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time simulation. In this paper, we design, analyze and numerically validate a Hamiltonian
preserving discontinuous Galerkin method for solving the Korteweg-de Vries (KdV)
equation. For the generalized KdV equation, the semi-discrete formulation is shown to

Keywords: preserve both the first and the third conserved integrals, and approximately preserve the
Discontinuous Galerkin method second conserved integral; for the linearized KdV equation, all the first three conserved
Korteweg-de Vries equation integrals are preserved, and optimal error estimates are obtained for polynomials of
Conservation even degree. The preservation properties are also maintained by the fully discrete DG
Stability scheme. Our numerical experiments demonstrate both high accuracy of convergence and

preservation of all three conserved integrals for the generalized KdV equation. We also
show that the shape of the solution, after long time simulation, is well preserved due to
the Hamiltonian preserving property.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

This paper is the continuation of our project, initiated in [40], of developing a high order discontinuous Galerkin (DG)
method to preserve some key invariants for the generalized Korteweg-de Vries (gKdV) [18] equation:

Ur+ f(W)x+ €upx =0, xeR, t>0, 1)

where the subscript t (or x, respectively) denotes the differentiation with respect to time variable t (or x), € is a given
constant, and f is a smooth function. This is a nonlinear, dispersive partial differential equation for u of two real variables.
The original form of the KdV equation corresponds to (1) with € =1 and f = 3u?.

The KdV equation has several connections to physical problems. In addition to being the governing equation of the string
in the Fermi-Pasta-Ulam problem in the continuum limit, it approximately describes the evolution of long, one-dimensional
waves in many physical settings, including shallow-water waves with weakly non-linear restoring forces, long internal waves
in a density-stratified ocean, ion-acoustic waves in a plasma, acoustic waves on a crystal lattice, and more.

Dispersion and non-linearity can interact to produce permanent and localized wave forms; It can be shown that any
sufficiently fast decaying smooth solution will eventually split into a finite superposition of solitons traveling to the right
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plus a decaying dispersive part traveling to the left. This was first observed numerically by Zabusky & Kruskal (1965) [41],
long after John Scott Russell’s experimental observation of solitons in 1834. One appealing feature of the KdV equation is
that it has infinitely many integrals of motion (Miura, Gardner & Kruskal 1968) [27], which do not change with time. This
is also accounted by the fact that the KdV equation can be reformulated into the Lax system, called Lax pairs [20].

The KdV equation is rich in conserved integrals; the first three for (1) are classical:

Eq =fudx, Ezzfuzdx, and E3=/ %u,z(—/f(g)dé dx. (2)
R R R

The quality of the numerical approximation hence hinges on how well the conserved integrals can be preserved at the
discrete level. The objective of this work is to develop a novel DG method to preserve these three conserved integrals at the
discrete setting.

The conservation law structure of many PDEs is considered fundamental to their derivation, their behavior, and their dis-
cretization. For conservative PDEs, numerical methods preserving their invariants are often advantageous: besides the high
accuracy of numerical solutions, an invariant preserving scheme can maintain good stability properties over a long-time pe-
riod. Numerical methods without this property may result in substantial phase and shape errors after long time integration.
There are many numerical works in the literature to solve the KdV equation, ranging from finite difference methods [10,12,
13,19,32,41], finite element methods [1,29,31], spectral methods [9,14,23,25,26,30], operator splitting methods [16,15], and
discontinuous Galerkin methods [3,22,34,35,39]. However, the majority of the developed methods is designed to preserve
only Eq, not other invariants.

The earlier effort of inheriting some invariants as characteristic properties followed mainly the symplectic method for
Hamiltonian ODEs; for instance, Furihata [10] designed a finite difference scheme to preserve both E; and Es. Preservation
of E1 and E; in the context of the DG method has been recently investigated by Bona et al. [2] and the authors [40].

Discovered by Gardner [11] and also by Faddeev and Zakharov [8], the KdV equation is a Hamiltonian system, allowing for
an infinite sequence of Hamiltonians. For the generalized KdV equation (1), E3 is still a Hamiltonian since (1) is equivalent

to
<5E3)
u=|—1.
su J,

This Hamiltonian structure sets the basis to construct an E3 preserving discretization for (1). In the case f(u) =u?/2, E is
also a Hamiltonian since the KdV equation can be written as

(O
ut_N(Su)’

where the Lenard operator N = 7(33 + %uax + %axu) is linear and anti-symmetric. The main novelty in this work is the
preservation of E3 by our method, which we call the Hamiltonian preserving DG method. Indeed, the proposed method is
shown to preserve all three conserved integrals for the linearized KdV equation, and preserve both E; and E3 for the gen-
eralized nonlinear KdV equation (1). The preservation of E; is investigated with care: we observe that E; is still preserved
numerically, though its preservation is only shown in approximation sense. As illustrated in our numerical comparison (see
Fig. 3), the Es-preserving scheme performs clearly better than the E;-preserving scheme introduced in [40]. Moreover, we
observe large oscillations in the temporal evolution of E3 when testing the E,-preserving scheme (see Fig. 3(c)). To our best
knowledge, the present DG method is the first one that can preserve all three invariants E; (i =1, 2, 3) numerically.

As for the numerical convergence, we should mention that the common feature of these central fluxes based DG methods
is that the optimal order of accuracy can be achieved only for polynomials of even degree, as proved for the linearized KdV
equation and numerically observed for the generalized KdV equation.

The DG method we discuss in this paper is a class of finite element methods using completely discontinuous piecewise-
polynomial space for the numerical solution and the test functions in the spatial variables. The application of DG methods
to hyperbolic problems has been quite successful, e.g., Reed and Hill [28] for solving linear equations, and Cockburn et al.
[4-7] for solving nonlinear equations, and the DG methods have been extended to various higher order PDEs by many
authors, including the KdV type equations; see, e.g., [39,37,2,38,40], the Camassa-Holm equation [36] and the Degasperis-
Procesi equation [33,21]. These DG methods have several attractive properties. For instance, it can be easily designed for
any order of accuracy, with the order of accuracy locally determined in each cell, thus allowing for efficient p adaptivity.
The advantage of invariants preserving methods is to solve smooth wave problems, with the attempt to resolve all wave
patterns for long time periods.

Obtaining a priori error estimates for various DG methods has been a main subject of research. The L? a priori error
estimates for nonlinear PDEs with high order derivatives such as the KdV equations have been obtained [39,35,3] using
certain special local projections. For the conservative DG method for the generalized KdV equation in [2], a global projection
was used in obtaining error estimates in some cases. Optimal L? error estimates of the LDG method for the linearized KdV
equation were obtained by Xu and Shu [38], where authors take advantage of stability estimates for auxiliary variables. The
way of using error equations in the present work is closely related to that in [38].
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This paper is organized as follows. In Section 2, we present the semi-discrete DG method for the generalized KdV
equation, and prove its invariant preserving properties. The optimal error estimate is also analyzed for the linearized KdV
equation in Section 2 when polynomials are of even degree, and therein, the upper bound of errors is proved to grow
linearly in time. In Section 3, we present the fully discrete DG method with invariants preserving properties. Section 4
contains numerical experiments that demonstrate the optimal convergence rates and invariants conservation of the proposed
DG method. Finally, we give the concluding remarks in Section 5.

2. DG for the generalized KdV equation

We consider the generalized KdV equation of the form
ur = —(f () + txx

subject to initial data u(x,0) = ug(x) and periodic boundary conditions. In order to design a DG method preserving three
invariants, we reformulate this form into the following system

Ur =(x, (33)
a= —rx—f, (3)
r=uy. (30)

The third conservation law for the generalized KdV equation can be expressed as
1 u
E3=/<5r2—F(u)> dx, F(U)Z/f(é)dé?. (4)
0

2.1. DG formulation

Let us denote the computational mesh of the domain I by
Ij=Xj-1/2,Xj+12), Jj=1,...,N.
The cell center is xj = (Xj_1/2 + Xj1+1/2)/2, with hj = X112 — Xj_1,2, and h = maXi<j<yh;. We assume that the mesh is
regular, namely there is a constant ¢ > 0 independent of h such that
ch<hj, j=1,---,N.
+

j+1/2
the value of w at xj,1,2 evaluated from the left element I;. [w] = wT — w~ denotes the jump of w at cell

When ¢ = 1, the mesh is uniform. We denote by w the value of w at xj,1,2 evaluated from the right element I,

and Wil
interfaces, and {w} = %(W+ + w™) denotes the average of the left and right interface values. We then define the piecewise
polynomial space Vj as the space of polynomials of degree k in each cell I}, i.e.,

Vh={w:weP"(Ij)forxelj,jzl,...,N}.

The DG method is formulated as follows: find uy, qp, 1y € Vy, such that V&€, n, p € Vi,

/ upebdx = — / QX+ @E)lar,. (5a)
I I

/qhndx:/rhnde—(?hn)lazj —/f(uh)ndx, (5b)
I I I

/rhdeJrfuhpde—(ﬁhp)la:j =0, (50)

I
with the numerical fluxes
(@n, T, tip) = ({qn}, {ra}, {un)). (6)

Here we have used the notation &g =6k — 5;‘(x;[1 /2) to denote interface terms.

+1/2)
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The global form of the DG formulation may be obtained by summing (5) over all j’s,

[ unsan=— [ ansidx— Y i@nten e (72)
j
/qhndx:/rnnxdx+th[n]j+1/z —/f(uh)ndx, (7b)
j
/rhpdx+/uhpxdx+2ﬁh[,0]j+1/2:07 (7¢)

J

where [ = Z?’:] jIJ and the periodic boundary conditions have been used.
2.2. Conservative properties
We now turn to establish the conservation properties.
Theorem 2.1. Let (qy,, 1, up) be obtained from the DG scheme (7). Then both invariants E1 and E3 are preserved in the sense that

d d 1,
E/uhdx_o, a/(irh—F(uh)> dx=0. (8)

E, is preserved for f(u) = au. For nonlinear flux, we have

d [ uf /
4 ”Z_hdngjj i ) - [ radd] (©)

h Xj+1/2

where T1 denotes the piecewise L2-projection on space PX:

/l‘[f(u)vdx:/f(u)vdx, VveP"(Ij), j=1,2,---,N.
Ij Ij

Proof. To see the scheme preserves E1 we simply take £ =1 in (7a) to obtain % Jupdx = 0. To show the conservation
of E3, we take & =qy, in (7a), n = —up; in (7b) and p =1y in ¢ (7¢) to obtain

/uthth =- / nGnedx — Y (@nlqnD) j11/2,

J

—/Qhumdx=—/rhumxdx—th[llm]jﬂ/z+/f(uh)ude,
j

/ TheTpdx + / UpThxdX + Z Upe[rplj1/2 =0.
j

Adding the above together and integrating the complete derivative out, we obtain

d ((r? AR .
i (5 - F(uh)) dx=— ]Zl (P lune] + Opelrn] — [uhtrh])j+1/2 =0.

We next derive temporal change rate of Ej.
Take & =up, n=rp, p =gy in (7) we get

/Uhtuhdx =— / qrupxdx — Z(f]h (unD js1/2,

J

thTthZ/Thrhxdx-l-th[rh]jﬂ/z —/f(uh)rth,
j

/thndX + / ungnxdx + Y anlqnljs12 =0.
J
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Adding the above together and integrating the complete derivative out, we obtain

d [ ul
E/-Thdx=/f(uh)rhdx=2/Hf(uh)rhdx-

]Ij

Set p =T1f(up) in (7c) we have
d [up
E/de_ij:/nf(uh)rhdx

=-) f up (T f (up))xdx — Zuh[nf(uh)],+1 12

]11

= Z( F@mlunDjprn+ Y f I1f (up) - Uy

]]J

j f(u)du
_Z {T1f (up)} — ﬁ [up].

h h

Note that for linear equation f(u) = —au, we have

f U f (udu
{Nf@p)}— —F——=0,
“h —Uy
hence E; is also exactly preserved. This finishes the proof of the theorem. O

Remark 2.1. For nonlinear flux, the change rate of E, is in general non-vanishing, but can be quite small. For instance, if
upli; € PO(Ij), the change rate reduces to

fah) + fuy) max | f”| -
Xj: SR )T IRy ) . h /f(u)du ST;“‘;_% |?+1/2”h27

j+1/2

at least for approximating smooth solutions.

Remark 2.2. In the DG formulation (7), the nonlinear term | f(uy)ndx is calculated by quadratures with accuracy of order
bigger than O (h**2). For instance, if we use a Gauss quadrature with L > % + 1 points, it has accuracy of order at least
0 (h**2). The evaluation of E3 involves the calculation of f F (up)dx, for which we need to use quadratures with sufficient

accuracy. In our numerical examples, f(u) = u2/2, then F(uy) is a polynomial of degree 3k, for which we use a Gauss

quadrature with L points, L > 3"7_1, so that the numerical evaluation of E3 is exact.

2.3. Error estimation for the linearized KdV equation

In the following, we derive the error estimation of the discontinuous Galerkin method for the linearized KdV equation
of the form

Ur — Oy + Uyxx = 0, (10)

subject to initial data ug(x) and periodic boundary conditions.
The corresponding DG method for (10) is formulated as follows: find uy, gy, ry € Vj, such that V&, n, p € Vy,

/UhtEdX+/Qh$de—@h§|al,-=0, (11a)

I 1

/Qhﬂdx—/.rhﬁxdx-i-fhnlalj —Ol/UhndXZO, (11b)

Ij Ij I
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/rhpdx+/uh,0xdx—ﬂhp|alj =0, (11¢c)
Ij
with the central numerical fluxes
(@ns T tip) = (qn}, {rn}, {un)- (12)
For the error estimates, we introduce a special global projection P as follows. For any u, Pulj; € P"(Ij) satisfies
(Pu,v)j, = (u,v)i,, Vve P11y, (13a)
{Pu}|xj+%=u(xj+%), j=1,2,---,N. (13b)

Lemma 2.2. Suppose the mesh is regular, and u is sufficiently smooth and periodic. Assume that k is even and that the number of cells
N is odd. Then the projection P defined in (13) exists, and has the approximation property,

lu — Pul 2y < Ch*H, (14)

for a constant C independent of the mesh size h.

Proof. Step 1. We first show the existence of such a projection. Let {Li(é)}fzo be the Legendre polynomials on I=[-1,1]

with ||L,-(§)||f2(i) = ﬁ and q&ij(x) =L;i(2(x — xj)/hj), then the projection of u can be expressed as

k
Puli; =) uj¢/(0, 1<j<N.
i=0

From (13a) with v = {zj)ij}k_l it follows that for 1 < j <N,

i=0°
2041 [ . .
uf: l;_ /u’(g)Li(é)dé, i=0,1,---,k—1,

i

where @14 (¢) = u(xj + %é). It remains to determine u,{ by using the interface conditions (13b), which leads to
k—1
j i+1 j i j+1 .
up+ (—Dfup ™ =bji=2u(xga2) = YW+ (=DuT), j=1,2,--- N,
i=0

The above equations can be written in matrix form as follows,

k
1o W o
1 '.. uk b2
= . (15)
(—l)k . .
(_-l)k 1 UILV bN-

It is clear that the determinant of coefficient matrix of (15) is nonzero if and only if k is even and N is odd. Then the
existence of global projection (13) follows.

Step 2. We now show the projection error. For i =0,1,--- ,k—1, j=1,2,---, N, we have
2
. 2 .
jz_(21+1) . j A 2i+1 fio 2
ul? = | | W @)L | < =—1101,, (16)

i

For {u,{}?’:l, from (15) and (16) we have

N N N k—1
D wp? <CY O IbiP =Y (uGjp)lP + > lul?)
j=1 j=1 j=1 i=0

N N
<CY O + KN ON2,5) < C IO, -
j=1 j=1



782 H. Liu, N. Yi / Journal of Computational Physics 321 (2016) 776-796

From (16) and (17), we obtain
N k

iilu{l2=zzlul +Zlukl (18)

j=1i=0 j=1i=0

k o o
<> Z 187 OI2, g, +C Z 1O,
j=1 j=1

N
USYK
<CY IO, g
j=1
Then we get the following stability property for the projection P:

N h. ko 2
||Pu||i2(,)=j§7’/(gu{h@) dé (19)

<hZZ<U’> <ChZ||u1<>||H1(,)

j=11i=0

Using (19) and (18), we derive the L2—error estimation (14) as follows.

N
lu = Pullfzg, = inf (I = P)u+ )iz < ChZ o I+ V1%, 6,
N N 2k+1
~ji2 2
= ChZ 18 ey = € Z( > [l
2k
<Ch +2 |u|HI<+1(I) o

In order to obtain the error estimate to smooth solutions for the semi-discrete DG scheme (11), we first write the global
form obtained by summing over all j’s in (11),

(Wne, &) + @n- &) + Y _(@nlED 412 =0, (20a)
J

@Grs 1) — (s Mx) — Z(ﬁ1[77])j+1/2 —a(up,n) =0, (20b)
J

(th. £) + Wn. 0) + D _(@nlpDj41/2 =0, (20c)

J
where the periodic boundary conditions have been used. The consistency of the DG scheme implies that the exact solution u,
with r = uy, ¢ = —uyx + au also satisfies (20). Hence for
(ella eqs er) = (u —Up,q—(qnp, T — r"l)7

we have the following error equations:

(e &) + (eq, &) + ) _(&lED j412 =0, (21a)
J
(eq, 1) — (e, 11x) — Y _ (@[N] j11/2 — at(eu, ) =0, (21b)
j
(€r. p) + (eu. px) — Y _(€ulpDjp1/2=0. (21¢)

J
Let P be the global projection defined in (13), we use the following decomposition:
ey = (u— Pu)+ (Pu—up) =el +el,
eq=(q—Pq)+ (Pq—qn) =e; +ep, (22)
er=(r—Pr)+ (Pr—ry) =ef +eP.
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First we have the following.

Lemma 2.3. Let (u, q,r) and (up, qn, ) be the exact solutions and their numerical approximations, respectively, then
(er.e)) =0,  ((er)e, (e])0) =0. (23)

Proof. Take p = eE in equation (21c) to get

(er,ep) + (ey, (e + (ep (e + Y _(eflegDjr12 + Y _(eRlegD)js12=0. (24)
J j
With
(e, ) + Y _(ellegDjv12 =0,
J
and the definition of the global projection (13), we have
(er,e;) =0. (25)

In a similar manner, we take the time derivative in (21c), and choose p = (e,’f)t, to get

((er), (€D =0. O

We proceed to derive the energy equations for ey, e; and e, from which the error estimates follow. Take the test
functions & =ef), n=—eP, and p =el in (21) to get

((w)e-e)) + (eq. (e))) + Y _(Eglef D12 =0,
J

— (eq.€7) + (er. (€7 )) + ) (@le] Djr1/2 +atleu,e)) =0, (26)
j
(er.eg) + (eu, (€)x) + Y _(€ulel ) jy12 =0.
J
These in virtue of decomposition (22) and the projection properties yield

((ew)e.eD) + P D)) + > (eDlel]) 412 = O,

J
aleu.ef) — (eq.e7) — (e .ef) =0, (27)
€D, €200 + 3 (@P1el D) jr1/2 + (er. D) = 0.

J

In the second equation we have used (eP, (eP)y) + Z(é?[e?])ij =0. Note that
J
(e (e + (e, (e + Y _(elle Djr1a+ Yy _(ellefDjr1/2=0,
j j

so that the sum of all three equations in (27) gives
((ew)r, ) + ey, ef) — (e, e0) + (ef , eg) =0. (28)

From the first equation of (23), we have (e?,eP) + (el ef) = 0. Hence (28) reduces to

(e eg) + (e, er) +aley.ef) —aley,,ef) — (e, ef) + (e, eg) =0. (29)
We take the time derivative in (21b)-(21c), with (21a), to obtain
(et &) + (eq. &) + Y _(&l€])j11/2 =0, (30a)
J
—a((ew)e. ) + (e ) — (). 1) — 3 ((er)elnD)ja1/2 =0, (30D)
J

(€. px) + (€l pD 4172 + ((er)e. p) =0. (30c)
j
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Taking the test functions & = —(e)r, n=e;, and p = (e)); in (30), we get

— ((ew)t, (€0)0) — (g, ((€D)ex) — Y _(&l(eP)eD)j1/2 =0,

J
— a((ew), ef) + (eg)e, ef) = ((ene, D)) — Y_((enilef )41/ =0, (1)
J
(). D)) + > (@w)el€)eD) 4172 + ((enr. (€2)) =0.

J

Using the notation in (22) and the projection properties, we have

— (€wes €D)0) = P, (€D — Y @D 1P D 412 =0,
J
— ar((ewr eD) + ((eg)e. D) — (€P)e. (€D)) — 3 (€Dl js1/2 =0, (32)
J

(@)e, €20 + (@)e, @2)0) + (€D, €210 + 3 (@@ )el(€D)eDj41/2 =0.
J
Note that

(@)r. €200 + 3 (D)l €2 j1/2 =0,
j

(€D, €Dy + (€2, €Dy + 3 @@ 1ED)Djs1/2 + 3 (@ )ilel]) 172 =0,
j J

so that the sum of all three equations in (32) leads to

(et e) + (e eg) — ((ep)e. (eP)r) — aul(ef)r. el) — (e ef) + ((e])r. (ef)e) =0. (33)
We take the time derivative in (21c), with (21b), to obtain
— a(ew, 1) + (eg, m) = (er, 1) — > _ (DD j1/2 =0, (34a)
j
(e p) + Y (@w)ilpD 172 + ((er)r. p) = 0. (34b)
J

Taking the test functions n = —(e?);, and p =e? in (34), we get

aleu. (e)r) — (eg. (e)r) + (er. (e)e) + Y (@ l(e))iDj1/2=0.
j

— (35)
(@ @0+ Y_((euelefDj1/2 + ((er)e, ef) =0.
j
Using the notation in (22) and the projection properties, we have
aleu. (e)r) — (eq. (e)r) + (e (e)ex) + Y _(ePle)Djs1/2 =0.
j
(36)

((€D)e, €210 + ((en)e. eP) + 3 (@P)elePD)js1/2 =0.
j
Note that

(€0, (€2)) + ((@2)e, (€210 + 3 (€PLED) D112+ 3 (@D)elel D112 =0,
j j

then adding two equations in (36) gives

aley. (e))n) +ale. (D)) + (). ef) + (). ef) — (eg . (e))r) — (eg . (e))r) =0. (37)
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Similar in deriving the equation (29), we take the time derivative in (21c) and choose the test functions & = (ef,’)t, n=
—(eP)t. and p = (e(?)t. After some algebraic manipulation, we get

((eg)ee- (€)e) + ((€)ee. (e)e) + e ((e))e. (€P)e) +a((e)r. (e)) — ((€f)e. (€P)e) + (€] ). (ef)e) = 0. (38)

From the second equation of (23), we have

ey, @)e) + €Dy, €l =o0.

Then we get

((eg)ee. (€)e) + ((€)ee. (e))e) + (e, (eP)r) —a((er. (e])e) — (e (€P)r) + ((e])e. (e])r) =0. (39)
Summing all the four equations (29), (33), (37) and (39) together, after some algebraic manipulation, we obtain

(1 +a)((e)r.ep) + ((eg)e. ef) + (). ef) + (e (e)e) + Ip + Ip =0, (40)
where

Ip=((e)).ep) +aley.ef) —alef.e)) —(e,.e)) + (e . ef)
+ ((eg)e-eg) —a((e))r. ef) + ( — D((e))e. (7)) + (1 — ) ((e])r. (e))r)
+aleg. (e))) + (). ef) — ((eg . (ef)e)
+ (e, (@))0) — ((eg)e, (€7)e) + ((ef ), (eg)e)
and
Ip=—1+a)(e)) ep).
Integration of (40) with respect to time between 0 and t gives

1+«
2

1 1 1
e O1 + 5 lleg O + S llep O + 11 e/ @)l

t
1+ 1 1 1
S llez O + S lleg @117 + S llep Q)11 + Il e/ O))ell* — /(Ip + Ip)dr.
0

We now estimate the terms in fot Ipdt and fot Ipdt, respectively. Using the approximation property of the projection in (14),
we have

loiepl <Ch!, 0<i<2

for ¢ € {u, g, r}. Upon further integration by parts in time for 3 out of 15 terms in Ip and further using the Cauchy-Schwartz
inequality, we have

t t
- f IpdT < f CR Y (lel ()l + el )1l + lleP (1l + Nl el () IDdT
0 0
+ [ =D e?) = (e e + (e e |
t

1
< Ch#+2 4 f Fmde + 7 [1ef OIF + 1e? 1) + (lef 1 + e O)]12].
0

where F(t) = [lef ®)]1* + lleg ®)1I + lleP ®)1I* + [ (e (©))c[I%. And

t t

1
—/IDdr§ ;a/F(t)d'c.

0 0

By the Grownwall inequality, we obtain

F(t) < CF(0) 4+ Ch?+2, (41)
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Similar as in [17], we choose the initial condition such that

qn(x,0) = Pq(x,0), q(x,0) = —ugxx(X) + atup(x). (42)
From (11b) we find r(x, 0) and further from (11c) we find up(x, 0) so that they satisfy (see [38])

lu(x, 0) — up (x, 0)I| + llg(x, 0) — g (X, )| + (X, 0) — 1 (X, 0) || + lue(x, 0) — (up)e(x, 0)| < CH**T. (43)

The triangle inequality with the estimate (43) and (14) implies F(0) < ChZ**2; hence F < Ch?*2 which using (14) again
implies the following result.

Theorem 2.4. Assume that the linear KdV equation (10) with initial data and periodic boundary conditions admits a smooth solution
u. Let (u,q,r) = (U, —Uxyx + X, Uy), and (uy, qn, ry) be the numerical approximation. Then

I —un) O + 1@ = a Ol + 1 =) O + @ — up)e© ]| < CHH (44)
holds for k even and N odd.

Remark 2.3. The error estimate for nonlinear f(u) appears difficult with the above analysis, since the scheme has no extra
numerical dissipation for controlling the trouble terms from the nonlinear effect.

3. Time discretization

We now turn to time discretization of (7). Let {t"}, n=0,1,..., M be a uniform partition of the time interval [0, T]. Let
ug = TTug be the piecewise L? projection of ug(x).

3.1. Algorithm
Let us give details related to the implementation of the method.

1. First, from (7c), we obtain rj, in the following matrix form
Rp = MUp, (45)

where Uy, denotes the vector containing the degree of freedom for uy.
2. From (7b) we obtain

Qn=—MRp — (T1(f (Up)))n. (46)

where IT is the piecewise L? projection on Vj.
3. We then substitute (45) and (46) into (7a) to obtain
d

aUh:MQh- (47)

4. We use a time discretization method to solve the obtained semi-discrete system (47).

The differential matrix M is a sparse block matrix, hence its multiplication with vectors involving it as the coefficient matrix,
can be implemented efficiently.

In our numerical simulation, we use a semi-implicit time discretization so that two quantities E; and E3 remain con-
served in time.

We define the following operator

un+l —yn un+1 +ut
Duf = —h gyt =h  h
At 2
so that the fully discrete scheme has the form

[ pasan=— [ agiedx— Y Aghien e (482)
J
A F!™™) — Fuh)

/Aqﬁndx:[Arﬁnxdx+ ZArg[n]jH/z - / Wndx, (48b)

j R —“hn
/rﬁpdx + / up pxdx + Z L?,}[,O]H]/z =0, (48¢)

J

where [ = Z?’:l f,j, and the periodic boundary conditions have been used.



H. Liu, N. Yi / Journal of Computational Physics 321 (2016) 776-796 787

Theorem 3.1. Let (q, 1}, up) be obtained from the DG formulation (48). Then both invariants E1 and E3 are preserved for the DG
scheme in the sense that

1
Dt/u’,;dx=0, Dt/ (E(rg)z —F(uﬁ)) dx=0.

Proof. To see the scheme preserves E; we simply take & =1 in (48a) to obtain thude: 0.
To show the conservation of E3, we take & = Aqy in (48a), n = —D;uj in (48b) and p = Ary in D; (48c) to obtain

/ Dl Aqdx = — / AQl dx— S (AL g") 15,
j

—/Aq"Dtuﬂdx: —/Ar,’;Dtugxdx—Zﬁr\g[Dtug]jH/z +Dt/F(uﬁ)dx,
j

f Dyrh Arpdx + / Dot (Arf)xdx+ 3 D [Arf 11172 = 0.
J

Adding these together and integrating the complete spatial derivatives out, we obtain

12

d rn 2 N — —
o (% - F(uﬁ)) dx =" (ATILD.uf] + Deuf [Arh] - [Deuf Ari))

j=1

We compute numerical solutions for the KdV equation using our scheme (48). To solve the implicit scheme (48) numer-
ically we use the Newton iteration.

4. Numerical results

In this section we provide numerical examples to illustrate the accuracy and capability of the method. With the aid of
successive mesh refinements we have verified that, in all cases, the results shown are numerically convergent.

Example 4.1. We consider the IVP of the KdV equation

(49)

Ur 4+ Uly + €Uxxx =0, xe (0,1),t>0,
u(x,0) =uo(x), x€(0,1),

with periodic boundary conditions. The exact solution is the so-called cnoidal-wave solution,

ux,t) = acn2(41<(m)(x — vt —Xp)),

Table 1
Errors for Example 4.1 when using P¥ polynomials on a uniform mesh of N cells. Final time T = 1.
At 1.0e—2 2.5e—3 6.25e—4 1.5625e—4
k=0 N 20 40 80 160
- lu — up|| 4.60e—1 2.00e—2 5.63e—2 2.04e—2
order - 1.20 183 1.47
At 1.0e—2 2.5e-3 6.25e—4 1.5625e—4
k=1 N 20 40 80 160
- lu —upl 1.01e—1 3.71e-2 8.95e—3 3.60e—3
order - 144 2.05 131
At 1.0e—2 2.5e-3 6.25e—4 1.5625e—4
k=2 N 20 40 80 160
N lu —up| 4.36e-3 3.76e—4 3.18e—5 3.60e—6
order - 3.54 3.56 3.14
At 6.25e—4 1.5625e—4 3.90625e—05 9.765625e—06
k=3 N 80 160 320 640
- llu — up| 211e-5 2.10e—6 1.55e—07 1.03e—08

order - 3.33 3.76 3.91
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0 0
0 0
X X
(c) t = 500. (d) ¢ = 1000.

Fig. 1. Example 4.1, the solutions at t = 0, 200, 500 and 1000 with k =2, At =1.0e—03 and 80 cells.

where cn(z) = cn(z|m) is the Jacobi elliptic function with modulus m = 0.9 and the parameters have the values a =
192meK2(m), v = 64e(2m — 1)K2(m), and xg = 1/2. The function K = K(m) is the complete elliptic integral of the first
kind.

In this example, we take € = 1/242, and the computational domain is divided into N cells. We test the Pk k=0,1,2,3
polynomial approximations on uniform meshes. For the time discretization, we employ the second order implicit scheme
(48). We first test the accuracy and convergence rate of the method. Table 1 reports the numerical errors and the orders of
accuracy for P¥ approximation at t = 1. We observe that the scheme achieves the optimal order for k even, and suboptimal
for k odd; see also Example 4.4 in Table 3. This suboptimal convergence for polynomials of odd degree also occurs in the
energy (E2) conserving DG scheme for solving the KdV equation, see [2,40].

We now verify the conservative properties of the DG method. Using the Cnoidal-wave test problem on uniform mesh of
80 cells with k=2 and At =0.001, we carry out the computation up to t = 1000. Fig. 1 presents the exact solution and
the numerical solutions at times t =0, 200, 500 and t = 1000, respectively, showing that the DG method gives a very good
approximation to the exact solution. We also present the time evolution of the L2-error and the three conserved integrals
E1, Eo, E3 up to time t = 1000 in Fig. 2. We see that Eq, E3 are well preserved, so is E;; also the L2 error of the DG method
increases linearly with time. This may reflect the fact that all the solitons travel with well-preserved shape in the numerical
solution and thus the principle part of the numerical error is the phase error.

We further compare the E, preserving scheme introduced in [40]| with our E3 preserving scheme in Fig. 3, in terms of
the L2-error, the time history of E; and E3, as well as the numerical solutions at times t = 200, 500, 1000, respectively. We
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Fig. 2. Example 4.1, time history of the L? error, Eq, E; and E3 plots using the DG methods with k =2, At =1.0e—03 and 80 cells.
Table 2
The E; and E3 of E; preserving and E3 preserving schemes for Example 4.1 when using P? polynomials on a uniform mesh of 80 cell.
E; preserving scheme t=0 t =200 t =500 t =900 t =1000
Ex(u) 1.00729302749 1.00729302749 1.00729302749 1.00729302749 1.00729302749
Ex(up) 1.00729302690 1.00729302690 1.00729302690 1.00729302690 1.00729302690
L2ty ) bo ] 5.8573e—10 5.8573e—10 5.8573e—10 5.8573e—10 5.8573e—10
E3 preserving scheme t=0 t =200 t =500 t =900 t =1000
Ex(up) 1.00729302691 1.00729302692 1.00729302691 1.00729302692 1.00729302691
(Exitg) ol 5.7580e—10 5.6587e—10 5.7580e—10 5.6587e—10 5.7580e—10
E; preserving scheme t=0 t =200 t =500 t =900 t =1000

E3(up)

—0.18912751410

—0.19031815943

—0.19004235096

—0.18995786446

—0.19051454372

E3 preserving scheme

t=0

t=200

t =500

t =900

t =1000

E3(un)

—0.18925223716

—0.18925223716

—0.18925223716

—0.18925223716

—0.18925223716

clearly see that our E3 preserving scheme induces smaller L? error and smaller phase errors. Moreover, it preserves both E;
and Es, while the E, preserving scheme only preserves E,, with large oscillations observed in the time history of E3. The
corresponding comparison data are listed in Table 2.
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Fig. 3. Example 4.1, the performance of the E, preserving and E3 preserving schemes comparisons with k =2, At =1.0e—03 and 80 cells.

Example 4.2. Consider again the KdV equation (49) with € =1, and u(x, 0) as the initial data, the exact solution is of the
two soliton waves

ux,t)y=12

k3e + k3% + 2(ky — k1)2e11%2 + a? (k3ef1 + k3e%2)et1 102

(1+e% + ef2 4 g2et1+62)2

’

(50)
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Fig. 5. Example 4.3, the solutions at t =0, 1/7 and 3.6/ with k=2, At =0.005/7

and 400 cells.



792

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

H. Liu, N. Yi / Journal of Computational Physics 321 (2016) 776-796

Table 3
Errors for Example 4.4 when using P¥ polynomials on a uniform mesh of N cells. Final time T = 1.
At 4.0e—2 1.0e—2 2.5e—3 6.25e—4 1.5625e—4
k=0 N 10 20 40 80 160
- lu —up|l 4.69e—1 1.97e—1 8.54e—2 4.08e—2 2.02e—2
order - 125 121 1.06 1.02
At 4.0e—2 1.0e—2 2.5e—3 6.25e—4 1.5625e—4
K1 N 10 20 40 80 160
- lu —up|l 1.18e—1 2.44e-2 8.13e-3 5.35e—3 2.84e-3
order - 2.23 1.59 0.61 0.91
At 4.0e—2 1.0e—2 2.5e—3 6.25e—4 1.5625e—4
k=2 N 10 20 40 80 160
- lu —up|l 2.41e-3 213e—4 2.30e—5 2.7e—6 3.0e—7
order - 3.50 3.21 3.09 317
At 4.0e—2 1.0e—2 2.5e—3 6.25e—4 1.5625e—4
k=3 N 10 20 40 80 160
lu —up|| 1.90e—3 1.24e—4 7.55e—6 8.15e—7 3.28e—08
order - 3.93 4.01 321 4,64

Exact
—%— Numerical |

(b) t = 200.

—6— Exact
—*— Numerical ) 0.8

T
—o— Exact
—*— Numerical

(d) t = 1000.

Fig. 6. Example 4.4, the solutions at t =0, 200, 500 and 1000 with k=1, At =6.25e—04 and 80 cells.
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Fig. 7. Example 4.4, time history of the L2 error, E1, E; and E3 plots using the DG methods with k =1, At = 6.25e—04 and 80 cells.
where

k1 + k> 25’
61 :k1x—k?t+x1, 6> :kzx—kgt—i-xz,
x1=4, xy=15.

ki—k\2 1
ki =04, ky=0.6, a2=<<1 <2> =

This example is derived from [24]. The solution region is taken to be [—40, 40] with periodic boundary conditions. Initially
we have two solitons, the left the tall one and the right short one. Both solitons travel from left to right, and speed of the
tall one is bigger than the speed of the short one. We perform computation for k=2 and At =0.1. The grid is taken to be
of 400 cells and the computation is implemented up to t = 120. The plots of the exact solution and numerical solution at
the times are displayed in Fig. 4. It shows that the numerical solution agrees quite well with the exact one.

Example 4.3. Consider the Zabusky-Kruskal's problem, setting the dispersion coefficient € = 0.0222 and
u(x,0) = cos(mwx),

with periodic boundary conditions. The solution starts with a cosine wave and later on develops a train of 8 solitons which
travel at different speeds and interact with each other, see [41] for detailed description of the solution. There are several
critical moments in the development of the solution: (1) t =tp = % when the solution is about to breakdown, (2) t = 3.6tg
when a train of 8 solitons have been developed.

We perform computation on a uniform mesh of 400 cells with k =2 and At = %. The initial values and the numerical
solution at the two times t =tg, 3.6tp are plotted in Fig. 5. It shows that all of them agree quite well with the numerical
result obtained by Zabusky and Kruskal in 1965, see [41], as well as the other numerical schemes in [2,24,40].
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Fig. 8. Example 4.4, the solutions at t =0, 200, 500 and 1000 with k =2, At =2.5e—03 and 40 cells.

Now, we come to show that our method can satisfy the first three conservation laws for the linear KdV equation.

Example 4.4. We solve the linear KdV equation given by

U — Uy + Uy = 0,
u(x, 0) =sin(x), (51)
u(0,t)=u2m,t).

The exact solution is

u(x,t) =sin(x + 2t).

Firstly, we use this solution to check the accuracy and convergence rate of the method. We perform the computation on
the grids of 10, 20, 40, 80, 160 cells, respectively, up to t = 1. The L? errors and the corresponding convergence rates are
presented in Table 3. We can clearly see from the table that our method achieves optimal order for polynomials of even
degree, i.e.,, k=0, 2 in Table 3.

Secondly, we use this solution to test the preserving feature of our method in long-time simulation. We perform the
computation with (k, N, At) = (1,80,6.25e—04) and (k, N, At) = (2, 40, 2.5e—03), respectively. The numerical results are
displayed in Fig. 6-Fig. 9. We can see from Fig. 6 and Fig. 8 that our method is quite stable in long-time simulation. The
phase error in Fig. 6 with k =1 tends bigger as time becomes large, yet the phase error at the same simulation time is
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Fig. 9. Example 4.4, time history of the L? error, Eq, E; and E3

t
(d) E3 history.

plots using the DG methods with k =2, At =2.5e—03 and 40 cells.

almost invisible when using k = 2, see Fig. 8. Fig. 7 and Fig. 9 show that the L? error increases linearly with time, and the

three qualities Eq, E», E3 are all preserved.

5. Concluding remarks

In this paper, we developed and analyzed a Hamiltonian preserving DG method for solving the generalized KdV equa-
tion. Both semi-discrete and fully discrete DG schemes are shown to preserve Ei and Esz. The better performance of the
E3-preserving scheme than the E;-preserving scheme is shown through numerical comparison.

For wave equations, usually it is difficult to obtain DG schemes which can preserve more conservative integrals while still
maintaining optimal high order of accuracy. Our scheme when applied to the linearized KdV equation preserves all the first
three conserved integrals and has the proven optimal error estimates for polynomial elements of even degree. Our numerical
experiments have demonstrated both high accuracy of convergence and preservation of all three conserved integrals for the
generalized KdV equation. It is confirmed by numerical simulations that the Hamiltonian preserving property is important
for minimizing phase and amplitude errors after long time simulation.
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