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1. Introduction

We are concerned with the problem of approximating an unknown function f(x) using its sample data f(x;),i=1,...,
where x,x; € RY, d > 1. This is a central task of approximation theory, which has been developed for a long time. The
classical setting is that, given a set of finite number of sample data {f(x1),... f(Xm)}, M > 1, find a function p(X) ~ f(X).
Numerous methods exist, for example, least squares, interpolation, etc. The topic has been extensively discussed in a large
amount of literature. Here we mention only a few early books for reference, cf., [5,6,11,12].

In this paper we discuss a different approach, which seeks to construct the approximation p iteratively using only one
sample at a time. This results in a sequential approximation, which can become progressively more accurate as more data
are used. The implementation of the method requires only vector operations. In contrast, most of the classical approximation
methods require operations on a Vandermonde-like matrix, also known as model matrix, whose number of rows is the
number of samples and number of columns is the number of basis functions used to construct p. When the data set
is extraordinarily large, the classical methods can be challenging to implement, as they require declaring, storing, and
operating on, the extremely large model matrix. On the contrary, the current method uses one sample at a time and is not
affected by the size of the data set. The sequential approximation (SA) method is rooted on the recent work of randomized
approximation method [13,16], which was motivated by randomized Kaczmarz methods for linear system of equations
[14] that were further analyzed and extended in a series of work, cf., [10,17,4,7,9,3,15]. Convergence and error analysis
of the SA method were established in [13,16] for noiseless data. It was shown that the method can be highly efficient
for extremely large data set, especially for approximations in very high dimensional space. The major contributions of the
current paper are in two fronts: (1) We establish a broader framework for the SA method. In particular, we define a cost
function which measures the difference between the approximation and the current data sample and the difference between
two consecutive approximations. We then prove that the SA scheme is the minimization of the cost function. (2) Utilizing
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this new framework, we extend the application of the SA method to noisy data, which was not considered in the earlier
work [13,16]. We then further provide analysis of the numerical errors and establish convergence of the method. We prove
that when the noisy data samples are collected at independent and identically distributed (i.i.d.) random locations, the
expectation of the errors in the approximation shall have (tight) upper and lower bounds. Furthermore, when the sampling
locations follow a certain “optimal” probability measure, we derive the numerical error in a form of equality.

The paper is organized as follows. After setting up notation and preliminaries in Section 2, we present the general
framework for defining the sequential approximation methods in Section 3. Two special cases, which correspond to two
practical implementation procedures, are discussed. Theoretical results are presented for the errors of the methods. We
then present extensive numerical results in Section 4 to verify the theoretical results, before concluding the paper.

2. Setup

Consider the problem of approximating an unknown function f: D — R using its samples, where D CR%, d > 1, and is
equipped with a measure w. Let X = (x1,...,X4) be the coordinate and f € LEU(D), the standard Hilbert space with inner
product

(&2 = f gXh)dw(x),

D

and the corresponding induced norm || - ||L£). The measure w is assumed to be absolute continuous, and satisfy fD dw=1.
Let x, € D, k=1, ---, be a sequence of sample points and f(xy) be the function values at the samples. Let

fe=fx) +e,  k=1,..., (2.1)

be the sample data, where €, k=1, ---, are independent random noises with zero mean value and bounded variance, i.e.,

E(e) =0, E()=0%(x) <0f <400, k=1,.... (2.2)

The case of o =0 corresponds to the noiseless case.

Let V C LZ)(D) be a finite dimensional linear subspace with dimV = N > 1. We then seek p € V as an approximation to
f. Let {yj(x), j=1,..., N} be a basis of V. Without loss of generality, we assume the basis functions are orthogonal with
respect to the measure w, i.e.,

(Vi ¥j)2 =85, 1<ij<N. (2.3)

(Note that non-orthogonal basis can always be orthogonalized by the Gram-Schmidt procedure.) The approximation can
then be expressed as

N
PO =Y cjvri(x). (2.4)

j=1

Upon using vector notation

V) = (Y10, ..., n®) ,  e=(ct,....cn) (2.5)
the approximation can be written as
pXx) = (c, ¥(x)), (2.6)

where (-, -) is the standard vector inner product. The obvious goal is to compute the expansion coefficients c.
The best Li approximation of f in V is its orthogonal projection onto V, i.e.,

N
Pvf=) G = (€ ¥X), (2.7)

k=1
where
A AT R
¢=(C,.n0n) . &= 1<k<N. (2.8)

Throughout this paper we shall use Py f as the reference solution to examine the quality of the numerical approximation p,
in the form of ||p — PVf”L(ZD' or, equivalently, ||c — €| in vector 2-norm.
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3. Sequential approximation methods

In this section we present the sequential approximation methods. We first present a general mathematical framework
to define the methods. We then discuss a few special cases for practical implementation. Finally, we provide theoretical
analysis for the errors of the methods.

3.1. General method and its variations
The sequential approximation method is of iterative nature. From the linear subspace V, we choose an arbitrary initial

approximation p® (x). Then, at the k-th step, k=1, ..., when the sample (xi, fi) is available, we seek the k-th approxima-
tion as the solution of the following minimization problem.

0 (- 1) — - R UN N e
p™(X; ) =argmin | | p(X) —p* Y X)| , +—[pX) — fil ). (3.1)
peV Lo Yk
where y, >0, k=1, ---, are parameters, and the limiting case of y, =0 is defined as
&) (x- O -— : _ nk=1) 2 . _
p(x0):= argrr‘}m px)—prV(X) 2 ) subjectto  p(x) = fi. (3.2)
pe 7]

Hereafter we will omit the explicit dependence on y; and simply write p® (x), unless confusion arises otherwise.
The solution of this optimization problem can be explicitly derived.

Theorem 3.1. Fork=1, ..., let p® e V be expressed as

N
P00 =300 =, W), (3.3)
j=1

where the orthonormal basis (2.3) is used and the vector notations (2.5) are employed. Then the solution to (3.1), which includes the
special case (3.2), is

fr— p(k_])(xk)
N xp) 113 + Yk

or, equivalently, in the form of the expansion coefficients

p®x) =p*Dx) + U W), k=1,..., (3.4)

k—1
¢ — k=1 4 fie — (e ; V(X))
i) N5 + Vi

W(xe), k=1,.... (3.5)

Proof. See Appendix A. O

Equation (3.5) thus defines a simple algorithm for the implementation of sequential approximation, as follows.

e Start from an arbitrary initial choice of the coefficient vector ¢©, which defines the arbitrary initial approximation
0)
P (%).
e At k-th step, when the sample (X, fi) is available, use the scheme (3.5) to update the coefficient vector, which defines
the corresponding approximation p® (x).

An alternative way to interpret the scheme (3.5) is to view it as stochastic gradient descent (SGD) ([2]) for minimizing
the following objective function

ceRN
D

. 2
min / (te ¥@) - f0)) dox),

with randomly selected data points and a specific step size. However, we emphasize the following fact: in each iterative
step of SA, the k-th solution p® (x) is the exact solution to the proposed optimization problem (3.1). The form of (3.1) has
certain resemblance to Kalman filter, which was associated with the recursive least squares algorithm ([1]). Unlike any least
squares methods, the SA method is matrix-free and involves only vectors.

The sequential approximation (3.1), or equivalently, its implementation scheme (3.5), depends on the choice of the pa-
rameter Y. This parameter is related to the noise level in the data and becomes zero for the noiseless case. Here we discuss
two special cases.
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3.11. MethodI: yy =1
A natural choice for the parameter yj is a constant t > 0. This results in the following scheme.

_ (ck=1)

c , (X

¢ — ck=1) e —« . (Xk))
X)) ll5 + T

The constant T can be chosen according to the noise level in the data, i.e. T o op, where op is defined in (2.2). For
the noiseless case op = 0, one may set T = 0, which corresponds to the limiting optimization case (3.2). These choices
are intuitive from a practical point of view. On the other hand, our analysis in the following sections will show that the
convergence of the method can be achieved by an arbitrary choice of T > 0. We also remark that the limiting case of T =0
reproduces the randomized approximation method presented in [13,16], which considered only the noiseless case.

W(xg), k=1,.... (3.6)

3.1.2. Method II: yj = T ||\¥(x) |13
Again, let T > 0 be a constant. We set Yy =7 ||\Il(xk)||§. This gives us the following scheme.

k—
o _ ety Je= (e ”,\I«xkz))
(1+7) ¥ 113

We present this special case because it allows one to obtain certain “optimal” convergence, under certain conditions. Again,
the value of t can be set to be proportional to the noise level in the data, although the convergence of the method can be
obtained for any positive value of 7.

v(x,, k=1,.... (3.7)

3.2. Error analysis

In this section we present error analysis for the sequential approximation methods in the previous section. Qur analysis
is based on random sampling in the domain D and the errors are evaluated as expectations of the random sequences.

3.2.1. Notations
Since the parameter yj in the main method (3.5) depends on the iteration step, which in turn depends on the location
of the sample x;, we write Y, = ¥ (Xx). We then define the following measures

1
dif = ——du,
)13 + ¥ (%)
- W(x) ||
dom— VOB, (38)
(IeGOll5 + ¥ ()
dv=dj —do,
and let (-,-);2 and (-,-);2 be their corresponding inner products. Let
m v
E:(Zij)lg,-,jSN, Zij:(‘ph‘pj)%, 1<i,j<N, (3.9)
be a N x N covariance matrix. It is symmetric and positive definite, and has the following eigenvalue decomposition
*=Q"AQ,
where Q is orthogonal and A = diag{\1, A2, -+, An} with
Amax :=A1 > A2 > - = AN =: Amin > 0. (3.10)
Let
3, =3 ( L ) 311
* + (Wl W])LIZ) 1<i.j<N ( )
be another covariance matrix, whose eigenvalues are
Apax (= AT =23 > = AN =1 Ari, > 0. (312)
Again, upon using vector notations, we denote
e:(e1,e2,...,eN)T, e*:(eT,eﬁ,...,e}i,)T, (3.13)

where, for j=1,...,N,

ej=(f=Pvfvi)p.  ef=(f~Pvf i) (3.14)
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3.2.2. Errors for the general method (3.5)
For the general method (3.5), we first provide the following error bound on the solution coefficients.

Lemma 3.2. Let d i be the sampling measure from which the i.i.d. samples of the sequence X1, Xz, . . ., are drawn. Then the k-th iterative
solution of (3.5) satisfies

A

-l_k
€O — et + L e 4 By <B(Je —¢]?) < €@ — &]2k + LT Mhe 1 B,
)‘max )‘mm

where ¢ is the best Lz) projection coefficients (2.8),

re=1—Afax ru=1— A% (3.15)
and
E=If =Py Sl +1olfs.
1—rk
B(r) :=2e] <QTD<’<> MQUTE@—c?)+e)+ — E_le),
with

k(1 =)k
D(k) (T') dlag {d(k) . ,d;\’;)}, d(k) _ r ( l)

i _)\i(l—r—ki).
In the limit of k — oo,
2e] > le+ ¢ 2e]x e+ &
A = ll)n;lo]E ”c(k) HZ) — )\.*7
max min

Here, X and A* are the eigenvalues defined in (3.10) and (3.12), respectively.
Proof. See Appendix B. O
We then immediately have the error bounds for the k-th iterative solution.

Theorem 3.3. Let du be the sampling measure from which the i.i.d. samples of the sequence X1,Xa, ..., are drawn. Then the k-th
iterative solution of (3.4) satisfies

1-
E(lp® ~fliz) < If =Pu sl + 1@ =Py fliprt + e o),

max

and

]_k
(0% = 11) = 1~ P + 190 — Py st + 2= 4 5.

min
In the limit of k — oo,
2e/ T let+s 2 2 2e/Xle+&
22 S < lim B (o - 1) <[5 - s+ E

max min

| =Pvflg +

Proof. The proof is a direct consequence of Lemma 3.2, using the fact that |p® — f”ii =|f- PVf”iZJ + [|e® — é”;

3.2.3. Errors for Method I (3.6) with yy =T

Since Method I (3.6) is a special case of the general method (3.5), its errors can be directly derived from the error bounds
in the previous section. The following result is a different estimate of the upper bound. Although it is not as sharp as the
result from Lemma 3.2, it has a simpler form.

Theorem 3.4. Let du be the sampling measure from which the i.i.d. samples of the sequence X1,Xa, ..., are drawn. Then the k-th
iterative solution of (3.6) satisfies
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12 112 1
E(Hc(k) —cH2> <t |e® —¢| +—a-rh) (nf —PvfI% + ||o||fg), (3.16)
I ®

min

where
Ty =1— Amin- (3.17)
Proof. See Appendix C. O

If we choose a specific sampling measure for the sequence Xi, Xy, ..., then we have the following sharp error bounds.

Theorem 3.5. Let

UX)|2+T
ap WOIB+T
N+t
be the sampling measure from which the i.i.d. samples of the sequence X1, X2, ..., are drawn, then the k-th iterative solution of (3.6)

satisfies

E(1e® —&13) < 1 — &13r +nu (1 1) (uf ~Pv Sl + ||a||§5)),

(3.18)
E(le® — &) = 1c© — &i3r +ne (1-1f) (nf —PufI% + ||o||§30>,
where
Woup :=sup W13, Winr = inf [W0)|5,
xeD xeD
Woup + 27 Woup
ry=1-— , Mu=—""5--»
(N+7)(Wsyp +7) Woup + 27
_ Winf + 27 o WUpr
rgp=1————-"—>>:, Ne=——"--.
(N+17)(Winr+ 7) Wi + 27
In the limit of k — oo, we have
m(llf =Pvflij + ol ) < lim E(je® —&13) < (nf ~PvfIi% +lloll}, ) (3.19)
Proof. See Appendix D. O
It is worth mentioning that Wy, in the theorem can be infinity. The conclusion still holds in that case, with ry =1— N—1¢—r

and 1y, =1.

3.2.4. Errors for Method Il (3.7) with yy =T H\Il(xk)||§
Again, we first present a different upper bound of the error, which, albeit not as sharp as that of Lemma 3.2, possesses
a simpler form.

Theorem 3.6. Let diu be the sampling measure from which the i.i.d. samples of the sequence X1,Xa, ..., are drawn. Then the k-th
iterative solution of (3.7) satisfies

k
1-ry

B([e® —¢&3) < rkic® - &3+

1
_ 2 - 2
(nf 77vf||L122+1+r||0||L121>,

min

where
ry =1 — Amin-
Proof. The proof is similar to that of Theorem 3.4. O

We now present an error analysis based on a specific choice of sampling measure. Under this sampling measure, we
establish the error in a form of equality, which implies that the upper and lower bounds meet.
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Theorem 3.7. Let

[ (x)|3
du = —=dw,
% N de

be the sampling measure from which the i.i.d. samples of the sequence X1, X2, ..., are drawn. Then the k-th iterative solution of (3.7)
satisfies

k

1+27

E(c® —&|2) =r*1c@ — &3 +

(IIf—Pvf||f5)+ ||o||§g)>, (3.20)

where
1427
N(1+1)%

In the limit of k — oo,

. k) _ A 2 _ 1
kll)l‘l;.lo]E(“C C“Z)_ 14271

(IIf ~Pvflf + IIGIIf;U) (3.21)

Proof. See Appendix E. O

It is therefore obvious that one may choose a larger value for y, resp. T, to obtain smaller numerical error in the final
converged solution, at the expense of slower rate of convergence r.

3.2.5. Errors for the special case of y, =0

One can always set the parameter ), in the main method (3.5) to be zero. This special case recovers the method
presented in [13,16], which assumed the sample data are noiseless. Here we present an error estimate when data contain
noises in the form of (2.1).

Theorem 3.8. Assume yy, = 0, and let d . be the sampling measure from which the i.i.d. samples of the sequence X1, Xz, .. ., are drawn.
Then the k-th iterative solution of (3.5) satisfies
k) _ a2 k(0 _ a2 —ry 2 2
E([[c —¢]3) <rile® — &3 + —— (nf — Py fI% + ||o||Lz_),
1 mmk Iz i (3.22)
A2 A -
E([e® —¢[3) = rine® — &3+ —* (||f—7>vf||§z~ + ||a||§z_>,
max L i
where
Ty =1 — Amin, re=1— Amax. (3.23)
In the limit of k — oo,
. A2 1
—Pyfll% +lol% ) < lim E(|c® —¢|7) < —PyflI% +llol% ).
p— <||f VAl + ol ) < lim E(| [2) = 5 —(1F = Pv Iz +l017;
Proof. This is a direct corollary of Theorem 3.2 by noting e, =0 and d® =dji when y — 0. O
Using a specific sampling measure, the following result holds.
Theorem 3.9. Assume y}, = 0, and the
W(x) ||
dp = I ( )szw’ (3.24)
be the sampling measure from which the i.i.d. samples of the sequence X1, X3, ..., are drawn. Then the k-th iterative solution of (3.5)
satisfies
A2 N
E(Jc® —¢[3) =r 1@ — 13+ 1 - r")(llf ~Pvfl} + ||o||f5)>, (3.25)

where
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r=1—-1/N. (3.26)
Furthermore,

lim E(]|c¢® —¢

k— o0

2
D =IF =Py Sl + 1ol (3.27)

Proof. This is a direct corollary of Theorem 3.8. O

4. Numerical examples

In this section we present numerical examples to verify the properties of the proposed sequential approximation meth-
ods.

4.1. Setup

Without loss of generality, we consider polynomial approximation and let the subspace V be Hﬁ, the linear polynomial
subspace of polynomials of degree up to n > 1. That is,

l'[ﬂ := span{x! =x'f ~-de, li| <n}, (41)
where i = (i, ..., ig) is multi-index with |i| =iy + - - - + iy. Immediately, we have
g (n+dy  (n+d)!
N_dlml'[n_< J >— o (4.2)

We choose the domain to be hypercube, i.e., D =[—1,1]¢, and employ the normalized Legendre polynomials as the orthog-
onal basis. To demonstrate the properties in multiple dimensions d > 1, we present examples in d =2 and d = 10.

For benchmarking purpose, we use the following four multivariate functions as target functions. These are from [8] and
have been widely used for multi-dimensional function integration and approximation tests. They include

d

) 2
f1(X) = exp (— > af <x‘ ;r] - X,-) ) : (GAUSSIAN)

i=1

d
f2(x) =exp (— Y a
i=1

Xi

+1 ‘
2 Xi

) ;  (CONTINUOUS)

d ( H —(@d+1) ) (4.3)
Xi + .
f3(X) = (1 + ;ai 5 ) - wherea; = ;  (CORNER PEAK)
d 2\ —1
xi+1
fay =[] <ai_2 + < ‘;r - x,-) ) : (PRODUCT PEAK),
i=1
where @ = (ay, --- ,aq) are parameters controlling the difficulty of the functions, and x = (x1,---, xq) are shifting parame-
ters.
The convergence results are examined by the errors in the approximation p® at k-th step iteration, k =1, .... To evaluate

the errors we independently draw a set of dense samples, 20,000 for d =2 and 100,000 for d = 10, uniformly in the domain
and compute the difference between p® and the target function f at these sampling points. The vector 2-norm is then
used to report the difference. This gives us a numerical estimation to the error |p® — || 12 We then use this error to
verify the theoretical convergence results in Section 3.2.

To draw the random sequence Xi, X, ..., we employ several different probability measures: uniform distribution, ten-
sorized Chebyshev distribution, and the specific measures defined in the Theorems 3.5, 3.7, and 3.9. These specific measures
are not standard probability measures, but can be effectively produced by using Markov chain Monte Carlo method.

4.2. Two-dimensional case d = 2

We first present extensive numerical results in d = 2. All the results are averaged over 50 independent sample sequences
simulations. This is to verify our theoretical error estimates, which are expressed in term of expectation.
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-+ -Chebyshev b -+ -Chebyshev
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I 1 1 1 . 1
0 500 1000 1500 2000 0 500 1000 1500 2000

10° . .
-+ -Chebyshev b - +-Chebyshev
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—e—Specific % —o— Specific

1500 2000 0 500 1000 1500 2000

Fig. 4.1. Function approximation errors versus number of iterations for four test functions in (4.3) at d = 2 without noise. y, =0 is used in our method. Top
left: f1 with @a=(1,1) and x = (0.375,0.375); Top right: f, with a=(—2,1) and x = (0.25, —0.75); Bottom left: f3; Bottom right: f4 with a=(-1.5,1)
and x = (0.375,0.375).

4.2.1. Noiseless data

We first consider the case where the data contain no noise. Consequently, we set the parameter  in the methods to be
0. The errors in p® with respect to the iteration count k are plotted in Fig. 4.1, for all four test functions using Legendre
polynomials of degree n = 6. The sampling probability measures include the Chebyshev measure, uniform measure and
the specific (optimal) measure (3.24) in Theorem 3.9. Exponential convergence rate can be observed, where the Chebyshev
measure and the optimal measure exhibit similarly faster convergence.

We then examine the errors in the converged numerical results (at k — oo), for polynomial degrees n =1 to n = 8.
The results are shown in Fig. 4.2. For comparison, the errors of the orthogonal projection Pr f are also shown, which are
approximated by high-order numerical quadrature. One can see that the numerical errors of the proposed method are very
close to the errors of the orthogonal projection, as suggested by Theorems 3.8 and 3.9.

To verify the theoretical error bounds in Theorems 3.8 and 3.9, we accurately compute all the terms in the theoretical
estimates. (This is possible because we know the form of the target functions.) The comparison between the theoretical
bounds (in expectation) and numerical curves are shown in Fig. 4.3 for f; and n = 6. With the specific (optimal) measure,
the upper and lower bounds become the same, as the error analysis Theorem 3.9 is in the form of equality. The Chebyshev
measure produces very tight upper and lower bounds. This suggests that the Chebyshev measure, which be easily sampled,
is a good alternative to the optimal measure. The uniform measure produces wider bounds.

4.2.2. Noisy data

We now consider the case when data contain noises. We set the noises in the functions f; and f, to be Gaussian
distribution A(0,0.01%) and the noises in the functions f3 and f4 to follow uniform distribution 2/(—0.01,0.01). (The
results behave very similarly for other choices of noises.)

We first employ the Method 1 with T = o2. Fig. 4.4 gives the convergence of the errors with respect to the iteration
count for all the test functions in (4.3), for polynomial degree up to n = 6. Again, we observe the exponential type con-
vergence of the errors, and the results by Chebyshev and the specific measure in Theorem 3.5 are very similar. Due to the
presence of the noise, the converged errors become larger than those from the noiseless case shown in Fig. 4.1.

It is discovered that increasing T can reduce the approximation errors in the converged solutions, see Fig. 4.5 for the
results obtained by Method I with T =500. The convergence rate, however, becomes slower, and the behavior of uniform
sampling measure becomes closer to the specific one. Fig. 4.6 reports the approximation errors in the converged solutions for
different polynomial degrees from 1 to 8. Those plots further validate the above observation. Such impact of the parameter
choice 7 is already visible from the analysis, see, for example, Theorem 3.7. More detailed analysis of the parameter T shall
be pursued in a separate study.
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—e—Numerical errors ——Numerical errors
- + -Projection errors -+ -Projection errors

107 TN E

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

Fig. 4.2. Approximation errors in the converged solutions with respect to the polynomial degrees at d =2 for no noise data. y, = 0 is used in our method.
Top left: fi; with a=(1,1) and x = (0.375,0.375); Top right: f, with @ =(—2,1) and x = (0.25, —0.75); Bottom left: f3; Bottom right: f4 with a =
(=1.5,1) and x = (0.375,0.375).

0
10 10 10
— Upper bound ) — Upper bound — Upper bound
- Lower bound B - Lower bound - Lower bound
,‘ . e ) - :
10 ——Numerical 101 ——Numerical f 10 —e—Numerical
107 107 10
10° 10° 10°
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Fig. 4.3. Numerical approximation errors and theoretical error bounds from Theorem 3.9 at d =2 for y, =0 and no noise data: Chebyshev (left), uniform
(middle) and specific (right) measure.

We now verify the theoretical error bounds in Theorems 3.2, 3.3, 3.4 and 3.5, by numerically computing all the terms in
the theoretical analysis. The comparison between the theoretical bounds (in expectation) and numerical curves for f; and
n=6,t =500 is displayed in Fig. 4.7, where “simple bounds” denotes those given by Theorems 3.4 and 3.5. The results are
consistent with the theoretical findings, as the “simple bounds” from Theorems 3.4 and 3.5 are not as sharp as the bounds
from Theorem 3.2. (Again, the “simple bounds” possess simpler form and are easier to evaluate.)

We then test the proposed Method Il with T = o2, Fig. 4.8 shows the error convergence for all the test functions in (4.3)
by polynomials of degree up to n = 6. It is seen that Method II also exhibits the exponential type convergence with respect
to iteration count. The convergence behaviors are very similar to those of Method I in Fig. 4.4.

Again, we find that increasing t can reduce the approximation errors in the converged solutions, albeit at slower rate
of convergence. See Fig. 4.9 for the results obtained by Method Il with n =6 and 7 = 20. This is further validated by the
results given in Fig. 4.10, where the approximation errors in the converged solutions by using different polynomial degrees
are displayed.

We now verify the theoretical error bounds in Theorems 3.2, 3.3, 3.6 and 3.7, by numerically computing the terms in
the theory. The comparison between the theoretical bounds (in expectation) and the actual numerical convergence for the
function f; with n =6, 7 =20 is shown in Fig. 411, where the simple upper bound is that given in Theorem 3.6. The
numerical bounds are consistent with the theoretical bounds.
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Fig. 4.5. Same as Fig. 4.1 except for the data with noise and Method I with T = 500.

4.3. Ten-dimensional case d =10

We now focus on a higher dimension d = 10. Here all the numerical results are reported as those of single simulation.
We only show the results of approximating f; in (4.3) and assume that the data contain Gaussian noises of N(0,0.012), i.e.
with standard deviation o = 0.01. The results for the other functions in (4.3) behave very similarly and will not be shown.
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Fig. 4.7. Same as Fig. 4.3 except for the data with noise and Method I with T =500.

We employ Method I with T =¢2 and T = 10* and Method II with T =02 and 7 = 10. Fig. 4.12 shows the error
decay at polynomial degree n = 6 with respect to the number of iterations. We again observe the expected exponential
type convergence of the errors, for both methods using different sampling measures. Similar to the two-dimensional case,
with larger T we obtain smaller errors in the converged solutions, at the expense of slower rate of convergence. To further
demonstrate this phenomenon, we repeat the tests by using different degree of polynomials, and plot the approximation
errors in the converged solutions with respect to n in Fig. 4.13. The errors decay at higher polynomial degree, as expected,
and saturate at modest polynomial orders because the data noises become dominant. It is obvious that Increasing the
parameter t can reduce the errors in converged solutions for all polynomial degrees.

5. Conclusion

In this paper we presented a framework of sequential function approximation. The sequential approximation methods
are of iterative nature and utilize one data sample at each step. They render simple numerical implementations and can
handle practical problems with exceedingly large data set. This paper extends the earlier work of [13,16] to handle the case
of noisy data and also presents a more broader theoretical framework. The convergence and error estimates of the methods
were presented, along with numerous examples to demonstrate the effectiveness of the methods.
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Appendix A. Proof of Theorem 3.1

We start from the derivation of (3.5). By using the orthogonality of the basis v, the optimization problem (3.1) can be
rewritten into the following equivalent problem
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k .
c® = argmin J(c), (A1)
ceRN
where

1
Ji(©) = e — c* V|2 + - e WOx0) = ful?.

K

The function Jj(c) is a conveX, because its Hessian matrix is 2([ + ﬁ\lﬂ(xk)\ll(xk)T) which is positive definite. Thus the

problem (A.1) is a convex quadratic programming, whose solution is unique and solves

Tk (c)
acj

This can be written into vector form

1
c—ck D4 ;\If(xk)(\lf(xkfc — fi) =0,
k

or,

1 1
<l + —\I'(xk)\Il(xk)T>c =ck D4 — fw(xy).
Yk Yk

e 1 .
=2<cj—c§’ ”+%(<c,\1’<xk)>—fk)wj(xw)=0, j=1.2

,N.

(A2)
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Fig. 4.12. Function approximation errors versus number of iterations for f; (with a; =1 and x = 0.375) in (4.3) at d = 10 with data noise obeying
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Fig. 4.13. Approximation errors given by Method I (left) and II (right) in the converged solutions with respect to the polynomial degrees.

Note that the inverse of I+ %\Il(xk)\ll(xk)T is

- W )W(Xy) .
exolZ e

Therefore, we obtain from (A.2) the solution to (A.1),
_ 1
b= (I — —Z\I'(xw\I'(xk)T) <c<k Uy —fk\lf(x,a),
P x5 + Vi Yk
which delivers (3.5) upon further simplification. The result of (3.5) then follows directly from (3.4).
Next, we consider the limiting case of y; = 0 for problem (3.2). Its equivalent form is
¢® = argmin | c — ¢V H; subject to (¢, ¥(Xy)) = fi. (A3)
ceRN
Let
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o = et Se= (€7D )
1 (x4 113
then (c*, ¥(xy)) = fx, and

] e L e L (A4)

W (Xk).

where the relation

= (€D w(xy)
O Ieel3
= (€D w(xy))
o Ieewls
has been used. It is then clear from Eq. (A.4) that c* is the solution to problem (A.3).

(c—c*, ¢t — k) (€ —c*, W(xy))

(fk - fk) =0,

Appendix B. Proof of Lemma 3.2

To prove Theorem 3.2, we first introduce a preliminary result. For notational convenience and without loss of generality,
let us assume ¢@ = 0. For ¢@ =£ 0, we only need to consider the problem for approximating f(x) — (¢©, ¥(x)), and replace
¢ by (€ —c@) and ¢® by (c® — @),
B.1. Preliminary

At the k-th iteration, we introduce the notation E; to denote the expectation of the random sample x; and the noise ¢,
conditioned upon the previous (k — 1) random variables {X;}1<j<k—1, {€k}1<j<k—1. L€

Ex () = Exy e, C1X1, -+ X1, €1, -+, €k—1).
Lemma B.1. Assume that ¢© = 0. The k-th iterative solution of the algorithm (3.5) satisfies

Ec®)=Q"D¥qe, (B1)
where €= (1,02, -+ ,EN)T with ;= (f, Wj)L,Zi' and

A Ak Sy At 1= (1 =apk
D® — diag(d®, ... ,d{}, d;” = A—ll
Proof. By taking expectation on (3.5) we obtain

E(c®) =c* D 4 & - 2tV =q-3z)c* D 4¢
which implies

Ec®)=1-2)Ec* V) +¢.

Upon iteratively using this recursive relation, we then have

k
Ec®) =3 a-x)"¢

j=1

which further yields (B.1) via the eigenvalue decomposition of X. O
B.2. Proof of Lemma 3.2
We now complete the proof of Lemma 3.2.

Proof. The proof starts from the following equality
2 _ A “1y2
e (Rt

= e — &[5 +2(c* ) — &) "Ei(c® — *V) + i [ — <“V3). (B.2)

Ei ([ —¢
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The Ei(c® — ¢*=1) in the second term can be computed as

(e ) = [ (700 =Py o0 — (€ — & wo0) W
D
=e—3(ckD ¢, (B.3)

and the last term can be expressed as

B — V) / Ee,(F00 + 6 — (€, we0)) did

D

2
= [ (00 -Pu o0 = (et~ wixy) dao o 2,
D [
=+ (ck V) (kD —¢) —28T(ck V@), (B4)
where ¥ := ((1//,‘, l//j)Li)NxN =2¥—-X,, and e:= (51,52, cee ,éN)T =e —e, with Ej =(f—-Pvf, l//j)Lé.
By substituting (B.3) and (B.4) into (B.2), we then obtain
(e —23) = (€ =) (1= Z) () =)+ 26] (¢ -8 ¢
< (1 =) e® D —g)3 +2¢] (kD —¢) + & (B.5)

It follows that

E([c® —¢3) < (1 = 1) E(Jc* D —¢]3) +2e] (Ec* ) —¢) +¢
= rE( """ —2[) + G,

where

Gr-1=2¢] (Q"D* Qe —¢) + ¢,

and (B.1) has been used. Repeating the same operation (k — 1) times gives

E(e® —&[3) < ] r"+Zg] T

where the last term can be computed as

k—1 k—1
Zg, rk=i=1 =2e/Q (ZD(” rk=i= 1>Qc+(8 2e] C)X:rk_]_1
j=0 j=0

1—rk 1—rk
=2e] (Q D® (r,)QE + - “z c) (€ —2e] c)1 r”
—lu

T ATk ~ 1—r{j 1= A l_ru
=2e/(Q'D (ru)Qc-|-1_r (z7'e-0¢) |+ £

u )‘*mm
1—rk
=B(ry) + —¢.
A
min

Here € = X¢ + e has been used in the last equality. This completes the proof of the upper bound. Similarly, one can obtain
the lower bound. O

Appendix C. Proof of Theorem 3.4

Proof. The proof also starts from (B.2), where the last term is estimated as

2 07} 2
(10 - )= 31w e s ol
2
D
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2
< [ (£00-Pyro0 — (€Y~ wen) di+ o 2,
D w
=&+ (c* D =& (D —¢) —2eT (c*D —¢),
with & := | f =Py fI2, +lloII?,.
Hence, we have "
Ex([[e® —&3) = (" =) a-) (" - & +&
< (1= Amin) €% — &2 + &o.
It follows that
E(e —€3) < (1 = min) E(|e* ™ —€[3) + £0.

The proof is completed after repeating the same operation (k — 1) times. O
Appendix D. Proof of Theorem 3.5

Proof. Under the assumption, dji =
as

= NH, ande=0, X = N—Hl the proof also starts from (B.2), with the last term estimated

2
(”c(k) il ) 1 IEE(f(X)-‘er— (C(k_”,\ll(x)))zwdw

N+e) @3+
ke (1 =Py FIZ + 1t — @13 + o1, ).
(N+T)(‘Ijsup +7) Lo Lo
Hence, we have
12 1 a2 v
(e~ el3) e =€l + gy (I = Pu S i)
N Woup&
=1y c® D —¢|? sup®1

2 (N+T)(Wsup +7)
It follows that

e - 2 Yeuné1
]E<||c(k) —CHz) SruJE(“c(k 1 _C||2) + (N+T)S(uisup+r)
<... irﬁ”c(O) —f:“i—}— ‘lfsupgl ir{,

(N+ 1) (Wsup + 7) o
a2
=rk[e@ —&|; + & (1 —rf).

Similarly, one can prove the lower bound. O

Appendix E. Proof of Theorem 3.7

Proof. Under the assumption e, =0, we have X, = N21++21T)21 because of (1+1/7)dv =1+ t)do =dji =
(B.5) we have

Be(e® —&]5) = (* " - &) (- Z) (" V- g +¢

N(l+t) By using

k=1) _ & 1 2 2
=1 &+ gz (1 = Py +lo1, )
It follows that
N _ n 1
E(c® —¢&|2) =rE(|c* D —¢&|2) +m<||f—73vf|lig) - ||a||§30).

The proof is then completed after iteratively using the recursive relation. 0O
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Appendix F. A general result

Theorems 3.5, 3.7 and 3.9 can be regarded as special cases of the following general result.

Theorem F.1. Assume y;, = y (X), and the sampling measure is
U(x)|2 +y(x
_ &)l + ¥( )da)
N,
with N, =N + fD y (X)dw, then the k-th iterative solution of (3.5) satisfies

du

3

E(e® — &) < l1c® — &13r + nu (1-1f) <||f —PvfIL + ol )

and

E(Ie® — &) = e — &i3rt +ne (1-1f) (IIf =Pvfl} + ol )
where

rp=1- 2= 2 _

u— N* ’ 77u 92— \I/u )

o122 _ W

0= N Mgy
with

w(x)3 w(x)3
W, = sup I (2)||2 . W= inf | (2)||2 '
xeD W[5 + ¥ (%) xeD [¥(X)[|5 + ¥ (x)

Therefore

m(llf —Pvflf + ||a||§zw) < lim E(|lc® —&13) < (nf ~Pvflf; + ||a||i5)).

Proof. The proof is similar to that of Theorem 3.5. O
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