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Available online 20 February 2020 a quantum pressure term is employed to simulate the plasmon dynamics of free electron

fluid in different metallic nanostructures using a discontinuous Galerkin method. Numerical
benchmarks demonstrate that the proposed numerical method can simulate both the high

ﬁfﬁiﬁuous Galerkin method order harmonic generation and the nonlocal effect from metallic nanostructures. Based on
Maxwell equations the switch-on-and-off investigation, we can conclude that the quantum pressure term in
Gas dynamic model gas dynamics is responsible for the bulk plasmon resonance. In addition, for the dielectric-
Quantum pressure filled nano-cavity, a coupled effective polarization model is further adopted to investigate
Nonlocal effect the optical behavior of bound electrons. Concerning the numerical setting in this work, a

High order harmonic generation strengthened influence of bound electrons on the generation of high order harmonic waves

has been observed.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, there have been growing interests in complex optical phenomena associated with metallic nanostruc-
tures. One of them is the classical local optical response that features the macroscopic properties of materials. However,
for small metallic nanoparticles and metallic clusters, the experimental studies [5] have retrieved a size-dependent surface
resonance shift and a multiple bulk resonance at frequencies above the plasma frequency in the extinction cross sections
(ECS). These novel phenomena, which are not observed in the classical local response, are due to the instantaneous re-
sponse to the excitation in a nonlocal manner: D(x, w) = €y [ €(x, X, ) - E(¥’, w)d¥’, and thus are termed as the so-called
nonlocal effect. Here, D is the electric displacement, € is the electric permittivity in vacuum, € is the relative permittivity
tensor, w is the frequency, and E denotes the electric field. These plasmonic responses have found their wide applications
in biosensing [1], plasmonic waveguiding [3] and cancer therapy [15]. Another attractive optical phenomenon is the high
order harmonic generation, in particular, the second harmonic generation (SHG). Physically, the SHG is an optical process
in which an electromagnetic wave at the fundamental frequency interacts with metallic nanoparticles to generate a new
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wave with twice of the fundamental frequency. Experiments [12,13,19,26] have shown that the second harmonic wave can
be generated from various metamaterials. The SHG is of great importance with broad applications such as in development
of the laser sources [21], the optical parametric amplifiers [31], and imaging and microscopy technology [4].

There have been many numerical methods and models proposed to simulate the above optical phenomena in nanostruc-
tures. In [16], the authors generalized a finite-difference time domain (FDTD) method to simulate the SHG from metallic
nanostructures by using a fully coupled fluid-Maxwell system (called the nonlinear hydrodynamic Drude (NHD) model)
that was derived from the cold-plasma wave equations [32] and the Maxwell equations. In the coupled system, the charge
density p depends on the divergence of the electric field E, namely, o = €V - E. Since the normal electric field is discon-
tinuous at the dielectric-metal interface, the computation of the charge density is challenging. The authors introduced a
smooth transition layer between the metal and dielectric materials so that the ion density varies from its bulk value to zero
smoothly, leading to an efficient computation of V -E. In [14], a fully second order hydrodynamic model has been employed
to explore the mechanism of nonlocal feature on the nonlinear high order harmonic generation. In [2], an energy stable
discontinuous Galerkin method has been designed for the Maxwell equations in Kerr-Raman-type nonlinear optical media
for the simulation of third harmonic wave. Numerical investigations on the high order harmonic generation using a per-
turbation hydrodynamic model [32] and a fully hydrodynamic model [7,9] are also reported in literatures. Concerning the
nonlocal effect, a mixed finite element method (FEM) adopting the Nédélec element has been developed in [10] for simulat-
ing the nonlocal effect of a groove and a nanowire by using a nonlocal hydrodynamic Drude model in the two-dimensional
frequency domain. In [24], the authors developed an energy stable DGTD scheme to solve a linearized nonlocal dispersion
model for studying the nonlocal dispersion effect from the interaction of light with nanometer scale metallic structures. In
[29], the authors applied a hybridizable discontinuous Galerkin (HDG) method to solve the Maxwell equations coupled with
the nonlocal hydrodynamic Drude model in the frequency domain for computing the nonlocal electromagnetic effect from
a two-dimensional gold nanowire and a three-dimensional periodic annular nanogap structure.

In this paper, we employ a coupled system of the gas dynamic equations including the pressure term and the Maxwell
equations (also named as the hydrodynamic electron fluid Maxwell equations (HEFMEs) in [33]) to simulate both the
high-order harmonic generation and the nonlocal effect in metallic nanostructures using the high order Runge-Kutta dis-
continuous Galerkin (RKDG) method [6]. Analysis of an energy-stable discontinuous Galerkin (DG) method coupled with
leap-frog or trapezoidal time discretization schemes for simulating nonlinear optical phenomenons has been discussed
in [18]. We successfully simulate high-order harmonic generations from different arrays of periodically arranged metallic
nanostructures. In addition, by a switch-on-and-off numerical examination on different nonlinear terms, we conclude that
only the quantum pressure term is responsible for the nonlocal effects. In order to simulate the SHG from a metallic nanos-
tructure adjacent to a nanostructure with some kind of non-metallic material, we couple the HEFMEs with an effective
polarization model [23] to numerically investigate the influence of bound electrons on the generation of high order har-
monics. A strengthened influence of bound electrons on the generation of high order harmonic waves associated to the
numerical setting in this work has been successfully observed. A generalized Padé expansion model taking the bound elec-
trons into account has been formerly studied in [25] in which a high order upwind DG scheme on unstructured grid has
been proposed for numerical solutions.

In [9], Hille et al. developed a robust DG scheme with upwind numerical flux for Maxwell’s equations and Lax-
Friedrichs(LF) numerical flux for electron fluid equations to have a systematic numerical survey on the SHG based on the
coupled system. However, it is well known that, among all commonly used exact or approximate Riemann solvers, the LF
numerical flux will lead to much larger numerical errors than other exact or approximate Riemann solvers due to its large
amount of numerical viscosity, therefore, for long time wave propagation problem, a more robust and efficient approximate
Riemann solver is preferred. Here, inspired by the work in [22], we employ the Harten-Lax-van-Leer(HLL) numerical flux
for the simulation and make a comparison between the numerical solutions using HLL numerical flux and those using the
LF numerical flux. Numerical accuracy tests indicate that the HLL numerical flux produces a better performance that the LF
flux during our simulations.

This paper is organized as follows. In Section 2, we introduce the mathematical governing equations, and then formulate
in details the numerical scheme for solving the coupled system in Section 3. In Section 4, numerical tests on the nonlocal
effect and the second harmonic generation are presented to show the efficiency of the model and numerical method.
Conclusions are finally given in Section 5.

2. Mathematical model
2.1. Maxwell equations

The governing equations for the propagation of electromagnetic waves are the Maxwell equations
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Fig. 1. lllustration for the nanostructure.

Here, €, jto are the permittivity and the permeability in free space, respectively, E is the electric field, H is the magnetic
field, J denotes the current density generated by the motion of electrons in a metallic nanostructure and thus identically
equals to zero outside the metallic nanostructure, and Jp, is the bound current density which is trivial if the effect of bound
electrons is neglected.

2.2. Gas dynamic equations
As being shown in Fig. 1, Q, is a bounded domain occupied by a metallic nanostructure, which is excited by an external

electromagnetic field. From continuum mechanics, the motion of free electrons in the metallic nanostructure €2 satisfies
the following Euler equations

d(Meq - .

: aequ) + V- (Neqetle) =0, (3)

CTowe . o~ .1 . o~ . o~ .. Vp

me[8—;+(ue-v)ue]=qe(E+uouexH)—ymeue—ﬁ—p, (4)
e

where e, M, fle, U, denote the electron charge, mass, number density and velocity field, respectively. ¥ = 1/7 denotes

the relaxation time, the average time of collisions between the electrons and the ions. p = (3712)2/ 3(h2 /Srﬁe)ﬁg/ 3, with kA
being the Planck’s constant, is the electron gas pressure evaluated by the Thomas-Fermi theory [20]. We name equations
(1)-(4) as the HEFMEs which has been used in [9,33] for SHG simulations. Unlike the NHD in [16], the HEFMEs provides
a nonlocal description of free electrons by adding additional quantum pressure term. With its inherent nonlinearity, one
expects to be able to observe both the high-order harmonic generation and the nonlocal optical response in numerics using

this self-consistent model.
2.3. Polarization model

Let Q3 (see Fig. 1) be a bounded domain filled with some kind of non-metallic material, being adjacent to €2,. In the
domain €23, the electrons are subject to the linear and nonlinear restoring forces and can not leave far away from their
atomic nucleus. We call these electrons as the bound electrons. Let P be the polarization and J, be the bound current
density, respectively, an effective polarization model for bound charges can be obtained by using Newton’s second law and
neglecting the nonlinear restoring forces [23]

F)
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o (5)
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Here, fiy, P, @p denote the constant ion density, damping coefficient and resonance frequency for the bound electrons,
respectively, and ¢ denotes the speed of light in vacuum. We point out that this model defined on the domain Q3 is
coupled with the HEFMEs for the numerical simulation only when we consider the numerical test on the influence of
bound electrons (the last part in Section 4.2).
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Table 1
Unit system.

Physical quantity

Reference scale

Redefined quantity

N
=Y
B

Qi TSI M 2 T

Ly=1.0x10""m
to=Lo/c,c =1//Io€o

Eg=1.0x10"V/m
Ho=Eo/Z,Z=+/lno/€0
Jo=Eo/(ZLo)

Jo

toJo

po=¢€o0/Lo

wo=c/Lo

L=L/Ly
t=t/to
V=1LgV
8/0t =tgd/dt
E=E/Eg
H=H/Hy
J=J/Jo
Jb=I/Jo
P=P/(toJo)
p=p/Po
w=®/wy

2.4. Compact nondimensionalized forms

In this paper, we will investigate the nonlinear and nonlocal responses in numerics based on the HEFMEs. As pointed

out in [24], a simple 2D TE mode modeling is sufficient to produce the bulk plasmons for inducing the nonlocal effect.
Concerning the nonlinear responses such as the high order harmonic generation, the nonlinearity in the 2D HEFMEs in TE
mode is not adequate, and a full 3D simulation is preferred for numerical simulations. As a compromise in the current
work, we make an assumption of z-invariance for the materials to be considered which implies that the metamaterials
are uniformly infinitely arranged along the z axis. The following notation for the curl operator is used for the vector field
u = (Uy, Uy, Uz):

Assume that €1 ¢ R? is a finite truncation enclosing €2, U 23 inside. By defining the charge density § and the current
density J as follows

ﬁ:ﬁe‘je, j:ﬁﬁe,

we can write the equations (1)-(2) and (3)-(4) in the following compact hyperbolic system after a nondimensionalization
procedure according to Table 1

oUq .
T+V'F1(U1)=51(U2,U3), in Q¢ x [0, T], (7)
U, .
T"‘V'FZ(UZ):SZ(ULUZ), inQ; x [0,T], (8)

where F1(U1) = (F1(U1), G1(Uq)), F2(U2) = (F2(U3), G2(U3)). We could also formulate the polarization model into the
following compact ordinary differential system according to Table 1

du
= $3(U1.Us). in Q5 x[0.T]. 9)

In the above formulations,

HX O Ez O
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T is the final simulation time, and the subscript x (y or z) denotes the x (y or z) component of corresponding unknowns.

3. Numerical schemes

In this section, we will present the numerical method solving the equations (7)-(9). Let .7, be a partition of 2. For each
element K € %, we define the following finite dimensional discrete spaces consisting of piecewise polynomials with the
degree at most k

Vi =lUe <L2(91)>p Uk € (P"(K))p VK € T},
Wi, ={Ue (Lz(ﬂz))q Ul e (Pk(K))q VK € i},
VP i={Ue (L2(93))p Ul e (P"(K))p VK e $},

where %, = {K € 9 : K C Q2}, and ﬁh ={K € 9 : K C Q3}. We assume that the boundary of each subdomain €;, i =
1, 2, 3, belongs to the set of boundary of K, or contains the vertex nodes of K.

3.1. Schemes with the forward Euler time discretization

We start introducing the schemes with the first order forward Euler method for the time discretization, and the higher
order time discretization will be discussed in Section 3.2. The proposed schemes evolve the numerical solutions Uy, Uap
and Usy, which are assumed to be available at t =t", denoted by U}, € Vl? Qr uj, € W,‘l1 % and U}, € V,? Q5 and will be

computed at t = "' =" + At", denoted by U,\!, USF! and U

3.1.1. Updating U

To get U;‘,j], we apply to (7) with the DG method for the space discretization and the first order forward Euler method
for the time discretization. That is, to look for U7 e Vp g, for V@, e VP and VK € F, such that
fU'f,fl - Opdx = / Uf, - dpdx+ At" / F1(UY,) - VOrdx
K

— A" /7—[ i ymey . dthS—i—At”/S](UZh, Ul - pdx, (10)
K

where H1 (-, -) denotes the numerical flux evaluated on the interface between two adjacent elements, and U} int. Ul are

the traces of UY, on 9K evaluated from the interior and exterior of element K. In this paper, we employ the upwmd(UW)
numerical flux [17] given by

(YE—ng x B ™ 4-(Y E4-ng x )
4 Yg’i"t+Y:'EXt
t n,ext
Hy (U™, U =
1 Uth ’
(ZHAng x E)} ™ +-(ZH—ng xB)}™
Zz mt+zn Jext

ng X

—ng X

where Z = % =, /% denotes the local impedance, and ng denotes the unit outward normal of K.
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3.1.2. Updating U3+ and U
To get Ugﬁq, we apply to (8) with the DG method for the space discretization and the first order forward Euler method

for the time discretization. That is, to look for U”+1 ew? for VY, € W,‘: % and VK € ﬁh such that

h,Qy°

/Uﬁhﬂ -‘Phdx=/U3h~‘Ifndx+ Afn/Fz(Ugh)~V\IJhdx
K

— A" fq-[ (UL Yet)  gdS + AL /sz(u]h,ugh)-whdx, (11)
K

where H;(-, -) denotes the numerical flux evaluated on the interface between two adjacent elements, and U” mt, Ug;lm are

the traces of Ul), on 9K evaluated from the interior and exterior of element K. In [9], the following Lax- Fl‘ledl‘lChS (LF)
numerical flux is employed:

1 .
(Un int Un ext) = [F (Un lnt) ny + Fz(Un ext) ng — o (Urzlhext _ Ugilmt)] ’

where, " is taken as the absolute value of eigenvalues in the direction ng of the hyperbolic system. However, as pointed out
in [22], among the commonly employed exact or approximate Riemann solvers, the Lax-Friedrichs numerical flux introduces
a relatively large amount of numerical viscosity, therefore, for long time wave simulation, a more robust Riemann solver is
preferred. In this paper, we adopt the Harten-Lax-van Leer (HLL) numerical flux:

F(Un mt) ny if 0 < Sint’

H?LL(U" mt, n,ext SXF (UL 1y —S™ F(ULE)-ny 4SSO (ULEX Lty

Uy )= gt if S <0< S,

F(US™) -ng if  sext <,

where, S and S€* are simply taken as [30]
gint _ min(V'"t _ Cszt’ yext _ Cext) Cmt — §Kp’”t2/3, (12)

gext _ min(Vi"t + Cifnt’ vext 4 C‘}Xt), Cifnt — ngethB (13)

where V" and V! are the velocity components of the interior and exterior states with respect to the cell boundary 9K.
More advanced approximate Riemann solver, for example, an entropy stable numerical flux for the HEFMEs will be explored
in the future work.

Since (9) is an system of ordinary differential equations, with the first order forward Euler method we look for U’”’l
such that

6
Vi,

UG = Ug, + A'S3(UY, U, - (14)
3.2. Schemes with high order time discretizations

In the previous subsection, we have only discussed the first order forward Euler time discretization. To match the high
order accurate spatial DG discretization, the high order temporal discretizations will be used in the numerical implemen-
tation. Due to the presence of strong nonlinearity and complicated magneto-hydrodynamic coupling in this context, the
HEFMEs admit discontinuous solutions, and the nonphysical numerical oscillations may induce the blow-up of the simula-
tion. In [8], Gottlieb et al. proposed a strong stability preserving high-order time discretization scheme which is stable in
any norm and ensures total-variation-diminishing (TVD) numerical solutions. In this paper, we choose the third order TVD
Runge-Kutta method

UD =U" + At,£UM)

3 1
U@ = 7V —(U“) + Aty LU

1

Ut = 3U" 3 2WUP 4 AtaLU®)). (15)

We point out finally that the scheme (15) is a convex combination of the forward Euler time discretization.
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3.3. Numerical ingredients

Numerical investigations on complex optical phenomena are closely related to numerical settings. In this subsection, we
will describe in details numerical ingredients, including the initial conditions, and the interface and absorbing boundary
conditions, etc.

3.3.1. Initial conditions

Before excited by the electromagnetic fields, the electrons in the nanostructures are at rest if the thermal effect is

ignored. Under this circumstance, the electron number density is equal to the ion number density ng so that nanostructures
nqu

me

are electrically neutral, where ng could be evaluated via the plasma frequency w, = . Therefore, the initial conditions

are set as follows
E(x,0) =H(x,0) =0, in 1,
P (x,0) =qenp, u(x,0) =0, in Q,
P(x,0) =],(x,0) =0, in Q3.

3.3.2. Boundary conditions on I'y = 023

In order to solve the HEFMEs, two boundary conditions need to be prescribed, one of which is the boundary condition
on the metal surface I'; = 9€2;. At the microscopic level, the charge density p varies continuously across the dielectric-
metal interface, and there is actually a transition region with a scale of a few atomic diameters where the charge density
changes gradually down to be trivial [28,16]. However, the thickness of the transition layer is a negligible scale compared
to the finest mesh that we are able to afford in domain discretizations. This fact makes it impossible for us to implement
the ab-initio boundary condition in a macroscopic model [11]. We use a natural boundary condition in this work, namely
‘;—ﬁ = 0. For the current density J, we employ the so-called slip boundary condition, i.e. n-J=0. It implies that the current
density is prohibited to travel out of the nanoparticle surface in a normal direction with respect to the interface while a
tangential current shift is allowed. For the coupled polarization model, we do not need to specify any boundary conditions
as the governing equations are a set of ordinary differential equations.

3.3.3. Artificial boundary conditions on I'y = 924

We need to employ an artificial boundary enclosing €, U Q3, denoted by I'y = €21, for the practical computation. We
claim that there is no intersection between I'1 and the boundary of €, U Q3. In this paper, we use the uniaxial perfectly
matched layer (PML) [17] to absorb the electromagnetic waves propagating through the boundary I'y except for those tests
with particular specifications. Let €2, be the PML region (see Fig. 2) surrounding the finite truncation 21, and the modified
formulations for (7) in €, are written as

ou .
o TV FiUn =5,(U1.Uy). inQp x [0.T]. (16)
and
du; .
—~=S57,inQp x[0,T], (17)
dt
where
Qx"l‘(o'x_ay)Hx Qx —O'XQX—O'X(OX—Oy)HX
Qy + (oy —ox)Hy Qy —0yQy —oy(0oy —oxHy
Q;— (ox+0y)H; Q; —oxoyH,
Sp= , U= , S7=
Py + (0x — 0y)Ex Py —0xPy — ox(0x — 0y)Ex
Py + (oy —ox)Ey Py —oyPy —0oy(oy —0ox)Ey
P, — (ox+oy)E; P, —ox0yE;

Here, the parameters of the dissipative layer for absorbing the fields propagating in the i-th direction o; are given by

di\" .
0 =0Onp E , 1=XY,

where d;j, §,n denote the distance from the PML-vacuum interface, the thickness of PML, and the degree of polynomials,
respectively. o, is the maximum electric conductivity which can be determined by

R(O) — e—ZO'm(S/(TH—l) ,

where R(0) denotes the theoretical reflection at normal incidence. The equations (16)-(17) are solved by the RKDG method
as well.
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Fig. 4. Total-field and Scattered-field.

3.3.4. TF/SF technique
In order to stimulate the plasmon resonances in the metallic nanostructures, the initial conditions presented in 3.3.1 are
not sufficient, and an extra appropriate wave source should be added during the computation. In this paper, we take the
incident wave as a z-polarized Gaussian pulse modulated by the sine function
am(t—tg)?
7%) 27T
b , Wm = —,
Ao

where )¢ is the carrier center wavelength, E4 is the peak amplitude, t; is the pulse duration, and t; is the optical
bandwidth (see Fig. 3). To implement this source injection in simulations, since the popular method of hard source in
computational electromagnetics may produce backward-scattered waves in a longtime simulation, we apply in this work
the total-field/scattered-field (TF/SF) technique [27] which requires to divide the computational domain into a total-field

E; = E asin(wpt)e
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Fig. 5. Injection of sine plane wave via TF/SF, Left: Electric field E, without object. Right: Electric field E; with a square perfect electric conductor in total
zone. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

zone and a scattered-field zone (see Fig. 4) through a virtual TF/SF boundary F inside I'1. An incident wave is then intro-
duced into the total-field zone from the virtual boundary without introducing any nonphysical effects. Meanwhile, a simple
process on numerical fluxes along the virtual boundary allows us to realize this purpose efficiently and accurately (see
Fig. 5).

4. Numerical results

We present in this section numerical results which are computed based on the coupling system of (7)~(8) (J, =0 and Q3
is empty) except for the last case in Section 4.2 where we compute the HEFMEs (7)-(8) together with the polarization model
(9). In addition, all the simulations are performed with P¥(k = 1,2 or 3) elements on structured grids, and if not specified,
only numerical results approximated by fourth-order P3 elements are presented for illustration. All physical parameters and
numerical results, including the dimensions of nanostructures, are shown in nondimensionalized units. The time step At is
dynamically determined by

C
A=t

’

G 4 Gy
Ax+Ay

where ay = max(Juy| + ¢/, 1.0), ay = max(juy| + ¢/, 1.0), ¢/ =/ §k|p|%, Cepi is the CFL number taken as 0.3,0.18 and 0.1
for k=1,k =2 and k = 3 respectively.

4.1. Accuracy test

We start with a manufactured example to study the accuracy of the RKDG with two different numerical fluxes, termed
as RKDG-UW-LF and RKDG-UW-HLL respectively. We take k = 0.8, T?Tee =1,y =0.05 in the equations (7) and (8) and employ
the following functions as the manufactured solutions

p = 140.5sin2r(x+y — 2t)]
uy, = 1
uy =1
u, = 0
Hy = 0
Hy =0
H; = cosQmx)cos(2my)sin(4mat)
Ex = «acos(2mx)sin(2m y)cos(4mwat)
Ey = —asin(2wx)cos(2my)cos(4mat)
E, =0
V2

where o = 5. The computational domain is 23 = Q1 =[0, 1] x [0, 1]. Periodic boundary conditions are applied in both x—
and y-directions. In this experiment, the CFL numbers are taken as 0.3 and 0.18 for k =1 and k = 2, while for k = 3, to
maintain fourth-order accuracy in time, the time step is further restricted as dt = dt%/3 with Ces1 = 0.3. In Table 2, we list
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Table 2

Error table for p approximated by P!, P? and P> element at T = 1.0 with LF numerical flux (left) and HLL numerical flux

(right).
Mesh UW —LF UW —HLL

L? error Order L* error Order L? error Order L error Order

pl
10 x 10 3.50E-02 - 1.95E-01 - 2.03E-02 - 1.14E-01 -
20 x 20 8.74E-03 2.00 4.89E-02 2.00 4.37E-03 2.22 2.84E-02 2.00
40 x 40 2.20E-03 199 1.20E-02 2.03 1.02E-03 2.09 7.19E-03 198
80 x 80 5.51E-04 2.00 2.94E-03 2.03 2.53E-04 2.02 1.83E-03 198
160 x 160 1.38E-04 2.00 7.28E-04 2.01 6.28E-05 2.01 4.57E-04 2.00
p2
10x 10 5.78E-03 - 4.00E-02 - 2.11E-03 - 1.64E-02 -
20 x 20 7.11E-04 3.02 5.59E-03 2.84 2.50E-04 3.07 2.05E-03 3.00
40 x 40 8.34E-05 3.09 6.83E-04 3.03 3.00E-05 3.06 2.55E-04 3.01
80 x 80 1.02E-05 3.03 8.50E-05 3.01 3.71E-06 3.02 3.16E-05 3.01
160 x 160 1.30E-06 297 1.08E-05 2.98 4.63E-07 3.00 3.91E-06 3.01
p3
10x 10 3.40E-04 - 3.48E-03 - 1.68E-04 - 1.97E-03 -
20 x 20 2.86E-05 3.57 2.97E-04 3.55 1.08E-05 3.97 1.27E-04 3.96
40 x 40 2.07E-06 3.79 2.03E-05 3.87 6.88E-07 3.97 7.96E-06 4.00
80 x 80 1.36E-07 3.93 1.31E-06 3.96 4.24E-08 4.02 5.73E-07 3.80
160 x 160 8.61E-09 3.98 8.16E-08 4.00 2.64E-09 4.00 3.50E-08 4.03

the errors and the corresponding order of accuracy for p at T = 1.0. It shows that both schemes lead to optimal accuracy for
Pk approximations with k = 1, 2, 3. However, due to the fact that the LF numerical flux is more dissipative, the numerical
results in terms of LF numerical flux indicate a larger value on errors than those in term of the HLL numerical flux.

4.2. High-order harmonic generation

The high-order harmonic generation is a nonlinear optical process sensitive to the configurations of metallic nanostruc-
tures. In this test, we simulate the high-order harmonic generation from two typical metallic nanostructures, namely, an
array of rectangular nanostructures (see the left of Fig. 6) and an array of L-shaped nanostructures (see the middle of
Fig. 6). In addition, we also consider an array of L-shaped nanostructures with metallic materials and an array of rectan-
gular nanostructures with non-metallic materials (see the right of Fig. 6) for purpose of studying the influence of bound
electrons on the generation of high order harmonic waves. In our simulations, the nanostructures are arranged periodically
in x-direction with plasma frequency w, =4.560 x 1072, and y =2.160 x 10~4. For simplicity, we only focus on one single
structure by using periodic boundary condition in x-direction and PML in y-direction [16]. Measurements on the linear
response and the SHG signal can be computed in terms of the integrals of the electric fields E, and Ex along the probing
line S as follows

A 1
Elinear = ﬁ / E.ds,
S

~ 1
E = — [ Exds.
SHG |5|! X

We employ an uniform mesh Ax= Ay = 2.0 in the simulation and the final time T = 1.499 x 10°. Based on the accu-
racy study in section 4.1, we provide numerical results obtained by both the RKDG-UW-LF scheme and the RKDG-UW-HLL
scheme.

Firstly, we study the high order harmonic generation from the rectangular metallic nanostructures whose dimension is
shown in Fig. 6 (Left). In Fig. 7, we plot the time history of linear response and SHG. As being shown in Fig. 7, there
is no SHG from the rectangular metallic particle. This result is reasonable since the rectangular metallic nanostructure
possesses a perfect centrosymmetric property which leads to a vanishing second-order nonlinear optical susceptibility tensor
x @ prohibiting the SHG. However, the rectangular metallic nanostructure does allow for the third harmonic generation
(THG) since the symmetric property would not remove the third-order nonlinear optical susceptibility tensor x ®. In Fig. 8
(Left), spectrums of these responses are presented. In order to show the spectrums apparently, a zoom-in plot of the
spectrum is presented in Fig. 8 (Right). It can be observed that, the third-order harmonic generation (400), the fifth-order
harmonic generation (240) and the seventh-order harmonic generation (171.4) are captured in the simulation. We observe
that there is no significant difference between the results attained by RKDG-UW-LF scheme and RKDG-UW-HLL scheme,
respectively.
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Fig. 6. Setup for simulations of high-order harmonic generations. Left: rectangular metallic nanostructure; middle: L-shaped metallic nanostructure; right:
L-shaped metallic nanostructure adjacent to a rectangular non-metallic nanostructure.

Fig. 8. Spectrum with a rectangular nanostructure. Left: Spectrum of incident wave E,, transmitted wave Ey, E; right: Zoom-in plot of the spectrum.
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Then, we take an investigation on the high order harmonic generation from the L-shaped metallic nanostructures (see
Fig. 6 (middle) for the setup). In Fig. 9, we plot the time history of the linear response and the SHG. In Fig. 10 (Left),
spectrums of these responses are presented. Since the centrosymmetry is broken in this case, the second order harmonic
generation appears. As we can see from Fig. 10 that the fundamental wave (1200) can be frequency-doubled after propa-
gating through the nanostructure, and the higher order harmonic waves, such as the third-order harmonic generation (400),
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Fig. 9. Time history of electric fields from a L-shaped nanostructure.
: 107
Incident EZ
1 00 —Transmitted EX—LF
— Transmitted E,-LF o 0
% - - -Transmitted E -HLL © 10 7
< - -Transmitted E ~HLL ©
: S 107
° o
8 I
E T o
5 510 |
b P4
T T A A
400 600 1200 171.4 240 400 600
Wavelength Wavelength

Fig. 10. Spectrum with an L-shaped nanostructure. Left: Spectrum of incident wave E,, transmitted wave Ey, E,; right: Zoom-in plot of the spectrum.
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Fig. 11. Spectrum from a nanostructure with bound electrons. Left: Spectrum of transmitted wave Ey, E; right: Zoom-in plot of the spectrum.

the fifth-order harmonic generation (240) and the seventh-order harmonic generation (171.4) in the transmitted E, are also
captured in the simulation. The above results associated with both the rectangular and the L-shaped metallic nanostructures

are in a good agreement with those presented in [16]. Again, no significant difference between the results obtained by two
DG schemes is observed.
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Fig. 12. ECS calculated by nonlinear HD model for Ag nanowire with radius r = 2.0.

Finally, we investigate the high order harmonic generation from a L-shaped metallic nanostructure, with a rectangular
non-metallic material occupied nanostructure being located at its corner (see the right of Fig. 6), to study the influence of
bound electrons on the generation of high order harmonic waves. The simulation setting is the same as the L-shaped case.
In the simulations, we set n, = 58.0, wp = v/NpqZ/me, yp = 0.8y. In Fig. 11 (Left), spectrums of the linear and nonlinear
optical responses are presented, in comparison with spectrums obtained from the L-shaped metallic nanostructure in the
previous test. It can be observed that the SHG is enhanced when the interaction between the bound electrons and the
external electromagnetic waves has been taken into account.

4.3. Nonlocal effect

For small optical particles, especially for particles with size down to subwavelength, apart from the surface plasmon, the
bulk plasmon could be excited as well. In this test, we solve the HEFMEs in TE mode to investigate the nonlocal effect for
the Ag nanowire. As in [10], we choose the nanowire with radius r = 2.0, the plasma frequency w;, = 2.885 x 1072, and the
damping constant y = 0.01w;,. PML boundary conditions are employed in both x— and y-directions. To resolve the ECS in
the time domain, we introduce the x-polarized incident wave propagating in y-direction by the TF/SF technique and collect
the Fourier-transformed total field and scattered field on the TF/SF boundary. The ECS is calculated as follows

[rn-Ssca(@)dl

Csea(w) = ’
[Sinc(w)]
_ Jr - S (w)dl
Cas(@) =" g @

Cext (@) = Csca(w) + Caps(w)

where n denotes the outward unit normal to the TF/SF boundary F, and S, denotes the time averaged Poynting vector
1
Sp(w) = iEA(w) x H} (w) . (18)

Since this additional on-the-fly Fourier transform requires a big amount of computation, currently we can only provide P2
results on uniform grids Ax = Ay = 0.04 for this test. And due to the very small difference of two different numerical
fluxes, we here use RKDG-UW-LF scheme. We try to recover the normalized ECS with frequency ranges in 0.4wp-1.4w)
[10]. In the simulations, we adopt a short Gaussian pulse with t, =2.998, 1o =300 carrying effective information in the
range 0.4wp-1.4wp to perform a broad-band calculation. We simulate the optical interaction for a long time such that
the scattered field decays adequately into a steady state and we set the final time T =5.996 x 10* for this purpose. In
Fig. 12, we present the ECS being normalized with respect to the diameter of nanowire as a function of the normalized
angular frequency w/wp. It can be seen from Fig. 12 that the bulk plasmon resonances beyond the plasma frequency
can be excited with the 2D HEFMEs. A slight blue-shift (from w/wy, = 0.703 to w/w, = 0.714) of the surface plasmon
resonance has been retrieved in the ECS as well. In order to make a further exploration on the source for the appearance
of bulk plasmon resonances, we switch off the different nonlinear terms (quantum pressure term: kp>/3, convection terms:
pujuj,i, j=x,y,z magnetic terms: u;H;j—u;—H;, (i, j) = (x, y), (¥, 2), (z, X)) in the equation (8), and make the calculation
of the ECS, respectively. It can be observed from Fig. 12 that, apart from the ECS calculated from the 2D HEFMEs without
the quantum pressure term, i.e., the 2D NHD model, all other ECSs are in perfect match with the calculated ECSs associated
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Fig. 13. The bulk plasmon resonances of the current density (w/wp = 1.1835).

to the HEFMEs. This indicates that, among all three terms, the quantum pressure makes a unique contribution to appearance
of the nonlocal effect. In Fig. 13, we provide with the Fourier-transformed current density at w/wp = 1.1835. As it is shown,
the resonances, namely the bulk plasmon, get excited in the bulk of nanowire.

5. Conclusions

In this paper, we develop an RKDG method for Maxwell’s equations nonlinearly coupled with gas dynamic models with
both the quantum pressure and bound electrons being taken into account. In particular, in addition to using Lax-Friedrichs
numerical flux for electron fluid equation, we also consider using of the Harten-Lax-van-Leer numerical flux. It turns out
that the proposed RKDG-UW-HLL scheme is more accurate than the RKDG-UW-LF scheme for HEFMEs. Numerical results
show that high order harmonic waves can be produced from the L-shaped nanostructure and the rectangular nanostructure,
and the bulk plasmon resonance can be excited for the metallic nanowire. The effect of bound electrons on the generation
of high order harmonic waves has been confirmed in numerics. Meanwhile, a switch-on-and-off comparison reveals that the
quantum pressure term in the HEFMEs is essentially important for the production of nonlocal effects. More advanced ap-
proximate Riemann solvers, numerical investigations on the influence of spill-out electrons on these important and complex
optical phenomena associated to nanostructures with complex and irregular geometry, and three dimensional simulations
will be envisioned in our future work.
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