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Hyperbolicity

1. Introduction

Many physical problem settings can be described by hyperbolic systems of conservation laws, however, crucial data or
parameters might not be available exactly due to measurement errors and thus have non-deterministic effects on the ap-
proximation of the deterministic systems. The modeling of the propagation of this uncertainty into the solution is the topic
of Uncertainty Quantification (UQ). In this context, UQ methods [3,23,26-28,42,49] are gaining more and more popularity,
whereas we distinguish between two approaches, namely the so-called non-intrusive and intrusive schemes. In addition
to that, recent developments also introduce so-called semi-intrusive [2] or weakly intrusive [41,52] methods, which only
require small modifications in the deterministic solvers.

The most widely known non-intrusive UQ method is (Multi-Level) Monte Carlo [18,21,31] which is based on statistical
sampling methods and can be easily implemented and adopted to any type of uncertain conservation law, but comes with
potentially high cost due to repeated application of e.g. finite volume methods (FVM). These so-called MC-FVM schemes
have been studied in [35,38] showing a slow convergence rate that is improved by Multi-Level MC-FVM algorithms for
conservation laws [36,37]. Another non-intrusive UQ scheme is stochastic collocation [61], further developments of this
method are described in [32,39,60].

Intrusive UQ methods aim to increase the overall efficiency but require a modification of the underlying solver for the
deterministic problem (as FVM). The most popular methods are the Intrusive Polynomial Moment (IPM) method [25,43]
and the stochastic Galerkin (sG) scheme. They both rely on the generalized Polynomial Chaos (gPC) expansion [1,8,56,62]
which is theoretically based on the Polynomial Chaos expansion from [59]. IPM expands the stochastic solution in the so-
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called entropic variables, which results in a hyperbolic gPC system that yields a good approximation quality, however, it is
necessary to know a strictly convex entropy solution beforehand. Stochastic Galerkin expands the solution in the conserved
variables such that the gPC system results in a weak formulation of the equations with respect to the stochastic variable.

For many non-hyperbolic equations, the underlying random field is sufficiently smooth in the stochasticity such that the
sG method is superior to Monte Carlo type methods since the gPC approach exhibits spectral convergence [5,17,63]. The
biggest challenge of UQ methods for hyperbolic conservation laws lies in the fact that discontinuities in the physical space
propagate into the solution manifold [7]. The naive usage of sG for nonlinear hyperbolic problems even typically fails [3,43]
since the polynomial expansion of discontinuous data yields huge oscillations that results in the loss of hyperbolicity. In
order to resolve this problem, we apply the hyperbolicity limiter from [15,45] to the classical sG approach. In addition to
that, the authors of [57] introduced the so-called Multi-Element approach, where the random space is divided into disjoint
elements in order to define local gPC approximations. Further developments of this method can be found in [54,55,58].

Within this article, we show a simple example of the linear transport equation with uncertain wave speed, supplemented
with Riemann initial data, that still produces oscillations in the gPC expansion [6,32,43]. For this reason, we propose a robust
numerical method that is able to deal with this kind of Gibbs oscillations. We combine the hyperbolicity limiter and Multi-
Element ansatz with a weighted essentially non-oscillatory (WENO) reconstruction [13,22,40,44,53] in the physical space
to deduce a high-order method and apply a slope limiter in the stochastic variable. Furthermore, we consider a full two-
dimensional WENO reconstruction in both the physical and stochastic domain, motivated by the stochastic finite volume
method from [52]. We compare the performance of both methods by considering the total variation for various numerical
test cases.

Further intrusive UQ methods that aim to damp oscillations induced by the Gibbs phenomenon are given for example
in [27], where filters are applied to the gPC coefficients of the stochastic Galerkin approximation. Filters are a common
technique from kinetic theory [33], allowing a numerically cheap reduction of oscillations. Moreover, if the entropy of
the underlying system is known, the IPM method [43] may be used to control oscillations since they are bounded to a
certain range though the entropy. Another development of this method can be found in [25], proposing a second-order [PM
scheme which fulfills the maximum principle. In this article, we want to explore additional strategies that aim on reducing
oscillations by using slope limiting and WENO techniques in sG.

The paper is structured as follows. In Section 2 we describe our problem setting, that is the system of uncertain con-
servation laws which we discretize in the stochastic domain by the stochastic Galerkin scheme. We then demonstrate the
propagation of Gibbs phenomenon by an introductory example which yields to the definition of the stochastic slope limiter.
Section 3 formulates the weighted essentially non-oscillatory stochastic Galerkin scheme such as a full 2D WENO recon-
struction of the conservation law. Finally, we show some numerical results in Section 4, demonstrating the reduction of the
total variation for our methods compared to classical stochastic Galerkin.

2. Modeling uncertainties

We consider stochastic conservation laws of the form
0 d
EU(LX,E) + &f(u(t,x,f;‘), £)=0, for xe X, t>0,£€E, (2.1a)
with physical domain X C R, stochastic domain & C R and initial conditions given by

u0,x, &) =u®x,£), forxeX, £ck. (2.1b)
Depending on X, additional boundary conditions have to be prescribed. The solution u € RY is depending on a one-
dimensional random variable & with probability space (E,F,P) and probability density function fz(¢): 8 - R;. We
abuse notation and denote the random space of this uncertainty by E:=&(E) and write & also for the realizations of the
random variable.

Definition 2.1. The system (2.1) is called hyperbolic, if for any u € R? the matrix % has d real eigenvalues and is diago-
nalizable.

Remark 2.2. The existence and uniqueness of a so-called random entropy solution to (2.1) is proved in [36]. They correspond
P almost everywhere to entropy solutions in the deterministic case which is discussed in KruZkov’s theorem [24]. Here, we
assume that (2.1) has an entropy - entropy flux pair that satisfies the entropy inequality. For more information on this topic,
we refer to [34,35].

2.1. Stochastic Galerkin

We seek for an approximate solution by a finite-term generalized Polynomial Chaos (gPC) expansion (see e.g. [19])
Kg

u(t, x, &)~ Y w(t, X) i(8), (22)

k=0
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where the polynomials ¢, of degree k are supposed to satisfy the orthogonality relation

/¢k($)¢z($)fs(‘§)dé=5kz, (2.3)

for k,1=0,..., Kz. Inserting (2.2) into (2.1) and applying a Galerkin projection in the stochastic space leads to the so called
stochastic Galerkin system

1+—/ (Zuk(ﬁk)(f’lfudg 0, (2.4)

with [ =0, ..., Kg. For example, the expected value and variance of u are given by

B ~ / Zum fade = Zuk / fucbo f=d = uo, 25)

k= k=

Kz

V(u) ~ f (Zukqsk) fedg - uo—Zuk, (2.6)

since (2.3) yields ¢o9 = 1. Higher statistical moments and correlation functions can be obtained analogously. For a detailed
uncertainty quantification study of the underlying random conservation law, the gPC expansion (2.2) may additionally be
used for a sensitivity analysis as discussed in [49,51].

2.2. Multielement ansatz

For discontinuous solutions, the gPC approach may converge slowly or even fail to converge, cf. [43,55]. As presented in
[15,57], we therefore apply the Multielement approach, where E is divided into disjoint elements with local gPC approxi-
mations of (2.1).

We assume that E = (£;,£r) and define a decomposition of E into Ng Multielements 8; = (£;,£;41) of width Af =

(633
& 5“ for every j=1,...,Ng.

Remark 2.3. If the random variable & is defined on an unbounded domain (with unbounded support), for example in the
case of a normal distribution, we refer to the strategy proposed in [57]. Here, the idea is to subdivide R into three elements
(—o0, a), [—a, a], (a, o0) and choose a € R such that the tail probability satisfies (X > a) < € for some small € > 0. Due
to the small probability of the tail elements, one performs the ME method only on [—a, a]. This technique will introduce a
small error by restricting the domain to [—a, a]. Another strategy is to map the random variable to the interval [0, 1] via
the cumulative distribution function, then applying the Multielement approach on [0, 1], and finally mapping it back using
the quantile, i.e. the inverse cumulative distribution function.

Moreover, we introduce an indicator variable x;: & — {0, 1} on every random element

1 if§egj,
(&)= 2.7
X&) {0 else, (2.7)
with j=1,...,Ng. If we let {¢ j(&)};2, be orthonormal polynomials with respect to a conditional probability density
function on the Multielement E;, j=1,..., Ng, the global approximation (2.2) can be written as in [15]
Ng Nz Kg
ut, X, &)=Y wit. x.H)xjE ~ Y > it X)x (€)X (E). (2.8)
j=1 j=1k=0

As Ng, Kg — oo, the local approximation converges to the global solution in Ly(E), cf. [4]. The calculation of the expected
value and the variance can be found in [15].

The stochastic Galerkin scheme is then applied to every Multielement separately due to the disjoint decomposition of
the random space and we come up with the following ME stochastic Galerkin system

Nz Ks

Dt (30D w0000 ) e =0, 29)

g j=1k=0

]
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for[=0,...,Kg and j=1,...,Nz.
Comparing this ME stochastic Galerkin system to sG without the ME approach in (2.4), we observe that the complexity
increases since the sG system has now to be solved in each Multielement Ej, for j=1,..., Ng.

2.3. Propagation of the Gibbs phenomenon

In the following section we want to illustrate oscillations that appear within a simple example of an uncertain scalar
linear advection equation due to the presence of Gibbs phenomenon, which arises when discontinuous data is interpolated
with orthogonal basis functions. Further examples to this topic can be found in [6,32,43]. We additionally show that the
multi-element method from Section 2.2 is not sufficient to prevent oscillations in our test case.

As introductory example, we consider the one-dimensional hyperbolic problem

8u—i—a(é) 8u—O (2.10)

at ax '
with d =1, x € (0, o0) and uncertain wave speed

a§)=154+0.5¢, (211)
where & ~U(—1, 1), i.e,, & is uniformly distributed in [—1, 1]. Hence, the density function is given by fz(§) = %X(,m)(é)
and the basis functions ¢y, k=0, ..., Kz, by the Legendre polynomials orthonormalized with respect to (2.3). We further

use non-smooth initial data

1 for0<x<05
u(0,x,&) =u(0,x) = -t 212
( 2 ©0.%) 0 for0.5 <x, ( )

and constant boundary data

u(t,0,&)=1. (2.13)
We approximate the solution by the Polynomial Chaos (gPC) expansion (2.2)
Kg
u(t, X, &)~ Y up(t, X) dr(®). (214)
k=0

Inserting (2.14) in (2.10) and applying a Galerkin projection in the stochastic space leads to

Ks
9 = b

—u(t, x a; — U (t,x) =0, forl=0,...,Kgz,
P! 1( )+k§70 Lkge k(€ %)

with
1
aik Z/a(é)qﬁz(é)cbk(é)fa(é)dé, forl,k=0,...,Kzg.
-1

Collecting all u;, [=0,...,Kg, into a vector U = (uo,...,uKE)T and all ay, Lk=0,...,Kg, into a matrix A yields the
system

a ad
—U(t,x)+ A—U(t,x) =0. (2.15)
at X
Note that this system is hyperbolic because A = AT. Moreover, we want to point out that the sG method is closely related
to the well-known Py closure from kinetic theory, cf. [30]. The Galerkin projection of the initial conditions (2.12) gives
1 1
u(0, x) =fu(0,x,§)¢1($)fs(5)d€ ZU(O,X)/@(S)fa(E)dS, for I=0,...,Kg,
1 -1
and therewith

u(0, x)
0
U(,x) =
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Fig. 1. Comparison of the gPC Galerkin approximation (dashed) and the exact solution (solid) for the given &s at t =0.5.

For the boundary conditions (2.13), the Galerkin projection leads to
1 1
u(t,0,8) =/u(t,0,$)¢z(«§)f5($)d$ =/¢l(§)fa($)d$, for 1=0,...,Kg,
-1 -1

hence

U(,0) =
0
Since (2.15) is a linear hyperbolic system, it can be decoupled into Kz scalar transport equations and the analytic solution

can be explicitly given. For this purpose, we introduce a new variable W := T~1U, where T is the matrix of eigenvectors of
A (columnwise). With Aj, j=0,..., Kg, being the corresponding (real) eigenvalues, the components of W satisfy

8W‘—i-)\‘BW‘—O for j=0 K
ar I ViT% J=0,...,Kg,

and the solution of the Galerkin system can be calculated by the method of characteristics [16] to
(T7'U©.x—2t));  forx—2;t=0,

216
(T*U(t—%,O))J. forx — At <0, (2.16)

Wj(t,X):

with j=0,..., Kz.
For the following considerations, we use Kz = 2. From (2.3) we deduce the Legendre polynomials

G =1, $1(E) =3, ¢2(6)=L32-1), (2.17)

and further

3 3
2 % 0
A= 3 3 V15
6 2 15
0 Y15 3
1 2

The eigenvalues of A are 3 — %, 3 and 3 + %. Interestingly, if we choose & € { — \/E 0, \/g} we obtain via (2.11) the

corresponding stochastic wave speed a(§) € {% - %, %, % + %} i.e. the eigenvalues of A. Thus, the analytical solution of

(2.1) would coincide with the stochastic Galerkin solution (2.16). Since { - \/g, 0, \/g} represent the quadrature nodes for a
third order GauRB-Legendre quadrature, the gPC Galerkin approximation (2.2) equals the quadratic interpolating polynomial
in this case. Now, the problem is that the discontinuity with respect to x in the initial conditions (2.12) carries over to the
stochastic domain. This leads to overshoots (Gibbs phenomena) in the gPC Galerkin approximation as illustrated in Fig. 1 for
t =0.5 and a choice of &s inside and outside of the convex hull of the sampling points.

Note that this effect does not result from the fact that we made a global ansatz in the stochastic space but from the lack
of regularity (see below). Moreover, if we want to refine the grid in the stochastic space close to the discontinuity, we are
faced with the problem that the position of the jump in the stochastic space depends on x and ¢ as illustrated in Fig. 2. A
short computation shows that the discontinuity is located at

2x—1

éjump = t ,
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1 10 10 1h 1F .
u 05| 1w 05f uw 05 1 w05 1w 05f .
0 . 0 0 8 0 . 0
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(a) © =0.95 (b) z=1.1 (c)z =125 (d)z=14 (e) 2 =1.55

Fig. 2. Plots of the exact solution depending on & and the given x coordinates at t =0.5.

O,

\ \
1.0 1.5 1.0 1.5 1.0 1.5

x x xT T T

(a) 3 =¢=-09 (b) 3 =¢=—-04 (¢) 3§ =¢=0.0 (d) 3§ =¢=04 (e) 3§ =¢=0.9

Fig. 3. Comparison of the overshoots in the global gPC Galerkin approximation (dashed) and the approximations by the Multielement approach (solid) for
the given &s and &s at t =0.5.

which yields that for t = 0.5, the position of the discontinuity in the stochastic space takes all values in [—1,1] for x €
[1,1.5].

Now, as noted above, we demonstrate that a grid refinement in the sense of a Multielement approach does only
marginally improve the so-found approximation. For this, we briefly consider the case of 3 Multielements, where the
stochastic domain is equally partitioned into the three intervals 81 =[—1, —%], By = [—%, %], B3 = [%, 1] and we apply the
gPC Galerkin approach in each of them. We look at the so-found Multielement approximations in E; = [—%, %] and com-
pare the results with the global gPC Galerkin approximations of [—1, 1], computed without the Multielement approach. For

the local random variable & € [—%, %], we now consider relative positions within the reference Multielement = NLE[—I, 1]
compared to the positions in Fig. 1. We therefore introduce the following notation and write 3§ = £0.9, 3§ = +0.4 and
3£ = 0.0 for the point values & = £0.3, £ = £0.13 and £ = 0 in combination with the 3 Multielement ansatz. At these
relative positions we find again the overshoots observed for & € [—1, 1] in Fig. 1. Note that the basis functions of the global
gPC approximation ¢ (), & € [—1, 1], coincide with the ME basis polynomials ¢ »(3£), & € [, 3] for k=1,..., Kz and
the ME approach describes a global gPC approximation restricted to [—%, %], which is why we retrieve the oscillations at
3£ € {+0.9, £0.4, 0}. As one can easily see from the plots in Fig. 3, the width of the overshoots in the compared approxi-
mations reduced but the height remained, which is a well-known issue for Gibbs phenomena. Thus, solely the refinement

of the grid in the stochastic space cannot reduce the overshoots in the solution manifold.
2.4. Stochastic slope limiter

We now consider a slope limiter within the stochastic space to reduce the oscillations described in the previous sub-
section. We present the minimod limiter [10,11], given by the following troubled cell indicator for the jth Multielement

-
Ej

1 wuyj#m(uyj, Ug i1 —Ugj, Ugj —Ug j_1),

218
0 else, ( )

TCj(u):{

where m(., -, -) is the minmod function, u, j, k=0, 1, are the kth coefficients of the local gPC representations of the solution
u in the jth Multielement as in (2.8) and j =1, ..., Ng. At the boundary, we copy the entries of the first (last) Multielement.
Finally, we replace each coefficient of u| 5 for j=1,...,Ng by
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u 0.5 B u 0.5 | B u 0.5 * u 0.5 ] u 0.5 [
0F |f— 0 L o L— of - of L
1‘0 1‘5 1‘0 1‘5 1‘.0 1‘5 1‘0 1‘5 1‘0 1‘5
x x T x x
(a) 3¢ = —0.9 (b) 36 = —0.4 (¢) 36 =0.0 (d) 3¢ =04 (e) 3¢ =0.9

Fig. 4. Comparison of ttle overshoots in the gPC Galerkin approximation (solid) with 3 Multielements and the approximations by its slope limited approach
(dashed) for the given &s at t =0.5.

! ! ! ! ! !
= I I 1 l| . e
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(a) 106 = —0.9 (b) 10 = —0.4 (c) 10§ = 0.0 (d) 10€ = 0.4 (e) 10 = 0.9

Fig. 5. Comparison of th~e overshoots in the gPC Galerkin approximation (solid) with 10 Multielements and the approximations by its slope limited approach
(dashed) for the given &s at t =0.5.

ChE
up | m(uy j, Ug j+1 — Uo,j, U, j — Uo,j—1)
uy, ©,...,07 ifTCj(u) =1,
ATl (u) |Ej = ATlg : = : (2.19)
Ukz.i ©...0

u else.

=

J

Hence, we assume that the oscillations in the solution vector are mainly generated in the part with linear uncertainty [48].
Note that the cell mean ug j, j=1,..., Ng, is not changed through the limiter (2.19).

Remark 2.4. The troubled cell indicator (2.18) is defined for an expansion of u in the space of monomials {1, x, x, ..., xK&},
For other types of sG basis polynomials we need to adapt this definition using a basis transformation. In particular, if ¢y,
k=0,..., Kg, are given by orthonormal basis polynomials in the spirit of (2.3), we obtain the corresponding coefficients for
an expansion in monomials by multiplication of the matrix V~!, where V = (fs X"y frdE)m k=0:k5- After the application
of the slope limiter, we transform the coefficients back by a multiplication of V.

If Kz > 2, we only apply the slope limiter if [uq ;| > M| Ej|2 in addition to TCj(u) =1 to achieve the TVBM property in
every Multielement &; for j=1,..., Nz. The constant M is chosen according to [44] as

M = sup azu(O,x,é) éeE,xeX,Bu(O,x,é‘):O.
& 3

The slope limited gPC Galerkin approximation can now be applied to the linear advection example from Section 2.3.
Fig. 4 compares the gPC approximation in 3 Multielements with its slope limited version which completely reduces the
overshoots. Thus, the application of the minmod slope limiter in the stochastic space (2.19) has been sufficient to prevent
Gibbs phenomenon.

In Fig. 5 we kept refining the number of Multielements to 10, where Gibbs phenomenon still causes overshoots of the
same height as before. The slope limiter is able to eliminate these oscillations.

Moreover, in Fig. 6, we show a comparison of the standard gPC approximation to its 3 Multielement approach as well
as the limited solution with 3 Multielements for some fixed values of x over the & domain. We observe oscillations in
the standard stochastic Galerkin solution that have propagated from the spatial domain into the uncertainty, whereas the
Multielement approach describes a better approximation of the exact solution that tends to overshoots at the boundaries of
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T 1
| E— 1} A 1 .
u 0.5 a u 0.5 ﬁ u 0.5 a
0 [~ 1 0 L\:: ,, N 0
-1 6 1 -1 6 1 -1 6 1
; 3 £ 3 £
(a) 2 =0.95 (b)yz=1.1 (¢) z=1.25 (d)z=14 (e) z=1.55

Fig. 6. Comparison of the exact solution (solid, gray), the gPC Galerkin approximation (dashed, blue), the 3 Multielement ansatz (solid, red) and its slope
limited approach (dashed, green) depending on & and the given x coordinates at t = 0.5. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

the Multielements. The slope limiter is applied in the & manifold where it is able to reduce the overshoots shown in Fig. 6,
which also helps to deal with oscillations in x as presented in Figs. 4-5.

3. Weighted essentially non-oscillatory stochastic Galerkin scheme (WENOsG)

The previous example demonstrated the significance of limiting techniques not only on the spatial but also on the
stochastic grid.

In this section we formulate a stochastic Galerkin scheme, which is constructed to prevent the propagation of Gibbs
phenomenon into the stochastic domain by applying a slope limiter in the stochasticity while preserving a high-order
approximation in space and time. If we consider systems of equations, we also have to apply the hyperbolicity-preserving
limiter introduced in [15,45], since the stochastic slope limiter is not intended to retain hyperbolicity of solutions, however,
the stochastic Galerkin approach is well known to lose hyperbolicity [3,43]. In Section 2.3, we presented an example of
an uncertain scalar conservation law, i.e. where the hyperbolicity-preserving limiter does not alter the solution due to the
preset hyperbolicity, that still produces Gibbs oscillations which is why we additionally have to construct the stochastic slope
limiter for stochastic Galerkin. We therefore embed this slope limiter into a weighted essentially non-oscillatory stochastic
Galerkin scheme, using a WENO reconstruction in the physical and stochastic domain to further dampen Gibbs oscillations
within the solution manifold and to ensure a high-order resolution.

To this end, we subdivide the spatial domain X = [x;,Xg] C R into Ny cells X; = [xi_l,xi+1], i=1,..., Ny of width
Ax= B S

We dgploy a R-th order SSP Runge Kutta scheme in time and a finite volume method combined with the Weighted
Essentially Non-Oscillatory (WENO) reconstruction in space (cf. [22,44,53]) to obtain a high-order scheme for which we
apply the stochastic slope limiter (2.19). Note that in our numerical experiments, we use the so called CWENOZ method
from [13], which will be explained in (3.8).

For this sake, we consider a semi-discretized finite volume scheme for the solution u. We test (2.1) by a test function
v(x, &) with supp(v) € X; x E; and obtain, after one formal integration by parts in x, the weak formulation

0 X1
= / / u(t.x £) v(x, £) fzdé dx = f / f(u(t, x, £)) dyv(x, &) fde dx — f fut,x. £)v(x.©) fads| 2, (31)

Xi Ej Xi Ej Ej l_%
fori=1,...,Nyand j=1,...,Nz.
Since u is discontinuous at xii%, i=1,..., Ny, we replace the evaluation of f(u) at these points with a numerical flux
function ?(u*, u™) that approximately solves the Riemann problem at the cell interface. The values
ut(t,x,1,8) = lim ut,x§), ut(t,x,1,8):= lim u(tx§) (3.2)
2 XX, 1 2 XX 1
ity ity
denote the left and right limits of the piecewise polynomial solution at the interface x; 1, for i =1,..., Nx. Note that this
2

allows us to write down the following numerical schemes in conservative form and we choose the numerical flux to be
consistent, i.e. we require f(u, u) = f(u).
We choose v = ﬁ in (3.1) and obtain for one time step of the forward Euler scheme

<+ _=m) _ AL 2 - + _
ui,j _ui,j _B/f(u(tn’xi+%7S)au(tnsxi+%’S)) fad";: (333)

[

J

At A
o / Fultn X~ 1. &), 0ty x" |, 8)) fade, (33b)
X I=3 =3

J

[m
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where uf"]), denotes the x — £-cell mean of u in X; x E; at time t;, namely

=(n) .
u ;e AXA?;‘ f/u(tn,x &) fzdé dx, (3.4)
X §j

wherei=1,...,Nyand j=1,..., Nz. For the coefficients of the gPC polynomial (2.8) in the ME stochastic Galerkin system
(2.9) the finite volume scheme (3.3) reads

— 1 —
ul=ul - — / U(tn, X7, 4 6), 00, X1 6)k i (6) fads (3.5a)
X / Futn, 1y, 60, utn, 17 6)) a6 Fac (3:5b)
where u(") describes the kth coefficient of the gPC expansion (2.8) at time t;, in the Multielement E; and taking the

spatial cell mean over Xj, i.e.

T . _ e
W= AxAs //U(fn,X, &) ¢y, fedE dx,
Xi Ej
fork=0,...,Kg,i=1,...,Nyand j=1,...,Nz.
In our numerical studies, we set the numerical flux function as the global Lax-Friedrichs flux

- 1

f(u ,ut) = 3 (fu™) +f™) —cut —u)). (3.6)
The numerical viscosity constant ¢ is taken as the global estimate of the absolute value of the largest eigenvalue of the
Jacobian % namely

of(u
c= max{|x1|, <o |l | A, j=1,...,d, are the eigenvalues of a(u) }
As a quadrature rule in the physical domain, we apply a GauB-Lobatto rule on X;, i =1, ..., Ny, with Qx + 1 points and

weights (X4, Wgq), for =0,..., Qx and where Qx is chosen such that the quadrature integrates the WENO polynomial (will

be defined in (3.8)) exactly. GauB-Lobatto includes the endpoints, i.e. cell interfaces which will be used in the numerical
flux function. Later on, we also require quadrature in the stochastic space. If the random variable is uniformly distributed,
we can use a GauB-Lobatto on Ej, j=1,..., Ng, with order Kg, i.e, Qz + 1 points and weights (£,,@,), p=0,..., Qg,

where Qg = % . For other distributions we use the corresponding Gauf3 quadrature based on the orthogonal basis
polynomials and weighted by the conditional probability density function. We scale the quadrature weights such that

Qx Qg Qs

DO Wgap =1, /g(é)fadé ~ > gy (3.7)
q=0 p=0 g p=0

The time discretization of the semi-discrete system (3.1) is performed using a R-th order SSP Runge-Kutta method, see
[46,47]. In each Runge Kutta stage we apply the stochastic slope limiter (2.19) to the gPC polynomial. Afterwards we perform
a polynomial reconstruction in order to derive the values of the numerical flux at the left and right limits of cell interfaces
(3.2).

We reconstruct the solution vector u(t, x, &) as a polynomial of order (at most) R for each quadrature node of £ and in
all spacial cells X;, i =1, ..., Ny. This can be done by the CWENOZ scheme explained in [13], which combines the CWENO
method from [29], ensuring uniform accuracies within the cells, and WENOZ [14] for an optimal choice of the nonlinear
WENO weights. For alli=1,...,Nx, p=1,..., Qg, given the x-cell means at every £ quadrature point Zk Ouk i ]¢>k ](Sp

we represent the solution in each cell X; and for each Sp as a polynomial of degree Ky :=2r — 2 such that Kx +1 <R,
more precisely

Kx
Wx (6, %, Ep)|y = D P €. 6p) pe.i0), (3.8)
k=0

where p(")(t, ép) are the coefficients obtained by the CWENOZ algorithm from [13] at time ¢, in each cell X, i=1,..., Ny
and every quadrature point ép, p=0,...,Qr in Ej, j=1,..., Ng. The basis polynomials on the physical cell X; are given
by (@i )i=0:Kx, We may set
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(X — X1

(pK,i(X) = Kil'
This polynomial will then be evaluated at the quadrature nodes x =X and x =2Xq, in Xj, i=1,..., Ny, in order to obtain
the limits (3.2).
Remark 3.1. We can remap a solution vector u(t, X, é'p), p=0,...,Qr in each Multielement E; to its gPC moments using

Qr A .
(60 = [ 0 £ 6 fad ~ Y utx ) ), (3.9)
g p=0

J

for every k=0,...Kg and j=1,...,Ngz.
3.1. Algorithm

The example from Section 2.3 demonstrated the significance of limiting techniques not only on the spatial but also on
the stochastic grid. In this section we formulate an algorithm for the stochastic Galerkin scheme explained in the previous
section.

The time discretization of the semi-discrete system (3.1) is performed using a R-th order SSP Runge-Kutta method, see
[46]. In each Runge-Kutta stage we apply the stochastic slope limiter (2.19) to the gPC polynomial. Afterwards we perform
a polynomial reconstruction in order to derive the values of the numerical flux at the left and right limits of cell interfaces
(3.2). We summarize our results in the following algorithm of the Weighted Essentially Non-Oscillatory stochastic Galerkin
scheme, where we denote by (A,b), A€ R5*S, b e RS, the Butcher array from a R-th SSP Runge-Kutta scheme [20] with S
stages. We define the differential operator as the right hand side of (3.5) to

Qr
~ At A ~ A ~
(n) (= 5 . =(m) ) 2 5 A~
Ly (@7 5. ui') Go.ox-door) =0 — o D (W) oy &) uily o, 60))n 6Dy (3.10a)
p=0
At R 2 a®(x £ :
+ 5 /;)f(u,-_l, iRax-Ep) u") o, Ep)) i jEp)idy, (3.10b)
(n)

for k=0,...,Kgz and where u (fcq,ép) =u(tnv;‘qvép)’xx:. denotes the solution u at time t, in the cell X; x Ej, i =
iXEj

ij
1,...,Nx, j=1,..., Nz evaluated at the quadrature nodes X4, ¢ =0,..., Qx, and ép, p=0,...,Qr.

Algorithm 1 Weighted Essentially Non-Oscillatory stochastic Galerkin scheme (WENOsG).

1 80 vec(Z;Z:XO Y2 u(, 3. ép)mEJ.@_J-(@,,)%@,))EO:KEj:]:Nx’j:]:NE # initial state

2: for n=0 to N do # time loop

3: Set v@ «—a™ and L,(Il) ~0 # initialization time step n

4: for s=1to S do # loop over RK stages

5: v 3O 4 A, Sil AgvSL’(f) # RK time update
6 v — AT (V(s))s ’ # call of slope limiter (2.19)

7 for p=0to Qr do

8: v (x,&p) < Wy (V“’) # WENO reconstruction (3.8)

9: end for

10: L,(f“) <~ Ly (v, v® Ko,y . E0:0r)) # update differential operator (3.10)

11: end for

12: Set ™ « vO 4 Ag, i bSL,(f) # solution at new time step
13: end for -

Remark 3.2. If we consider hyperbolic systems of equations, we may apply a hyperbolicity-preserving limiter in addition
to the slope limiter after step 6 & 8, since the stochastic slope limiter is not constructed to preserve admissible solutions
within sG and the hyperbolicity limiter is not enough to satisfyingly dampen oscillations, as seen in Section 2.3. We already
mentioned this behavior in the beginning of Section 3. For more details see [45]. The hyperbolicity limiter can be applied
in the same manner for example to the filtered stochastic Galerkin scheme [27] such that the method can be used for
any system of equations that might lose hyperbolicity. Note that the procedure of combining hyperbolicity- or positivity-
preserving limiters with non-oscillatory limiters is performed in the theory of deterministic equations for example in [47,64].
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Remark 3.3. If the hyperbolicity limiter is applied in addition to the stochastic slope limiter in step 6, we can perform both
limiters simultaneously by replacing (2.19) with

(ug, T

(1—6)m(uy j, wg j41 —Ug j, Ug j — Ug j—1)

©,...,07 ifTCjw) =1,
ATl (u) |Ej = :

©,....07

ul else,

=
for j=1,..., Ng and where the value 0 is derived as described in [45].

3.2. Full 2D WENO reconstruction of uncertain hyperbolic conservation laws

In our numerical results, we compare Algorithm 1 to a method using WENO reconstruction in both the physical and
stochastic space. This is motivated by the Stochastic Finite Volume Method from [52], but now using a 2D WENO scheme
instead of applying 1D reconstructions to the physical and stochastic space consecutively. In this method, we directly cal-
culate the cell means u; j based on (3.3) instead of deriving the coefficients u ; ; from (3.5) as in the previously explained
WENOsG scheme. In each Runge-Kutta stage, the numerical solution is then represented by a polynomial WENO reconstruc-
tion in x and &. Given the x-£ cell means u; j, we obtain by the CWENOZ algorithm

Kx Kg
k
Wixa X8|y m = D D P, 00k X016 (311)
k=0k=0
with basis polynomials (¢ )«=0:x, on the physical cells X;, i =1, ..., Ny, and basis polynomials (¢y)k=0.x; on the Multi-
elements E;, j=1,..., Ng, given by (2.2). We use Legendre polynomials for the basis functions w.r.t. x in our numerical

calculations in Section 4. Finally, we replace the evaluation of the flux at the interfaces in (3.5) by the numerical Lax-
Friedrichs flux (3.6), deriving the left and right limits with help of the reconstructed polynomial (3.11).

The expansion of the solution into the WENO polynomial with respect to the uncertainty substitutes the application of
the stochastic slope limiter (2.19). Similarly as if the troubled cell indicator would mark every cell as troubled, we use the
WENO polynomial in order to reduce the oscillations that appear in the solution manifold. Therefore, the extension to a full
WENO reconstruction within & seems natural to be compared to Algorithm 1. To sum up, the first algorithm uses a WENO
reconstruction only in x and applies the stochastic slope limiter in &, the second algorithm directly uses a two-dimensional
WENO reconstruction in x and &. Both methods are supposed to reduce Gibbs oscillations but do not ensure hyperbolicity
of the solution, thus similar to Remark 3.2, we have to apply the hyperbolic slope limiter from [45] if we consider systems
of conservation laws (d > 1).

The scheme is summarized in the following algorithm, where we now define the differential operator as the right hand
side of (3.3) to

Qr
~ At A ~ A
M) () () 5 ) E: M s m s A
Lhn (ui?j’uiz (XO.Q)@SO:Q[‘)) ~:uij1j - Ax f(ulynj (XQ)USp)5uii],j(X07$p))a)p (3.12a)
p=0
At E L P P
+ _AX g f(uifl,j(xQX’ ‘é;_,o)a ui,j (Xo, Sp))w,ov (3.12b)
p=0

fori=1,...,Nyand j=1,..., Ng, thus we consider the x — & cell means of u instead of the gPC coefficients.
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Algorithm 2 Full 2D WENO reconstruction of uncertain hyperbolic conservation laws (2D WENO).

1: 1@ « vec( Zf’ljo Z,?io u(0, X, £p)1x;x g v”vqc?)p)izl:M.j:]:NE # initial state
2: for n=0 to N; do # time loop
3: Set v@ «—a™ and L;I” «~0 # initialization time step n
4: fors=1to S do # loop over RK stages
s—1 -
5: 7O VO p AL Y ALY # RK time update
i=0
6: v (x, &) < Wxxs (V(S)) # WENO reconstruction (3.11)
7 Lff“) <~ Ly (v, vO (Ko qy. E0:0r)) # update differential operator (3.12)
8: end for
s
9:  Set @™ «vO ALY bsL;f) # solution at new time step
s=1
10: end for

The difference to Algorithm 1 is that we perform the time stepping with the differential operator (3.12) based on the x-&
cell means instead of the gPC coefficients as in (3.10). Moreover, in step 6, we use the two-dimensional WENO reconstruction
(3.11) with respect to x and &. In Algorithm 1 this is substituted through steps 6-9 with the application of the stochastic
slope limiter and the WENO reconstruction (3.8) with respect to x for every & quadrature node. Hence, Algorithm 1 uses a
x WENO reconstruction and a & slope limiter, whereas Algorithm 2 is based on an x — & WENO reconstruction. Both require
the hyperbolicity limiter if systems of conservation laws are considered that can lose hyperbolicity.

4. Numerical results

In this section we discuss extensive numerical experiments for the presented non-oscillation stochastic Galerkin methods
that we described within Algorithm 1 and Algorithm 2. First of all, we present a convergence analysis for a refinement in
the physical and stochastic domain. We then analyze the reduction of oscillations within the two algorithms by comparing
it to classical stochastic Galerkin and a reference solution in terms of the L error and the total variation.

4.1. Convergence tests

For the convergence analysis, we illustrate two exemplary test cases for the Burgers’ and Euler equations and we will
observe that they verify the expected order of convergence of our numerical methods.

4.1.1. Burgers’ equation
We consider the Burgers’ equation given by
3 d (u?
—u+—(—=)=0. 41
i+ (7)) (41)
We analyze the convergence of Algorithm 1 and Algorithm 2 for this equation and a refinement within the physical space X.
In the following, we consider linear stochastic Galerkin polynomials with degree Kz =2 and one random element Nz = 1.
Moreover, we let & ~U(—1,1) and define the following stochastic modes

N X ~ N C
Ut.x)=r— WEx=7 (6, X) = — (4.2)

1
t—2’ 2t —2
in X = [0, 1], with non-zero constants C1, Cy and t < 2. Hence, U(t, x, £) = ¢ ()Ug(t, x) + ¢1 (E)U(E, x) +¢o (&)U (L, X) is
an exact solution of the stochastic Galerkin system (note that ¢g, ¢1 and ¢, are given in (2.17)) with expectation Wy and
variance 'ﬁ%. Therefore, we derive the approximation of this analytical solution with our WENOsG and 2D WENO schemes
at t =0.2 with C; = C; =1 and determine the error of the expectation (2.5) and variance (2.6) in the Li-norm. We denote

L1—Mean:f |E)(x,t) — E@)(x, )| dx,
X

where t = 0.2 and the error for the variance analogously with Li-Var. The results for Kx = 0 (i.e. no WENO reconstruction)
and Kx =2 are shown in Fig. 7 and Table 1, where every error is converging with the expected order Kx + 1 of the WENO
reconstruction, underlining the conservativity of our numerical scheme.
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Fig. 7. Error plot of Burgers’ equation with Ng =1, Kg =2, Kx =0 (left) and Kx = 2 (right). L1-Mean and L;-Var denote the errors of the mean and
variance in WENOsG and the dashed lines of L1-Mean* and Li-Var* correspond to 2D WENO. Example (4.2).

Table 1
Ly errors and experimental order of convergence (eoc) of WENOsG and 2D WENO for the Burgers’
equation with Kz =2 and Nz = 1. Example (4.2).

Kx =0 - Ly-Mean Kx =2 - L1-Mean
Ny WENOsG eoc 2D WENO eoc WENOsG eoc 2D WENO eoc
8 1.1661e-03 - 1.5490e-03 6.1639e-08 - 4.9664e-08 -

16 0.6024e-03  0.95 0.7847e-03 098  0.7751e-08 2.9 0.6304e-08 2.9
32 0.3062e-03 098  0.3948e-03 099  0.0970e-08 2.9 0.0788e-08 3.0
64 0.1544e-03 0.99  0.1980e-03 099  0.0121e-08 3.0 0.0098e-08 3.0
128  0.0775e-03 099  0.0991e-03  0.99  0.0015e-08 3.0 0.0012e-08 3.0
256  0.0388e-03 0.99  0.0496e-03 099  0.0002e-08 3.0 0.0001e-08 3.0
512 0.0194e-03  0.99  0.0248e-03 1.0 0.0003e-09 2.6 0.0002e-09 3.0

4.1.2. Compressible Euler equations
The one-dimensional compressible Euler equations for the flow of an ideal gas are given by

% ot 2m —0 (43a)
at” T ax - )

0 3 (m?

“m4 — [ — =0, 4.3b
at +8x<p +p> ( )
e 2 (E+pm =0 (4.30)
at o ax b 0 o '

with pressure

2
p:(y_l)(E_l'i>
2p

and adiabatic constant y > 1.

We apply Algorithm 1 and Algorithm 2 to the compressible Euler equations with y = 1.4 and x € X = [0, 2]. In order
to obtain an analytical solution, we use the method of manufactured solutions and introduce an additional source term
S(x,t,&). We choose the following analytical solution

. 1+ 0.1cos( (x — &t))
p(t,x,§) )
dtxb = |mexe | = (1401 cos(r(x—£0)) (1+ 01 sin(r (x— ) | (4.4)

E(t, x,8) (1+0.lcos(n(X—Et))>2

The source term is then given by inserting (4.4) into (4.3). We use periodic boundary conditions, & ~ /(—1,1) and set
t =0.5. Moreover, we consider Kx =2 and divide the spatial domain X into Ny = 1000 cells. We then compute the L; error
of our numerical scheme to the analytical solution (4.4) for the stochastic Galerkin degrees Kz =0,1 and Ng =1,...,10
Multielements. The error of the mean and variance from the density o is shown in Fig. 8 and Table 2. We observe that
the rates of convergence agree with the theoretical rates which are given by O(Ng=2=+1) according to [57]. For Kg =1
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Fig. 8. Error plot of Euler equations (density) with manufactured source term, where Ny = 1000, Kx =2 and Kz =0 (left), Kz =1 (right). The solid lines
correspond to WENOsG and the dashed lines to 2D WENO. Example (4.4).

Table 2
Ly errors and experimental order of convergence (eoc) for the Euler equations (density) with Ny =
1000 and Kx = 2. Example (4.4).

Kz =0 - L{-Mean Kz =1 - L{-Mean
Nz WENOsG eoc 2D WENO eoc WENOsG eoc 2D WENO eoc
3.2844e-03 - 1.2486e-03 - 2.33996e-04 - 0.9773e-04 -

0.5959e-03 246  0.0625e-04  1.93 0.0703e-04 506  0.0782e-03  3.96
0.2547e-03 210  0.0126e-04 195 0.0126e-04 424 0.0161e-03  3.95
0.1414e-03 205 0.0040e-04 193 0.0039e-04 411 0.0052e-03  3.96
0.0899e-03  2.03  0.0016e-04  1.98 0.0015e-04 4.09 0.0021e-03  4.00
0.0623e-03  2.02  0.7951e-07  1.98 0.7349e-07 4.10 1.0474e-06  4.00
0.0457e-03  2.01 0.4294e-07 198 0.3888e-07 413 0.5756e-06  4.00
0.0349e-03  2.01 0.2523e-07 198 0.2235e-07 414  0.3460e-06  3.98
0.0276e-03  2.00  0.1632e-07  2.00  0.1383e-07 4.07  0.2236e-06  3.69
0 0.0223e-03  2.00 0.1152e-07 2.00  0.0931e-07 3.76  0.1535e-06  3.30

— O 0N WN =

and a large number of Multielements Nz > 8, the error introduced by the spatial discretization dominates the error in the
stochastic discretization, so no further convergence can be obtained. Both algorithms yield comparable results.

4.2. Numerical results: analysis of oscillation reduction

We compare the WENOsG method from Algorithm 1, the 2D WENO reconstruction from Algorithm 2 as well as the
standard stochastic Galerkin scheme. Moreover, we derive the L; error to a reference solution and the total variation for
multiple test cases in order to analyze whether the methods are able to reduce the Gibbs oscillations detected in Section 2.3.

4.2.1. Linear advection
We apply the Weighted Essentially Non-Oscillatory stochastic Galerkin scheme from Algorithm 1 to the linear advection
problem

a a 0
m”+a@%mu_
with uncertain wave speed a(§) =1.5+40.5&, £ ~U(—1,1) as in Section 2.3 and where x € X =[0.4, 2].

At first, we again consider the initial conditions (2.12) at t = 0.5 and compare the WENOsG scheme to a stochastic
Galerkin scheme with WENO reconstruction in x (cf. (3.8)) but without the stochastic slope limiter. We refer to this method
as the standard stochastic Galerkin (sG) scheme in the following. The results are shown for 3 Multielements in Fig. 9
and for 10 Multielements in Fig. 10. For an explanation of the notation used within these figures we refer to Section 2.3
and Fig. 3. We observe the Gibbs phenomenon at the boundaries of the stochastic domain, whereas a refinement to 10
Multielements reduced the width but not the height of the overshoots. This validates our theoretical results from Section 2.3.
The oscillations are completely eliminated through the application of the stochastic slope limiter.

We compare the different approaches by calculating the L; error to the analytical solution and the total variation of the
numerical solution over the spatial domain X and one of the Multielements E; (due to the uniform decomposition of the
random space). The total variations with respect to x and & are given by



L. Schlachter et al. / Journal of Computational Physics 419 (2020) 109663 15

T 1 T ]

L--- : 1--- : 1)--- : 1 ’] . L--- :
w 0.5 1w oos| ‘] 1w os| 1w os| H 1 wos) |
of |pP— 0} L 0} 0 0

| | | | | | | |

1.0 1.5 1.0 1.5 1.0 1.5 1.0 1.5 1.0 1.5

T X X xr T
(a) 3¢ = —0.9 (b) 36 = —0.4 (c) 3 =0.0 (d) 3 =0.4 (e) 36 =0.9

Fig. 9.~C0mparison of the WENOsG approximation (dashed) with 3 Multielements for the linear advection problem and the sG approach (solid) for the
given &s at t = 0.5, 2000 space cells, Kz =2, Kx = 2. Example (2.12).

u 0.5 1 wosl | | wos| 1 wosl | | wo5s| y
0l 0 L 0f 0 L 0l
1.‘0 1.‘5 1‘.0 1‘.5 1.‘0 1.‘5 1‘.0 1‘.5 1.‘0 1.‘5
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(a) 106 = —0.9 (b) 106 = —0.4 (¢) 106 = 0.0 (d) 10 = 0.4 (e) 106 = 0.9

Fig. 10. Comparison of the WENOsG approximation (dashed) with 10 Multielements for the linear advection problem and the sG approach (solid) for the
given &s at t = 0.5, 2000 space cells, Kz =2, Kx = 2. Example (2.12).

Qx-Nx

>

k=0

Qs
TVg(u):fZ
x p=0

TVx(u) =

u(t7)~<k7 S) _u(t! %k—lv‘i:) fEdga (45)

m—

u(t, x.£,) —u(t, x, ép_1)‘dx, (4.6)

where X, with k=0, ..., Qx-Nx enumerates all quadrature points in x over each of the cells Xy, ..., Xy,, namely Xg = )?0|X1,
X1 =X |x1’ ce ROyl = 20|X2, ce s XQxNy =Xy |XN . In addition to that, we consider the total variation within our reference
X

Multielement & = %[—1, 1] and ép, p=0,...,Qr denotes the corresponding quadrature nodes within this interval.

The results are gi\7en in Table 3. We choose a fine discretization of 2000 space cells in the physical domain and consider
the convergence within the stochastic space. We additionally compare the WENOsG scheme to the 2D WENO method de-
scribed in Section 3.2 and Algorithm 2. Since the stochastic Galerkin solution represents the best approximating polynomial
due to the underlying Galerkin projection, we do not expect to improve the L, or L1 error. However, the oscillations and
therefore the total variations (4.5) and (4.6) should be minimized by the application of our slope limiter.

Indeed, we observe that the Li errors of the new methods are slightly higher than for standard stochastic Galerkin
while the total variation and hence the oscillation are reduced. The total variation with respect to the uncertainty T V¢ is
even smaller in WENOsG and 2D WENO as for the analytical solution. This situation arises due to the lack of information
about & that is transported within the numerical schemes since there is no numerical flux with respect to &. This can be
observed in Fig. 11, where the approximations in Fig. 11c and Fig. 11d reveal only a small impact of the different values
for & compared to analytic solution in Fig. 11a. Especially the WENOsG method was able to improve the total variation wrt.
x tremendously, more precisely, it only increased the total variation of the analytic solution for 3 Multielements by 0.4%
while standard Galerkin yield an increase of almost 24%. In this test case, the 2D WENO reconstruction performed not as
good as the WENOsG scheme and sometimes even has a larger total variation in x than standard stochastic Galerkin. In the
upcoming examples, the two schemes will show comparable results. Note that we have used Qz = 1000 quadrature nodes
in £ and Q x =4 quadrature nodes in x for the calculations of the total variation.

4.2.2. Burgers’ equation
In this numerical example we consider the Burgers’ equation
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Table 3
Ly error and total variation for linear advection with and without stochastic slope limiter (SL) for 2000 space cells, Kg =2 and Kx = 2. Example (2.12).
Ly error Ng=3 Ng =10 Nz =30 TVe Ng =3 Nz =10 Nz =30
analytic - - - analytic 0.1664 0.0503 0.0167
sG 0.0265 0.0076 0.0031 sG 0.2422 0.0688 0.0200
WENOsG 0.0329 0.0101 0.0040 WENOsG 0.0572 0.0188 0.0086
2D WENO 0.0392 0.0140 0.0090 2D WENO 0.0186 0.0023 0.0008
TVy Nz =3 Nz =10 Nz =30 percentage above TV, - analytic Nz =3 Nz =10 Nz =30
analytic 1.0 1.0 1.0 analytic - - -
sG 13118 12791 1.0795 sG 23.8% 21.8% 7.4%
WENOsG 1.0037 1.0044 1.0080 WENOsG 0.4% 0.4% 0.8%
2D WENO 1.2316 1.7983 13712 2D WENO 18.9% 44.4% 271%
0.2 0.2 0.2 0.2} 1
£ 0} £ 0 € 0f & 0
0
—0.2| —0.2 | —0.2 | —-0.2 |
0.5 1 1.5 2 0.5 1 1.5 2 0.5 1 1.5 2 0.5 1 1.5 2
x x x T
(a) analytic (b) sG (c) WENOsG (d) 2D WENO

Fig. 11. Comparison of the analytical solution, sG, WENOsG and 2D WENO (from left to right) with 3 Multielements in the x - & plane for the linear
advection problem at t = 0.5, using 2000 space cells, Kz =2, Kx = 2. Example (2.12).

We compare the WENOsG scheme to standard stochastic Galerkin and the 2D WENO method from Algorithm 2 as we did
for the linear advection problem in the previous subsection. For the nonlinear Burgers’ equation, we consider the following
initial state

u(0,x, &) =sin(2m (x + 0.1§)), (4.8)

where x € X = [0, 1] and the uncertainty is uniformly distributed, i.e. & ~/(—1,1). Then we compute the solution on a
Ny = 2000 space grid until t =0.4 and derive the Li error to a reference solution obtained by Monte Carlo sampling at the
quadrature nodes in & and the total variations (4.5) and (4.6).

The results can be found in Table 4, where we now observe similar values for WENOsG and 2D WENO. The L; errors
are again slightly higher for these two modified methods compared to plain stochastic Galerkin. They all converge while
increasing the number of Multielements. However, the total variation with respect to x is almost the same as in the reference
solution, while standard stochastic Galerkin yield an increase of around 14%. Thus, the overshoots could be completely
eliminated which can be verified in Fig. 12, showing the solution for 10 Multielements in the x — & plane. Here, the sG
approach in the left picture has huge oscillations that vanish in the WENOsG approximation presented in the right picture.
The total variation wrt. & shows a similar behavior as for the linear advection example in Table 3 and Fig. 11, hence, it is
reduced by the modified schemes due to the lack of information that is transported along the uncertainty. We have used

g = 1000 quadrature nodes in & and Q x =4 quadrature nodes in x for the calculations of the total variations.

4.2.3. Compressible Euler equations
The one-dimensional compressible Euler equations for the flow of an ideal gas are given by (4.3). We consider the Euler
Equations with an uncertain shock test case as in [43], which is given by the following initial conditions:

1, x < 0.5+ 0.05¢,

p(0,x,£) = 5 (4.92)
0.125, x>0.540.05¢,

m(, x, &) =0, (4.9b)

Foxe) |02 X < 0.5+ 0.05¢, (490
25, x> 0.5 + 0.05¢,

where § ~U(—1,1) and x € X = [0, 1]. Moreover we choose y = 1.4 and compute the solution on a Ny = 2000 grid until
t = 0.1. For this test case, we again compare the plain stochastic Galerkin approach to WENOsG and 2D WENO described
in Algorithm 1 and Algorithm 2, respectively. Note that we have to apply the hyperbolicity-preserving limiter from [45] in
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-{?bel:r‘;r and total variation for Burgers’ equation with and without stochastic slope limiter (SL) for 2000 space cells, Ko =2 and Kx = 2. Example (4.8).
L, error Nz =3 Nz =10 Nz =30 TV Nz =3 Nz =10 Nz =30
reference - - - reference 0.2257 0.0677 0.0226
sG 0.0227 0.0064 0.0018 sG 0.3187 0.0949 0.0306
WENOsG 0.0283 0.0085 0.0028 WENOsG 0.1132 0.0339 0.0112
2D WENO 0.0284 0.0143 0.0053 2D WENO 01134 0.0102 0.0012
TVy Nz =3 Nz =10 Nz =30 percentage above TV, - reference  Ng=3 Ng=10 Ng=30
reference 3.3846 3.3846 3.3846 reference - - -
sG 3.9526 3.9476 3.9491 sG 14.3% 14.2% 14.2%
WENOsG 3.3817 3.3836 3.3867 WENOsG 0% 0% 0%
2D WENO 3.4391 3.3897 3.3899 2D WENO 1.6% 01% 01%

1 1

0.1

\\\\/ 1
x 010 0.5 x

-0.10
¢ 0.1 ¢

Fig. 12. Comparison of the sG approach (left) for the Burgers’ equation with 10 Multielements, 2000 space cells, Kg =2, Kx =2 and the WENOsG
approximation (right) at t = 0.4. Example (4.8).

order to ensure the hyperbolicity of the underlying system. Otherwise, the computation would already crash in the first
time step. This has already been observed for this specific test case in [43]. Our numerical implementations show that the
application of the stochastic slope limiter is not sufficient to preserve hyperbolicity of the solution. Therefore, the additional
usage of the hyperbolicity-preserving limiter is inevitable for systems of conservation laws. The L error and total variations
(4.5) and (4.6) for the density p are shown in Table 5.

As before, we observe the smallest L1 error for standard stochastic Galerkin and that each method is converging if
we increase the number of Multielements. Only this time, the 2D WENO method has a better error than WENOsG. The
results for the total variation in & are similar to the previous scalar examples. In this test case, the modified methods
only marginally improved the total variation with respect to x, Table 5 shows almost the same percentage for each of the
schemes and even an increase for 2D WENO and 10 Multielements. This is additionally demonstrated in Fig. 13, where
the plain stochastic Galerkin approach and the 2D WENO method are illustrated for 10 Multielements in the x — & plane.
They only show minor oscillations compared to the previous examples, however, the overshoots at the boundaries of the
Multielement in sG could be eliminated using the full WENO reconstruction. We have used Qz = 1000 quadrature nodes in
& and Qx =4 quadrature nodes in x for the calculations of the total variation.

5. Conclusions and outlook

In this article, we demonstrated the propagation of Gibbs phenomenon into the stochastic domain of the stochastic
Galerkin system based on an uncertain linear advection example. This led to the formulation of our modified stochastic
Galerkin scheme, including the stochastic slope limiter, which is supposed to reduce overshoots in the solution manifold.
The scheme is combined with a Multielement ansatz, a WENO finite volume method and Runge Kutta time stepping, giving
the so called WENO stochastic Galerkin scheme and altogether a stable high order approximation of the solution of the
conservation law. Combined with the hyperbolicity-preserving limiter from [45], the method is able to be used on any
hyperbolic system of equations. We additionally considered a similar numerical scheme using full 2D WENO reconstruction
in both the physical and stochastic domain, which is motivated by [52].

We applied the two methods to the scalar linear advection and nonlinear Burgers’ equation as well as to the system of
Euler Equations and compared the results to the standard stochastic Galerkin scheme using a WENO reconstruction in the
physical space. An analysis of the total variations within the physical and stochastic domain verified the reduction of Gibbs
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Table 5
Ly error and total variation of density p for Euler equations with and without stochastic slope limiter (SL) for 2000 space cells, Ko =2 and Kx = 2.
Example (4.9).

Ly error Ng =3 Nz =10 Ng =30 TVe Ng =3 Nz =10 Ng =30
reference - - - reference 0.0291 0.0068 0.0028
sG 0.0040 0.79e-03 1.23e-04 sG 0.0322 0.0092 0.0030
WENOsG 0.0092 2.75e-03 8.06e-04 WENOsG 0.0033 0.0008 0.0002
2D WENO 0.0062 2.51e-03 8.17e-04 2D WENO 0.0179 0.0018 0.0002
TVy Nz =3 Nz =10 Nz =30 percentage above TV, - reference Ng =3 Nz =10 Nz =30
reference 0.8781 0.8781 0.8781 reference - - -
sG 1.0622 0.9407 0.9124 sG 17.3% 6.6% 3.5%
WENOsG 1.0501 0.9225 0.8912 WENOsG 16.4% 4.5% 1.3%
2D WENO 1.0134 1.0218 0.9068 2D WENO 13.3% 13.9% 2.4%

1 1

0.1

0.5
T l-01 ¢

Fig. 13. Comparison of the sG approach (left) for the density p in the Euler equations with 10 Multielements, 2000 space cells, Kg =2, Kx =2 and the
full 2D WENO approximation (right) at t = 0.1. Example (4.9).

oscillations for example up to 23% for the linear advection problem compared to plain stochastic Galerkin, coming with the
price of an slightly higher Ly error. This underlines the necessity of our stochastic slope limiter for discontinuous solutions
in the x — & plane. The WENOsG and 2D WENO methods behave differently on our numerical test cases which indicates
variable choices on the investigated problem setting.

Another approach to dampen oscillations is to filter the gPC coefficients in the stochastic Galerkin expansion, which is
presented in [27]. The method is so far applied in combination with first-order numerical schemes and it would be inter-
esting to be combined with WENO reconstructions as proposed in this article in order to obtain high-order approximations
and to further reduce the impact of Gibbs phenomenon. Moreover, our stochastic slope limiter can be constructed as a
maximum principle satisfying limiter, which is a strategy known from the theory of deterministic conservation laws and
explained in [47,64], where it is, similarly to our hyperbolicity-limiter, combined with a positive-preserving limiter in order
to ensure the maximum principle as well as admissible solutions which would yield comparable properties to IPM [25,43].

Due to the curse of dimensionality in the stochastic Galerkin system, this scheme is mainly applied to low dimensional
random variables, where it is able to outperform non-intrusive methods such as Multi-Level Monte Carlo [36] and stochastic
collocation [61]. In this context, it is important to find a range of applicability for the general stochastic Galerkin method,
see for example [15], where we can see that stochastic Galerkin is outperformed by stochastic collocation already in two
or three dimensions. Thus, the method presented in this article is - similar to general intrusive uncertainty quantification
methods - dedicated to systems of conservation laws in low dimensions. For a modification of the stochastic slope limiter
to multi-dimensional uncertainties we refer to the approaches in deterministic conservation laws [9,12], whereas other
techniques such as the sub-cell limiter with JST troubled cell indicator in [50] might be relevant to adopt into the framework
of capturing shocks in the stochastic variable. In addition to that, for multi-dimensional stochastic or spatial variables, we
have to extend the WENO reconstruction to more than two dimensions. However, ENO or WENO techniques are mainly
used for low dimensions and we require the implementation of sparse grids as for example in [23].
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