmers
[14,28]). Such a traveling wave can be artificially generated in synthetic swimmers by using, e.g., piezoelectric [16], ICFP
[13], or magnetic actuators [9,31,17]. Applications of such micro-swimmers include biomedical applications such as drug
delivery (“smart pills” [10]) and diagnostic tools. Biological low Reynolds number flow regimes can be found in, for exam-
ple, blood flow in arterioles and in capillary beds, which populate all of our organs, in mammalian productive systems [4],
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Fig. 1. A sketch of cylindrical swimmer during peristaltic motion.

and in intestines [26]. A comprehensive review of the literature on manufactured milli and micro medical swimmers can be
found in [11].

In this manuscript we study performance of synthetic micro-swimmers, manufactured from a hollow, elastic cylindrical
tube. See Fig. 1. The tube wall is an elastic membrane generating a peristaltic traveling wave produced by the contractions
of the cylindrical membrane. The contractions are driven by an outside energy source such as an actuator, or, in the future,
by the contractions of cardiac cells called myocytes [18,15]. The traveling wave moving from right to left generates displace-
ments of mass to exchange momentum between the swimming body and the surrounding fluid, causing the swimmer to
move in the opposite direction of the traveling wave motion. We study the influence of various swimmer design parameters,
such as the aspect ratio of the swimmer, and the amplitude of the peristaltic wave motion, on the speed generated by the
swimmer. Mathematical modeling, analysis, and computer simulations are used to perform this study.

The mathematical approach is based on 3D fluid-structure interaction (FSI) simulations modeling the interaction between
an elastic swimmer membrane (i.e., structure) and the surrounding fluid. The swimmer is modeled as a nonlinearly elastic
cylindrical membrane/shell by using a 3D elastic spring network model [29,25,27], while the fluid flow is modeled by
using the Navier-Stokes equations for a viscous, incompressible fluid. Two coupling conditions are employed to model
the interaction between the fluid and structure: kinematic condition describing continuity of velocities, i.e., the no-slip
condition, and dynamic condition describing balance of contact forces holding at the swimmer surface. The FSI problem is
solved using the Immersed Boundary Method [21-23], combined with a time-discretization via Lie operator splitting [12].
At every time step the Lie splitting separates the fluid from structure sub-problems. We used a Fictitious Domain Method
with Lagrange Multipliers [12] to solve the fluid sub-problem. Regarding spatial discretization, a Finite Element Method
approach was used to discretized the fluid sub-problem, while the elastic swimmer membrane is discretized using a set
of triangular elements whose vertices are connected by elastic springs. The total energy of the membrane accounts for
the energy due to the in-plane change of metric (stretching/compression), and the energy due to the out-of-plane bending
effects (change in curvature). The contractions of the membrane are modeled by an external force acting on the membrane
surface in the normal direction. This approach, which combines the Immersed Boundary Method with Lie splitting and the
Fictitious Domain Method with Lagrange Multipliers was introduced recently in [25] to study fluid-structure interaction
with deformable red blood cells.

The resulting 3D model is used to investigate how the velocity of the synthetic swimmer depends on the aspect ratio of
the swimmer cylinder (reference radius versus reference length), and on the amplitude of the generated traveling wave (i.e.,
the ratio between the squeezed radius versus the reference radius). Interesting results were obtained.

Firstly, during one cycle of application of force causing one traveling wave traversing the cylinder from right to left, the
swimmers that moved the farthest are those that displaced the largest amount of fluid during one cycle, as expected. This
means, in particular, that for a fixed reference radius of the swimmer and a given amplitude of the traveling wave, the
longer the swimmer the farther it moves. Similarly, for a fixed reference radius and length of the swimmer, the larger the
amplitude of the traveling wave, the longer the distance traversed by the swimmer. The time interval corresponding to one
cycle of force application varied by the swimmer.

However, when multiple cycles of force application were considered during a fixed time interval, different results were
obtained. In terms of the aspect ratio, short swimmers, i.e., the swimmers with large aspect ratios, moved the farthest
within a given time interval. We found that such swimmers have the largest average velocity per one cycle, as they produce
the largest rate of change of displaced mass per unit time.

In terms of the traveling wave amplitude, the swimmers experiencing roughly 50% of radius displacement moved the
farthest within a given time interval. We found, again, that such swimmers have the largest average velocity in one cycle.

Thus, fast swimmers are those with large aspect ratios whose radius deforms roughly 50% in each cycle. Such swimmers
are capable of generating a large number of contractions per unit time because of their short length, producing the largest
rate of change of displaced mass per unit time.

To get a better insight into the influence of different parameters on the velocity of the swimmers, we developed a
nonlinear 1D reduced model of fluid-structure interaction between a slender (linear) swimmer and the flow of a creeping
fluid. A similar 1D model was also considered in [2] for a spherical swimmer with internally generated traveling waves. We
show that the reduced model approximates well our 3D FSI simulations of slender swimmers that deform up to 50% of the
reference radius.

Finally, we show that our fastest swimmers travel 1.5 swimmer lengths per second, which is near the top of the class
of all currently available manufactured artificial swimmers swimming at low Reynolds numbers. More precisely, in a recent
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Fig. 2. Left: A sketch of force application strategy. Right: Computational domain with elastic swimmer.

review article [11] it was reported that at Reynolds numbers of 10~6, which is our flow regime, the currently manufactured
artificial swimmers typically swim at the speed between 0.6 swimmer lengths per second (15-Au/Ni/Au/Pt-CNT motor with
4.3 pm diameter cargo), and 2 swimmer lengths per second (striped metallic nano rod). Thus, our results appear to be
quite relevant, and are a first step in our long-term goal to produce cylindrical medical micro-swimmers driven by the
contractions of cardiac myocytes [15,18].

2. Problem description, mathematical model, and numerical solver
2.1. Problem description

We study propulsion of an elastic cylindrical (hollow) tube by a peristaltic motion of its elastic membrane walls, moving
through a viscous, incompressible fluid at low Reynolds numbers. The elastic cylindrical membrane is immersed in the fluid
occupying a larger cylinder with rigid walls, whose radius is much larger than that of the swimmer so that it does not
influence the swimmer motion. The reference configuration of the swimmer is a straight cylinder of radius Ry and length L.
A traveling wave moving from right to left is induced in the cylinder membrane, see Fig. 1, producing an overall motion of
the cylinder in the opposite direction from the traveling wave. The traveling wave is generated by the application of force to
the surface of the cylinder wall in the radial direction by employing the following strategy. The swimmer surface is divided
into N segments ((0,l1), (I1,12), -+, (In—1, Ln)), and a force sequence F; is applied to the segments (l;_1,![;) for the time
duration of t; seconds, i=N,N —1,---,1, see Fig. 2 (left), traversing the swimmer surface from right to left to produce a
traveling wave moving from right to left. We will call this wave a peristaltic wave.

The goal of this work is to investigate the influence of the following non-dimensional parameters on the motion, i.e.,
speed of the swimmer:

1. The ratio between the swimmer radius Ro and length L:
€:=Rp/L;

2. The ratio between the swimmer deformed radius Ry and the reference radius Ro:
A:=R¢/Ro,

i.e,, the relative amplitude of the peristaltic wave.

Related to the velocity is the distance traveled by the swimmer. We will investigate the distance traveled by the swimmer
during:

e One peristaltic contraction of the swimmer, i.e., one cycle of force application (the time interval is not fixed; it depends
on the swimmer); and
e Multiple peristaltic contractions of the swimmer (during a fixed time interval).

The results are not as straightforward as one might expect. They are influenced by the amount of displaced mass, the rate
of change of displaced mass, the nonlinearity of the swimmer model, the fluid viscosity, and by the “added mass effect”
associated with the displaced fluid during swimmer contractions.

We remark here that one way to introduce a peristaltic motion of the swimmer would have been to impose the location
of the swimmer membrane a priori, prescribing the peristaltic wave independently of the fluid surrounding the swimmer.
This would have been a much easier task to study from both the mathematical and computational points of view, since this
approach defines a fluid-structure interaction problem with one-way coupling due to the prescribed structure motion. In
practice, however, peristaltic motion of the swimmer is produced by the action of a certain force on the swimmer surface,
which gives rise to a fluid-structure interaction problem with two-way coupling between the fluid and structure. It turns
out that to produce a peristaltic way for such a swimmer immersed in the fluid is a non-trivial task, since the swimmer
deformation and its motion depend nonlinearly not only on the elastic properties of the swimmer membrane, but also on the
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Fig. 3. Swimmer membrane discretization using elastic springs.

fluid stress exerted by the fluid onto the swimmer. Our results, presented below, suggest a practical strategy of application
of force onto the swimmer surface to produce a desired peristaltic swimmer motion, which may be adopted in the design
of an actual swimmer.

2.2. Mathematical model

The mathematical problem is that of fluid-structure interaction between an incompressible, viscous fluid, and elastic
cylinder immersed in the fluid. The numerical approach to solve this fluid-structure interaction problem in this work is
based on the Immersed Boundary Method coupled with the Fictitious Domain Method with Lagrange Multipliers to solve
the corresponding fluid sub-problem. The general mathematical framework of the problem is given in the context of the
Immersed Boundary Method (IBM) formulation.

We begin by defining the fluid and structure models, and then define the coupled fluid-structure interaction problem in
the context of IBM.

The fluid model. The fluid motion will be modeled by the time-dependent Stokes (Navier-Stokes) equations for an
incompressible, viscous fluid defined inside a large cylindrical “fluid container”, which we denote by w. See Fig. 2 (right).
Since our 3D methodology works for the full Navier-Stokes equations, we present the model problem for the Navier-Stokes
equations and then indicate how simplifications of the problem can be done to solve the time-dependent Stokes problem.
The Navier-Stokes equations, defined on a time interval (0, T), T > 0, read as follows:

ou .
p<§+u-Vu>=vU+fmwx(o,T), (1)
V-u=0 inw x (0, T). (2)

Here u is the fluid velocity, p is the fluid density, f is the body force, and 0 = —plI + 2uD(u) is the fluid Cauchy stress
tensor for Newtonian fluids, where p is the fluid pressure, u is the kinematic viscosity coefficient, and D(u) = %(Vu+ Viu)
is the symmetrized gradient of u.

For low Reynolds number flows the convection term u - Vu is small and can be neglected, giving rise to the time-
dependent (linear) Stokes equations. This will be the case with our swimmer.

Equations (1) and (2) are supplemented with the no-slip boundary condition on the boundary I' of w, and an initial
condition ug for the fluid velocity, which we normally take to be equal to zero:

u=0onT x (0, T), (3)
u(x, 0) = up(X) in . (4)

The elastic swimmer model. We will be assuming that our elastic swimmer behaves as a (nonlinearly) elastic mem-
brane/shell. The model that we present below will be of the form

mf — F(r) = F&¢, (5)

where m is the mass density of the swimmer, r is a vector describing the location of points of the swimmer, F is the force
due to the elastic and bending energy of the swimmer, F& is the external force density, and ~ denotes the time derivative.
The term F(r) will be obtained as the derivative of the energy density with respect to r, where the energy density will
account for the energy due to the in-plane change of metric due to stretching/compression (membrane effects), and the
energy associated with the change in curvature due to the out-of-plane bending effects (shell effects). These ideas are
incorporated into a three-dimensional elastic spring network, developed and used in [29,25,27]. Based on this model, the
(middle surface of the) swimmer membrane/shell can be viewed as a collection of small triangular elements whose vertices
are connected by springs, as shown in Fig. 3. The total number of vertices (nodes) will be denoted by N,, while the total
number of springs by Ns. The elastic energy of the swimmer membrane/shell includes the energy stored due to the change
of the length L; of each spring with respect to its reference length L?, and the energy stored due to the change in the angle
6; between two neighboring triangular elements. Thus, the elastic energy of the swimmer membrane
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is the sum of the total energy due to stretch/compression

N
ks 02
Ee= 5 1§—1 (L= Lp)s, (7)

and the total energy due to bending
N
kp ~— 2.0
Ep=— Litan“(%). 8
b ZZ;I () (8)

Here ks and kj are the spring constants accounting for the changes in length and bending angle, respectively, and 6; is
the angle between the normal outer vectors of the two neighboring triangular elements, which have the side [ as their
boundary. In equation (8) the tangent function was chosen to avoid the folding of springs at large bending deformations.

We note that in [29,25,27] additional terms were considered in the definition of the elastic energy of the membrane to
enforce the local and global area conservation. This was done because in those works the focus was on modeling the elastic
properties of red blood cells. These additional terms are related to the incompressibility of the membrane material, and
to the total volume conservation within a cell, which we do not have in our problem. In our model we dropped the area
conservation property to be able to capture, more realistically, the traveling wave in our swimmer membrane/shell.

To describe the elastodynamics of the swimmer we assign to each node (apex) i of the triangular elements the position
vector r;. Using vector analysis, the right-hand side of the energy function (6) can be written as a function of r;. Based on
the principle of virtual work, the force acting on the ith membrane node due to the elastic energy is then given by

oE
F‘ = -, 9
i ar; 9)
where F; =F;(ry,...,ry,). We will be assuming that the swimmer membrane has a certain mass, so that each node i is

assigned mass m such that the total mass is equal to mN,. If we assume that external force F®*' is applied to the swimmer
so that at each node the external force equals Ff"t, then each swimmer node moves based on the following equation of
motion:

mi‘,- — Fi = F:-?Xt. (10)
External force Ff"t in this FSI problem will include the force exerted by the fluid onto the structure, i.e., the force that the
structure feels from the fluid, given in Lagrangian coordinates by F;, and the force F; exerted by other external sources such

as, e.g., the actuators, causing the swimmer membrane to contract to produce a traveling wave responsible for the peristaltic
motion of the swimmer. Thus,

mi; — F; =F; + F{. (11)

The position r; of the ith membrane node is solved by discretizing equation (11) via a second-order finite difference method.

The fluid-structure coupling. The fluid and structure are coupled via two coupling conditions at the fluid-structure
interface: (1) continuity of velocity, i.e., the no-slip condition (Kinematic Coupling Condition), and (2) balance of forces
(Dynamic Coupling Condition). Namely, the balance of forces imposed via the second Newton’s law of motion says that the
elastodynamics of the fluid-structure interface is driven by the jump in the normal fluid stress across the interface and the
external forces acting on the interface.

More precisely, if y denotes the swimmer membrane, and F denotes the contact force that the structure feels exerted
by the fluid onto the structure (in Lagrangian coordinates), see equation (11), and F° denotes the external force on the
structure that produces peristaltic wave motion, then the two coupling conditions read:

e No-slip: dr/dt =u],,
e Balance of forces: (f])[, = —F = —mi + F(r) + F¢, where f is the jump in the normal component of the fluid stress
(given in Eulerian coordinates), and J is the Jacobian of the transformation from Eulerian to Lagrangian coordinates.

We do not need to specify (f])|, explicitly here because, in the Immersed Boundary Formulation, the conversion from
Eulerian to Lagrangian coordinates is done via integral formulations involving the Dirac delta function, as we present below.

The Immersed Boundary Method (IBM) formulation of the coupled FSI problem. The immersed boundary method, de-
veloped by Peskin, see e.g., [21-23], is employed in our study because of its distinguishing features in dealing with the
problem of fluid flow interacting with a flexible fluid-structure interface immersed in the fluid. To write the IBM formu-
lation of the problem we denote by (q,r,s) the (Lagrangian) curvilinear coordinates associated with the structure, and
introduce X(q; r;s;t) to be the Cartesian coordinates at time t of the material point whose label is (q; r; s). Furthermore,
let m(q,r,s) denote the mass density of the material in the sense that fy m(q,r,s) dq dr ds is the mass of the part of
the material defined by (q,r,s) € y. Introduce §(x) to denote the three-dimensional Delta function §(x1)38(x2)38(x3), where
X1, X2, X3 are the Cartesian components of x. Then the IBM formulation of our FSI problem reads:
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p(%—l:—ku-Vu):—Vp—i—uAu—i—f, (12)
V-u=0, (13)
f(x,t) = /F(q, r,s,08(x — X(q, 1,5, t)) dqdrds, (14)
dX
T :U(X(q,r,s,t),t):fu(x, t)6(x —X(q,r, s, t))dx, (15)
where
~F=-mX+FX)+F. (16)

Notice that in this formulation the conversion from Eulerian to the Lagrangian coordinates is done via the integral formu-
lations (14) and (15) and so no explicit calculation of the Jacobian of the transformation ] is necessary. The fluid equations
(12) and (13) are written entirely in Eulerian form, while the structure equation (16) is written entirely in Lagrangian for-
mulation. The influence of the structure onto the fluid is included as an external force in the fluid equation (12), while the
influence of the fluid onto the structure is felt via the no-slip condition (15).

2.3. Numerical solver

We implemented the Immersed Boundary Method to resolve the fluid-structure interaction, and the Fictitious Domain
Method to solve the fluid equations. Lagrange multipliers were employed to enforce the incompressibility condition and the
no-slip condition at the outer, rigid cylinder wall. This approach was recently developed in [25] for the simulation of red
blood cells interacting with an incompressible, viscous, Newtonian fluid in a straight cylindrical tube with rigid walls.

The problem is numerically semi-discretized in time using the time discretization via Lie operator splitting. This approach
separates the entire FSI problem into “modules”, which can easily be modified or dropped if necessary. For example, the
advection module is simply ignored (dropped) in the case of Stokes flow without any additional modifications in the fluid
solver. The time-discretization via Lie splitting for our Navier-Stokes FSI problem has 4 modules. The scheme starts by
considering a certain given velocity and structure position (from the previous time step). In the first module this given fluid
flow from the previous time step is modified to enforce the incompressibility condition by solving a degenerate quasi-Stokes
problem, see (26). In the second step, this new fluid velocity is used to calculate the new location of the structure by
enforcing the no-slip condition (the kinematic coupling condition (15)), i.e., by updating the velocity of the swimmer to be
equal to the velocity of the fluid from where the new location of the swimmer is calculated. In this second step, the force
exerted by the swimmer onto the fluid (16) is also calculated and used in the next step to solve the momentum equation
(12) for the fluid problem, which includes the dynamic coupling condition (14) via force f that the fluid feels from the
structure. In the last step, the momentum equation (12) for the fluid flow is solved. To separate between the advection and
diffusion effects in the fluid problem, this last step is split into two modules: the advection module, see equation (28), and
the diffusion module, see (29). The advection module can easily be dropped when the Stokes, instead of the Navier-Stokes
problem is solved, which is the case with our low-Reynolds number swimmer. The result of these 4 modules is the updated
fluid velocity, fluid pressure, and the position of the immersed swimmer during one time step.

The spatial discretization associated with the Immersed Boundary Method formulation (12)-(16) usually incorporates
two spatial grids, one for the Eulerian (fluid) variables, and one for the Lagrangian (structure) variables. The Eulerian grid
will be based on the finite element method discretization of the fluid domain, which we discuss in more detail below.
At this point we specify that we will be using a uniform (Eulerian) finite element mesh, with the mesh size h. Based on
this grid size h, we denote by g, the corresponding 3D Eulerian grid associated with the fluid flow approximation. The
corresponding 2D Lagrangian (structure) grid will be denoted by Gj. Its dependence on h is specified below.

2.3.1. The Lagrangian grid for the discretized immersed boundary method

The spatial (Lagrangian) discretization of the deformable structure will be performed by discretizing the deformable
structure (i.e., the immersed swimmer) via a set of boundary nodes X = (X1, X2, X3). These are identified with the nodes r;
in the definition of the swimmer model, described in Section 2.2, where the nodes correspond to the ends of the (nonlin-
early) elastic springs. To avoid leaks, we impose that

h
|X(Q+ Aq7r5sst) _x(qarvsvt” < E

The same must hold of r and s.
The dynamic and kinematic coupling conditions (14) and (15) are discretized as follows. First, a three-dimensional dis-
crete § function Dy (X — X) is introduced:

Dp(X —X) = 8p(X1 — X1)8h (X2 — X2)0r (X3 — X3), (17)



270 L. Shi et al. / Journal of Computational Physics 314 (2016) 264-286

where &, denotes the one-dimensional discrete § function

& [3 - 2120+ VT AR =4/ e <h,
3n(2) = Sl—h[5—2|z|/h—\/—7+12|z|/h—4(|z|/h)2], h < |z| <2h. (18)
0, otherwise.

The dynamic coupling condition (14) is discretized as

fx.)= Y F(q.r.s.0)Dp(X(q.1.5.t) — X)AqArAs for [X —X| < 2h, (19)
(q,r,5)eGy
where the sum is taken over the Lagrangian grid G, and —F=F — m?z—é( + Fe.
The calculation of the structure velocity U(X) via the kinematic coupling condition (15) is discretized as follows:

UX(q,r,s,t)) = Z h3u(x)Dh(X(q, r,s,t) —x) for |X — x| < 2h, (20)
Xegh

where the sum is taken over the Eulerian (fluid) grid gy.
When the time discretization is introduced later, we will use this equation to update the position of the immersed
boundary by calculating

Xe+ar =X + AtU(Xy). (21)

2.3.2. Numerical approximation of the fluid sub-problem: Fictitious domain with Lagrange multipliers

To define the fictitious domain formulation for the fluid problem (1)-(4), or problem (12), (13) in the cylindrical tube w,
we introduce a larger, “simpler”, “fictitious” rectangular fluid domain € C R3, see Fig. 2, where  is a rectangular par-
allelepiped whose width is equal to the diameter of the fluid domain w, and whose length is equal to L. We will solve
the fluid equations everywhere in €, with a constraint that the fluid velocity outside of w, namely in the “complemen-
t” o° ;= Q \ o, remains zero at all times. This will enforce, among other things, the no-slip condition u = 0 at the fixed
cylinder boundary dw.

To enforce the zero fluid velocity in ¢, and to enforce the incompressibility condition, we use the approach based on
Lagrange multipliers. The fictitious domain formulation with distributed Lagrange multipliers (DLM/FD formulation) for the
fluid problem (1)-(4) in a cylindrical tube w reads as follows:

For a.e. t > 0, find u(t) € Wo p, p(t) € L%, My € Aye such that

p/[a—u-i-(wV)u}-vdx—i—pL/Vu:Vvdx—/pV-vdX
Q Q

ot
Q@ (22)
:/f-vdx-{- <Apc, V>4, YveWpp,

Q
/qV cu(t)dx=0, Vqel*(Q), (23)
Q
< oo, u(t) >pc =0, Ve € Ay, (24)
u(x, 0) = up(x), (25)
where

Wo.p = {vlve (H' (€))%, v =0 on four “lateral” sides of 2, v is L-periodic in the x direction},

Léz{mqeLZ(m,/qu:m,
Q

Ay ={p|p € (H'(@9))3, M is periodic in the x direction}.

Here Ac is a Lagrange multiplier associated with relation (24), constraining the fluid velocity on w° to be equal to zero,
and < -,- >, is an inner product on A,c (see [20] for more information). Similarly, p is the Lagrange multiplier associated
with the divergence-free condition (23).

The space discretization. The fictitious fluid domain € c R? is approximated by tetrahedra of “size” (diameter) h, and
we denote this Eulerian (fluid) grid with gy. Let P; denote the space of polynomials in three variables of degree less than or
equal to i. To approximate the velocity and pressure {u, p} we use the Pi-iso-P, and P; finite elements, respectively (see,
e.g., [12, Chapter 5]), for which T, denotes a finite element tetrahedralization of Q for velocity, and T, denotes the twice
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coarser tetrahedralization used for the pressure. Our mesh g is identified with the tetrahedralization T,. The following
finite-dimensional spaces are introduced to approximate the spaces in problem (22)-(25):

Wi, = (vl € C°(Q)3, vilr € (P1)3, VT €Ty, vy is periodic in the x direction with period L},
Wo.n = {Vn|vy € Wy, vy =0 on four “lateral” sides of 2},

Lﬁ ={qnlqn € C°(Q), qnlr € P1, YT € Tap, qy is periodic in the x direction with period L},

L3 = {anlan € L. /qhdx =0).
Q

A finite-dimensional space approximation of A.c, denoted by Ay, is defined as follows: let {x,-}f"il be a set of points
from ¢ which cover w® (uniformly, for example). Then
M
Ape, = {lply = ZIL,-S(X— Xi), b €R’, Vi=1,--- N},
i=1
where §(-) is the Dirac measure at x = 0. Finally, we use < -,- >, () to denote
M
< [Lwch,Vh >ty = Z[Li -V (Xi), V[Lwch S chh, Vp € WO,h~

i=1

Remark 1. A typical choice of the points for A,c, is to take the grid points of the velocity mesh internal to the region ot
and whose distance to the surface of the cylinder w is greater than, e.g. h, and to complete selected points from the surface
of the cylinder w. In practice, we have chosen 2 with its square cross section slightly larger than the cross section of the
cylinder w in order to have collocation points between the surface of the cylinder w and I' so that the enforcement of the
constraint over ¢ can be done much more easily.

2.3.3. The time discretization via Lie splitting for the coupled FSI problem

As mentioned earlier, the full FSI problem, given by (12)-(16), is discretized in time by using the Lie’s Scheme. See
[12] for the definition and details about the Lie scheme. To solve problem (12)-(16) on the time interval (0, T), the time-
discretization step At is introduced, and the interval is split into N sub-intervals ((0, t1), -, (tn, th+1), - -+ » (EN—1, tN)). On
each sub-interval (t;, th+1) a sequence of four sub-problems is solved, where each sub-problem uses for the initial data at
t =ty the solution of the just calculated sub-problem, evaluated at time t = t,11. More precisely, our Lie splitting scheme is
defined as follows.

Let u® = uy be given (initial data for velocity). For n > 0, let u?, X" be known, compute u™t!, X"t1 pm+1 via the
following four fractional steps:

(1) Enforce the incompressibility condition, i.e., conservation of mass. Find the fluid velocity and pressure by solving
on (t", t"t1):

un+1/4_un
pr .vdx_/p"+1/4(v.v)dx:0vVe Won,
Q Q

1/4 2
/qv-u“/deOquLh,

Q
n-+1/4 n+1 _n+1/4 2
u e quh ,D € LO,h'

(26)

Since the fluid pressure is not going to change anymore during this time step, set p"+1 = p"+1/4,
(2) Update the position of the immersed structure and the force it exerts on the fluid. Update the position of the im-
mersed structure based on u"*1/4 by solving on (", t"t1)

XMV/A =X ArUVA, 27)

where U"t1/4 is obtained using (20) with the just calculated fluid velocity u™*1/4, Since X will not change in this time-step
anymore, we set X"t1:=X"*1/4 Then compute the force f"+! by using (9) and (19).
(3) Account for fluid advection. Update the fluid velocity by solving on (¢", t"*1):

du(t
/ l;i) -vdx+/(u”“/4 -V)u(t) -vdx =0 on (t", t""1) vw e Wo ,
Q

Q
u(t") — uﬂ+1/4’
u(t) e Wo, on (t", t"+1),

and set u"t3/4 = y(t"t).
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(4) Account for fluid dissipation including the force exerted by the structure onto the fluid. Update the fluid velocity by
solving on (t", t"t1):

utl — g t3/4
’O/T ~vdx—i—,u/Vu”Jrl :Vvdx:/f”‘H VAX 4+ < e, V>gc, YWE Wop,

< [.Lwch, u't >ty = OVﬂwch € chh’

utle Won, Aoc, € Awc,

These four sub-steps define the new values for the fluid velocity, pressure, and structure position: (u™t1, pn+1 Xnt+1y,
Change n=n+1 and return to step (1).

The degenerate quasi-Stokes problem (26) is solved by a preconditioned conjugate gradient method (e.g., see [12]),
in which discrete elliptic problems from the preconditioning are solved by a matrix-free fast solver from FISHPAK by
Adams et al. in [1]. The advection problem (28) for the velocity field is solved by a wave-like equation method as in
[7] and [8]. The time-dependent Stokes problem (29) with a source term can be solved by a conjugate gradient method
(see, e.g., [20]).

This method is first-order accurate in time [12]. A symmetrization of the algorithm increases the accuracy to second-
order, giving rise to the Strang splitting scheme [8].

We conclude this section by noting that to simulate the low Reynolds number (Stokes) flow, we simply skip step (3)
in this scheme. We compared the results obtained with the Navier-Stokes and the Stokes solver and did not observe any
difference worth reporting, as expected.

3. Simulation results and discussion

We considered the influence of the following non-dimensional parameters on the propulsion of the swimmer caused by
a peristaltic motion of the swimmer membrane immersed in a fluid at low Reynolds numbers:

e The ratio € between the swimmer reference radius Rg and reference length L;
e The ratio A between the swimmer (final) deformed radius Ry and its reference radius Ry, i.e., the amplitude of the
peristaltic wave.

We first focus on one cycle of force application (one peristaltic wave contraction), and then consider multiple peristaltic
contractions of the swimmer during a fixed time interval, which we present in Section 4.5.

Basic parameter values. The parameter values used in all the simulations are as follows: The bending constant is k, =
1.0 x 101> N and the spring constant is ks = 5.5 x 10~% N/m. The swimmer is suspended in an incompressible, viscous
Newtonian fluid with density p = 1.00 g/cm® and dynamic viscosity ;& = 0.012 g/(cms). The computational domain is a
horizontal tube with 2 pm in length and 0.25 pm in radius. Periodic boundary conditions are imposed in the horizontal
x direction. The velocity of the fluid flow is zero everywhere initially. The time step At =0.01 ms over the maximum time
interval of 300 ps.

Numerical convergence results were performed both in space and in time, and we report below the investigations per-
formed with the mesh size and time step that correspond to the converged results.

Application of force. Each swimmer surface is divided into N segments. The length of the first segment on the right, i.e.,
the segment (Iy_1,y), is the shortest in order to minimize the initial backward motion of the swimmer, which takes place
after the application of force to the right-most segment (Iy_1,[y). In the simulations presented below, the length of the
first segment is the same for all swimmers, and it is equal to the equilibrium length of the horizontal springs connecting
different nodes in the swimmer. The remaining N — 1 segments are all bigger and of equal length, which is 3 or 4 times the
length of the first segment on the right (Iy_1, [y), depending on the length of the swimmer.

To produce a peristaltic wave, shown in Fig. 4, traveling from right to left, with an amplitude Ro — Ry determined by the
“squeezed” radius Ry, the following strategy in applying the force to the swimmer surface is applied:

1. The force Fext/Npn, where Nj is the total number of nodes in the swimmer, and Fex = 0.1 pN is applied to each node
of the first segment on the right (Iy_1, [y), for the time duration of t; seconds. The number t; depends on the targeted
final radius of the swimmer.

2. For eachi=2,---,N — 1 the force Fext/Ny, is applied to each node of the segment (Iy_;_1,Iy—_i) for t; seconds. At the
same time the radius of the previous segment is checked, and the following force is applied to the previous segment(s):
(@) Fext/N, if the deformed radius of the swimmer is still bigger than the desired “final” radius Ry plus some toler-

ance §;
(b) —Fext/N, if the deformed radius is below the desired radius Ry minus some tolerance §;
(c) 0, if the deformed radius is within § tolerance of the desired radius Ry.

Once the wave reaches the left end, we could release all the force and wait for the swimmer to re-assume the original
equilibrium position. This, however, may take too long, and we opt for a strategy that will speed up the recovery of the
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Fig. 4. Snapshots of the deformation of the swimmer (top) and associated side view (bottom).
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Fig. 5. Side view of the configuration of 3 swimmers with the same reference radius Ry = 0.125 um, and different reference lengths: L' = 0.2 pm (top),
L% = 0.4 pm (middle), and L3 = 0.8 pm (bottom). The snap shots at three different (representative) times are taken for each swimmer showing propagation
of the propulsion wave. As the wave reaches the end of the swimmer, the final configuration (not shown here) becomes a straight cylinder with deformed
radius Ry =0.55Rp.

original equilibrium position of the swimmer by applying interior force to the swimmer surface in the negative radial
direction. This allows rapid recovery and enables the next contraction cycle to be applied sooner.
To recover the original, equilibrium position of the swimmer the following strategy is applied:

1. Apply the force —Fex¢/N; to the node if the radius of the swimmer at that node is smaller than 0.5Rq;

2. Apply the force —0.5Fex/Ny to the node if the radius of the swimmer at that node is between 0.5R and 0.8Ry;
3. Apply the force —0.1F¢/Ny to the node if the radius of the swimmer at that node is between 0.8Ry and Rg — §;
4. Apply the force 0.1Fex/N, to the node if the radius of the swimmer at that node is bigger than Rg + §;

5. Apply zero force to the node if the radius of the swimmer at that node is within § tolerance of Ry.

We tested this strategy on a “dry swimmer”, i.e.,, a swimmer not immersed in the fluid, modeled by the following
viscoelastic model:

mf + vi — F(r) = F¥,

in place of equation (5), where v is some viscoelasticity constant simulating the damping effects by a viscous fluid. Fig. 4
shows an example of the generated peristaltic wave in a dry swimmer of reference length L = 0.125 pm and reference
radius Rg = 0.4 pm.

3.1. The influence of the ratio € between the swimmer reference radius R and reference length L

To study the influence of the parameter € = Rg/L on the propulsion of the swimmer immersed in fluid, we fixed the
reference radius Rp =0.125 nm and changed the length L of the swimmer to the following three values:

e L1 =0.2 ym, € = 0.625,
e [2=0.4 pm, €; =0.3125,
e [3=0.8 um, €3 =0.1563.

In each of the three cases listed above we deformed the swimmer to the same “final” radius Ry = 0.55Rg producing a
peristaltic wave in the swimmer wall traveling at roughly the same speeds for all three swimmers. See Fig. 5.

One can notice in Fig. 5 that the longer the swimmer, the longer it takes the peristaltic wave to reach the end of
the swimmer. We tracked the history of each swimmer’s middle point, i.e., the center of mass of the reference swimmer
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Fig. 6. History of motion of swimmer center (left) and of total energy (right) for the three swimmers shown in Fig. 5. (For interpretation of the references
to color in this figure, the reader is referred to the web version of this article.)
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Fig. 7. Side view of the configuration of 3 swimmers with the same reference radius Rp = 0.125 um, and same reference length L = 0.4 um, deformed to
three different “final” radii: R} =0.35Rq (left), R2 = 0.55R, (middle), and R? = 0.82Ry (right). The three snap shots were taken just before the peristaltic
wave reaches the end of the cylinder for each swimmer.

configuration. The distance traversed by each swimmer’s center of mass is shown in Fig. 6 (left). The red curve in Fig. 6 (left)
shows that maximum distance traveled by the swimmer with length L3> = 0.8 pm is 0.08 um, the black curve shows that
maximum distance traveled by the swimmer with length L2 = 0.4 pm is 0.05 pm, and the blue curve shows that maximum
distance traveled by the swimmer with length L' = 0.2 pm is 0.034 um. The history of the total energy of each swimmer
is shown in Fig. 6 (right). The results shown in Fig. 6 are used to draw the following conclusions about the influence of
€ = Ro/L on the distance traveled by the swimmer.

Conclusions. We observed, as expected, that at the end of one cycle of the traveling wave sweeping the swimmer from
right to left, the swimmer that moves the farthest, shown in Fig. 6, was the swimmer with the largest length, displacing
the largest amount of fluid in one cycle. The “tails” in this figure correspond to the location of the center of the swimmer
during recovery to the equilibrium position when the total energy of the swimmer becomes close to zero within some §
tolerance. The same tolerance measuring the distance to zero energy was used for all swimmers. From Fig. 6 (right), which
shows the history of the total energy for each swimmer, one can see that the longer the swimmer, the longer it takes the
swimmer to reach its equilibrium position. This will be important when multiple cycles of force application are considered,
discussed in Section 4.5 below.

3.2. The influence of the ratio A between the deformed radius Ry and the reference radius Ro

We consider a swimmer with the reference radius Ry = 0.125 um and reference length L = 0.4 um. A force is applied to
the surface of the swimmer in such a way to produce a peristaltic wave, with three different amplitudes by deforming the
swimmer to three different “final” radii, see Fig. 7:

R} =0.35Ro, R% =0.55Ry, R? =0.82Ro.

Fig. 8 (left) shows the location of the swimmer center versus time for the three swimmers, while Fig. 8 (right) shows
the total energy versus time for the three swimmers. As before, the tails in both figures correspond to the recovery to the
equilibrium position when the total energy of the swimmer becomes close to zero within some § tolerance.

Conclusions. We observe from Fig. 8 that the swimmer that deforms to the smallest radius during the peristaltic wave
motion, i.e., for which the amplitude of the peristaltic wave is largest, moves farthest during one cycle of the application
of force producing the peristaltic traveling wave, as expected. However, Fig. 8 also shows that to produce a peristaltic
wave with large amplitude, it takes longer to deform the swimmer than the one with smaller amplitude. Similarly, the
swimmers experiencing large deformations take longer to get back to their original equilibrium state. This is because of the
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Fig. 8. History of the swimmer center as a function of time (left) and the associated total energy of the swimmer as a function of time (right). (For
interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

viscous effects of the surrounding fluid, and due to the “added mass effect” exerted onto the deforming swimmer by the
surrounding fluid. This will be discussed in more detail in Section 4.5, where multiple swimmer contractions are studied.

To get a deeper insight into how different parameters in the problem influence the motion of peristaltic swimmers, we
derive a reduced, 1D model approximating fluid-structure interaction between a slender elastic swimmer and the surround-
ing low Reynolds number fluid. We will use the 1D model to see if we can predict distances traveled by the 3D swimmers
studied in Sections 3.1 and 3.2, and to better understand the mechanisms and combinations of parameters that influences
motion of elastic swimmers. The derivation of the 1D reduced model is presented next.

4. A 1D reduced model for FSI between cylindrical swimmers and creeping flow

We derive the so-called “lubrication model” for an axially symmetric flow of a “creeping fluid” interacting with a slender
elastic hollow cylinder modeling a micro-swimmer. The resulting model is a low-Reynolds number version of the 1D FSI
model studied in detail in [6].

4.1. The axially symmetric 3D model

We begin by considering a cylindrical swimmer interacting with an incompressible, viscous, Newtonian fluid, producing
an axially symmetric flow, so that the Navier-Stokes equations for an incompressible, viscous Newtonian fluid in cylindrical
coordinates can be used to model the fluid flow. We will be using (r, z, 6) to denote the cylindrical coordinates, where z is
aligned with the horizontal axis of the cylinder. It will be assumed that the elastic structure, i.e., the swimmer, behaves as a
linearly elastic membrane, i.e., that the displacement and displacement gradients are relatively small. As we shall see below,
this will be a good approximation of our nonlinear swimmer problem for relatively small displacements, as expected. In
summary, the basic assumptions for the 1D model will be:
e The swimmer is “slender”, i.e,, % =e<<1;

The flow is slow, i.e., the Reynolds number is small, i.e., Re = O(e?);

The flow is axially symmetric so that nothing in the problem depends on the azimuthal variable 6;

e The overall, global elastic behavior of the swimmer can be modeled using the linear membrane equations with only the
radial component of displacement different from zero.

In regard to the last point, we recall that our swimmer was modeled as a network of nonlinearly elastic springs. This elastic
network leads to a global, emergent elastic behavior of the entire cylinder. We are assuming that this global elastic behavior
of the swimmer can be modeled using the linear membrane equations. In cylindrical coordinates, assuming only radial
displacement to be different from zero, the elastic membrane equation reads

R(z,t)
(F22- 1) — (30)

9%2R(z,t) 4Eh
mi [
at2 3Ro

Here, m = psh where ps; and h are the structure density and thickness, R(z,t) is the radius of the deformed cylinder
(membrane) wall, Rg is the reference radius of the cylinder, E is the Young’s modulus, h is the membrane thickness, and
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f is the force density. At f = frr the radius of the cylinder becomes the reference radius Ro. This defines our structure
equation. This equation is related to the swimmer model (5) by assuming zero axial displacement and a linearization of the
nonlinear term F(r).

The fluid flow, as mentioned before, is governed by the Navier-Stokes equations for an incompressible, viscous fluid. Due
to the assumption that the flow is axially symmetric, nothing in the problem depends on the azimuthal variable 6, and the
fluid velocity only has the radial and axial components, which both depend only on (t,r, z):

u(t,r,z) = (uy(t,r,2),ur(t,r,2).

The Navier-Stokes equations in cylindrical coordinates assuming axially symmetric flow read:

du du du;, 19 %u, 1du, d%u
G TN e L LN ) e 2D 31)
at ar dz poadz p | or roor ax
du, auy our 19p p[o%u, 10ur ur 9%u
— U —Fu,—4+—-——== -—— == , 32
ot i or ti 0z par plorz ror r2  9z2 (32)
du, 19(ruy)
— 4+ - =0. 33
0z + r o or (33)
The corresponding fluid Cauchy stress tensor is given by the following:
au au au
P M<_i+_i>
o= 0z 0z ar (34)
Jduy n auz P auy
%z " ar Prel =y

Fluid-structure coupling. We first assume that the cylinder membrane is fixed at the end points and, therefore, cannot
move in the horizontal direction. In the local frame of reference of the cylinder, we impose, as usual, the no-slip condition
at the cylinder boundary y (continuity of velocities), and the balance of forces acting in the radial direction, i.e., the second
Newton’s law of motion in the radial direction (recall, we assumed that there is zero longitudinal displacement of the
membrane wall relative to the reference configuration of the cylinder):

(dR(z,t)/3t,0) = (ur, uz)ly ), (Kinematic condition), (35)
3°R(z,t) 4Eh (R(z,t
mﬂ +— Rt _ 1)=[(on)-e/]l,cJ —F e, (Dynamic condition (r)). (36)
at? 3Ro Ro

Here, [(on) - e;] |, denotes the jump in the radial component of the normal fluid stress exerted on y(t), —F° - e, is the
external force applied to the swimmer in the negative radial direction causing swimmer contraction, and J is the Jacobian

of the transformation from Eulerian to Jacobian coordinates: | = (1 + %) 1+ 3—2 The term [(on) - e;] ]y () is equal to the
radial component of the normal stress external to the cylinder evaluated on y, minus the radial component of the normal
stress internal to the cylinder evaluated on y. As we shall see below, the leading-order approximation of this term will be
the pressure contribution —p, so that this term will become [(on) - e:]|,«) ~ [-p]ly = — (pext — p|y), where pex: is the
pressure external to the cylinder.

Once the cylinder end points are no longer fixed, the cylinder will move in the axial direction because of the effects
generated by the displaced mass of the fluid during the peristaltic motion of the cylinder (the rate of change of axial
momentum due to the displaced mass) and the viscous drag force exerted by the fluid onto the cylinder wall. Because of
the assumption that the membrane does not stretch in the longitudinal direction, all the points on the cylinder will move
in the axial direction with the same speed, which we denote by:

W (t) — horizontal velocity of the cylinder.

We can formulate the dynamic coupling condition in the axial direction similar to the dynamics coupling condition in the
radial direction (36) by stating that mass times acceleration in the axial direction of the swimmer is equal to the jump
in the axial component of the normal stress across y (t) plus the forces causing propulsion of the swimmer in the axial
direction. The force causing the propulsion of the swimmer in the axial direction is equal to the rate of change of mass flux,
where the mass flux (or momentum) is equal to
Q =MU.

Here M is fluid mass and U is the relative fluid velocity with respect to the cylinder, i.e., it is the cross-sectional average of
the axial component of velocity of the fluid within the cylinder:

R

2
U(z,t) = F/uz rdr. (37)
0
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Since the swimmer velocity is independent of z, the forces affecting the motion of the swimmer in the axial direction are
averaged with respect to z. Thus, the second Newton’s law of motion describing the motion of the cylinder in the axial
direction is given by:

dW(t)

L
/[(an) ellywdz — %/(—U—i—M dt)dz (Dynamic condition (z)) (38)
0

The first term on the right-hand side describes the viscous drag force (the jump across y (t) in the axial component of
normal stress), the second term under the integral on the right-hand side describes the thrust generated by the displaced
mass of the fluid T = UdM/dt, and the third term under the integral describes the “added mass effect”, which is known to
affect the total, “virtual mass” of a fluid-structure system by adding extra inertia to the system due to the displaced mass
of the fluid surrounding the moving structure. Notice that since equation (38) is written in Eulerian coordinates, there is no
Jacobian of the transformation from Eulerian to Lagrangian coordinates present here.

4.2. The reduced model

To derive the leading-order approximation of our fluid-structure interaction problem we begin, as usual, by first in-
troducing the non-dimensional variables, which we denote by ~. The non-dimensional equations are obtained with the
following scalings, where € = Rg/L:

1 -
z=1z, r=Rof, u;=V,i,, uy=V,iiy, p= ,oVZ 2p, t=Tt, whereT =L/V,. (39)

We plug these into the fluid and structure equations and ignore the terms of order € or smaller to get the leading-order
approximation of the problem.
Fluid. We begin with the axial momentum equation (31). In non-dimensional variables the equation becomes:

I

oil, i, 9, 18p  pL (1 (i \] 5 1[10 (.00
—— t U=t U=+ 5= = = \|\r—= r—
ot or 9z €29z VZRS ror\ or LVZ e2|Far \ oF
1119 /.ou
=——|z=|T L’l‘Z . (40)
Ree2 | 7oF \' oF

After multiplying the above equation by €2 and ignoring the terms of order €2, the leading-order equation that remains is

0p _1[12d (.0
3z  Re|Tor 8r

After transforming this equation back into dimensional form we obtain the following leading-order balance of axial momen-

tum:
op 10 duy
F_ - 41
0z M[r&r( 8r>] (41

We perform the same calculations for the balance of radial momentum equation (32), and the conservation of mass equation
(33) and obtain the leading-order fluid equations, known as the lubrication model:

ap 1 ad auz
az MlrarUar
ap

)
ar

d
— (rur) + (ruz) =

Structure. The elastodynamlcs of the structure is defined by equation (36), stated here one more time for convenience:

3%R(z,t) 4Eh (R(z,t)
mT %( Ro —1)=[(0n)'er]|y(t)]—Fe'er-

After taking the scalings (39) into account we obtain:

phRg 8%R(z,t)  4Eh
T2 o2 3Ro

V, ou,
Rzt —1) v2 2 — FeFe,
( (z,0) |: 1Y 2p+ MRO Br] © rfr
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where F{ is the average magnitude of external force applied to the surface of the swimmer to produce the traveling wave
R(z,t) = H(z—st),
traveling with velocity s < 0, where H is a smooth approximation of the Heaviside function with
R(0,t) > R(L,¢t).
We recall that T =L/V, and that Rg/L = € and use this in the first term to obtain:

Vy oty

mV?2 32R(z,t) +4Eh
Ro or

€——=—
L2 o2 3Ry

1. i
(R( t)—l) |:—,0V22€—2p+2u } — FeFe. (42)
®

To continue, we need to specify the relative magnitude of the scaling parameters appearing in this equations. As we shall
see below in the actual experiments with slender swimmers, the following holds true:

4Eh 1

* — = O(pvzz—), which is the scaling for the pressure.
3Ro €?

o F} << €.

Under these assumptions, after multiplying equation (42), the structure inertia term, the viscous component in the nor-
mal stress term, and the external forcing term drop out as they are of order €2 or smaller, giving rise to the following,
leading-order approximation of the dynamic coupling condition (36) in dimensional variables:

4Eh [R(z.1)
[Pl =P~ pee =300 (S =1)) (@3)

where p is the interior pressure exerted by the fluid on the cylinder wall.

The leading-order dimensional form of the kinematic coupling condition (continuity of velocity, i.e., no-slip) remains the
same.

Leading-order approximation of the swimmer velocity W (t). Velocity W can be then calculated by integrating equation
(38) with respect to t to obtain

t L
//[(on) -e;z]Ir(rdzdr.
00

The flow rate Q = MU can be easily calculated:

=] =

mW () = ——/MUdz-i-

Q(z.t) = prR*(z. U (z, 1),

where U is the cross-sectional average of the axial component of fluid velocity, given by (37). Therefore, we now have

mW()=—p- /JTR (z,t)U(z,t)dz + — //[(an) e;]|r@dzdr. (44)
00

The expression for the viscous drag force term is obtained from the definition of the Cauchy stress tensor o given in (34),
and by taking into account n ~ e,, to obtain

[om el o = | ( 2+ 22) ]
dlyo=1" %7 ™ %r o

As before, the square brackets denote the jump in the stress across y (t). We calculate the relative sizes of the terms in the
viscous drag force by using the non-dimensional variables. Within the cylinder we have

and so we can ignore the term with du,/dz. Outside the swimmer, we assume that the radial component of the velocity is
much smaller than the axial component, since the fluid is initially at rest, and is perturbed only locally due to the motion
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Fig. 9. Assumption on the velocity profile external to the swimmer, generated by the swimmer moving in low Reynolds number viscous fluid with no-slip
condition.

of the swimmer in the axial direction. Thus, the leading-order equation for the swimmer velocity becomes

L

1 5 1 (] du,
mW(t):—,oz/nR (z,t)U(z,t)dz—i—,uZ// o
00

0

dzdt. 45
T (45)

Thus, the velocity of the swimmer at time ¢t is affected by the current propulsion by the fluid within the swimmer (i.e.,
the momentum of the fluid created within the swimmer due to the peristaltic motion), and by the (time-) history of the
viscous drag force exerted onto the swimmer until time t.

Explicit calculation of the swimmer velocity W (t). We conclude this section by using the fluid and structure equations
to explicitly calculate the quantities in the expression for the swimmer velocity W (t) given above.

1. The viscous drag force: We will be able to explicitly calculate the viscous drag force by calculating the axial component
of velocity u, from the fluid flow equations. By integrating the leading-order conservation of axial momentum equation (41)
over (0,r) we obtain:

au r d
e RIS (46)
ar 2/ 0z
Integrating this equation over (r, R), and after taking into account the no-slip condition at r = R one obtains:
1 a
My = — (r2 _ Rz) P (47)
4n 0z

which is the Poiseuille velocity profile inside the cylinder. Outside the cylinder we will be assuming that the axial velocity
profile is Poiseuille-like as shown in Fig. 9, with du,/dr =0 on the outside of y (t). With this, the jump in the viscous drag
force becomes

ouy ‘ _ R(z,t) op
or |lro~  2p 0z’

2. The cross-sectional velocity: Now, we can also easily calculate the cross-sectional average of u, by using (47) to obtain:

R R
2 1 d 1 ap (R* R*
U(Z,t)=—/uzrdr= /(rz—Rz)—prdr= (R
R2 2/LR? 0z 21R%2 9z \ 4 2
0 0
10
——— PRz p. (48)
8u 0z
3. The mass flux: From here, the mass flux (flow rate) Q is equal to:
TP o
Q6 = prR2z, Uz, t) = — L 2P Ré(z 1), (49)
8u 0z

Thus, the flow rate changes with the 4th power of the radius.
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Now, equation (45) for the calculation of the swimmer’s velocity W becomes

L t L
W(t)—g—’o/ (z,)R*(z, t)dz — l//a—p(z T)R(z, 1)dzdT.
0 00

We can now use the leading-order pressure-radius relationship given by (43) to express the pressure gradient above
in terms of the change in the radius. Assuming that the pressure exterior to the swimmer is approximately constant, we
obtain

a 4Eh 9R
op _ ZEn R (50)
9z 3R} 9z
From here, finally, we get the equation for the swimmer velocity all in terms of R as follows:
2Eh i R oR
/4
mw(t) = — o / —(z,t)R*(z, t)dz — / / —(z,7)R(z, T)dzdT } . (51)
3LRg | 4n J 0z 9z
0
This can be further simplified to
2Eh aR>
mW (t) = 5 f (z,t)dz — = / / —(z T)dzdt
3LRj ZO[L
After integrating the right-hand side with respect to z we obtain:
2Eh R(L R>(0, ¢ (R L, R?(0
T ,t t T , T
WO — —p()()/()()dr (52)
3LR% 4 5 2
0

Result (52) indicates that the speed of the swimmer does not depend on the precise form of the peristaltic wave (i.e.,
pulses or constrictions), which was also observed in [2] for a different but related problem of a spherical swimmer propelled
by a peristaltic motion of a channel internal to the spherical swimmer with a rigid spherical outer boundary.

Since R is small R << 1, we see that the dominant term is the term containing R2, which is the viscous drag force term.
Furthermore, in the peristaltic wave H(z — st) with R(0,t) > R(L,t) as mentioned earlier, the difference R%(L,t) — R2(0, t)
is negative, and so the sign of this term is positive. Notice that this term accounts for the “displaced mass” through the
change in the (scaled) cross-sectional area of the cylinder which is captured by the term R2(L,t) — R2(0, t). Thus, the jump
across y (t) in the viscous drag force is proportional to the displaced fluid mass by the swimmer.

We can simplify this expression even further by defining our traveling wave as

~ _ | Rmax, z €10, z*(t)),
Rz t)=H(z—st) = { Rumiv. z € (z*(t). L],
where

Z*(t) =L — st.

The wave reaches the left end of the swimmer at time T = L/s. Therefore, we obtain that for t € (0, T],

W(t) = 2Eh | mp MIN Riviax _ Rlz\/IIN_RzMAX ¢
3mLRy | 4 \ 5 5 2 2

The leading-order approximation is given by:
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Fig. 10. Left: A sketch of how normal force was applied to deform the swimmer to a uniform radius. Right: Calculated relationship between force and
displacement, determining the constant C; = 4Eh/3R2 = Force/Displacement. We see that the relationship is very close to linear for these displacements.

n= RO—R (um)

2Eh [, ,
WO~ s (RAax — Riuw ) (54)

and for t =T, we have

2Eh

L 2Eh (2
3mLR}

W (T) ~ == (R2,, — R ) 55
() 25 GmSR% MAX MIN ( )

2 2
(RMAX - RMIN)
4.3. Validation

To validate the model we used the 3D computer simulations described in the first part of the paper to compare the
velocity of a slender swimmer obtained using 3D simulations with those given by the 1D model (54) or (52) above. We
considered a slender swimmer with

Ro=0.075um, L =0.667 um, € =0.1124.

In order to be able to use the formula (54) or (52) we had to estimate the Young’s modulus of the overall structure. Recall
that we have the elasticity constants for each of the springs that are modeling the cylindrical membrane, but not the overall
Young’s modulus of the cylinder. For this purpose we calculated the constant

C1=4Eh/(3R}).

which appears as the proportionality constant in the pressure-radius relationship (50) governing the elastic structure prob-
lem (30). We applied a series of different (pressure) loadings displacing the elastic cylinder by a certain (uniform) radius, as
shown in Fig. 10 (left), to obtain the following values for Cy:

F (pN) 7.5e-005 8.333e-005 9.166e-005 1.0e-004 1.24e-004
Ro — R (pm) 0.003981 0.004412 0.004831 0.005262 0.006556
C1=F/(Ro — R) (ng/(ms)?) 1.8839e-005 1.8917e-005 1.90e-005 1.90e-005 1.9083e-005

We conclude that for these displacements, the pressure-radius relationship is very close to linear, indeed, see Fig. 10 (right),
and that the proportionality constant Cq is well approximated by

ng
(ms)?’

C1=1.90x107°

The remaining parameters in the problem are the following: p = 107 pg/(um)3, @ =1.2 x 10~3 pg/(um - ms), and
m=7.92 x 104 pg/pm.

Fig. 11 shows a comparison between the numerically simulated velocity of the swimmer described above (red curve),
and the velocity of the swimmer obtained using the 1D model (54). We plotted the solution to the 1D model only from the
point from where the velocity of the swimmer becomes positive. We see excellent agreement between the two.
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Fig. 11. A comparison between swimmer velocity obtained using full 3D simulations (red) and the reduced 1D model (54) (blue). We see excellent agree-
ment between the two in the regime where the swimmer velocity is positive. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 12. Comparison between the 1D model and 3D simulations for the distance traveled by the swimmers studied in Sections 3.1 (left) and 3.2 (right).

4.4. Predictions of the 1D model for the examples studied in Sections 3.1 and 3.2

We used the 1D model presented above to see how well can the model predict the distance traveled by the swimmer
for the different cases studied in Sections 3.1 and 3.2. Recall, in Section 3.1 the influence of the ratio between the swimmer
reference radius Rg and length L on the distance traveled by the swimmer was studied, and in Section 3.2 the influence
of the deformed radius relative to the reference radius Rg on the distance traveled by the swimmer was studied. In those
examples the swimmers were not necessary slender, and the deformation of the swimmer was not necessarily small, so we
expect some discrepancies between the 1D and 3D model for the parameter values outside of the validity of the 1D model.
We used the 1D model (54) with mass density per unit length of 2.25 x 10~3 pg/um to calculate the total distance traveled
by the swimmer at time T when the traveling wave reaches the left end of the swimmer:

X(T) = W(T)T.

We compared predictions provided by the 1D model with the 3D simulation results. Fig. 12 (left) shows a comparison
for the cases studied in Section 3.1, and Fig. 12 (right) shows a comparison for the cases studied in Section 3.2. We see
that there is excellent agreement between the 1D model and 3D simulations, especially for the cases when the swimmer
displacement is less than or equal to 50 % of the reference radius. We see in Fig. 12 (right) that for larger displacements
the 1D model, which assumes linear elasticity, over estimates the distance traveled by the swimmer because for such large
displacements the nonlinear structure effects in the full 3D model become much more prominent.

We conclude that for small-to-medium displacements the 1D model captures well the dependence of swimmer velocity
on the parameters in the problem.
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Fig. 13. Average velocity of swimmers during one cycle of force application. Left: Swimmers with different lengths (L = 0.2, 0.4, 0.8 pm) and same reference
radius Rop = 0.125 pm. Right: Swimmers with same reference length (L = 0.4 pm) and radius (Ro = 0.125 pm) but different traveling wave amplitude
(percentage of deformed radius 0.18%, 0.45%, 0.65%).

4.5. Multiple contractions of the swimmers

We conclude this manuscript by investigating the influence of multiple swimmer contractions, i.e., multiple cycles of
force application on the swimmer, on the distance traveled by the swimmer over some given, fixed time interval. We have
some interesting results to report.

From the previous simulations and the results presented above, one can see that while larger deformations of the swim-
mer, which generate larger fluid mass displacements, imply farther distances traveled by the swimmer, the time it takes the
swimmer to deform under the action of a given (fixed) force, and the time it takes the swimmer to re-assume its original
equilibrium state before the next peristaltic wave can be applied, is longer in those cases. This is due to friction, i.e., viscous
effects exerted by the fluid onto the swimmer, and due to the “added mass effect” of the surrounding fluid. Namely, the
viscosity of the surrounding fluid makes elastic swimmers behave as a (damped) viscoelastic structure, reacting to a given
application of force and to the release of force with a delay. The added mass effect, or virtual mass, is the inertia added to
a system because the swimmer needs to displace a certain volume of fluid of density p. The larger the displaced volume
and fluid density, the larger the added mass effect. Also, the larger the difference in acceleration between the fluid and
the swimmer, the larger the added mass effect. When density of the structure is much bigger than that of the fluid (e.g.
in aeroelasticity) the added mass effect is small relative the structure inertia. However, in our study this is not the case
since the elastic swimmer and the fluid surrounding the swimmer have comparable densities, giving rise to a strong added
mass effect. This is why we see that it takes longer for the swimmers producing larger fluid mass displacements shown
in Figs. 6 and 8 in red, to re-assume their original, equilibrium state. These effects influence the distance traveled by the
swimmer over a fixed amount of time for multiple applications of force generating several peristaltic waves in the swimmer
membrane.

Additionally, we calculated from 3D simulations the average velocity of each swimmer in one cycle and obtained inter-
esting results, shown in Fig. 13. The picture on the left in Fig. 13 shows the average swimmer velocity for the swimmers
with different aspect ratio €, studied in Section 3.1. We see that the shorter the swimmer, i.e., the larger the aspect ratio, the
larger the average velocity of the swimmer. The picture on the right shows the average swimmer velocity for the swimmers
with different relative amplitude A of the traveling wave, studied in Section 3.2. We can see that the largest average velocity
is associated with the swimmers in the roughly 50% deformation range, i.e., the deformed radius being roughly 50% of the
reference radius.

All these factors will influence the distance traveled by the swimmers within a fixed time interval, after multiple cycles
of application of force on the swimmer membrane. For each swimmer the force, described in Section 3, was applied to
produce one peristaltic wave traversing the swimmer from right to left. A restoring force was then applied in the opposite
direction, as described in Section 3, to recover the reference configuration of the swimmer. The total energy was checked
to see if it was close to zero within some § tolerance, indicating that the reference, equilibrium state of the swimmer had
been achieved. As soon as this condition was satisfied, another cycle of force was applied to produce the second peristaltic
wave, and so on. The same force density Fext/N, was applied in all cases. Fig. 14 (left) shows the swimmers, discussed
in Section 3.1, exposed to multiple cycles of force for the duration of 1.2 s. Recall that all the swimmers in this case had
the same reference radius Ro, and the same deformed radius Ry¢. The only difference was the reference length in each
swimmer. Fig. 14 (right) shows the swimmers, discussed in Section 3.2, exposed to multiple cycles of force for the duration
of 1.5 s.
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Fig. 14. The figures show history of swimmers center for multiple cycles of force application. Left: comparison between swimmers of different reference
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e

Fig. 15. Motion of the swimmer with Ro =0.125, L =0.2 and Ry =0.55R¢ over multiple (10) cycles, corresponding to the blue curve in Fig. 14 (left). Three
“representative” snap shots are shown at t =1 ms, t =507 ms, and t = 1000 ms.

Conclusions. We observe in Fig. 14 (left) that the swimmer that moved the farthest during the time interval (0,1.2) s
was the swimmer with the shortest reference length Lo = 0.2 pm, i.e., largest aspect ratio € = Ro/L. Even though the
displaced mass during one cycle was the smallest for this swimmer, the rate of displaced mass per second is the largest,
as shown in Fig. 13 (left). This, combined with the smallest added mass effect associated with this swimmer, produces the
fastest swimmer overall when swimmers with different aspect ratio are considered.

Fig. 14 (right) shows, on the other hand, that all three swimmers produce roughly the same distance traveled during the
time interval (0, 1.5) s. One can notice that the average slope corresponding to the black curve is slightly bigger, indicating
that for longer distances the motion of the swimmer with the deformed swimmer radius of roughly 50% of the reference
radius, is the “optimal” solution. This is consistent with the result shown in Fig. 13 (right), which indicates that swimmers
with roughly 50% of deformation have the largest average velocity in one cycle of force application.

Thus, our study indicates that fast swimmers are those with large aspect ratios whose radius deforms roughly 50% in
each cycle. Such swimmers are capable of generating a large number of contractions per unit time because of their short
length, producing the largest rate of change of displaced mass per unit time.

5. Conclusions

We conclude this manuscript by showing in Fig. 15 three “representative” snap shots of the motion of our “optimal
swimmer” with Ro =0.125, L =0.2 and Ry = 0.55Ro over multiple (10) cycles, corresponding to the blue curve in Fig. 14
(left). We calculated the distance traveled by the swimmer and obtained that within one second our “optimal swimmer” tra-
versed the distance equal to 1.5 of the swimmer lengths. Fig. 16 shows the first and last snapshots superimposed, indicating
the traversed distance.

The results of our work are consistent with the results reported in the review article [11] published in 2014 in Microma-
chines. In fact, our swimmers are at the top of the class of all artificial swimmers swimming at low Reynolds numbers
reported in [11]. More precisely, the authors of [11] obtained a diagram comparing propulsion speed versus Reynolds
numbers for 18 artificial (manufactured) and natural micro-swimmers. It was concluded that artificial micro-swimmers
in general travel slower than the natural ones, and that at low Reynolds numbers the speed of artificial micro-swimmers is
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t=1000 ms
t=1ms

Fig. 16. Two snap shots from Fig. 15 (first and last) superimposed. The figure indicates that the swimmer has traversed the distance equal to 1.5 reference
lengths.

between 0.6 and 2 body length per second at the Reynolds numbers around 10~%. Therefore, the results of our research are
very relevant, and are a first step in our long-term goal to design a medical micro-swimmer based on the contractions of a
cylindrical membrane lined with cardiac myocytes capable of producing coordinated contractions [15].
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