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value problems (IVPs). We present analysis to show that the IDC methods can correct
for both the splitting and numerical errors, lifting the order of accuracy by r with each

ff{ev;:f Scieferred correction correction, where r is the order of accuracy of the method used to solve the correction
Initial-boundary value problem equation. We further apply this framework to solve partial differential equations (PDEs).
High-order accuracy Numerical examples in two dimensions of linear and nonlinear initial-boundary value
Operator splitting problems are presented to demonstrate the performance of the proposed IDC approach.
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1. Introduction

In this paper we present high order operator splitting methods based on the integral deferred correction (IDC) mecha-
nism. The methods are designed to leverage recent progress on parallel time stepping and offer a great deal of flexibility for
computing the ordinary differential equations (ODEs). We focus on extending IDC theory to the case of splitting schemes on
the IVP

A
ue = f(t, u):va(t,u), u(0)=up, tel0,T], (11)

v=1

and discuss the application in parabolic PDEs. Here, u € R" and f(t, u) : RT x R" — R",

In the case that (1.1) arises from a method of lines discretization of time dependent PDEs which describe multi-
physics problems, we encounter high dimensional computation. For these problems, the splitting methods can be applied to
decouple the problems into simpler sub-problems. Therefore, the main advantages of operator splitting methods are prob-
lem simplification, dimension reduction, and lower computational cost. Two broad categories can classify many splitting
methods: differential operator splitting [1,25,32,33] and algebraic splitting with the prominent example of the alternating
direction implicit (ADI) method, which was first introduced in [9,7,30] for solving two dimensional heat equations. The
main barrier in designing high order numerical methods based on the idea of splitting is the operator splitting error. To
obtain high order accuracy via low order splitting method generally adds complexity to designing a scheme and stability
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analysis [14,27,18,26,34,12]. A recent work in [3] utilizes the spectral deferred correction (SDC) procedure to the advection-
diffusion-reaction system in one dimension in order to enhance the overall order of accuracy. However, this work does not
contain a proof that the corrections raise the order of the method.

In [10], an SDC method is first proposed as a new variation on the classical deferred correction methods [2]. The key idea
is to recast the error equation such that the residual appears in the error equation in integral form instead of differential
form, which greatly stabilizes the method. It is proposed as a framework to generate arbitrarily high order methods. This
family of methods use Gaussian quadrature nodes in the correction to the defect or error, hence the method can achieve
a maximal order of 2(M — 1) on M grid points with 2(M — 2) corrections. This main feature of the SDC method made
it popular and extensive investigation can be found in [10,28,21,23,22,15,16,24]. Following this line of approach, the IDC
methods are introduced in [6,5,4]. High order explicit and implicit Runge-Kutta (RK) integrators in both the prediction
and correction steps (IDC-RK) are developed by utilizing uniform quadrature nodes for computing the residual. In [6,5], it is
established that using explicit RK methods of order r in the correction step results in r higher degrees of accuracy with each
successive correction step, but only if uniform nodes are used instead of the Gaussian quadrature nodes of SDC. It is shown
in [5] that the new methods produced by the IDC procedure are yet again RK methods. It is also demonstrated that, for the
same order, IDC-RK methods possess better stability properties than the equivalent SDC methods. Furthermore, for explicit
methods, each correction of IDC or SDC increases the region of absolute stability. Similar results are generalized to arbitrary
order implicit and additive RK methods in [4]. Generally, for implicit methods based on IDC and SDC, the stability region
becomes smaller when more correction steps are employed. It is believed that this is due to the numerical approximation
of the residual integral. The primary purpose of this work is to apply the IDC methods to the low order operator splitting
methods in order to obtain higher order accuracy.

The paper is organized as follows. In Section 2, we briefly review several classical operator splitting methods and show
how these methods can be cast as additive RK (ARK) methods. In Section 3 we formulate the IDC methodology for applica-
tion to operator splitting schemes. In Section 4, we prove that IDC methods can correct for both the splitting and numerical
errors of ODEs, giving r higher degrees of accuracy with each correction, where r is the order of the method used in the
correction steps. In Section 5, as an interesting example, we will show how to use integral deferred correction for operator
splitting (IDC-0S) schemes as a temporal discretization when solving PDEs. In Section 6 we carry out numerical simulations
based on IDC methods for both linear and non-linear parabolic equations, and demonstrate that the new framework can
achieve high order accuracy in time. In Section 7 we conclude the paper and discuss future work. We note that both the
parallel time stepping version of IDC and the work presented in this paper are likely to benefit from the work in [20], and
will be the subject of further investigation.

2. Operator splitting schemes for ODEs

In this section, we review several splitting methods which will serve as the base solver in the IDC framework. For
differential operator splitting, such as Lie-Trotter splitting and Strang splitting, which happens at continuous level, we will
apply appropriate numerical methods to the sub-problems and refer the whole approach as the discrete form of differential
splitting. For both the differential splitting and algebraic splitting, we will show that each of the numerical schemes can
be written as an ARK method. This insight is the first step required to apply the IDC methodology [4] to operator splitting
schemes, which is the primary purpose of the present work.

2.1. Review of ARK methods
For IVP (1.1), when different p-stage RK integrators are applied to each operator L,, the entire numerical method is

called an ARK method. If we define the numerical solution after n time steps as v", which is an approximation to the exact
solution u(t,), then one step of a p-stage ARK method is given by

A P
U =0T+ ACY Y BT (6 + AL, D), (21)
v=1i=1
with
A p
Di=V"+ALY Zal[}’] folta + cg.“]At, 0j) (2.2)
v=1 j=1

and At =ty4+1 — ty. An ARK method is succinctly identified by its Butcher tableau, as is demonstrated in Table 2.1.
In the following sections, we will explicitly write out the Butcher tableau for each operator splitting scheme and conclude
that each of the operator splitting schemes considered in this work is indeed a form of ARK method.

2.2. Lie-Trotter splitting

We describe Lie-Trotter splitting for (1.1) in the case of A =2 in the right hand side functions. We consider a single
interval [t;, tp+1]. With first order Lie-Trotter splitting, (1.1) can be solved by two sub-problems:
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Table 2.1
Butcher tableau for a p-stage ARK method.
[1] [A] (1] (1] (1] [A] [A] [A]
A A
) R ) Ay Ap o Gy I Ly e Gy
['1] [}\] ['11 I‘ﬂ . [.11 [.A] [}\l ['Al
Cp 1 % Ap1  Gpy -0 dpp ap po App
b Bl pl . IR pA i
Table 2.2
Butcher tableau for Lie-Trotter splitting.
0 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 1 0 0 0 1
| o 1 o] o 0 1

ur = fi1(t,u), onlty, tht1l,

(2.3)
ue = fa(t,u), on[ty, thy1].

The solution calculated from the first equation is used as the initial value of the second equation. Note that this splitting
occurs on the continuous level. In order to define a discrete solver for (1.1), we need to choose a numerical scheme for
solving each sub-problem. For example, if we use the backward Euler scheme to solve both equations, we obtain a scheme
of the form

U — " -
At = f1(ta+1, V),
2 (2.4)
v —v n+1
At :fz(tn+ls v )7

where v" denotes the numerical approximation for u at time level t,. However, this approach only produces a first order
approximation.

In order to make use of IDC methodology [4] to lift the order of accuracy of (2.4), we write a Butcher tableau for (2.4)
in Table 2.2. Comparing the Butcher tableau for the Lie-Trotter splitting with the general form of the Butcher tableau of an
ARK method, we can view the discrete form of Lie-Trotter splitting (2.4) as a 2-stage ARK method. This can be extended to
the case of A operators, where the resulting Butcher tableau would be a A-stage ARK method.

2.3. Strang splitting

In this section, we consider the second order Strang splitting for the case of three operators to demonstrate how to
construct Butcher tableaus for general differential operator splitting schemes. The case of A =3 operators can arise when
splitting a stiff ODE into three sub-problems while maintaining second order accuracy in time.

We also focus on a single time step, [t;, th+1]. Second order Strang splitting for (1.1) reads as

ue=fitw),  teltnty 1l

ur = fo(t, u), telty 1, sl

ur= f3t,u),  teltn tht1l, (2.5)
U= falt,w),  teltnt, 1l

ue=fitw),  telt, 1.l

Note that this splitting occurs on the continuous level, i.e. the temporal derivative for each sub-problem in (2.5) has yet to
be discretized. If we discretize Eqs. (2.5) with trapezoidal rule, we obtain an update of the form,
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Table 2.3
Butcher tableau for Strang splitting with A = 3.
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1
3 3 0 i 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 3 3 0 0 0 0 0 i i 0 0 0 0 0 0 0 0 0
0 0 1 3 3 0 0 0 0 0 1 1 0 0 0 0 0 3 3 0 0
1 1 1 1 1 1 1 1 1 1
1 1 0 1 1 0 0 0 0 0 1 1 1 1 0 0 0 i i 0 0
1 0 0 3 3 0 0 3 3 0 i i i i 0 0 0 3 3 0 0
1 1 1 1 1 1 1 1 1 1
3 3 0 0 3 3 0 3 3 3 3 0 0 0 2 2 0 0
Table 2.4
Butcher tableau for Strang splitting when L3 = 0.
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1
iy Y o o o ol o o o 0 o0 0
1 1 1 1
0| 1 11 0o o o of o 1 1 o 0o o
1 1 1 1 1 1 1 1
2 2 i 3 0 0 0 O o 3z 3 3 3z 0
1 1 1 1 1 1 1 1
1 0 i 3 0 0 3 3 0 i 3 3 3 O
1 1 1 1 1 1 1 1
3 i 0 g 3 0 3 3 7 7 U
Table 2.5
Butcher tableau for ADI scheme.
0 0 0 0 0 0 0
1 1 1
i 0 i 0 3 0 0
1 0 1 0 1 0 3
1 1
| o 1 0 1 0 !
=) n
U1 — v 1 n -
—— == (f1(tn, V") + f1(t, 1, D1))
1 (fl ( n» n+ 3 ’ b
5 At 2
Uy — Oy 1 ; - ; -
YV E(fz( ntl U1) + fa(tnt1, 02)),
2
U3—0; 1 . -
——— = =(f3(ta, U2) + f3(tns1,03)), (2.6)

At 2

Ug—0U3 1 - -

W = E(fZ(tn; U3) + fZ(t,—H_%’ U4))’

vl 9, 1 - n+1
Tac =§(f](tn+%,U4)+f](tn+l,U )s

where tn+% =th+ %At. In Tables 2.3 and 2.4, we write this scheme in the Butcher tableau. Comparing this with the Butcher

tableau of the ARK methods, again we see that we can view the Strang splitting as a 5-stage ARK scheme.

2.4. ADI splitting

The ADI method is a predictor-corrector scheme as a typical example of algebraic splitting, which happens after the
discretization of equations. Here we are considering the discretized ODE version of the Peaceman-Rachford scheme [30]
for (1.1). When A =2, the ADI scheme takes the form

U —u" - .
Tar = filty; 1. 0) + fatn. V"),
LH —U +1
D n
Tt = fi1 (tyy1,0) + foltger, V™.

(2.7)

The Butcher tableau for the scheme (2.7) is shown in Table 2.5, and clearly, we see that we can view the ADI splitting
scheme as a 2-stage ARK method.
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3. Formulation of IDC-0S schemes

In this section, we review the formulation of IDC-OS presented in [4]. The authors [4] considered IDC methods for
implicit-explicit (IMEX) schemes, where the non-stiff part of the problem was treated explicitly, and the stiff part of the
problem was treated implicitly. At present, our focus is on entirely implicit schemes.

We begin with some preliminary definitions. The starting point is to partition the time interval [0, T] into intervals
[tn,th+1]l, n=0,1,..., N — 1, that satisfy

O=tg<ti<tr<---<th<---<ty=T. (3.1)
“Macro”-time steps are defined by H, = t;4+1 — ty, and we permit them to vary with n. Next, each interval [t;, t,11] is
further partitioned into M sub-intervals [ty m, th,m+1], m=0,1,...,.M —1,

th=tho <th1<th2<---<thpm<-- <thMm=tny1 (3.2)

with time step size hp; = th,m — th.m—1. If Gaussian quadrature nodes are selected, as was originally done with the SDC
method [10], hp;n varies with m. Here, we only consider the case of uniform quadrature nodes, i.e. with hy;, = % for
m=1,2,..., M. Thus, without any ambiguity, we will drop the subscript m on hy . Note that in what follows we will use
superscript [i] to denote the i-th correction at a discrete set of time points and superscript (i) to denote the continuous
approximation given by passing an M-th order polynomial through the discrete approximation. For simplicity, we drop the
n subscript for the description of the IDC procedure on “macro”-time interval [t, tp+1]. The whole iterative prediction-
correction procedure is completed before moving on to the next time interval [tp41, tp+2]. The numerical solution at tp41q
serves as the initial condition for the following interval [t;t1, thy2].

Prediction step. Use an ro-th order numerical method to obtain a preliminary solution to IVP (1.1)
0 0 0 0
U[O]:(Ué],v{],...,U,%],...,U,E/,]), (3.3)
which is an ro-th order approximation to the exact solution
u=(up,ut,...,Un,...,Um), (34)
where u, = u(ty) is the exact solution at t,, form=0,1,2,..., M.

Correction step. Use the error function to improve the accuracy of the scheme at each iteration. For k =1 to ¢ (cs is the
number of correction steps):

(1) Denote the error function from the previous step as
e(kfl)(t) =u(t) — U(kf])(t), (3.5)

where u(t) is the exact solution and v*~D(t) is an M-th degree polynomial interpolating v*~11. Note that the error
function, e®=1(t) is not a polynomial in general.
(2) Denote the residual function as

Vo= 0 - fFe. v ), (3.6)
and compute the integral of the residual. For example,

tmy1

M
—_ k—1 k—1

[ €D @e 2o = v = i =0 Yy @5, (37)

to j=0
where yp, j are the coefficients that result from approximation of the integral by quadrature formulas and Uj[k_ﬂ =
v*&D ().

(3) Use an ry-th order numerical method to obtain an approximation to error vector

elk=11 — (eg“”, ek eg\’,‘f”), (3.8)
where ek — =1 (¢, ) is the value of the exact error function (3.5) at time t;; and we denote it as

Sl = (sBT sl s, (3.9)

To compute 88 by an operator splitting method consistent with the base method, we first express the error equation
in a form consistent with original problem we are solving. We start by differentiating the error (3.5), together with (1.1)
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O =u'® -0 ©
= f(t.u®) — f&. v V@) —e* Vo)
= ft.v* VO +e* V@) - fFe, v D) —e* V). (3.10)
Bring the residual to the left hand side, we have
t
@“—”a)+:/e“—”aqdn/=f(nu“‘”@)+e“‘”@»-—f@,u“—”a». (3.11)
to
We now make the following change of variable,
t
Q Py =e® )+ f e®D(r)dr,

to
t

Ve Py =re. v PO+ V0 - / ‘D (@ydr) — ft. v V). (312)
to
With this change of variable, we see that the error equation can be expressed as an IVP of the form,
{ QYO =6¢*"wt, " V),  telto,tul,
Q*D(tg) =0.

This is now in the form of (1.1) and we can apply the same operator splitting scheme to (3.13) that we applied to (1.1)

and obtain the numerical approximation to 9¥~! = Q ®=1(¢,,). Recovering § given ¥ is a simple procedure.
(4) Update the numerical solution as v!Kl = vlk=11 4 5lkI,

(3.13)

Remark 1 (The prediction step). For example, if we apply the discrete form of first order Lie-Trotter splitting (2.4) to (1.1)
with A =2, we have for m=0,1,2,...,M —1,

~ _ [0]
U — U, ~
h - = f1(tmy1, D),
[m“ _ (3.14)
LD ot v
n

Remark 2 (The correction step). As an example, if we use ADI splitting in the correction step, we will solve (3.13) with A =2,
we have form=0,1,2,...,M—1,

3 [k]
Y — v _ hn ~ _
g =G N+ )+ Gt o)),
[1<12 3 0 (315)
- k—1 - ~
i = G5Vt 94y ) + 61t + 5 D).
2
where
t
G QU 0) = £t v VO + Q4 V0 - [ Do) - e v o) (3.16)
to

for v =1, 2. Moreover, we note that we split the residual term equally for each operator in implementation.
4. Analysis of IDC-0OS methods

In this section, we will discuss the error estimate for IDC-OS methods. Our analysis is similar to previous work of IDC-RK
and IDC-ARK [6,5,4].

In Section 4.1, we will establish that the IDC procedure can successfully reduce the splitting error for differential operator
splitting methods where each sub-problem is solved exactly. In Section 4.2, we continue by leveraging the ideas from the
work in [4], and prove that the overall accuracy for the fully discrete methods is increased, as expected, with each successive
correction. The second set of arguments apply to the discrete form of the differential operator splitting methods as well as
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the algebraic operator splitting methods. We present results for the stability regions of IDC-OS schemes in Section 4.3. We
remark that throughout this section, superscripts with a curly bracket {k} denote the analytical functions related to solutions
through differential splitting methods.

4.1. Splitting error: exact solutions to sub-problems

Differential operator splitting introduces a splitting error. If each sub-problem is solved exactly, the overall method only
contains splitting error. Our starting point is to prove that IDC framework can reduce this splitting error. The primary result
from this subsection is given by the following theorem.

Theorem 4.1. Assume u(t) is the exact solution to IVP (1.1). Consider one time interval of an IDC method with t € [0, h]. Suppose
Lie-Trotter splitting (2.3) is used in the prediction step and the successive cs correction steps, and the sub-problems in each step are
solved exactly. If u(t) and f, are at least (cs + 3) differentiable, then the splitting error is of order O (h®2) after c correction steps.

The proof of Theorem 4.1 follows by induction from the following two lemmas: Lemma 4.2 for the prediction step and
Lemma 4.3 for the correction steps respectively.

Lemma 4.2 (Prediction step). Consider IVP (1.1) on the interval t € [0, h]. If u(t) and f, satisfy the smoothness requirements in
Theorem 4.1, and u'®(t) is the solution obtained by applying Lie-Trotter splitting (2.3) to (1.1), and the followed sub-problems are
solved exactly, then the splitting error scales as

le@ = fluh) —u® ()| ~ O(h?),  tel0,h]

The conclusion of Lemma 4.2 is simply a restatement of what the local error of splitting methods measures. The splitting
error is O(h?) for first order Lie-Trotter splitting [26].

Lemma 4.3 (Correction step). Assume u(t) is the solution to IVP (1.1) on the interval t € [0, h]. Let u(t), and f, satisfy the smoothness
requirements in Theorem 4.1. For k < cs, let u'k (t) be the solution after the prediction step and k-th correction step via Lie-Trotter
splitting method in Theorem 4.1. If | e®=D || ~ O(hk+1), then ||e® || ~ O(h**+2) after k correction steps.

Proof. We show the proof with the simple case A = 2. We have the error equation (3.13) after prediction and (k — 1)
correction steps. Use the Lie-Trotter splitting method (2.3) to solve (3.13), we have

Moy =c e ),  telo.hl, )
Yo =o,

and
QoY =65 ) ey, relo.n, w2
Mo =,

with G¥ D¢, Q*=1(¢)) defined in (3.16). Hence Qé’<71}(h) is the approximation of Q ®*~1(h) solved by the Lie-Trotter
splitting method. It’s easy to see that

e® () =e® V() — e V() = Dy — M h, (4.3)
for t € [0, h]. To prove Q ¥~V (h) — Qikil}(h) ~ O(h**+2), we examine the scaled variant

- 1

QPO =50 V. (44)
With this new notation, IVP (3.13) can be equivalently written as

{ Q Py =c""De. Q" e).  telo.nl, (45)

Qo =0, '

with

_ _ 1 _

CEVE, Q" V) = 26TV RQ TN ). (4.6)

Using the Lie-Trotter splitting method to solve IVP (4.5) will give us

{ @ oy =¢% Ve, ¥  Vwy,  teron,

_ (4.7)
Mo =o,
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and
@ Moy =¢¥ Ve, ) ), telo.hl,
Qz{k—l}(o) _ Q}k_”(h), (4.8)
with
Gl D, Q% D)) = %cﬁ‘*”(t, HQ® ey, v=1,2 (4.9)

Qz(kq)(h) is the approximation to Q *~D(h) through Lie-Trotter splitting. If e*~D ~ O(h**1), it is easy to verify that
Q*=V(t) ~ Oh*+1y and G*D(t, Q *=V (1)) ~ Ohk*T). Similar as the work of IDC-RK in [6], one can further check that
Lk t)~0() and G*D(t, Q k1)) ~ O(1). Therefore,

1 Dy — @My ~ 0h?). (4.10)

Notice that IVP (4.1) and (4.7) are both first order ODEs, and hk(_igk*l)(t, Q{k_”(t)) = Gﬁkil)(t, h"Q{k_”(t)). Since ka_”(t)

is the solution to (4.7), h"Q}k_”(t) is a solution to (4.1). Through the uniqueness of the solution for IVP, one can conclude
that

— (e 1 _

Q) = ﬁQik U (411)
Similarly, from IVP (4.2) and (4.8), one can further conclude

~ e 1 _

QM) = ﬁQik Y. (412)
Thus (4.10) is equivalent to

1 _ 1 _

WQ(" Dhy — ﬁQz(k Yyl ~ om?), (413)
ie.

le®@] = 1% V) — ¥y ~ on ). (4.14)

We now complete the proof of Lemma 4.3 for the case of Lie-Trotter splitting. O

The conclusion in Theorem 4.1 also holds for Strang splitting method (2.5) and the proof is essentially the same as
Lie-Trotter splitting. We have now demonstrated that IDC can lift the order of accuracy when each sub-problem is solved
exactly, however, in practice, we usually do not have access to analytical solutions for these sub-problems. We will consider
the fully discrete scheme in the next section.

4.2. Local truncation error: discrete solutions to sub-problems

A fully discrete solution introduces additional error beyond the splitting error. In this section, we turn to analyzing fully
discrete IDC-OS schemes and begin with some preliminary definitions [6].

Definition 4.4 (Discrete differentiation). Consider the discrete data set, (f, 1/7) = {(to, Vo), ..., (tm, ¥m)}, with {tm}nl‘;':0 defined
as uniform quadrature nodes in (3.2). We denote LM as the M-th degree Lagrangian interpolant of (t, /):

M
M =Y an®Vm  n@® =[] — (415)
m=0

tm —tn’
An s-th degree discrete differentiation is a linear mapping that maps 1/7 to asw, where
A 3y
ds¥)m = ﬁL &Y le=ty, - (4.16)

This linear mapping can be represented by a matrix multiplication dsyr = D - ¥, where Dy € RM+AD*M+D and (D), =
;??Cn(f) lt=ty,, m,n=0,..., M.
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Definition 4.5. The (S, co) Sobolev norm of the discrete data set (t, 1}) is defined as

s S
115 00 = Y lds¥lloo =D IDs - ¥lloo, (417)
s=0 s=0

where dsy =1Id - is the identity matrix operating on 1.

Definition 4.6 (Smoothness of a discrete data set). A discrete data set (t, 17/) = {(to, ¥o), ..., (tm, ¥m)} possesses S (:9 <M)
degrees of smoothness if 1115 00 is bounded as h — 0, with h defined as the step size in the sub-interval (tp, tm+1) Where
m=0,1,---,M—1.

As discussed in Section 2, all the listed operator splitting schemes are a form of ARK methods. Therefore, we can use
the framework of the IDC-ARK schemes in [4] to enhance the order of the discretized scheme. Hence, we shall describe
only what is needed for clarity when extending the results of the work in [4] to the fully implicit case under consideration
here. For further details, we refer the reader to [5,4]. The theorems below apply to lifting the order of algebraic splitting as
well as the discrete form of differential splitting. The splitting error discussed in Theorem 4.1 is directly related to the local
truncation error. We note that the results in the following theorem can be generalized to all IDC-OS schemes which can be
written as a form of ARK method and the proof is quite similar.

Theorem 4.7. Let u(t) be the solution to IVP (1.1). Assume u(t), f(t,u) and f,(t,u) are at least o differentiable with respect to each
argument, where o > M + 2. Consider one time interval of an IDC method with t € [0, H] and M + 1 uniformly distributed quadrature
points. Suppose an ro-th order ARK method (2.1) is used in the prediction step and (1,12, ..., T¢,)-th order ARK methods are used
in the successive cg correction steps. Let sy = Z’;:o rj. If s, < M + 1, then the local truncation error is of order O(hsest1) after cg
correction steps.

The proof of Theorem 4.7 follows by induction from the following lemmas for the prediction and correction steps. For
clarity, similar as [4], we will sketch a proof for Lie-Trotter splitting.

Lemma 4.8 (Prediction step). Consider an ro-th order ARK method for (1.1) on [0, H], with (M + 1) uniformly distributed quadrature

points. u(t) and f, satisfy the smoothness requirement in Theorem 4.7 and let v!9 = (U([)O], vl[o], . U,L?], AU v,[\g]) be the numerical

solution. Then,

(1) The error vector el® = u — vI% satisfies ||e[%] o, ~ O(hT0FT).

o 1 ) . .
erescaled error vectore™" = —e as min(o —ro, egrees of smootnness in the discrete sense.
(2) Th led tor % = el h ( M) d th he discret

Proof. (1) is obvious. We will prove (2) next. We drop the superscript [0] as there is no ambiguity. Applying the discrete
form of the Lie-Trotter splitting (2.4) to IVP (1.1) with A =2, we have

U — Unp -
h = fl(tm+1s U)7

Um41 — U
h

(418)
= fo2(tm+1, Um+1),
ie.
Um+41 = U + hf1(tms1, U) + hf2(tmg1, Ums1)- (4.19)

Performing Taylor expansion of fi(ty11, D) at t = ty,, we get

o-2 hH—] dif1
Um+1 = Um +hf1(tm’Um)+hf2(tm+1,Um+l)+Z i W
i=1 ’

(tm, Um) + O(h%), (4.20)

on the other hand, the exact solution satisfies
tm41 tmy1
Um+1 = Um + / fi(z,u(r))dr + / fa(z,u(r))dr
tm tm

o—2 i i
hl+1 dlf_l
= hfq(tm, E —
tn + A1 ”mHi:l (i+1)! dff

(tTfh um)

o2 (_-l)i-'r]hi-'r] difz
+ hf2(tmy1, Umg1) + Z WF(%H, Um+1) + Oh?). (4.21)
i=1 .
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Subtracting (4.20) from (4.21) gives
em+1 = em + h(f1(tm, um) — f1(tm, Um)) + h(f2(tmt1, Ums1) — f2(Emt1, Umt1))

o—2 i -2
h! 1 dlf1 ( 1)' 1h1 1 dlfz hl 1 dlf1
tm, U + E t u
(l 1)' ltl (my m) (l 1)' (m+1, m+1) i ’tl

——(tm, Um) + O(h°),

i=1
where eni1 = Umn+1 — U4 IS the error at t,41. Denote

Im = (f1tm, um) — f1(tm, Um)) + (F2(tmt1, Um+1) — F2(Emt1s Ums1)) (422)
and
o-2 i ; oo '
_ i+l dify ( 1)i+1pi+ dlf2 hi+1 di fy
"= — i+ D! dtl (Em. ”’HZ (i+1)! dr (tmt1, Umt1) — g (fme Um)- (4.23)

i=1
We will use an inductive approach with respect to the degree of the smoothness s to investigate the smoothness of the
rescaled error vector e = % and
- éerl - é lm _2

dieyy=——= + T oMo~ 424

(d18)m . T o0, (4.24)
First of all, e has at least zero degrees of smoothness in the discrete sense since |le| ~ O(h). Assume e has s <M — 1
degrees of smoothness, we will show die has s degrees of smoothness, from which we can conclude e has (s + 1) degrees
of smoothness.

In = (fl (tms um) — f1(Ems Um)) + (fz(fm+1 Um—1) — f2(tmr1Ums1))

Z—( m)’ f1 (tm,um)+2—(em+1) f —=(tmt1> Umy1) + O((em)” ) + Olemy1)” ™)
i=1

Z —( m)' (tm, um) + Z —(emm —f(rm+1,um+1> + O((hem)° ") + O((hem 1) ). (425)

By assuming that f; and f> have at least o degrees of smoothness, we can conclude % and % have at least 0 —i — 1

degrees of smoothness, which implies hi~? % and hi-1 % have at least o — 2 degrees of smoothness. Therefore l% will

have min(o — 2, s) degrees of smoothness. Also, ;—"2‘ will have at least s degrees of smoothness. Therefore, die has s degrees
of smoothness. Therefore, e has (s + 1) degrees of smoothness. Notice that o > M + 2, we complete the inductive approach

and conclude e has M degrees of smoothness. O

Before investigating the correction step for IDC-OS schemes, we describe some details for the error equations first.
Notice that the error equation after (k — 1) correction steps has the form of (3.11), with the notation Q =1 (t), we actually
implement the problem (3.13) on time interval [t;;, tyn41] via discrete Lie-Trotter splitting as follows

3 (k]
U — 7, k-1 ~
Tmzcg ) (tmsr, D),
k (4.26)
ﬁrgﬂﬂ -0 (k=1)
=Gy tmar. I,
through which 19””1 is updated. Furthermore, we can update 5#&1 by (3.12) and (3.7). Similarly, if we apply Lie-Trotter
splitting to the scaled error equation (4.5) over the time interval [ty, tm41], wWe have
5 _ 5l
¥ — 9 ~ (k—1 ~
=6 tm. ),
~ (4.27)
ﬁrgﬁrl v (k—1) [k]
e = Gy e Iy,

from which we obtain 19["] 41 and further 6[

Lemma 4.9 (Correction step). Let u(t) and L, satisfy the smoothness requirements in Theorem 4.7. Suppose elk=11 ~ O (h%-1*1) and
1

e = e[k W has (M 4+ 1 — sg_1) degrees of smoothness in the discrete sense after the (k — 1)-th correction step. Then, after

the k-th correctlon step using an ry-th order ARK method and k <k,
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(1) fleM]|og ~ OhSH1).

_ 1 . .
(2) The rescaled error vector 8%l = h—sle["] has M + 1 — sy, degrees of smoothness in the discrete sense.
K

Proof. The proof of Lemma 4.9 is similar to that of Lemma 4.8, but more tedious. Similar as in [4], we outline the proof
here and present the difference between the proof of IDC-OS and IDC-RK, IDC-ARK in Proposition 4.10, we refer the reader
to [5] for details.

1. Subtract the numerical error vector from the integrated error equation

oKl k=11 _ 5lk]

€m+1 = Cm+1 m+1 (4.28)

and make necessary substitution and expansion via the rescaled equations.
2. Bound the error e!¥ by an inductive approach.

The following proposition is about the equivalence of the rescaled error vector and unscaled error vectors for Lie-Trotter
splitting. We remark that the proof of this proposition shows the difference of the proof between IDC-0S and IDC-RK in [5],
IDC-ARK in [4].

Proposition 4.10. Consider a single step of an IDC scheme constructed with the Lie-Trotter splitting scheme for the error equation,
assume the exact solution u(t), and L, satisfies the smoothness requirement in Theorem 4.7, then for a sufficiently smooth error
function e®=1 (t), the difference between the Taylor series for the exact error e* =V (t,1) and the numerical error 8}1’111 is O(hk+2)
after k correction steps.

Proof. Notice that the left and right hand side terms of the rescaled error equation (4.5) is O(1), applying the discrete form
of Lie-Trotter splitting scheme (2.4) to (4.5) will result in

= [k— = [i
QT 5~ om?). (4.29)
Since
tmt1
Qr[lf-':l]] Qr[nk+1 hk( r[rli-&-}] - / g(k_l)(t)dt)' (4'30)
tm

The proof is complete if the following argument holds.

RS — s L omey,  m=0,1,2,..., M, (431)
which is also equivalent to

Rl — 9l L omey,  m=0,1,2,....M. (4.32)

We will prove (4.32) by induction. (4.32) holds for m = 0 since the initial condition for the error equation is set as 0.
Assume (4.31) holds for m, then

5= 4 hé““”(tmﬂ D)
_ 5kl nd zk-1 [k] o
= U +th, dt,c (tm, D) + O(h?)

- Thid /1
=5l 4 hzl‘ dt‘( Gy~ ”(tm,hkﬂ“‘]>>+0<h”)

(ﬁmhz .dt,G“‘ ”(rm,h"ﬁ#”)>+0<h">. (433)

On the other hand, Taylor expanding ¥ at tmy will give us

¥ =l + hG(k_”(th )

= +hZ GY ™ (b, R DR + O(h). (434)
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Fig. 4.1. Stability region for IDC-OS schemes with different number of corrections. (a) Lie-Trotter splitting; (b) Strang splitting; (c) ADI splitting.

Compare (4.33) and (4.34), we can conclude

5 =S +0m°). (4.35)
Similar approach to the second equation in (4.26) and (4.27) will result in
k 3 [k
o =kl +ome), (4.36)

which completes the inductive proof for (4.32). O

4.3. Stability

In this subsection, we study the linear stability of the proposed IDC-OS numerical schemes. As is common practice [13],
we consider the test problem

Uy = Au, (4.37)

and observe how the numerical scheme behaves for different complex values of A. Without loss of generality, we will
assume that u(0) =1, and we’ll consider a single time step of length At = 1. The stability region of a numerical method is
then defined as

D:={AeC:lu)| <1} (4.38)

An additional complication comes from the fact that an operator splitting scheme requires a splitting of the right hand side
of (4.37) into A parts. For simplicity, we’ll consider the special case of A =2 with A = A1 + A, and we further assume that
A1 = Ay for simplicity.

In Fig. 4.1 we present stability regions for IDC-OS methods based on three separate base solvers: Lie-Trotter splitting,
Strang splitting and ADI splitting. The stability region of Lie-Trotter splitting with IDC procedure is everywhere outside the
curves, and the stability regions for Strang splitting and ADI is the finite region inside the curves. The number in the legend
denotes the order of the method. For example, “IDC4” represents fourth order methods achieved by the IDC-OS schemes;
for Lie-Trotter splitting, we require three correctors to attain fourth-order accuracy, whereas Strang and ADI splitting only
require a single correction. Our first observation is that of the three base solvers, Lie-Trotter splitting is the only solver that
retains an infinite region of absolute stability, whereas Strang splitting and ADI reduce to finite regions of absolute stability.

Consistent with other implicit IDC methods, the stability regions for our implicit IDC-OS methods decreases as the num-
ber of correction steps increases. We have observed that larger stability regions can be found if we include more quadrature
nodes for evaluating the integral of the residual.! This leads us to conjecture that a more accurate numerical approximation
of the residual integral is important in finding larger stability regions.

5. Application of IDC-0S schemes to parabolic PDEs

In this section, we will discuss how to apply the IDC-0OS framework to the parabolic problem of the form
ur=V-(ax, y)vVu) +s(t, u), (*x,y) e

u(0,x, y) =uo(x, y), (5.1)
u=g, (x,y) €092.

1 For all simulations used in this work, we use 13 uniformly distributed interior nodes for evaluating the residual integral in the error equation.
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The methods can be generalized to a high dimensional setting, but in this work we restrict our attention to two dimensions.
For differential splitting methods, it is quite straightforward to apply IDC-OS schemes if we solve (5.1) via method of lines.
One can obtain semi-discrete ODE systems which have the same form as (1.1) after spatial discretization. It is natural to
assume one operator, say L is related to the terms in x-direction, while Ly is related to the terms in y-direction. As for
algebraic splitting, one major difficulty for applying the IDC-OS framework to PDEs is how to handle the boundary and initial
conditions for the error equation. In the following context, we will introduce one ADI formulation which can effectively deal
with those issues. For simplicity, we only discuss the case when there is no nonlinear source in (5.1), i.e. s(t,u) = 0.

Classical ADI starts by applying second-order Crank-Nicholson time discretization to the continuous PDE (5.1), this pro-
cess produces a semi-discrete scheme

un+1 —_u"

N: — _(un+1 +uxx)+_(un+1 +u )+ (uTl-‘rl +uyy)+_(un+1 +uy) (52)

where At ="t — " is the time step, a = a(x, y), ax = ax(x, y) and ay =ay(x,y). On a two dimensional structured mesh,
we choose to use the central difference approximation (of orders 2,4 or 6) for approximating the spatial operators % %
ayZ and 7, and we denote them by Ay, By, Ay, By, respectively. If the spatial discretization is performed on an Ny x Ny
grid, there are Ny x Ny equations in the form of (5.2). We denote Y as the unknowns in vector form, then we can write
these Ny x Ny equations into matrix multiplication where boundary conditions are also incorporated,

TnJrl —_n

a
N: =—(Axwr"+1 + AT X (B Y B 4 2 S (Ay YA, 4 (B Y B,

+5 (g"“ +gh)+ —(g"“ +gp)+5 (g"+1 +8h)+ —(g"+1 +85), (53)
where ga,, g8, 8a,, and gg, are the boundary terms. Notice that, different from [8], we enforce the boundary conditions
strictly in the scheme. It is easy to verify that the method given in (5.3) is second order accurate in time. Specifically, if
we use six order central difference for spatial derivatives such as in the numerical simulations, the local truncation error of
(5.3) is O(AtAX® + At3). Denoting

At
J1= 7(‘1Ax + axBy),

At
2= —(aAy +ayBy),

(g"+1 +gh)+ —(g"*1 +g5)+5 (g"+l +gh)+ S (g5, +85,) (5.4)
(5.3) is equlvalent to
(I=J1 = J)Y™ = A+ J1+ J2)Y" + ALS. (5.5)
To set up an ADI scheme, we follow [8] by adding one term J1 J;Y"*! to both sides of (5.5), which results in
(I=J1= L2+ ] DY =+ Ji+ J2 4+ J1 DY+ J1 200 = 1™ + AtS. (5.6)
Then it is straightforward to factor (5.6) as
(= I = DY =+ JO) A+ JDY" 4 J1 20O = ™) + AtS. (5.7)

Let us consider the second term on the right hand side of (5.7). Observe that
T =T 4+ O(AL), (5.8)

and that J; and J, both carry a At in them, we see that the term Jq Jo(Y™! — T™) ~ ©O(At3). Hence, the second term on
the right hand side of (5.7) is the same order as the truncation error, thus can be dropped. Therefore, the scheme reduces
to

(I = JOU = JDY™ =+ J)U + J2)Y" + AtS. (5.9)
To solve (5.9), a two-step method was proposed in [9,30],
(= JDT™3 =+ )T+ ALS,  x-sweep, 510
(I— J)Y™ =14 J)T™ 2 + A4S, y-sweep. '

However, to be symbolically consistent, symmetric and suited for IDC method, we choose to split the boundary values S in
the following way,
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(1= JDT™3 =+ J)Y"+ 51, x-sweep, 511)
(L= J)T™ =1+ J)T™2 45, y-sweep,

with boundary terms defined as
S1= 53 (agy!" +axgy ' +agh, +aygp). (512)
S2 = 5'(agh, +axgh, +agh!! +aygpth).

It should also be pointed out that the boundary values S are associated with boundary functions g at time ¢ =ty
and t = ty41, instead of ¢, +10 therefore there is no error introduced from intermediate values Y on the boundary. This is
important for setting the boundary conditions when solving the error equation of IDC when we combine the ADI scheme
with the IDC methodology. Because the Dirichlet boundary conditions of (5.1) are exact and accounted for in the formulation

of the prediction, therefore, the boundary terms will not show up in the correction steps.
6. Numerical examples

In this section, we present numerical results for the proposed implicit IDC-OS schemes on a variety of examples of
the parabolic initial-boundary value problem (5.1), where our aim is to demonstrate the efficiency of the proposed time-
stepping methods. We begin with two linear examples of (5.1), and then present an example of the heat equation with a
nonlinear forcing term. Our final two examples come from mathematical biology: the Fitzhugh-Nagumo reaction-diffusion
model and the Schnakenberg model.

Our present work is in two dimensions, and every result is performed on a square domain with a Cartesian grid. We
solve (5.1) using 6-th order central difference for the spatial discretization in order that the temporal error is dominant in
the measured numerical error.

Example 1 (Linear example: Dirichlet boundary conditions). We solve initial boundary value problem (5.1) with constant
coefficient a(x, y) =1 in the domain [—1, 1] x [—1, 1]. Initial condition is taken as ug(x,y) = (1 — y)e* and time de-
pendent boundary conditions are g(x, y,t) = (1 — y)e!™. Therefore, (5.1) has the exact solution u(x, y,t) = (1 — y)et™.
Nyx,y = Nx = Ny represents the number of spatial grids in x- and y-direction. N; is the time steps used in the time interval
[0, T] where T is end time. cs is the number of correction steps. u is the exact solution and v as the numerical solution.
We solve Example 1 by first order Lie-Trotter splitting (2.4), second order Strang splitting (2.6) and ADI splitting (5.11) and
all the splitting performed via dimensional fashion, the numerical errors are shown in Table 6.1, Table 6.2 and Table 6.3 re-
spectively. We can clearly conclude that the schemes achieve the designed order with IDC methodology, i.e. with one more
correction step, the order of the scheme increases by 1 for Lie-Trotter splitting, while the order of the scheme increases by
2 for Strang splitting and ADI splitting.

Example 2 (Linear example: periodic boundary conditions). In this example, we will solve (5.1) when a(x,y) =2 +
0.5sin(r (4x + y)), and the initial condition ug(x, y) = sin(2mw (x + y)). We compute errors using the difference between
two successive refinements:

error = ||[un, — Un; lloos (6.1)
2

where N; describes the number of time steps.

Table 6.1

Linear example with Dirichlet boundary conditions. Errors ||u — vy, ||« for Lie-Trotter splitting method, T = 0.025.
Nyy =45 Number of time steps N;
Correction N¢ =60 Order Nt =80 Order N¢ =100 Order N =120 Order
;=0 1.53e—5 - 1.15e—5 0.99 9.24e—6 0.98 7.70e—6 1.00
cs=1 1.90e—7 - 1.09e—7 1.93 7.08e—8 1.93 4.94e—8 197
cs=2 3.10e—9 - 1.47e—9 2.59 8.06e—10 2.69 4.87e—10 2.76

Table 6.2

Linear example with Dirichlet boundary conditions. Errors ||u — v, [l for Strang splitting method, T = 0.025.
Nyy =45 Number of time steps N¢
Correction N; =60 Order N =80 Order N =100 Order N =120 Order
;=0 3.02e-5 - 1.69e—5 2.02 1.08e—5 2.01 7.55e—6 1.96
cs = 715e—7 - 2.45e—7 3.72 1.04e—7 3.84 5.20e—8 3.80

Cs= 3.64e—10 - 8.06e—11 5.24 2.28e—11 5.66 7.16e—12 6.35
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Table 6.3
Linear example with Dirichlet boundary conditions. Errors ||u — vy, |l for IDC-OS based on ADI splitting, T = 0.025.
Ny,y =150 Number of time steps N¢
Correction Nt =60 Order N¢ =80 Order Nt =100 Order N¢ =120 Order
cs = 3.68e—5 - 2.07e-5 2.00 1.32e-5 2.00 9.20e—6 2.00
cs = 4.49e—7 - 2.08e—7 2.67 1.03e—7 313 5.07e—8 391
cs = 118e—7 - 1.69e—8 6.74 4.74e—9 5.71 1.59e—9 5.98
Table 6.4
Linear example with periodic boundary conditions. Errors |[uy, — Un, |l for Lie-Trotter splitting method, T = 0.025.
2
Ny,y =45 Number of time steps N¢
Correction Ny =40 Order N =80 Order N¢ =160 Order Ny =320 Order
cs=0 4.65e—3 - 2.35e-3 0.98 1.18e-3 0.99 5.94e—4 0.99
cs=1 1.85e—4 - 5.68e—5 1.70 1.63e—5 1.80 4.44e—6 1.88
cs = 3.47e—6 - 6.55e—7 241 119e-7 2.46 1.88e—8 2.66
Table 6.5
Linear example with periodic boundary conditions. Errors |[uy, — U, lloo for Strang splitting method, T = 0.025.
2
Nyy =45 Number of time steps N¢
Correction Nt =40 Order N =80 Order Nt =160 Order Ny =320 Order
cs=0 5.24e—5 - 131e-5 2.00 3.29e—6 1.99 8.22e—7 2.00
cs=1 3.30e—9 - 2.06e—10 4.00 1.29e—11 4,00 8.04e—13 4.00
cs=2 5.80e—12 - 4.90e—14 6.89 7.77e—16 5.98 111e—16 2.81
Table 6.6
Linear example with periodic boundary conditions. Errors ||[uy, — Un, |l for ADI splitting method, T = 0.05.
2
Ny,y =200 Number of time steps N;
Correction N¢ =40 Order N¢ =80 Order N¢ =160 Order N¢ =320 Order
cs=0 7.77e—5 - 1.94e—5 2.00 4.85e—6 2.00 1.21e—6 2.00
cs=1 1.93e—8 - 1.20e—9 4.00 7.52e—11 4.00 4.70e—12 4.00
cs=2 1.43e—11 - 2.23e—13 6.01 3.56e—15 5.96 1.04e—16 5.10

Again, we present results using three splitting options: Lie-Trotter, Strang and ADI splitting. Convergence studies are
presented in Tables 6.4, 6.5 and 6.6, and we can also observe that the schemes achieve the designed order. Note that the
numerical error for the two correctors when N; = 320 is not reliable in the cases of Strang and ADI splitting because of
precision limitation.

Example 3 (Nonlinear equation with Dirichlet boundary conditions). We now test the proposed IDC-OS methods on a nonlinear
example of (5.1) with a known exact solution.

{ Up = Uy + Uyy — u% + e 72 cos? (mx) cos? (T y) + (2% — 1)e ! cos(mx) cos(mr ), 62)

u(0,x, y) = cos(iwrx)cos(my),

on the domain (x, y) € [-1, 1] x [—1, 1]. The exact solution to this problem is u(x, y, t) = e~‘ cos(;rx) cos(r y). Given that
we have an exact solution, all our numerical tests use exact boundary conditions from this solution.

An IDC-OS solver for (6.2) requires a definition for how the splitting will be performed. Here, we choose to split the
problem into three pieces: L1 and L, are the same as linear case, while L3 contains the remaining non-linear terms,

Ls(t, u) = —u? 4+ e %t cos®(wx) cos® (w y) + (2% — 1)e L cos(rrx) cos(7r y). (6.3)

We use Newton iteration to solve the discretized version of u; = L3(t, u).

In Tables 6.7 and 6.8 we present results from applying the IDC-OS method with Lie-Trotter and Strang splitting as the
base solvers. In each case, we can see the successful increase of order after each correction: one in the case of Lie-Trotter
splitting, and two in the case of Strang splitting.

In this work, we do not present results for IDC-OS methods based on ADI splitting for non-linear problems due to their
computational complexity. The high-order differential operator splitting methods discussed here are much simpler than
what would arise from using even low-order ADI splitting.
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Table 6.7

Nonlinear example with Dirichlet boundary conditions. Errors ||u — Uy, [« for IDC-OS based on Lie-Trotter splitting, T = 0.025.
Ny,y =45 Number of time steps N¢
Correction N¢ =60 Order Nt =80 Order N¢ =100 Order N¢ =120 Order
cs = 6.88e—3 - 5.16e—3 1.00 413e—3 1.00 3.44e-3 1.00
=1 731e—4 - 433e—4 1.82 2.87e—4 1.84 2.03e—4 1.90
cs = 1.60e—5 - 6.95e—6 2.90 3.59e—6 2.96 2.06e—6 3.05

Table 6.8

Nonlinear example with Dirichlet boundary conditions. Errors ||u — Un, [« for IDC-OS based on Strang splitting, T = 0.01.
Ny,y =100 Number of time steps N¢
Correction N¢ =60 Order Nt =80 Order Ny =100 Order N =120 Order
cs = 9.21e-5 - 5.20e—5 1.99 3.34e-5 1.98 2.33e-5 1.99
s = 3.04e—6 - 8.96e—7 4.25 3.38e—7 4.37 1.56e—7 4.24
cs=2 1.87e—8 - 3.22e-9 6.11 8.33e—10 6.06 2.84e—10 5.90

Example 4 (Fitzhugh-Nagumo reaction-diffusion model). A simple mathematical model of an excitable medium is Fitzhugh-
Nagumo (FHN) equations [11]. FHN equations with diffusion can be written as

ou 2 1

— =Dy,V°u+ —h(u,v),
ot 8 (6.4)
av 5

T =D, Vv +gu,v),

where Dy, D, are the diffusion coefficients for activator u and inhibitor v respectively, and § is a real parameter. We
consider the classical cubic FHN local dynamics [19,29]

{h(u,v):Cu(l—u)(u—a)—v, (6.5)

gu,v)=u—dv,
where C, a and d are dimensionless parameters. We perform the numerical experiment for (6.4) and (6.5) on the domain

[—20, 20] x [—20, 20] with periodic boundary conditions. The parameters are chosen as follows, D, =1, D, =0, a=0.1,
C=1,d=0.5, and § = 0.005. The initial condition is

0, if {x <0} U{y > 5};
o 1 ! therwi (6.6)
(1 +e4M=5)2 (1 4 4xI=1))2" otherwise.

0.15, if{x<1}N{y > —10};
, Y, 0)= . 6.7
vx.y.0 0, otherwise. (6.7)

The domain is partitioned with a 200 x 200 grid. Fig. 6.1 shows the numerical solution to the concentration of the activator
u solving by Lie-Trotter splitting scheme, with three operators similar as Example 3. We observe the spiral waves at T =
2,5, 10, which show a good agreement with the reference solutions. The computational step size is At =0.005 in all cases.
We remark that, because the lower order schemes suffer more from the numerical error of diffusion than higher order ones,
the pattern for T = 10 looks more consistent if we take a smaller computational time step size or a more refined mesh.
Similar patterns can also be obtained by IDC-OS scheme based on Strang splitting.

Remark. Fig. 6.2 shows the order of accuracy for Fitzhugh-Nagumo reaction-diffusion model (6.4) at t = 0.025, in which
we clearly observe the order increase of IDC-OS scheme with successive correction steps. However, for a more stiff param-
eter such as 8§ = 10~10, order reduction phenomena is observed in the convergence study. Similar observation is made in
Example 5 on Schnakenberg model. How to approximate the residual integral and design a robust solver for stiff ODEs is
an open question. Recently in [20], the authors proposed a highly accurate solver based on an approximation of the integral
of the residual as a linear combination of exponentials on uniform quadrature nodes. Their method is shown to do a good
job of attaining high order of accuracy with correction steps and preserving the stability region of the original implicit time
integrator which is used as the base scheme.
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Fig. 6.1. Numerical simulations of the concentration of activator u for Fitzhugh-Nagumo reaction-diffusion model at different times. (al)-(a3) t = 2;
(b1)-(b3) t =5; (c1)-(c3) t =10. (a1)-(c1) Lie-Trotter without corrector; (a2)-(c2) Lie-Trotter with two correctors; (a3)-(c3) Lie-Trotter with three correc-
tors.
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Fig. 6.2. Accuracy study for Fitzhugh-Nagumo reaction-diffusion model. t = 0.025.
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Fig. 6.3. Numerical simulations of the concentration of activator C, for Schnakenberg reaction-diffusion model at different times. (a1)-(a3) t =0.5; (b1)-(b3)
t=1; (c1)-(c3) t =1.5. (a1)-(c1) Lie-Trotter without corrector; (a2)-(c2) Lie-Trotter with one corrector; (a3)-(c3) Lie-Trotter with two correctors.

Example 5 (Schnakenberg model). The Schnakenberg system [31] has been used to model the spatial distribution of a mor-
phogen. It has the following form

aCq 2 5
FTo D1V“Cq+k(a—Cq+CyCh),
(6.8)
aC; 2 2
ot =D V°Ci+«(b—CiCp),

where C; and C; represent the concentrations of activator and inhibitor, with Dy and D, as the diffusion coefficients
respectively. k, a and b are rate constants of biochemical reactions. Following the setup in [17], we take the initial conditions
as

Ca(%,y,0) =a+b+ 10731005 +—3)") (6.9)
b
Ci(xyy70)=m, (6.10)

and the boundary conditions are periodic. The parameters are k = 100, a = 0.1305, b =0.7695, D1 = 0.05 and D, = 1. The
computational domain is [0, 1] x [0, 1]. The numerical simulations with Lie-Trotter splitting is performed on a 200 x 200
spatial grid and the numerical dynamical process of the concentration of the activator C, at different times are shown in
Fig. 6.3, we can observe that the initial data are amplified and spreads, leading to thew formation of spot pattern. The
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computational time step size is chosen as At =0.001. We also note that similar patterns can be obtained by IDC-OS scheme
based on Strang splitting.

7. Conclusion

In this paper, we have provided a general temporal framework for the construction of high order operator splitting
methods based on the integral deferred correction procedure. The method can achieve arbitrary high order via solving
correction equation whereas reduce the computational cost by taking the advantage of operator splitting. Error analysis and
numerical examples for IDC-OS methods are performed to show that the proposed IDC framework successfully enhances
the order of accuracy in time. A study on order reduction for very stiff problems will be part of our future work.
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