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to compactly supported wall deformations. The goal of imaging is to determine these
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of sensors that emits time harmonic probing waves and records the echoes. We present a
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Inverse scattering

1. Introduction and formulation of the problem

Sensor array imaging in waveguides has applications in underwater acoustics [3,35], nondestructive evaluation of slender
structures [16,27], imaging of and in tunnels [4,21,29], etc. It is a particular inverse wave scattering problem that has been
studied extensively for waveguides with known and simple geometry. The wave equation in such empty waveguides can be
solved with separation of variables and the wave field is a superposition of propagating, evanescent and possibly radiating
modes that do not interact with each other. A sample of the existing mathematical literature is [10,12,17,23,24,31-33,37]
and examples of imaging with experimental validation are in [25,26].

The problem is more difficult when the waveguide has variable and unknown geometry. Studies of wave propagation
in waveguides with random boundary [2,5,6,8,20] show that even small amplitude fluctuations of the walls can have a
significant scattering effect (i.e., mode coupling) over long distances of propagation, manifested by the randomization of
the wave field. While experiments like time reversal [5,18] take advantage of such net scattering, the uncertainty of the
boundary poses a serious impediment to imaging that has lead to proposals of new data processing and measurement
setups [1,5,7,9,19].

Here we consider a different type of wall deformations, with larger amplitude but compact support, and pursue a linear-
sampling approach for estimating these deformations and localized scatterers in the waveguide. Motivated by the application
of imaging in tunnels, we consider a waveguide that terminates, as illustrated in Fig. 1. For simplicity, we limit the study
to acoustic waves and to sound hard walls, but the linear sampling approach can be extended to other boundary conditions
and to electromagnetic and elastic waves. We refer to [11,13,36] for linear sampling imaging in waveguides with elastic
waves and to [36] for imaging with electromagnetic waves.
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Fig. 1. lllustration of the imaging setup in a terminating waveguide. The system of coordinates is & = (x, ) with range x measured from the end wall and
cross-range x in the cross-section X of the waveguide. The wall deformation of the waveguide is modeled by the boundary I' of the domain D drawn

in gray. A localized scatterer supported in €2 is drawn in black. The array of sensors lies in the set .A. The source and receiver locations are denoted by &
and ;.

Let us denote by W, the ideal waveguide with unperturbed walls modeled by the boundary dWV,, and use the system of
coordinates & = (x, z+) € R shown in Fig. 1, with range x measured along the axis of W,, starting from the end wall. The
cross-range coordinates = lie in the cross-section of W, denoted by X c R9~', This is a compact Lipschitz domain when
d =3, or an interval of finite length |X| when d = 2. In our system of coordinates we have

Wo=(~00,0) x X, W, = ((—oo, 0) x ax) U ({0} x x) (11)
and we model the unknown waveguide by

W=W,n R\ D), (1.2)

where D is a Lipschitz domain compactly supported in the sector (—x,,0) x X of W,, with part of the boundary dD lying
in aW,. We denote this part by I', and model the unknown waveguide walls by

F=93D\T, CW,, (1.3)

where the bar denotes the closure of I'y,. The waveguide is filled with a homogeneous medium (e.g. air) but it may contain
one or more impenetrable or penetrable scatterers supported in the compact set €2, satisfying

Qcwn ((—x*,O) xae). (14)

This is a Lipschitz domain or the union of a few disjoint such domains.
The imaging problem is to estimate I' and Q using data gathered by an array of ] , sensors located in the set

ACS{x 3 x X, x, <x<0, (1.5)

called the array aperture. The array probes the waveguide by emitting a time harmonic wave from one of the sensors,
at location &;, and measures the echoes u(,, &s) at all the sensors {Z;},—1...., I Although s and r are indexes in the
set {1,..., J 4}, we use them consistently to distinguish between the source and receiver. The data gathered successively,
with one source at a time, form the J, x J, response matrix (u(:?:r; 5’35))1<r,s<1A- The goal is to show with analysis and

numerical simulations how the linear sampling approach estimates I" and 2 from this matrix.
The paper is organized as follows: We begin in Section 2 with the estimation of I'. The estimation of both I and  is
considered in Section 3. The assessment with numerical simulations is in Section 4. We end with a summary in section 5.

2. Imaging wall deformations

We define in Section 2.1 the Green’s function in the unperturbed waveguide, which models the incident wave emitted
by a source in the array. The model of the scattered wave measured at the array is given in Section 2.2. The linear sampling
approach is analyzed in Section 2.3, for the case of a full aperture array. Imaging with a partial aperture array is described
in Section 2.4.

2.1. The incident wave field

Let us denote by G(Z, %) the Green’s function in the ideal waveguide W,, for an arbitrary source location ¢ = (y, y*) €
W,. The model of the incident wave emitted by the source at location Zs € A is then

u" (2, &) = G(@, &) (21)
The Green’s function satisfies the Helmholtz equation

(A +K2)G(@,§) =—8@ —§), TEW,, (2.2)
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where Az is the Laplacian with respect to & and k is the wavenumber. At the sound hard walls 3V, we have the boundary
condition
0G(z,y .
@Y o zeaw, (2.3)
o
where 1_5:2 denotes the outer unit normal at &, and for Z € W, with range coordinate x < y we impose the radiation
condition formulated precisely in Definition 2.1, which states that G(&, ) is a bounded and outgoing wave.
Due to the simple geometry of W,, the Green’s function can be written explicitly using the eigenfunctions {wj(wL)} j=0
of the Laplacian A in X, satisfying

—Api Y@t =ajpt), xteX,

() _

0, zteax, (2.4)
0Vt

where v, is the outer normal at a*, in the plane of ¥ C R4-1, The spectral theorem for compact self-adjoint linear
operators [22, Theorem 2.36] implies that these eigenfunctions form a complete orthonormal basis of L?(¥) and that the
eigenvalues 1 are real and non-negative. The first eigenvalue A, = 0 is simple and corresponds to the constant eigenfunction
Yo(xt) = 1/4/X]. The other eigenvalues satisfy

O=Xdo<A <A <..., 'lim)hj:oo. (2.5)
j—oo

The expression of the Green’s function is

oo

C@E. 9= ;llfj(yl)llfj(mL)<e"ﬁf"‘_y' + eiﬁi"‘+y'>, (2.6)
R
where
NIZEDYS i=0,1,...,],
Bj= (2.7)

i,/)»j—kz, i>1,

and ] is the largest index j such that A; < k2.

Note that at points & = (x, z1) € W, between the source at § = (y,y') and the end wall ie., for range x € (y,0),
the expression (2.6) consists of | 4+ 1 propagating modes {wj(mi)eiiﬂfx}ofjsj and infinitely many growing and decaying
(evanescent) modes {wj(ml-)eiiﬁi"} j> with complex amplitudes that depend on y. The propagating modes can be under-
stood as superpositions of plane waves with wave vector (£8;, k j), where k € R4~ has the square Euclidean norm Aj.
These waves propagate forward and backward in the range direction, at group speed

dBiN=' _ Bi ;
C(dk) _Ck’ J=0. ),

where ¢ is the wave speed in the homogeneous medium that fills the waveguide. The fastest mode indexed by j =10
propagates at speed c. The slowest mode corresponds to j = J and we assume that 1; < k2, so that B # 0. The wavenumber
is imaginary for indexes j > J and the modes grow or decay exponentially in range.

At points Z with range coordinate x < y, the expression (2.6) consists of J 4+ 1 outgoing (backward) propagating modes
{j(@)e~#*}o-j<; and infinitely many decaying (evanescent) modes {yj(z)e~"#i*};. ;. This is the explicit statement of
the radiation condition for the Green’s function.

2.2. The array response matrix

1

The scattered field u(&, Zs) due to the incident wave (2.1) is the function in Hy,.

(W) satisfying the Helmholtz equation

(Az +K)u(@, &) =0, Few, (2.8)
with the Neumann boundary conditions

ou(x, ¥ —
(ai Ts) _ 0. 9W,\T,. (2.9)
o,

ou(e, T 0G(Z, T -
@ xs) _96@.x)  ser, (2.10)
av av_..

P T
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at the sound hard walls, and the radiation condition at points Z € WV with range coordinate x < x,. Due to the assumption
that the wall deformation is supported in the range interval (x,,0), with x, < x,, the radiation condition is as in the
previous section:

Definition 2.1. The radiation condition at points & = (x, 1) € W with x < x, means that u(z, &;) is a superposition of J+1
backward going modes and infinitely many decaying modes,

o
UG, &) = Y ;@ Dyj@he P, E=@xal), x<x. (211)
j=0
Each term (mode) in the sum is a special solution of the Helmoltz equation in the sector (—oo, x,) x X of W. The complex
amplitudes o; depend on &; and I'.

The array is located far from the wall deformation, so the response matrix can be modeled as

J
Uy, &) ~ Y aj(@s, De Prayj@l),  VE,Zse A, (212)
j=0
where we neglect the evanescent waves.

2.3. The linear sampling approach

In this section we show how to use the linear sampling approach to estimate I from the array response matrix with
entries (2.12). In the analysis we assume that the sensors are located very close together in the array and we replace sums
over the sensor indexes by integrals over A. Although we keep the notation &5 and Z, for the source and receiver locations,
these are now vectors that vary continuously in .4. We begin with the case of full array aperture

A={x,) x X, (213)

and postpone until the next section the discussion for partial aperture. However we remark that the theoretical justification
of the linear sampling method for partial aperture remains unchanged.

2.3.1. Analysis of the linear sampling approach
Let us introduce the so-called near field integral operator N : L2(A) — L%(A) defined by

Ng@n) = [ dSs, u@r Gog@).  Vee (). FeA (214)
A

where we note that the assumption (2.13) implies that the cross-range components of Z,, Zs lie in X. By linear superpo-
sition, the function Ng(Z,) represents the scattered wave received at Z,, due to an illumination g(&s) from all the source
points Z; € A. The linear sampling method uses this g(Zs) as a control at the array, which focuses the wave at a point Z
in the imaging domain, so that the received wave Ng(&;) equals G(&;, Z). It turns out that the control function g is not
physical (i.e., it is not bounded in L?(A)) if Z ¢ D, and this leads to the linear sampling imaging approach.

Our analysis of the linear sampling method is based on the following factorization of the near field operator, proved in
appendix A:

Lemma 2.2. The operator N defined in (2.14) has the factorization

N=T">ATA=>T, (2.15)
where TA=T : [2(A4) —> H-? (T) is the operator
T4~ g(2) =05 /dS;cs G(Z.%5)g(&s), Vgel’(A), ZeT, (2.16)
A

and TT=A : H~3 (') — L2(A) is the operator defined by the trace T"~A f = w/| 4 of the solution of

(Az +KP)w(@) =0, Tew, (217)
dw(@ . _
W@ 0, Geow,\ Ty, (218)
o,
dw (@ ) _
W@ _ _t@),  @er (219)
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satisfying a radiation condition as in Definition 2.1.

We conclude from the factorization (2.15) that
range(N) C range(T"~4) c L?(A). (2.20)

We also see from (2.17)-(2.19) that the range of T' A consists of traces on .4 of functions that satisfy Helmholtz's equation
in W with homogeneous Neumann boundary conditions on 3W, \ T, and the radiation condition. An example of such a
function is G(Z, z) for any z € D. The next lemma, proved in appendix A, uses this observation to distinguish between
points inside and outside D.

Lemma 2.3. Let z be a search point in W,, between the array and the end wall. Then, z € D ifand only if G(-, 2)| 4 € range(TFﬁA).

Since T~ is unknown, we cannot determine the support of D directly from Lemma 2.3. We only know the near field
operator (2.14) with range satisfying (2.20). While G(-, Z)| 4 € range(T" ) implies the existence of f € H~7(T") such that
TT=>Af = G(-, Z)| 4, it is not clear that f is in range(TA_’r). The next lemma, proved in appendix A, shows that f can be
approximated arbitrarily well by some 7 € range(TA_’r) and, furthermore, that N? ~G(-, 2)|A.

Lemma 2.4. The linear operator TA~"" is bounded and has dense range in H™> (). The linear operator T' =4 is compact and has
dense range in L%(A).

Gathering the results in Lemmas 2.2-2.4, we can now prove the following result for the linear sampling approach:

Theorem 2.5. Let Z be a search point in W,, between the array and the end wall. For any & > 0 let g% L%(A) satisfy
INgE —G(, 2)ll2a) <€ (2.21)

(which obviously exists since the range of N is dense in L%(A)).
There are two possibilities:

1. If z € D, there exists a gg satisfying (2.21) such that the norm ||TA_’rg§ ”H_%(l‘) remains bounded as € — 0.

> £ Fofi : AT & _
2. If z ¢ D, for any g satisfying (2.21), slino IT gz ||H7% o= o0

This theorem says that it is possible to estimate the support of D and therefore the deformed walls I', from the magni-
tude of \|TA_’Fg§||H7%(F). However, this norm cannot be computed, because we do not know I' and therefore T4, To

obtain an imaging method, we use instead the norm ||g§||Lz(A). Recalling from Lemma 2.4 that TA~T is a bounded linear
operator, we have
ITA>Tgsl s

Z'H™2(r
8512y = W7 (2.22)

so if z ¢ D, we conclude from case 2 of Theorem 2.5 that lir% ||g§||Lz(A) = 00. However, if z € D we cannot guarantee
e—

that [|gZ |l 12(.4) femains bounded, because there may be large components of g% in the null space of TA=T_ Nevertheless,
we can control such components by searching for the minimum norm solution g% of (2.21) or, similarly, by minimizing
INg — G(, 2)||L2(A) using Tikhonov regularization, as explained in section 2.3.2.

Proof of Theorem 2.5. Let us begin with case 1., for search point z € D. By Lemma 2.3, we conclude that 3 f; € H_%(F)
such that

TI>Af2(2) =G(@, )| a. (2.23)

By Lemma 2.4, since range(TA_’r) is dense in H™> (I"), for any & > 0 there exists g% € L?(A) such that

&

224
Hoh ST A (2.24)

ITA=Tgs — fz)

where we used that TT~A is bounded, per Lemma 2.4. Then, the factorization in Lemma 2.2 and (2.23) give that this gg
satisfies
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INgE = GC DIy = [TT7AHTA7 8L = f2)lp ) <e (2.25)
We also have using the triangle inequality in (2.24) that

r
ITAZTge)

< z — | fz as ¢ — 0.
w-day = Ay Mzl g = Wz

2()

This proves case 1 of the theorem.
For case 2., let zZ ¢ D and conclude from Lemma 2.3 that Vf ¢ H~2 D),

ITT=Af =G B2 a > 0. (2.26)

Nevertheless, since G(Z, 2) € L>(A) for Z ¢ A and range(T' ) is dense in L?(A4) by Lemma 2.4, we can construct a
sequence {fy}p>1 in H‘%(F) such that

n 1
ITT A fa = GG )24y < - onzl (2.27)
Lemma 2.4 also states that range(T“A—’r) is dense in H—? (T"), so we can construct a sequence {gu}n>1 in L2(A) satisfying

1
-, n>1. (2.28)

TA—)F _ <
I &n fn”H’%(I‘) n

These results, the triangle inequality and Lemma 2.2 give

INgn — G(. D)l 2y = IT"7ATA7 gy — G(, )l 24

<17 AT g = f) | o gy T fr = G D20

ITT =4 +1
<
n

(2.29)

By the Archimedian property of real numbers, V¢ > 0, there exists a natural number N such that (||TF_’A|| + 1)/n < g, for
all n > N, so we have shown that (2.21) holds.

It remains to prove that the sequence {||TA*rgn||H7 ! (r)} . cannot be bounded. We argue by contradiction: Suppose
n>

that this sequence were bounded. Then, we obtain from (2.28) that {”f"”H*%(r)}”Z] is a bounded sequence, so there exists

a subsequence { fy,, }m>1 that converges weakly to some f € H-3 (T"). By (2.28) this means

TA>Tg, — f,  weaklyin H~2(I), (2.30)

and since TT—4 is compact by Lemma 2.4, we have
Ng,, =T/ 7ATA> g, TI=Af strongly in L2(A). (2.31)

But (2.27) implies that T'>A f = G(., 2)|A, which contradicts (2.26). This proves that the sequence {||TA_>an||H7% (r)}n>1

cannot be bounded, as stated in the theorem. O

Remark 1. The statement of Theorem 2.5, which is based on the validity of Lemmas 2.2-2.4, holds for any wave number
k € R with the exception of a discrete set of isolated values. These exceptional points correspond to either —k? being a
Neumann eigenvalue of the Laplacian in D or to values of k* at which the forward problem (2.8)-(2.11) is not uniquely
solvable. More details are in appendix A.

2.3.2. The imaging algorithm
Suppose that the imaging region is the sector (x;,0) x X of W), with x, > x , satisfying
X —X (2.32)

-
1 A ’
1By+1]

so that we can neglect all the evanescent modes. Using the mode decomposition of the scattered wave, we can rewrite
(2.21) as a linear least squares problem for a (J + 1) x (J + 1) linear system of equations. Indeed, by linear superposition,
we can decompose the scattered field as

U@, Ts) = Y uj(@)vj(xs), (2.33)

i=0
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where u (&) solves (2.8)-(2.11), with G(Z, &s) replaced in (2.10) by

Gj() = / dzy G(Z, Ts)¥j(xy).
x

Furthermore, we can represent the array response (2.12) by the (J +1) x (J + 1) matrix U= (Uj,jr)0<j<] with entries

Ujj= f da;- / day u(@s, &) V() vy (xy), (2.34)
x x

where we recall the assumption (2.13).
Neglecting the evanescent modes, we obtain from the definition (2.14) of the near field operator that

J
U@, &)~ Y Uj @)y (@), (2.35)
Jj.j'=0
and
J J J
Ng@)~) i@ ) Ujjgp=) vi@)(Ug),, VEreA (2.36)
j=0 j'=0 j=0
where g =(go, ..., g])T is the J 4+ 1 column vector with components
8= [ dot @iz, (237)
x
Moreover, using the assumption (2.32),
J
G@r.2)~ Y bjzvj(xy), (2.38)
j=0
with
bj z =/dmL Yi@hG@, 2,  E=@x,z0)eA (2.39)
x

Letting bz be the | + 1 column vector with components (2.39), we obtain that

J
Ng(@) — G(@r. 2~y wj(m,l)(Ug —bz),, VEecA (2.40)
j=0

The eigenfunctions are orthonormal, so we can write
INg = G(, 2124y ~ IUg — bzll2, (2.41)

where | - |2 is the Euclidean norm. The summary of the linear sampling algorithm for estimating I" is as follows:

Algorithm 2.6.
Input: The (J + 1) x (J + 1) matrix U and the imaging mesh.
Processing steps:

1. For a user defined small ¢ > 0, and for all z on the imaging mesh, solve the normal equations

(U'U +a’I)gz =U'bs, (2.42)

where U* is the Hermitian adjoint of U, I is the (J + 1) x (J + 1) identity matrix and «® is a positive Tikhonov
regularization parameter chosen according to the Morozov principle, so that

|Ugz —bzll2 =¢ligz 2.
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2. Calculate the indicator function

J(2) =

) (2.43)
lgzll2

Output: The estimate of the support of D is determined by the set of points Z where 7(Z) exceeds a user defined threshold.
The estimated wall deformation I" is the part of the boundary of D contained in W,.

2.4. Imaging with a partial aperture array

If the array does not cover the entire cross-section of the waveguide,

A=1{x,} x X4, XaCX, (2.44)

we can calculate the analogue of (2.34), the (J +1) x (J + 1) matrix UA = (U;Aj/)osj,j’s] with entries

Uy = / i / dosu(@s, E)Vj@ )y @), /=0 ). (245)
XA XA
This is related to U by
UA ~ MUM, (2.46)

where we used the approximation (2.35) and introduced the symmetric, positive semidefinite Gram matrix M =
(Mj jo<j,j'<J with entries

Mj,j’=/dwl‘/’j(wl)wj’(wl)’ ji'=0,....]. (2.47)
XA

While M equals the identity when the array has full aperture, at partial aperture it is poorly conditioned. Thus, we cannot
calculate U from (2.46) by inverting the Gramian M. If we let

M = Vdiag(oo, ..., o)V’ (2.48)

be the eigenvalue decomposition of M, with V= (vj)o<j<; the orthogonal matrix of eigenvectors vj, and with the eigenval-
ues in decreasing order 0, > 01 > ... >0 > 0, then we expect that

0<ojk1, Ju<j=], (2.49)
for some Jy < J. Then, we approximate U by

U=MU"M" ~ M'MUMM', (2.50)
with

M' =vdiag(ay ', ...,0},!,0,...,0V . (2.51)

Note that M"M is the orthogonal projection on span(vo, ..., Vjy)-
The imaging algorithm is almost the same as Algorithm 2.6, except that the input matrix is replaced by U, which we can
compute, and b is replaced by

b; =MMb;. (2.52)

To give a more concrete explanation of the effect of the aperture, let us use definition (2.34) and equation (2.50) to relate
U to the full aperture response

Im
U= )" vj’vf//dmf Pj(ﬂf:?)/ﬂ!wsl pj(xH)u(@r, Ts), (2.53)
JJ'=0 X X

where now &, & € {x ,} x X and

J
pi@) =) v @) (2.54)

=0
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The vector (2.52) is

b; = vj/d:cri pj(®H)G (@, 2), (2.55)
j=0 %

and if we use g defined in (2.37), we obtain

2
Im
g —ba13 =) | [ dutpaty | [ dotut@ 20E(E - 6(@n2) || | (2.56)
i=0% X
with
Im Im
@) =) piyvjg=Y pjx;) / dot pjxh)g((x,, «h). (2.57)
j=0 j=0 %
We can also define the analogue of (2.35)
J ~
U@ g =Y U@y
LI'=0
Im
= > pi@Hppyh) f da; pj(a®) / das pji( u(@y, Ts), (2.58)
J.i=0 x x

for all z,y € {x,} x X.
Note that {pj(:ci)}ofjfj is an orthogonal set in span{xpj(:ci), 0 < j < J}, satisfying

/de pi@Hpj(xt) =8, / dzt pj(@H)pjy(xt) =08 ;. (2.59)
x XA

Therefore, 1, Bg and g are projections of their continuum aperture counterparts on the subspace span{pj(a:l), 0<j=<]Jm}
The second relation in (2.59) shows that o; € [0, 1] and we must have

pj(h)~0inXy, for j=Ju+1,...,], (2.60)
and
pj(xt)~0 inX\ X4, for oj~1. (2.61)

We verify in the next section, for a two dimensional waveguide, that o; ~ 1 for 0 < j < J, where [y = [ J|X 4]/IX|] and
|X 4l, |X] are the lengths of the aperture and cross-section of the waveguide. Thus, the projection limits the support of the
functions to the array aperture .A.

2.4.1. lllustration in a two dimensional waveguide
In two dimensions, the cross-section of the waveguide is the interval X = (0, |X|) of length |X|. For the purpose of
explanation, we consider the array aperture

A=1{x,} x X4, Xa=1(0,]XaD, XAl <|X],

although the algorithm works! for any interval X 4 contained in (0, |X|). With our chosen ¥ 4 and using the eigenfunctions
(2.4) of the Laplacian

o1 oty [ 2 ”fwl> ;
Yo(x )—m, Yi(x—) = |3€|c05< x ) i=1, (2.62)

we obtain that the Gram matrix M is

1 As an illustration, we present in Fig. 6 results for X 4 = (0.3|X],0.7|X])..
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42 sinc ﬂf’%), j=0.1=j=]J
Mo 2.63
i XAl 2 sinc ﬂj%]&)’ j=01<j<], (2.63)

! [sine (w = gt ) +sine (v )] <0<

The eigenvalues of M are related to the eigenvalues of the (2] + 1) x (2] + 1) prolate matrix [30,34], which is symmetric
and Toeplitz

to t1 t2 ... 2
t1 to t1 ... b2y
. : X4l . < X Al
T=]| t2 t IR : , ti=——sinc|mTj——]). (2.64)
) x| ||
: t
tay ... ... t to.
To make the connection to M, we rewrite T as the matrix
XAl . ( C XAl .
Tjj=—rsinc\n(j—i)—), —-J=<ii=] (2.65)
SEY %]

using that tj_y =Tjy, for —J < j < j < J. This matrix has ] odd eigenvectors {7%}1<j<; for eigenvalues {07}1<j<; and
J + 1 even eigenvectors {r?}ofjfj for eigenvalues {aje}ofjfj. 0dd and even means that the components rl‘?j and r,‘fj of the
eigenvectors satisfy

o _ __o e _ _e —
T ="T T =T I=1,...,].

_qu
We are interested in the even spectrum of T, which determines the eigenvalues o; = crj‘? of M, with the eigenvectors
given by

V218, I=0
o O (2.66)

1<l<].

- . NT -
vj=(Vo,jy..-r V] ) vy j= .
g’ -

Then, we conclude from the known properties [30] of the spectrum of T that oj~1for 0<j< Jy = L] |3|€TA||J and that

0j~0 for j > Ju. Moreover, the orthogonal functions pj(:nL) defined in (2.54) are trigonometric polynomials supported
in X4 for 0<j< Jy and in X\ X4 for j > Jp, as stated in the previous section. At the threshold index j = Jy, the
polynomial pj,, (1) is sharply peaked at the end of the interval X 4 [30].

3. Imaging inside the waveguide with wall deformations

The analysis of the linear sampling method for estimating both the support Q of scatterers in the waveguide and the
wall deformation I' is very similar to that in the previous section, so we do not include it here and state directly the results.

The near field operator is defined as in (2.14), using the scattered wave u(Z,, Zs) at the array, and its factorization is
similar to (2.15)

N =T ATA=T.Q (3.1)

where the operators T'-2~A and TA~T2 are the analogues of T'>“ and T4~ defined in Lemma 2.2.
In the case of an impenetrable scatterer, the field u(Z, ;) satisfies

(Az +K)u(@, &) =0, Tew\Q, (3.2)
ou(z, . _
%:0, % e dW,\ T, (3.3)
T Ca 2
uEd) | 6EE)  .p 3
Bu(z, &) = —BG(Z, Ts), T €0Q, (3.5)

and the radiation condition in Definition 2.1, where Bu = u if the scatterer is sound soft and Bu = a5 _u if it is sound hard
(or more generally Bu maybe be a combination of Robin type).



566 L. Borcea et al. / Journal of Computational Physics 392 (2019) 556-577

For a penetrable scatterer, modeled by the square n®(z) of the index of refraction, with positive real part %(n?) > 0 and
non-negative imaginary part 3(n?) > 0, and with support of n?(Z) — 1 in €, the scattered field satisfies

(Az + K202 (@))u(@, T5) = —k*(n*(@) — DG(&, &5), TeW, (3.6)
. B
M:o, ZedW,\ Ty, (3.7)
AU
ou(E, & G (&, & .
U(ii Ts) __ (13 fEs)’ Zel. (3.8)
v, aw,

and the radiation condition in Definition 2.1.

The operators TT2>A and TA~T2 are defined as in Lemma 2.2, with T replaced by I' U 82, when the scatterer is
sound hard.

For a sound soft scatterer we define TA~T-2: [2(A) — H~3 (') x H? (3S2) by

-/ -

T4z 2) = (a5, [ dss, 6z 808 @0 [ dss, 6E G0 |. 39)
A A

for arbitrary points Z € I' and 2’ € 9Q and for arbitrary g € L2(A). The operator T™"2~A : H=3 (') x H2 (3Q) — L2(A)
takes arbitrary functions fr € H-3 (') and fyq € H? (3Q) and returns the trace T2 A(fr, fyq) = W|A of the solution of

(Az +K)w@) =0, TeW\Q, (3.10)
AW (@ . _
;"ﬁ(f") =0, ZcoW,\Ty, (3.11)
W (Z) - -
3 =—fr(@), zel, (3.12)
w(Z) = —fho(®), TeIQ, (3.13)

satisfying the radiation condition as in Definition 2.1.
For a penetrable scatterer, the operator TA~T-2: [2(A) — H™ (') x H'(Q) is

TAT gz, 2) = | o5, /dsisG(E,cﬁs)g(izg),/dsisG(E/,il's)g(is) , (3.14)
A A

for arbitrary points Z € T', 2 €  and functions g € L2(A). Moreover, the operator T"®~A : H=3 (') x H' () — L2(A) is
defined by the trace TD2>A(fr, fo) = W|A of the solution of the boundary value problem

(Az + 22 (@)w@) = -k (n* (@) — 1) fa(@), TeW, (3.15)
3;’;_@ =0, ZcoW,\Ty, (3.16)
8;";@ — _fr(@), ZeT, (317)

satisfying a radiation condition as in Definition 2.1, for arbitrary fr € H™? (") and fo € HY(RQ).
The analogue of Theorem 2.5 is:

Theorem 3.1. Let z be a search point in W,, between the array and the end wall. For any & > 0 let g§ € L2(A) satisfy
INgE — G, 2)ll2a) <&- (3.18)

Let H denote H™ > (U L) in the case of a sound hard scatterer, or H-3 rHu H? (0R2) for a sound soft scatterer, or H-? (MUHYQ)
for a penetrable scatterer. There are two possibilities:

1. If Z € DU, there exists a gg satisfying (3.18), such that ||TA_’F’Qg§ |lg remains bounded as € — O.
2. IfZ2¢ DU, for any g satisfying (3.18), lirr}) ITA=TLg ||y = o0
E—>
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Fig. 2. Reconstruction of wall deformations shown with a solid black line. The abscissa is range and the ordinate is cross-range scaled by |X|. Full aperture
data and J+1=10.

Remark 2. The statement of Theorem 3.1 also holds for any wave number k € R with the exception of a discrete set of
isolated values. In this case, in addition to the exceptional wave numbers in Remark 1, one has to exclude the values of k
for which —k? is an eigenvalue of the Laplacian in € with the respective boundary condition in the case of impenetrable
scatterer or a transmission eigenvalue in  in the case of penetrable scatterer (for the latter see [15]).

As in the previous section, the imaging is based on the indicator function 1/|/gz|2, which is expected to be very small
for points z ¢ DU Q. Algorithm 2.6 remains unchanged, which is useful because in practice it is not known if the waveguide
is empty or not. The case of a partial aperture array is handled the same way as in section 2.4.

4. Numerical results

We assess the performance of the linear sampling algorithm using numerical simulations in a two dimensional waveg-
uide. All the coordinates are scaled by the width |X| of the waveguide, and we vary the wavelength to get a smaller or
larger number of propagating modes

_ X
]+1_LkﬂJ+1.

The array data u(&,, Zs) are obtained by solving the wave equation in the sector (—8|X|,0) x (0, |¥X|) of the waveguide,
using the high performance multi-physics finite element software Netgen/NGSolve [28] and a perfectly matched layer at the
left end of the domain. The separation between the sensors is of the order of the wavelength, more precisely: % in the

case of 10 and 20 propagating modes, and % in the case of 50 propagating modes. The matrices U and U are calculated
as in (2.34) and (2.45), by approximating the integrals with Simpson’s quadrature rule. The data are contaminated with 2%
multiplicative noise, meaning that the ij-th entry of the contaminated matrix is U;j(1 4+ 0.026 ) where § is a uniformly
distributed random number between 0 and 1.

The imaging region is (—4|X|],0) x (0, |X|) and the array is at range x , = —5|X|. The images are obtained with Algo-
rithm 2.6 in the case of a full aperture A = {x ,} x (0, |X]) or its modification explained in section 2.4 in the case of partial
aperture A= {x,} x (0,]X 4]), with |X 4| < |X]|. For better visualization we display the logarithm of the indicator function
(2.43).

The first results, in Fig. 2-4 are obtained with a full aperture. In Fig. 2 we show the reconstruction of wall deformations
near the end of the waveguide, for a lower frequency probing wave corresponding to J + 1 = 10 propagating modes. The
resolution improves at higher frequencies, as illustrated in Fig. 3, where we show reconstructions of wall deformations using
J+1=10, 20 and 50 propagating modes.

In Fig. 4 we display images in a waveguide with wall deformations and a scatterer inside. The waveguide supports 50
propagating modes. The scatterer is impenetrable, with sound soft boundary in the top plot, and it is penetrable in the
bottom plot.

The effect of the aperture is illustrated in Fig. 5, in the waveguide considered in the top plot of Fig. 2, but this time the
number of propagating modes is increased to 20. As expected, the image is better for the larger aperture, but even when
X 4l/1%X| = 0.4, the wall deformation is clearly seen.

5. Summary
We analyzed a direct approach to imaging in a waveguide with reflecting walls and perturbed geometry. The perturbation

consists of localized wall deformations that are unknown and are to be determined as part of the imaging. The waveguide
may be empty or it may contain some localized, unknown scatterers. The data are gathered by an array of sensors that
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Fig. 3. Reconstruction of wall deformations shown with a solid black line. The abscissa is range and the ordinate is cross-range, scaled by |X|. Full aperture
data and from top to bottom: J + 1 =10, 20 and 50.

1

Fig. 4. Reconstruction of wall deformations and a scatterer shown with a solid black line. The abscissa is range and the ordinate is cross-range, scaled by
|%X]. Full aperture array data and J + 1=50. Top: sound-soft scatterer. Bottom: penetrable scatterer.

emits time harmonic probing waves and measures the scattered waves. Ideally, the array spans the entire cross-section of
the waveguide, but we also consider partial aperture arrays. Starting from first principles, we established a mathematical
foundation of the imaging algorithm. We also assessed its performance using numerical simulations in a two dimensional
waveguide.
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Appendix A. Proofs of Lemmas 2.2-2.4

We analyze first in Section A.1 the forward problem (2.8)-(2.11) for the scattered wave field. Then we prove the Lem-
mas 2.2-2.4 in Sections A.2-A.4.

A.1. Forward problem

Let us introduce the truncated waveguide

WL=WnNi(x,0) x X, XL <X_A<0, (A1)

between the wall at x =0 and the truncation boundary
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Fig. 5. Reconstruction of wall deformations shown with a solid black line. The abscissa is range and the ordinate is cross-range, scaled by |X|. Waveguide

with J +1=20. From top to bottom: (0, 0.9]X]), (0,0.6/X|) and (0, 0.4|X]) aperture.

Fig. 6. Reconstruction of wall deformations shown with a solid black line. The abscissa is range and the ordinate is cross-range, scaled by |X|. Waveguide

with J+1=20. (0.3|%],0.7|X]) aperture.

L={x}xX,

(A2)

and show that solving the problem (2.8)-(2.11) in the unbounded WV is equivalent to solving the following boundary value

problem in Wy :

(Az +Kk)u(@,25)=0, TeW,
u(Z, Ts)
v,
ou(x, Ts) G (x, Ts) R
= = - = ) T € Fv
av .. av_

@

=0, xedW\T,,

ou(x, Ts . -
——— = Aygu(x, y), xel.
o,
Here we introduced the Dirichlet to Neumann map (see also [12,36])
1 1 ad
Ac:HI(L) > H2(0), Mg@)|, =) iBjgjvas),
j=0

defined for all g € A? (L), with components

- / dzt (@ )g (. ).
x

The subspaces H? (L) of H 7 (L) for m = +1 correspond to functions that satisfy Neumann boundary conditions,

o0
HZ (L) = closure{v(wl) e span{yj(zt), j=>0}st Z(l +Aj)% vl < oo},

j=0

(A3)

(A4)

(A.5)

(A6)

(A7)

(A.8)

(A.9)
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where
=/dagL vi@hvat). (A10)
x

The norm in ﬁ%(ﬁ) is

=

IVlgg = [Z(l+x,>z|v,|] (A11)

and the duality pairing between H? (£) and 783 (L) is
x
wy=Y"viw;, VYveH 2(L), YweH2 (L), (A12)

where the star denotes complex conjugate.
Lemma A.1. The map Ay is bounded for any k. The map A; is negative definite and the map A — A; is compact.

Proof. We have by the definition (A.7) that

||Akg||fq —Z(l-l-k,) 218;g;I2 —Z(1+x>z|g,|2 'ﬂ"

-=Clg || ;
= 0

where we used definition (2.7) of ; to obtain the bound
IBil2  1k* — Al
1+ 1+
with constant C > 0 independent of j. This shows that Aj is bounded, for any k.
Using the duality pairing (A.12), the definition (2.7) with k replaced by i so that g; becomes i(1+ Aj)%, and

<dC,

Nig@)|, ==Y (A +apigyi@h),  VgeH (L), (A13)
j=0

we have for all g e H> (£) that

(Aig.g) = Z(1+A,>z|g]|2 ~lgl?, o
j=0

so A; is negative definite.
We also have from (A.7) and (A.13) that

o0

(A —ADg@)|, =Y [iBj+ A +aptlgvj@h),  VgeHI(L), (A14)
j=0

and we now show that in fact (A — Aj)g € A (£). Then, the compact embedding of A (£) in H? (L) gives that Ap — Aj

is compact.
Indeed, we have

[Ae—vely —Z(l +)2 i+ (122 1g

<Clgl : (A15)

for some positive constant C, because
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’(iﬁj—i— 1+Aj),/1+xj‘5cl, 0<j<]J, (A16)

and

iy + T+ VTF 0 = (VT+ = =) TH2;

B k2 +1
1+,/)xj—k2/,/)»j+1
<C, Jj>1] (A17)

where C; and C, are positive constants. Thus, (A.15) holds with C = max{C?, C%}. m]

A.11. Connection between the scattering problems in YV and Wy
Since problem (2.8)-(2.11) is stated in the infinite domain ¥ and problem (A.3)-(A.6) is stated in the truncated domain
Wy, we need the following lemma to make the connection:

Lemma A.2. Consider an arbitrary f € A (L) with the decomposition

fF@], =" fivj@h). (A18)

j=0

There exists a unique solution w € Hlloc((—oo, XL) X %) of the problem

(Az +K)w(@) =0, & e(—oo,x)xX, (A19)
a;";’(@ —0, Fe(—00,x) XX (A.20)
w@) = f(Z), FeL, (A21)

that satisfies a radiation condition as in Definition 2.1.

Proof. From the radiation condition we know that w is an outgoing and bounded wave that has the decomposition

o0
w@ =Y yie Y@, vi=@®ah), x<x, zteX. (A22)
j=0

This is a solution of (A.19)-(A.21) if

yi=fie*,  j=o0, (A23)
so the expression (A.22) becomes
00 .
w(@) =) fie P Wy @t). (A.24)
j=0

Let us check that this is a function in H} .((—o0, x) x X).

We have, for any £ < x;, by the orthonormality of the eigenbasis {1} ;>0 that

XL
I|W||f(—s,mxx) Z/dxfdeIW(i)lz
EoXx
XL

J 00
= -5 1fiP+ ) |fj|2fdxe2\ﬂﬂ<m>
=0

j=J+1 E
o0
<CY IfiP=Clf 12 < CIFIZ (A.25)
= j 2(0) = ﬁ%(c)!
j=0

where C is a positive constant that depends on &. Furthermore, using
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Vaw(@) = fie B0 (—ipjyath), Vi), (A.26)

j=0
the orthogonality relation
[clxL Vi) - Vjet) =185
x

and definition (2.7) of the mode wavenumbers, we obtain

XL ] 00
IVl ey = [ G 28 +iIfi 4 3 (B +apig el
& j=0 j=J+1

. = . 1 e=2Bl00-5]0, _ K
Ce—oR YR Y araphinpl=E Joi =)
=0 J=H (j— k)0 + 1)

<CIfI%, (A27)
H2(L)

for another positive constant C’ that depends on &. The bounds (A.25)-(A.27) and f € ﬁ%(ﬂ) imply that w €
H} ((—o0,x1) x X).

It remains to prove the uniqueness of the solution. If both w and w’ were solutions, then w — w’ would also be a
solution, for f replaced by 0 in (A.6). Then, the estimates (A.25)-(A.27) give that w — w’ =0, so the solution is unique. O

Theorem A.3. The scattering problem (2.8)-(2.11) is equivalent to the problem (A.3)-(A.6).

Proof. Suppose that u € HEOC(W) satisfies (2.8)-(2.11). Then, it has the mode expansion

o0
u(@. &)=Y ajpj@he P, VEe(—oo,x)x X, (A.28)
j=0

where we suppressed the dependence of «; on &; in the notation. We conclude that

oo
U@, &)|, =Y _ajpj@he (A.29)
j=0
isin H? (£) and using definition (A.7),
0 .
AU(E, &s)| = =0 U@, Ts)|, = Y iBjejvrj(@h)e P, (A.30)
j=0
as in (A.6). Thus, u satisfies (A.3)-(A.6).

Conversely, if u e Hlloc(W,_) solves (A.3)-(A.6), we can extend it to (—oo, x;) x X using the Dirichlet to Neumann map
(A.7) which is defined taking into consideration the radiation condition. O

A.1.2. Variational formulation and Fredholm alternative

Let v € H'(W}) be arbitrary. Multiplying equation (A.3) by its complex conjugate v*, integrating by parts and using the
boundary conditions (A.4)-(A.6), we obtain

/di: [viu(i,:‘c’s)-viv*(a*:)—kzu(&,is)v*(as)] —/dS@v*(:E)AiW(:i)

WL L
G (x, T5) ,
=— | dSz————Vv*(@).
/ T avi v (x)
r

Now let us introduce the sesquilinear forms a(-, -) and h(-,-) on H!(OWV}) x H' (W) and the antilinear form £(-) on H'(OV)}),
defined by
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a(w, v):/di: [V;cw(a?)-V@v*(:i)—l—w(:i)v*(:i)] —/dS;cv*(i:)Aiw(:E),

Wi L
h(w,v) =—k>+1) / dz w(Z)v*(z) — /dS@V*(:E)(Ak —ApHw (D),
Wi L
o) = —/dsi%v*@), Vw,veH 0.

r
The variational formulation of (A.3)-(A.6) is: Find u(-, &s) € H' (W) such that

a(u(, &), v) +h(uC, &), v) =L(v), VveH' W). (A31)

From Lemma A.1 we know that A; is negative definite, so it is easy to see that a(-,-) is coercive. We also know from
Lemma A.1 that Ay — A; is compact, so h(-,-) introduces a compact perturbation of a(-,-). By Fredholm’s alternative, the
solvability of (A.31) is equivalent to the uniqueness of the solution. Moreover, we have continuous dependence of u on the
incident field at T.

Theorem A4. Let k € R be a positive wavenumber such that

(Az +K)w@) =0, zTeWy, (A.32)
Iw () R _
55 =0 ZTE\L (A33)
aw (@ . .
# — AwW(@),  Fel={x)xX, (A34)

@

has only the trivial solution w = 0 in H'(W}). Then, there is a unique solution to (A.3)-(A.6), and by Theorem A.3 to (2.8)-(2.11), and
it satisfies

G (-, s)

S ) A.35
T (A35)

||U(',a_f:’s)||H1(wL) =C 4
H™2(D)

where C is a positive constant that depends on x;.

A.2. Proof of Lemma 2.2

Tr—A

Now that we proved the solvability of the forward problem (2.8)-(2.11), we can use the definition of in Lemma 2.2

to write

. — IG(, Ts)

u(@y, &) = |: 9%

F] (@r), TreA (A.36)

Substituting in the expression (2.14) of N we get

3 3G (., 7
Ng (&) = / ds, [TDAB(T‘%S)

F] (@ng(@s), Vgel*(A). (A.37)

The integrand is smooth, so we can pull out of the integral TT=A and the normal derivative and obtain

Ng(@) =T""4 aiifd&acuiarg@g (@) =TT ATA> T g(@)), (A.38)
A

where we used the definition of TA™T in Lemma 2.2. O
A.3. Proof of Lemma 2.3

Suppose first that z € D and let w(z) satisfy (2.17)-(2.19) with

9G(3. 3
ﬂ, zel,
v .

@

f@=-
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and the radiation condition as in Definition 2.1. Then,
v(x)=w(x) — G, 2)

solves (2.17)-(2.19) with f =0. By Theorem A.4, this means that v =0 so taking its trace on .4 we get
V(Z)=0=w(x) - G(&,2), IcA.

But w| , =T'>f, so we have shown that

TI>Af(3)=G(&,2), ZeA

or, equivalently, that G (&, 2)]A € range(TT~A).
Now let Z ¢ D and suppose for a contradiction argument that G(Z, 2)|A is in range(Tr_)A). Then, there must exist

fe H-3 (I") such that
TIAf@)=w@)=G6@&, 3), ZcA,
where w(z) satisfies (2.17)-(2.19) and the radiation condition. Define
v(Z) = w(Z) — G(, 2)
and note that it satisfies
(Az +K)v(@) =0, Ze(—00,x,)xX,
ov(z
affi) =0
v(Z)=0, ZTeA,

, :EG(—oo,xA)xE)%,

and the radiation condition. This problem is as in Lemma A.2, with f =0 and x; replaced by x ,. Thus, it has the unique

solution v =0 in Hlloc((—oo,xA) X %) By unique continuation, we can extend it to v =0 in W\ {Z}. However, this means

that w(z) = G(&, z2) which contradicts that w € HI]OC(W), due to the singularity of the Green’s function at =2z e W. O

AA4. Proof of Lemma 2.4

Since T is only part of the boundary 3V and 8D, we introduce the following Sobolev spaces on I'. Suppose that T,
TN @D\ and dD\T are Lipschitz dissections of the boundary dD. Following the notations in [22], with ®(dD) denoting
the space of C°°(dD) functions with compact support, let

DT ={p eD@OD): supp¢ C I'p}.
Then, we define

H¥ (') ={o|r: ¢ € H*(ID)},

H*(I") = closure of D(T') in H*(dD),
for s = j:%, where the dual of H5(T') is FI‘S(F).

Let us begin with the proof that T*~T is bounded. Because G(&, Z;) is smooth for Z ¢ A, we have that

V(i)=/d5i35(5¢,is)g(5s), Vg e L*(A),
A

is in H!((x,,0) x X). Moreover,
Aan(CT?)=/d55:5A5:G(53,53s)g(53s)=—kz/dsisc(i,is)g(is),
A A

so we can bound

1AzV(@)| <K / dS3,|G(&, Z9)g(@s)| < Cllgll2 -
A
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with some positive constant C. Here we used the Cauchy-Schwartz inequality and that G(z&, Zs) is bounded for Z ¢ A. Then,
we conclude from [14, Theorem 5.7] or [22, Lemma 4.3] that T“‘Hrg S H*%(F) and its norm is bounded by the |Ig|l;24)-
This shows that the linear operator TA~T is bounded.

To prove that TA>T has dense range in H™? (I'), we show that h A2 (I') must be zero if

(T*~Tg.h)=0, Vgel?(A),
where (-, -) denotes the duality pairing. Indeed if
d

v

z

(T4>Tg, h) = / dSzh*(2)
I

/dsa?sc(z’ Z5)g(xEs) =0,

for all g € L2(A) and h* is the conjugate of h, then by the reciprocity relation G(Z, &s) = G(&s, Z) and Fubini’s theorem we
conclude

/ dSz h*(Z)

r

IG(Zs, Z)
.

z

0, VI € A.

Let us define
G (Z, 2)
.

z

W@) = /ds; B )
r
and consider first & € (—o0, x ) x X. By Lemma A.2, with £ replaced by A and right hand side in (A.21) replaced by 0, we
conclude that w =0 in (—o0,x ) x X. Then, unique continuation yields that
0G(z, 2)
T,

z

w(E) = /ng ) 0. VEew.

r

Since the Green function G(Z, z) has the same singularity as the Green function for the free space [12], by the continuity
of the double-layer potential [22] we conclude that w satisfies

Azw(E) +KPw(@) =0, ZeD,
ow(T) _

— 0, T € 0D.
o, ¥

Assuming that —k? is not an eigenvalue of the Laplacian in D, we conclude that w =0 in D. Then, from the jump relations
for double-layer potentials (see for instance [22])

) =wh(Z) —w (2)=0, vzel.

This concludes the proof that TA>T has dense range in H*%(F).
Now let us study the operator TT—A defined in Lemma 2.2. For all ge A2 () let

- 0G(Z,2) . -
wg(x) = [ dS3 Tg(z)’ TeW,

z

r

and use the jump relations of double layer potentials to define

- ) 0G(Z,2) . -
fg(a’)=—E/d52 Tg(z)a czel.
r

Since wy satisfies (2.17)-(2.19) and the radiation condition, we can write
T Af (@) =we(@), #eA
To prove that range(Tr_)A) is dense in L2(A), we show that h € L2(A), satisfying

(TT>Afg k) =0, vgeHI(I),

must be zero. Here (-,-) denotes the L?(.A) inner product. Indeed, if
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(TP Af, h) _/dS h* (@ )[dsaw (3)=0, YgeHz(D),
a2 z
then, by the reciprocity relation G(&, Z) = G(2, Z) and by Fubini's theorem we have that
/dS h* (& )@ 0, Vzel. (A.39)
A
Let

v(Z):/dSih*(i:)G(E,i), zZeW\ A

Since A and T' do not intersect, we have from (A.39) that

av N
@ _o zer
8v4

Furthermore, from the definition of the Green'’s function,

Azv(Z)+k*v(Z) =0, ZeD,
v (2)
v

z

=0, zedD.

Assuming that —k? is not an eigenvalue of the Lapacian in D, we conclude that v =0 in D. Unique continuation yields
1
further that v=0in WnN(x,,0) x X and from the jump relations of the single-layer potential we get that v =0 in H2 (A).
Then, it follows from Lemma A.2 that v =0 in (—o0, x ,) x X. The function h is obtained from the jump relations for the
single layer potentials
v*(w) v (Z)

N@) = VZ e A
h* (@) = 75, %, ~ O ieA

This proves that TT~A has dense range in L?(A).
Finally, from the properties of the solution of (2.17)-(2.19) and the radiation condition we have that

=Clfell -1

w _ Tl"—)A
Iwlall g o =0T el g o = ClFell g

HZ (A

The compact embedding of H 5 (A) in L2(A) gives that TI=>A js compact. O
References

[1] S. Acosta, R. Alonso, L. Borcea, Source estimation with incoherent waves in random waveguides, Inverse Probl. 31 (3) (2015) 035013.
[2] R. Alonso, L. Borcea, J. Garnier, Wave propagation in waveguides with random boundaries, Commun. Math. Sci. 11 (1) (2012) 233-267.
[3] A.B. Baggeroer, W.A. Kuperman, P.N. Mikhalevsky, An overview of matched field methods in ocean acoustics, IEEE J. Ocean. Eng. 18 (4) (1993) 401-424.
[4] M.D. Bedford, G.A. Kennedy, Modeling microwave propagation in natural caves passages, IEEE Trans. Antennas Propag. 62 (12) (2014) 6463-6471.
[5] L. Borcea, J. Garnier, Paraxial coupling of propagating modes in three-dimensional waveguides with random boundaries, Multiscale Model. Simul. 12 (2)
(2014) 832-878.
[6] L. Borcea, ]. Garnier, Pulse reflection in a random waveguide with a turning point, Multiscale Model. Simul. 15 (4) (2017) 1472-1501.
[7] L. Borcea, J. Garnier, A ghost imaging modality in a random waveguide, arXiv preprint, arXiv:1804.00549, 2018.
[8] L. Borcea, J. Garnier, D. Wood, Transport of power in random waveguides with turning points, Commun. Math. Sci. 15 (8) (2017) 2327-2371.
[9] L. Borcea, L. Issa, C. Tsogka, Source localization in random acoustic waveguides, Multiscale Model. Simul. 8 (5) (2010) 1981-2022.
[10] L. Borcea, D.L. Nguyen, Imaging with electromagnetic waves in terminating waveguides, Inverse Probl. Imaging 10 (2016) 915-941.
[11] L. Bourgeois, F. Le Louér, E. Lunéville, On the use of lamb modes in the linear sampling method for elastic waveguides, Inverse Probl. 27 (5) (2011)
055001.
[12] L. Bourgeois, E. Lunéville, The linear sampling method in a waveguide: a modal formulation, Inverse Probl. 24 (1) (2008) 015018.
[13] L. Bourgeois, E. Lunéville, On the use of the linear sampling method to identify cracks in elastic waveguides, Inverse Probl. 29 (2) (2013) 025017.
[14] F. Cakoni, D. Colton, Qualitative Approach to Inverse Scattering Theory, Springer, 2016.
[15] F. Cakoni, D. Colton, H. Haddar, Inverse Scattering Theory and Transmission Eigenvalues, CBMS-NSF Regional Conference Series in Applied Mathematics,
vol. 88, SIAM, Philadelphia, PA, 2016.
[16] VK. Chillara, CJ. Lissenden, Review of nonlinear ultrasonic guided wave nondestructive evaluation: theory, numerics, and experiments, Opt. Eng. 55 (1)
(2015) 011002.
[17] S. Dediu, J.R. McLaughlin, Recovering inhomogeneities in a waveguide using eigensystem decomposition, Inverse Probl. 22 (4) (2006) 1227.
[18] J. Garnier, G. Papanicolaou, Pulse propagation and time reversal in random waveguides, SIAM ]. Appl. Math. 67 (6) (2007) 1718-1739.
[19] C. Gomez, Loss of resolution for the time reversal of wave in underwater acoustic random channels, Math. Models Methods Appl. Sci. 23 (11) (2013)
2065-2210.
[20] C. Gomez, Wave propagation in underwater acoustic waveguides with rough boundaries, Commun. Math. Sci. 13 (2015) 2005-2052.


http://refhub.elsevier.com/S0021-9991(19)30326-2/bib61636F73746132303135736F75726365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib616C6F6E736F3230313177617665s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6261676765726F6572313939336F76657276696577s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626564666F7264323031346D6F64656C696E67s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F7263656132303134706172617869616Cs1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F7263656132303134706172617869616Cs1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F726365613230313770756C7365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F726365613230313867686F7374s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F72636561323031377472616E73706F7274s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F7263656132303130736F75726365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F7263656132303135696D6167696E67s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F757267656F697332303131757365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F757267656F697332303131757365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F757267656F6973323030386C696E656172s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib626F757267656F697332303133757365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib63616B6F6E69323031367175616C69746174697665s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib434348s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib434348s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6368696C6C61726132303135726576696577s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6368696C6C61726132303135726576696577s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6465646975323030367265636F766572696E67s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6761726E6965723230303770756C7365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib476F6D657As1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib476F6D657As1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib476F6D657A31s1

L. Borcea et al. / Journal of Computational Physics 392 (2019) 556-577 577

[21] A. Haack, ]J. Schreyer, G. Jackel, State-of-the-art of non-destructive testing methods for determining the state of a tunnel lining, Tunn. Undergr. Space
Technol. Inc. Trenchless Technol. Res. 10 (4) (1995) 413-431.

[22] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University Press, 2000.

[23] P. Monk, V. Selgas, Sampling type methods for an inverse waveguide problem, Inverse Probl. Imaging 6 (4) (2012) 709-747.

[24] P. Monk, V. Selgas, An inverse acoustic waveguide problem in the time domain, Inverse Probl. 32 (5) (2016) 055001.

[25] N. Mordant, C. Prada, M. Fink, Highly resolved detection and selective focusing in a waveguide using the dort method, J. Acoust. Soc. Am. 105 (5)
(1999) 2634-2642.

[26] E.D. Philippe, C. Prada, J. de Rosny, D. Clorennec, J.G. Minonzio, M. Fink, Characterization of an elastic target in a shallow water waveguide by decom-
position of the time-reversal operator, J. Acoust. Soc. Am. 124 (2) (2008) 779-787.

[27] P. Rizzo, A. Marzani, J. Bruck, et al., Ultrasonic guided waves for nondestructive evaluation/structural health monitoring of trusses, Meas. Sci. Technol.
21 (4) (2010) 045701.

[28] J. Schoberl, Netgen an advancing front 2d/3d-mesh generator based on abstract rules, Comput. Vis. Sci. 1 (1) (1997) 41-52.

[29] T. Schultz, D. Bowen, G. Unger, R.H. Lyon, Remote acoustical reconstruction of cave and pipe geometries, J. Acoust. Soc. Am. 121 (5) (2007) 3155.

[30] D. Slepian, Prolate spheroidal wave functions, Fourier analysis, and uncertainty—v: the discrete case, Bell Syst. Tech. ]. 57 (5) (1978) 1371-1430.

[31] J. Sun, C. Zheng, Reconstruction of obstacles embedded in waveguides, Contemp. Math. 586 (2013) 341-350.

[32] C. Tsogka, D.A. Mitsoudis, S. Papadimitropoulos, Selective imaging of extended reflectors in two-dimensional waveguides, SIAM ]. Imaging Sci. 6 (4)
(2013) 2714-2739.

[33] C. Tsogka, D.A. Mitsoudis, S. Papadimitropoulos, Imaging extended reflectors in a terminating waveguide, arXiv preprint, arXiv:1711.10593, 2017.

[34] J.M. Varah, The prolate matrix, Linear Algebra Appl. 187 (1993) 269-278.

[35] A. Wirgin, Special section: inverse problems in underwater acoustics, Inverse Probl. 16 (2000) 1619.

[36] Fan Yang, Scattering and Inverse Scattering in the Presence of Complex Background Media, PhD thesis, University of Delaware, 2015.

[37] R. Zhang, ]J. Sun, The reconstruction of obstacles in a waveguide using finite elements, ]. Comput. Math. 36 (1) (2018) 29-46.


http://refhub.elsevier.com/S0021-9991(19)30326-2/bib686161636B313939357374617465s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib686161636B313939357374617465s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6D636C65616E323030307374726F6E676C79s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6D6F6E6B3230313273616D706C696E67s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6D6F6E6B32303136696E7665727365s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6D6F7264616E7431393939686967686C79s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib6D6F7264616E7431393939686967686C79s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib7068696C6970706532303038636861726163746572697A6174696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib7068696C6970706532303038636861726163746572697A6174696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib72697A7A6F32303130756C747261736F6E6963s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib72697A7A6F32303130756C747261736F6E6963s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib7363686F6265726C313939376E657467656Es1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib736368756C747A3230303772656D6F7465s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib736C657069616Es1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib73756E323031337265636F6E737472756374696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib74736F676B613230313373656C656374697665s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib74736F676B613230313373656C656374697665s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib74736F676B6132303137696D6167696E67s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib7661726168s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib576972676932303030s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib79616E673230313573636174746572696E67s1
http://refhub.elsevier.com/S0021-9991(19)30326-2/bib7A68616E67323031387265636F6E737472756374696F6Es1

	A direct approach to imaging in a waveguide with perturbed geometry
	1 Introduction and formulation of the problem
	2 Imaging wall deformations
	2.1 The incident wave ﬁeld
	2.2 The array response matrix
	2.3 The linear sampling approach
	2.3.1 Analysis of the linear sampling approach
	2.3.2 The imaging algorithm

	2.4 Imaging with a partial aperture array
	2.4.1 Illustration in a two dimensional waveguide


	3 Imaging inside the waveguide with wall deformations
	4 Numerical results
	5 Summary
	Acknowledgements
	Appendix A Proofs of Lemmas 2.2-2.4
	A.1 Forward problem
	A.1.1 Connection between the scattering problems in W and WL
	A.1.2 Variational formulation and Fredholm alternative

	A.2 Proof of Lemma 2.2
	A.3 Proof of Lemma 2.3
	A.4 Proof of Lemma 2.4

	References


