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1. Introduction

Fractional partial differential equations (FPDEs) have found many impressive applications in lots of fields, such as finance,
phase transitions, stratified materials, anomalous diffusions (see [25] and references therein). To solve them, both analytical
and numerical methods are used in the literature. The analytical methods like the Fourier transform method, the Laplace
transform method and the Mellin transform method have been developed to seek closed-form analytical solutions [29].
Since such closed-form analytical solutions are unavailable in most cases, extensive researches have already been carried
out on the development of numerical methods for fractional partial differential equations like finite difference methods (see
e.g., [4,8,14,22,23,34,36]), finite element methods (see e.g., [9,10,19]), and spectral methods [15,17].

Let © be a polyhedral domain in RY, we consider the space fractional partial differential equations (SFPDEs): find u(x)
such that (see [11])

- / DX u(x) M(z)dz + cu(x) = f(x), x€Q, (1.1)
sd—1
Ulgag =0, (1.2)

where 1/2 <a <1, ¢ >0, f is a source term, S¢~1 = {z € RY; ||z||2 = 1}, M(2) is a probability density function on %1,
|| - [|2 denotes the standard Euclidean norm, and Dg", which will be given later, denotes the directional derivative of order
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2« in the direction of the unit vector z. Here we assume M is symmetric about origin, i.e., M@z) = M) if z, 7 € §41
satisfy z + 7' =0, which means that the considered problem is a symmetric one.
One special case of (1.1) is

d

= (Pi-ooDF* +qix DX)u+ cu = f (13)
i=1

and pj, q;i > 0 satisfying p; =¢q; and Z?:] (pi+qi) =1, where ,OOD)ZQ_O‘, x,.Dgg‘ denote Riemann-Liouville fractional derivatives.
Actually, (1.3) can be obtained from (1.1) by taking M = Z?:] pid(z—e;)+qid(z+e;j), where e; is the ith column of identity
matrix in R?*? and § the Dirac function on S9!, The corresponding time-dependent equation of (1.1) can be used to
describe a general super-diffusion process (see [20]), which is an appropriate extension from one dimensional problem

au D2
at (p*OO X
As to the super-diffusion, please refer to [24] for details.

One of the greatest challenges for numerically solving SFPDEs is how to reduce the computation costs. Due to the non-
local properties of fractional differential operators, numerical methods for linear SFPDEs tend to yield the linear equations
Ax = b with the following characteristics: (1) the coefficient matrix A is dense or full; (2) the condition number of A in-
creases fast, as the mesh becomes fine. Reducing the computation costs for SFPDEs is harder than doing it for the integer
order PDEs. Some methods have already been designed to overcome this difficulty, such as alternating-direction implicit
methods (ADI) [23,39,40], and iterative methods [16,27,28,30,40-43].

Iterative methods seem to be efficient tools for solving SFPDEs. Actually two issues in this situation need to be concerned
for efficiency: one is to do the matrix-vector multiplications efficiently, and the other is to find good preconditioners. As to
the first issue, some literatures are contributed: in [38], with the notice of Toeplitz-like structure of the coefficient matrix,
the matrix-vector multiplications are done with O(NlogN) complexity by using a fast Fourier transform (FFT) [5,6]. This
technique of “matrix-vector multiplication” has been widely used to improve the efficiency of iterative methods for the
SFPDEs [16,28,40-43]. As regards the second issue, some literatures should be listed as follows: the first relevant paper may
be [2] in which a multilevel preconditioner of fractional power was put forward; in [16], the authors propose preconditioners
constructed by some banded matrices of fixed bandwidth; in [42], the authors present a preconditioner by some symmetric
positive Toeplitz matrices; moreover a new preconditioner is designed in [13] through some circulant matrices.

It is known that multigrid methods are optimal iterative procedures, which have been widely used for integer order PDEs
(see e.g., [3,35]). In recent years, some researchers begin to investigate multigrid methods for solving SFPDEs. For instance,
in [46], Zhou and Wu apply the multigrid method to solve one dimensional steady SFPDEs, and in [28], the authors consider
the V-cycle multigrid method for solving corresponding time-dependent problems. But till now, no satisfactory convergence
results have been obtained for the multigrid methods for solving SFPDEs. Actually, in [28], the authors only conduct the
theoretical analysis for the two-level multi-grid method, and Zhou and Wu in [46] get the convergence results only under
the assumption that the adjoint problem has sufficiently smooth solution.

In this paper, we introduce a V-cycle multigrid method with one smoothing step on each level to solve linear algebraic
systems resulting from the finite element approximations of the SFPDEs (1.1). It is shown that our V-cycle multigrid methods
are optimal, which means the convergence rates are independent of the mesh size and mesh level. Moreover, our theoretical
analysis and the convergence results in this paper do not require any regularity assumptions of the model problems. To the
best of our knowledge, this paper is a first attempt to give a rigorous theoretical analysis for the V-cycle multigrid methods
for the finite element approximations of SFPDEs in any dimensions.

This paper is also the first work to design the fast solver for the SFPDE (1.1) with M being a continuous function. Among
the current numerical methods for SFPDEs, most of them are for one dimensional problems and for some special high
dimensional problems like (1.3), and only a few are for more general problems like (1.1). Actually, only [11,31] study the
numerical methods for (1.1): in [11], the authors consider the finite element approximation for (1.1) and in [31], the author
studies the corresponding time-dependent case.

In the rest of the paper, without loss of generality, we restrict ourselves to the case d = 2, namely, we consider the
problem (1.1) in R2. For A C R2, denote by LZ(A) the space of all measurable functions v on A satisfying fA(v(x))zdx < 00,
and by Cg°(A) the space of infinitely differentiable functions with compact support in A. Set

* 4 quD2*)u+cu=f. (14)

(v,w)A=/vwdxdy, vlla = (v, v) 2,

A

and they are abbreviated as (v, w) and ||v|| respectively if A = RZ.

To simplify our statement, we make a convention here: function v defined on a domain A C R? also denotes its extension
on R? which extends v by zero outside A. The constant C with or without subscript will denote a generic positive constant
which may take on different values in different places. These constants will always be independent of the mesh sizes and
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levels in the multigrid methods. Following [44], we also use symbols <, > and = in this paper. That a; < by, az 2 b, and

a3 ~ b3 means that a; < C1bq, ap > C3by and C3b3 <az < Céb3 for some positives Cy, C, C3 and Cg.

The rest of the paper is organized as follows: for the sake of completeness, in Section 2.1, we give our model problem
and the corresponding finite element discretization. In Section 3, we present our V-cycle multigrid methods and introduce
some basic theoretical results. In Section 4, we shall prove the convergence of the multigrid methods. In Section 5, the
numerical results are given to verify our theoretical findings.

2. The model problem and its discretization

In this section, we shall present the SFPDE in R2, and then introduce its variational formulation and corresponding finite
element discretization.

2.1. The model problem
We first introduce the concepts of directional integrals and derivatives [11].
Definition 2.1. (See [11].) Let ;> 0, 8 € R. The pth order fractional integral in the direction z = (cos#, sin#) is defined by

n—1

()

Dy H*v(x,y) = Dg“v(x, y) :/ v(x — T cosh,y — tsinb)dr,

0

where I" is the Gamma function.

Definition 2.2. (See [11].) Let n be a positive integer, and 6 € R. The nth order derivative in the direction of z= (cos#é, sin6)
is given by

d 3 \"
Djv(x,y) :=|cosf— +sind— | v(x,y).
ax ay

Definition 2.3. (See [11].) Let u > 0, 6 € R. Let n be the integer such that n — 1 < u <n, and define 0 =n — . Then the
Jth order directional derivative in the direction of z = (cos#, sin#) is defined by

DYv(x,y) := D v(x,y) = DiD;  v(x, y).

If v is viewed as a function in x, D}, D are just the left and the right Riemann-Liouville derivatives (see e.g., [29,33]).
The fractional derivative operators in problem (1.1) are related to the following fractional derivative:

Definition 2.4. (See [11].) Assume that v :R%2 - R, ;> 0. The uth order fractional derivative with respect to the measure
M is defined as

Dﬁv(x, y) = / D v(x, y)M(6)d6,
sl

where S = [0+ v, 27 + v) with a suitable scalar v, and M(9), which satisfies f2”+v M(6)d6 =1, is a periodic function

v
with period 2. Without loss of generality, we take v =0.
Remark 2.5. It is easy to check that

2y ta 92v 2 9%v
axZ T 925, 12

D2~vx, =a ,
wV & y)=an ox3y

where aj1 = [27 cos?0M(0)d0, azy = (27 sin? M (0)d0 and aip =2 [ cosésin6M(@)d6 (see also [21]). Denote by L a
positive integer, let 6 € [0,27) and py >0, k=1,2,..., L, satisfy Z,&Zl pr = 1. Assume that ng is continuous in 6, and
then

L
DV =D PkDjv(x.y). (21)
k=1
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if

L
M=>"pis® —6). (2.2)
k=1

where § denotes Dirac delta function.

For u: R? — R, define differential operator L, in R? as
_ _n2a
Lou=-D Y +cu.

Denote by Q a polygonal domain in R?, set 1/2 <« <1, and then the model problem of this paper is to find u:Q — R
such that

{Lauzf, inQ,

u=0, on 0%, (23)

where f is a source term and we assume that M(0) satisfies M(0) = M(6 + ) for 6 € R, i.e., (2.3) is a symmetric problem.
Here, we recall the convection made in Section 1, i.e., u also denotes its extension by zero outside .

2.2. The variational formulation

Definition 2.6. (See [37].) Let u >0, Fv(&1,&2) be the Fourier transform of v(x, y), || = ,/512 + 522. Define norm

IVl liceey = 1+ 1Py 7v1 .

Let HH(R?) :={v € L(R?); ||V||yu g2y < 00}.

For v Hg(Q), we also denote [|V||yu g2y by |IVIIHxr(g). It is known that H*(R?) is a Hilbert space equipped with the
inner product (v, W)y g2y = ((1+[§|)*Fv, Fw) and C3°(R?) is dense in H*(R?) (see [37]). Now, we introduce and prove
some useful results for the fractional directional derivatives of functions in Cg° (R?).

Lemma 2.7. (See [11].) For p e R, v € C3° (R?), the Fourier transform ongv is
]-‘(ng(x, ¥)) = 2mi(& cosh + & sin@))* Fv (&1, &).

Lemma 2.8. For i1, s > 0, v, w € C°(R?),
(DL v, w) = (D} v, D}, ,w),

where DJv = v.

Proof. By Lemma 2.7 and (A.1), we know FD)'v = (27i(£1 cosd + & sin@))* Fv, FDh v = (2mi(&1 cosf + & sin0))* 5 x

Fv, J—'Df,_HTW = (2mi(£1 cosf + &, sinf))* Fw. Then the lemma follows by Parseval’s formula. O

n . . .
g4+ W) Which is a special

(R?) denote the set of locally integrable functions on R2.

We define the weak fractional directional derivative according to the relation (Dg v,w)=(v,D

case of Lemma 2.8 (see also Lemma 5.7 in [11]). Let L}OC

Definition 2.9. Given 1 > 0, 6 € R, let v € L?(R?). If there is a function v, € L} (R?) such that
(v, i w)= (v, w), Ywe (R,

then v, is called the weak pth order derivative in the direction of 6 for v, denoted by D} v, i.e., v,, = D}v.

It is not hard to see that the weak derivative Dg v is unique if it exists and that the weak derivative coincides with

the correspondent derivative defined in Definition 2.3 if v € Cg“’(Rz). In the following, we use ng to denote the weak
derivative.
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Lemma 2.10. Let 1« > 0. For any v € H*(R2), 0 < s < u and 6 € R, the weak derivative Dj v exists and satisfies
FDjv(&r, &) = (2mi& cos + 2migy sin6)* Fv (&, &), (2.4)
ID§VII = ClIVI|gn ) (25)
Proof. Since CSO(RZ) is dense in H*(R2), there is a Cauchy sequence {v,} C C8°(R2) such that [[vp — V||gng2) —> 0 as
n— 0. By Lemma 2.7, FDjw = (2mi(§; cos6 + & sinf))* Fw for w e Cgc(Rz). By Parseval’s formula and 0 < s < u, it is
not hard to see that ||[Djw|| = ||[FDjw|| < C||W||yugz). So we have ||Djvy — Dyvml|| < Cl|va — Vi|lyuge) and {Djvy} is

a Cauchy sequence in L%(R?). Denote by vs € L>(R?) the function to which {Djvn} converges to. By Lemma 2.8, for any
w e CO(R?),
(VTM Dz+7rw) = (DZ)Vn, W)'

Taking the limits of both sides of the above equation, we obtain (v, D?Hn w) = (vs, w) for any w € CSO(RZ). So Djv exists

and is equal to v, by Definition 2.9. By the definition of Fourier transform for the function in L%(R2),

((2mi(&1 cosO + & 5in6))° Fvy, v) = (Dyvy, Fv), Vve CSO(RZ). (2.6)
Because

1Vn = Vllgny = |1+ 16921 F@n = | >0,
it is not hard to see that (2mi(& cos@ + & sinf))® Fv, converges to (2mwi(& cosé + & sind))* Fv in L2(R?%). Taking the

limits of both sides of (2.6), we obtain (2.4) by the definition of Fourier transform. (2.5) can be proved directly by (2.4) and
Parseval’s formula. O

Lemma 2.11. Let 11, s > 0 with t — s > 0. For v, w € H*+S(R?),
(DYv, DY, w)= (D5 v, D} Ew). (2.7)

0+m 0+

Proof. For any g € H*+5(R?), ||D} gl [ID}, . gll, 11D, gl and ||} g|| are all bounded by C|[g||;ug2) by Lemma 2.10.

Then the lemma follows from that C3°(R?) is dense in H**$(R?) and Lemma 2.8. O

Assume that the solution u of (2.3) is sufficiently smooth (indeed, that u € C2(2) with u|yq = 0 is sufficient). Multiplying
both sides of the first equation in (2.3) with v € C§°(2) and integrating over Q give

27
—/(Dgo’u, VIM(©)dO + c(u, v) = (f.v), veClCFE. (2.8)
0
Then employing the relation (D;w, v) = (w, D;M v) (it can be obtained by integration by parts), we obtain
27
- /(Dﬁ‘“u, D}, VIM()O +c(u,v) = (f,v), veCF(Q). (2.9)
0
Then by Lemma 2.11, (2.9) can be rewritten as
27
—/(Dg‘u, Dg‘+ﬂv)1\7l(0)d0 +c,v)=(f,v), veClF(Q). (2.10)
0

Define the bilinear form B : HE () x HF (2) — R as

2

Bu,v):= —/(Dg‘u, DY, vIM(0)do + c(u, v).
0

By M(6) =M@ + ) for 6 € R, it is easy to check that B(v, w) is a symmetric bilinear form, i.e., B(v, w) = B(w, v) for
v, w € Hf (). The variational formulation of (2.3) is (see also [11]) to find u € H§ (€2) such that

Bu,v)=(f,v), VveHES). (211)
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Now we restate some results in [11] about the solvability of (2.11). To guarantee the existence of the solution of (2.11), we
assume that M () satisfies

2w
/ |(&1 cos6 + & sin)|** M (6)d6 > Col& | (2.12)
0

for some positive Co. Denote k = 27 (£1 cos@ + & sind), E; = {(£1, &) € R? 1 £1cosf + £ sind > 0}, E; = {(§1, &) e R?:
£1cos6 + & sinf < 0}, and then by Parseval’s formula and Lemma 2.10,

(D§v, DY, . v) = ((iK)** Fv, Fv)
= (|k |*® exp(iasign(k)) Fv, Fv)
= (€ |** exp(iam) Fv, Fv)g, + ([ |** exp(—iam)Fv, Fv)g,
— cos(am) (I 24 Fv, Fv) + isin(ar) ((|K|2°‘fv, FV)e, — (|K|2“fv,ﬂ)52)
= cos(am)(|k|** Fv, Fv), (213)

where for the computation of complex please refer to Appendix A, in the fourth equality, the Euler formula exp(ix) =

cos(x) +isin(k) is used, the last equality is because the value of (D§ v, Dy, v) is real and the imaginary part must be zero

(for another proof for this equality please refer to [11]). Furthermore, by (2.12) and cos(am) <0

21 21
—/(Dg‘v,Dg‘Jrnv)I\?I(@)d@=—cos(an)//|fv|2/|2n($l cos 6 + & sin6)|2* M (0)d6 d&,dé,
0

R2 0
> f / E12% | F v Pdede. (2.14)
]RZ

For v € Hj (2), we have

Iv]|? < C1]IDg v =c1/ 1277 (81 cos @ + & sin0)[** | Fv|2d&1d&,

R2

<G / f (& 2| F v Pde e, (215)
]RZ

where the inequality is by (5.15) in [11] and the equality is by Parseval’s formula. With the combination of (2.14) and (2.15),
we conclude under condition (2.12),

B, ) 2 IIVIlfaq) v € HE (. (216)
By Lemma 2.10, it is easy to verify that

B(v, w) SIIVIIne@lIWllke(@), v, w e HE(RQ). (217)
By (2.16) and (2.17), using Lax-Milgram theorem, we know that the variational formulation (2.11) admits a unique solution

in HY ().

Remark 2.12. Condition (2.12) is easily satisfied. For example, it holds if M(6) is non-zero over a connected set of positive
measure in [0, 277) (see [11]), and it holds when M(9) = ZL] prké(0 —kmr /2)do, with py >0 and p1+p3s=1, pa+psa=1.

2.3. The finite element discretization

Let 7, be a quasi-uniform triangulation of Q such that Q = UkeT, K, hg be the maximal length of the sides of the
triangle K and h = maxgeT; hx. Denote by Pq(K) the space of polynomials of degree less than or equal to 1 on K € 7j.
Define the finite dimensional subspace V associated with 7} as

V.={ve CO(S_Z) Vg =0,v|k € P1(K),VK € Tp}.
It is known that V C Hé(Q) C HF (). Thus the finite element approximation for (2.11) is to find @iy € V such that

By, v)=(f,v), VveV. (2.18)

The error estimates for the finite element solution i, are given in [11].
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Although our V-cycle methods and the relevant theories are valid for (2.18), the finite element discretization (2.18) can
not be implemented when M is a continuous function. So in practical applications, we use the finite element discretization
(2.18) only when the probability density function M has the discrete form as that in (2.2). For the case that M(©) is the
continuous function, we propose an alternative finite element discretization instead of (2.18). Here we focus on the case
M(@®) e C[0,2] is a periodic function with period 27t to present our alternative finite element problem: find uy € V such
that

B(ip, v)=(f,v), VveV, (2.19)

where B(-,-) is an approximation of B(-,-). Exactly in this paper, set a positive integer Ny such that Ny is a multiple of 4.
Letting 0; = 2it /Ny, i=0, ..., Ng — 1 and denoting A6 = 27 /Ny, we use the compound trapezoid formula to get B(,-), i.e.,
forv,weV,

2
B(v,w)=— /(ng, DY, w)M(©)d6 + c(v, w)
0

Np—1
~—A0 Y (D§v. DY, WIM®) +c(v,w) := B(v, w).
i=0

The fact that M(6) = M(6 + ) and Ny is a multiple of 4 guarantees that B(v, w) is a symmetric bilinear form as well, i.e.,
B(v, w) = B(w, v). By Parseval’s formula, we have

(D§v, D, W)q = ((27i&; cosf + 27 i, sin0)** Fv, Fw)
< ClIvllHe @ lIW||He () (2.20)
and
d o« o : ; TRY WV SE—
@(De v,Dy w)q =2« ((—Zm& sinf + 2wi&; cos0)(2mwi& cosO + 2mwi&; sinf) Fv, ]—'w)
< ClIvllpe @)l IWl|He (@) - (2.21)
By the error formula for the compound trapezoid formula, it is easy to verify that
B(v. w) — B(v, w)| < CAOIIV|Ipe (@l IWllHe @), (2:22)

where C is a positive constant independent of 6, v and w. Combining (2.22) with (2.16) and (2.17), we know for sufficiently
small A6,

B(v,v) 2 1IVllfaqy V€ HG (),
B(v,w) S [IVllne@ llWllpe(), Vv,w e HJ(Q). (2.23)

By Lax-Milgram theorem, (2.19) has a unique solution. The first Strang lemma (see [7]) holds here, i.e.,

) . |B(v, w) — B(v, w)|
[lu — upllHe @) S C inf {llu — V||He (@) + sup
veV weV [lW]lge ()

SCinf {|ju — v||ge(@) + A0V|[Ha ()} -
veV
Finally, the finite element approximation of (2.3) is unitedly presented as: find uj € V such that
B(up,v)=(f,v), VvevV, (2.24)

where B(v, w) = — Ozn(Dg‘v, Dg, ,w)M(6)do +c(v, w), M(9) is equal to a discrete form Z,ﬁzl Prd(@ — ) such that B(:,-)
is a symmetric bilinear form,

B, v) 2 |[V| gy B, W) S IIVlneo Wk (), v.w e H (), (2.25)

and fOZ" M(0)dé < 1. Specially for the cases mentioned above, the finite element problem (2.24) represents problem (2.18)

if M(0) = M(6) = Y k_; pid(6 — 6) and problem (2.19) if M() = A 3N 5(0 — )M (6;).
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3. Multigrid algorithm

In this section, for (2.24), we shall present our V-cycle multigrid algorithm and a general framework for our convergence
analysis.
Take f, € V such that (fy, v) =(f,v), Vv € V and define a linear operator A:V — V as follows:

(Av,w)=B(v,w), VYv,welV. (3.1)
The finite element approximation of system (2.24) can be restated as to find uy € V such that
Aup = fp. (3.2)

In the following, we shall use the operator equation (3.2) to construct our multigrid algorithm. Since B(v, w) is a symmetric
bilinear form, we know, by (2.25), that A: V — V is symmetric positive definite with respect to (-,-), i.e.,

(Av,w)=(v,Aw), v,weV; (Av,v)>0, O0#veV.
Then bilinear form

(v,w)a :=(Av,w), v,weV,
also induces an inner product on V. Set norm

Vlla=(Av,W)'/?, veV.
By (2.25), we have

[lvila = ||VllHe @), VYveV. (3.3)
3.1. Algorithm

Assume that the triangulation 7, of Q is constructed by a successive refinement process. To be precise, let 7; =7y for
some J > 1, and 7 for k > 0 be a nested sequence of quasi-uniform triangulations, i.e., 7, = {t;} consists of simplexes T,
of size hy such that Q = U,-r,j; t,i_] is a union of simplexes of r,i. We further assume that there is a positive constant y <1,

independent of k, such that hy is proportional to y* and the simplexes in 77 are of diameter ~ 1.
For each partition 7, we may define finite element spaces Vj by

Vk:{veCO(fz):vlaQ:O,vlfeP1(t),Vre77<}. (34)

Obviously, the following inclusion relation holds: V1 C V, C--- C Vj = V. Our V-cycle multigrid methods are based on the
subspace decomposition V=V{+ Vo +-.-+ V.
For each k € {1,2, ..., J}, define projectors Qg, Py :V — V by

(Qpv,w)=(v,w), (Prv,w)a=(v,w)a, veV,weVy,
specially, set Qg :V — V as Qgv =0, and define the linear operator Ay : Vi — Vj
(Akv, w) = (Av,w), v,weV.
It is easy to verify that
AkPr=QkA, k=1,2,...,]. (3.5)

It is obvious that Ay is symmetric and positive definite with respect to (-,-). Denote by A, € R, k=1, 2,..., J, the maximal
eigenvalue of Ay.
Let uy = Pyup and fi = Qi fn, we may get the operator equation in subspace

Artg = fi- (3.6)

Our multigrid algorithm is essentially an iterative procedure in which the subspace equation (3.6) is approximately solved
successively to get new approximations to (3.2) from old approximations. More precisely, denote by Ry : Vy — Vi the
approximate inverse of Ay, and by u° the old approximation to u. Correcting the residual of u® in V; gives

unew — uold + Rka(fh _ AuOld).

We take Ry to be symmetric with respect to (-,-) such that

1
(Rkv,v)%k—(v,v), YveVi,k=1,2,...,]. (3.7)

k
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Remark 3.1. In this paper, we have h; = O0(1) and take R{ = Al’l. By Lemma 4.3, (3.3) and the definition of norm |[| - |41 (q).
we know that (v, v) < (A1v,v) Shy?¥(v,v), and A1 = 0(1). Then we have (R;'v,v) ~ 1 (v, v).

Next we give our V-cycle multigrid algorithm.

1

V-cycle multigrid algorithm. Let u® =0 € V, assume that u¥ € V has been obtained. Then u**! is generated by

uk T =k 4 B (fy — AUb, (3.8)

where B is defined inductively: Let By = Al’l, and assume that By_q : Vy_1 — Vi_1 has been defined; then for g € Vy,
By : Vi — Vy is defined as follows:

Step 1. v = Ryg;

Step 2. v2 = v' + Bx_1Q_1(g — Axv');

Step 3. Bxg = v% + Ri(g — Agv2).

3.2. A general framework
For the V-cycle multigrid method, we have
up —uft = (1 = By A)(up — ub).
Denote
Ej=U—TpU=Tj)--(A=T1), Ef=(—T1)-(d=Tj_)d —T)) (3.9)
with T1 = Py, Ty = RgAgPy, k=2,3,..., J. Then we have (I — BjA) = EJE’]‘. Define the operator norm as

1E vlia
I|E |4 = sup ——A.
vev lvlla

It is easy to see that Ej is the (-,-)s-adjoint of E, i.e.,

(Ejv,wia=(v,Ejw)a, v,weV
and that

Ejlla=11E5lla, 1IESEjlla < IIEjII;.

The main work in this paper is to establish the contraction property: there is a constant 0 < § < 1 independent of the
mesh size and mesh level such that

IIEj|la < /6. (3.10)

By (3.10), we may obtain ||up — u¥||a < 8¥||up — u?].

Remark 3.2. For the V-cycle multigrid method, the spectral radius of the iterative matrix p = p(I — BjA) <4. It is known
that the condition number «(B;A) < }J_r—f; < % and B A is self-adjoint and positive with respect to inner product (-,-)4.
The é’s independence of the mesh size implies that B is a good preconditioner for A which can be used to design efficient

preconditioned conjugate gradient methods.

Define Ky and K; as two smallest positive constants satisfying the following conditions:
1. For any v € V, there exists a decomposition v = Zi]:] v; for v; € V; such that

J
> (R Vi vi) < Ko(Av, ). (311)
i=1

2.Forany Sc{1,2,...,J} x{1,2,...,J}and vij,w; €V fori=1,2,..., ],

[N

] 2 J
Z(Tivi,Tjo)ASIG Z(TivivVi)A Z(Tjwj,wj)/\ . (312)

(i, )es i=1 j=1

The estimate of the upper bound of ||E || relies on the following lemma:
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Lemma 3.3. (See [2,44].) Let E j be defined by (3.9). We have

2—0)]

Effla<l———21
Eflla =<1 = a K2

where w1 = mkax P(RLAk), p(RiAg) denotes the spectral radius of Ry Ag.

The estimate of the parameter w; is straightforward. Since R = Al’l, p(R1A1) =1. From (3.7), forve Vi (k=2,...,])

C C
L. v) < (Rev, v) < 2 (v, V),
Ak Ak

and furthermore

G
(RkAkv, v)a = (RpAgv, Agv) < )L—(AkV, Apv) < Ca(v, Agv) = (v, V)4, (313)

k

where the last inequality is obtained from that Ay is symmetric positive matrix and Ay is the maximal eigenvalue of Ay.
Combining (3.13) with the fact that Ry Ay is symmetric with respect to inner product (-,-)4, we have p(RyAg) < Cy. Taking
Ry such that C; is suitably small can guarantee the w; < 2.

Next, we shall estimate the parameters K1, K. The following lemma is helpful for the analysis.

Lemma 3.4. (See [2,44].) Let € = (€jj) € RJ*J be a nonnegative symmetric matrix, with components €jj being the smallest constant
satisfying
1 1
(Tiv, Tjw)a < €;j(Tiv, V) 1 (Tjw, w)z, Vv,weV. (3.14)
Then we have
Ki < p(e),

where p(€) denotes the spectral radius of matrix €. Furthermore, if €;; S y“fﬂ for some y € (0, 1), then p(e) < (1 —y)~ L.
4. Convergence analysis

We here first introduce two interpolation norms and relevant Sobolev spaces (see e.g., [37]). Let A be a domain in RZ.
For integer m, denote by || - ||Hm(A) the Sobolev norm of integer order m, i.e.,

1/2

Vllgmeay = | D IDVIIE G, |

[ll<m

with I = (1, b), |I|=1; +1, and D! = (%)’1 (%)’2. Let i > 0 be a non-integer and 0 < s < 1, n is a non-negative integer such
that n < u <n+ 1. We introduce the interpolation norms

o0 12 o0 12
1V fin ) = / K. hde | 1Vl = / Kv.or2ldr (41)
0 0
where
K - _ w2 21 wii2
.o '_wel;fllrfl(A)Q'v Wllnea) 1 "W”H"“(A))’
Rw,t:= inf (||v—w||§2 2 w2 )
I ) Al
wefll(A) )

Relevant Sobolev spaces are

HM(A) i= (v € LP(A); IVl ga) < 00k HY(A) i= (v € L2(A); IV s, < 09} (4.2)
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Let A1, Ay be two domains in R? with A; C A, and then

o 172
inf ( vV—w 2(|w )t’zﬂ’ldt
O/Weﬁn+1(A1) ! B I
00 1/2
. 2 2 2 —2u—1
< — < =
- /wefqm{mz) <”(V Wlaillnay) +E “WlAl”H"“(m))t de
o 12
< inf <||v Wik 2wl )t—ledt : (4.3)
= weﬂf“rl (As) H”(A ) H”*l(A )

So we have, for v € H*(A>),

||V||1:1/L(A1)§||V||f1/t(A2)- (4.4)

Remark 4.1. The following space relations can be found in literature: (1) p > 0, H*(R?) and 1:11(9) coincide with H*(R?)
and H} () respectively; (2) for 1/2 < u < 1, A} () coincides with H* () (see [18,37]); for 1/2 < u < 1, AL (2) coincides
with H”(Q) (this can been shown by (1), (2) and the definitions of the interpolation spaces).

Combining with Remark 4.1 and the well known interpolation property (see e.g., Lemma 22.3 in [37]), we know, for
1/2<p=1,

1T = QVII S 1IVIIke(@). v € Hg (R). (4.5)

Now, we develop some results for the finite element spaces Vi, k > 1. Let €’ C R? be a suitable polygonal domain such
that @ C @ and dist(9€2’, Q) > C for a positive C. 7/, k > 1, are the quasi-uniform triangulations obtained by extending 7y
from Q to &/, that is, 77{’ in Q coincides with 7. Furthermore we still make sure that k/ = {r,i} consists of simplexes r,i of

size hy. Let V,é ={ve %) : vy =0,v|; € Pi(T),YT € 7;}. In the following, for v € Vi, v always denotes its extension
(on € and on R?), which is extended by zero outside €2, and so we also have v € Vy.

Lemma 4.2. Let ;1 > 0, v € H*(Q') with supp(v) C Q (v also denotes its extension on R2 which is extended by zero outside <').
Then we have IV ey = VI e @2y

Proof. For  being an integer, the conclusion is direct. For the case that p is not an integer, denote n as a non-negative
integer such that n < u <n+ 1. From (4.3), ||v||HM(Q) < ||v||HM(R2 ~ [|V]lgng2)- Now we prove the converse relation. Let
A be a domain in R? with C"™t!-smooth boundary such that @ cc A C €. Then by (4.4), v € H*(A). Following the proof
for the strong extension of Sobolev space (see e.g., Theorem 4.26 in [1]), we can show that there is a linear operator E
continuous from HJ(A) into HI(R?) for integers 0 < j <n+ 1, such that E(v|s) = v. Then we have

1/2

o0
— 2 —2p—1
vl 4 = inf vV—w +t°||lw )t dt
|| ||HH(R2) /WeHn+1(R2 || ||H"(R2) || ||Hn+1(R2

1/2

IA

oo
2 —2u—-1
f eH'r‘lqu) IEW A = W, o) + CHEWI 0 o)) 24

0 1/2

< inf ( vV—w ) —2u-1
N o/wEﬁn+1(A) ! llH“(A)+t W ||H"“(A) t dt

:”V”}fm(/\)a (46)

where the last inequality is by the continuity of E. Combining with (4.4), we obtain ||v||yu g2, ~ ||v||Hﬂ(Rz) < |IVI\HM(Q,). O

Lemma 4.3. For 0 < u < 3/2, v € Vi, we have
VIl ey S R VL (4.7)
and then Vi ¢ H*(R?).
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Proof. By v € Vi, we known v € Vi, [IVllguq) S h“1Ivll from [3,4445] and further [|v||yugz, < h,"[lv]| by Lem-
ma42. O

Let B be a positive with o + 8 <3/2 and « — 8 > 0 in the rest of this paper. We have the following results:

Lemma 4.4. It holds that

(v,w)a S VI ge+s ®2y W ge-p g2y, V., WEV.

Proof. Since v, w € V, by Lemma 4.3, we know that v, w € H*t#(R?). Then

(v,w)a =(Av,w)=B(v,w)
2

:—/( ov.D§, W) M(©)do + c(v, w)
0
2w

_ _/ (D;Hﬁv, Dg;ﬁw) M(6)d6 + c(v, w)

0
21

+ -
s/HDZ PVl 2@ IDf - Ewll 20y M(@)d6 + cl1 V]I 20 Wl 20
0

S VI gets @) W ga-s ®2y + ClIVI2@) IWIl2(q)
< VI gets @2y W ge—p (m2) s
where the third equality is by Lemma 2.11, and the second inequality is by Lemma 2.10 and fozn M@©)do <1. O
Lemma 4.5. Let i < j, then
v, wa SYUP R vIlwll, veVi,we V. (48)
Here we recall that y € (0, 1) is a constant such that hy = O (y").

Proof. For v € V;, w € V, we know that

— + —_ —
(V. WA S 1V ass 2y Wl pa-szy S By P11 @7 jwy)
= (hj/h)Ph v wl S y S0P R vl

where the first inequality is by Lemma 4.4, the second inequality is by Lemma 4.3, and the last inequality is by the relation
h~0y". O

Lemma 4.6. Let W; = (Q; — Q;_1)V, then
(v, wia Sy v allwlla, Yue Wi veW,. (4.9)

Proof. By (4.5) and (3.3), we have
VLS hgllvila,  Yve Wy

Combining the above inequality with Lemma 4.5 gives the lemma.
Lemma 4.7. It holds that
.o 1 1
(Tiv, Tjw)a Sy (Tiv, v)2(Tjw, w)2, VYv,weV. (4.10)

Proof. It suffices to prove (4.10) holds for i < j. Assume that i < j, and then for v, w e V,
(Tiv,Tjw)a = (RjAiP;iv,RjAjPjw)a
S yUPhTCn IR Ai PV |IRAPjwll, (411)
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where the inequality is by Lemma 4.5.
2 1 1
[IRiAiPiv||” = (RiAiPiv, RijA; Piv) = ;(RiAiPivv AiPiv) = ;(Ti\/, v)a,
1 1

where the second equality is by (3.7) and the symmetry of Ry. Then we obtain

—-1/2 1/2
IR APV S A2 (Tiv, v)Y2, (412)
and similarly
—-1/2 1/2
IRjA;Pjwll S A7 (T jw. w2, (413)
For v € Vi, we have
(Av, v) = |IVIIG ~ |IVIIFaq) S 2 NIVIP, (4.14)

where the second equality is by (3.3) and the last inequality is by Lemma 4.3. For w € V, v = (Q} — Qx_1)w € Vi, by (4.5),
we have

VI S Ve ) & (AV, V). (415)
By (4.14) and (4.15), it is not hard to see that

MAhY k=1,2,..., . (4.16)
Combining (4.11) with (4.12), (4.13) and (4.16) gives

.o 1 1
(Tiv, Tjw)a Sy YD (Tiv, 2 (Tjw, w)2, Yv,weV.

The lemma is proved. O

Lemma 4.8. Let

J
VI =D 11(Qk — Q-1 VI, (417)

k=1

and then for v € V, we have

lviim ~ [[V]]a-

Proof. It is not hard to see that the space H{ () coincides with H%() in [26]. Combining with Theorem 1 of [26], we
know that [|w%aq, ~ Y22y hi > I1(Qk — Qk-1)wl[? holds for w € HY (). For v € V, [[(Qx — Qe-1)VII* ~ hZ[|(Qi —
Qk,1)v||i,a(9) by (4.14) and (4.15). Combining with (3.3) gives the lemma. 0O

Theorem 4.9. We have

Ko<1, Ki<1.

That is to say, our V-cycle multigrid method is optimal, which means that the convergence rate is independent of the mesh size and
mesh level.

Proof. For v € V, decompose v as v = Zijzl vi with v; = (Q; — Qij—1)v. By (4.5) and (3.3) we have ||v;|| S h{||vil|a.
Furthermore combining (3.7) with (4.16), we have (Ri_lv,-, vi) < ||v,-||i. Using Lemma 4.8 gives Ko < 1. Finally combining
Lemma 4.7 with Lemma 3.4 gives that K1 <1. O

5. Implementation

Let d),';, i=1,..., Ny, be the nodal basis of the finite element space V. The implementation is a classical procedure in
literature (see e.g., [2]), and we here only illustrate how to generate the stiff matrices of the finite element systems and
how to choose Ry : V,— Vi, k=2,..., ], the approximations of A.
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/)3 _,__.--"'-'

Fig. 1. Illustration for computing Iy.

5.1. The stiffness matrices and Ry
For Ay, denote its corresponding stiffness matrix by A, € RNe<xNe with entries

(Aw)ij = B(#}, &)). (5.1)

Since M has the discrete form M(0) = Zle P86 —6),

L
(Aij=—Y_ piD* " i Do b)) + (@ D)
=1

We need only discuss how to numerically compute
lp = (D3* '}, Do) = (D5 " Doy, Dornhy)

= / D,V Doy x Do djdxdy (5.2)
ssup(¢))

for a fixed 6, where v = (2 — 2«), and then the entries of the stiff matrices can be numerically computed. If o =1, the
computation of the stiffness matrices is easy, since the original problem is an integer order one. Now we focus on the case
of 1/2 <a < 1. Define the index set K; as

Ki = {I; T} € Tk, 7} C supp(¢))).
Then

lg=" /D;”ngs;; x Doy pdxdy
IEK].[I
k

= E E /D(;U(Xrli/ D9¢;<) X Dg+n¢,{dxdy,
IGKj I/EK,‘_L_I
k

where for a set S in R2,

_ 1 ifxy es;
Xs(X,J/)—{o, otherwise.

Noting that D9(¢,’;)|r,r, Dotr wb'ﬁﬂ are both constants, we numerically compute
k

DyV x,r (X, ¥) X Xxp1(x, y)dxdy, (5.3)
‘L’k Tk

%

and then Iy can be computed. Next we illustrate how to compute the integral in (5.3) by an example. On the left of Fig. 1 is
Cartesian coordinate systems xOy and x'0y’, and the angle between axes Ox and Ox’ is 6. On the right of Fig. 1, the two
triangles are t,i and t,i; D1, Dy, D3 denote the corresponding vertices of the triangles; €2;, Qy denote the corresponding
shadow areas respectively; lines D;P; and D3P, are both parallel to axis OYy’; 1, ¥2, V3, Y4, V5, Y6 are correspondent
angles. Denote the coordinates of Dy, D, and D3 under coordinate system x'0y’ by (X1, ¥},), (X31,¥%,) and (x5, ¥5,)
respectively. Then we have
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f Dy " Koy (%, ¥) X Xy (%, y)dxdy

1
T

= / D;”er,/ (x, y)dxdy + / De_UX,{ (x, y)dxdy

Q Q
:/,OOD;"XT’,/ (x’,y’)dx’dy/—l—/,ooD;”Xré/ ', yHdx'dy’
Q Q

— 1 / / ’ / ) ; ,
_/F(v+1) (X —x; + vy — y)tanyy)" dx'dy

Q
1
B / m (X/ - X/] - (.y/l - y/) tan )/z)v dx/dy/
Q
1
/ T(v+1) (X =Xy + (v — yy) tanys)” dx'dy’
Qi

1 S, »
—/m(x =X+ (¥ — yh) tanya)’ dx'dy’.
Q

The last four integrals above can be computed directly. Finally we know that the entries of the stiffness matrices can be
numerically computed.
We choose Ry as

Ni
1 L
Rev==D3 (V.99 Ve Vi, (54)
kiz1

with X ~ Agh2. Define mass matrix My € RN<*Nk with entries

(My)ij = (1. ¢)).

For v € Vy, denote by 7 € RN¢ the vector of coefficients of v in the basis {¢} ;{V:kr It is known that v" MV ~ h2vTV and
VIMZ2V ~ h2vT M V. Hence we have

1. . 1. - 1
(Rev, v) ~ =V M2V~ — VT My &~ — (v, v), (5.5)
Ak Ak Ak
which means (3.7) holds. In the numerical tests, we take A, = 3 (Ay)ii, k=2, ..., J. It is not hard to verify that (Ay); ~
h2=2% ~ h2 .
k k

5.2. Computation complexity

For the numerical approximation of SFPDEs, one of the key issues is how to reduce the computation complexity. We
confine ourself to the case that Q is a square domain. Of course the technique here is also helpful for effectively designing
schemes for the case that Q2 is a general domain (for example, the domain decomposition method can be used with interior
sub-domains being chosen as square domains (see [12])).

The triangulations 7y, k=1,2, ..., J are those in Fig. 2, where dashed curve denotes the ellipsis, n; = ng2k — 1, I =
Ip2¥ — 1 with positive integers ng, lp, and py, m=1,...,ml, are the interior points. The finite element space Vy = {v €
H(l)(Q) :V|r € P1(7),VT € Ty} Let ¢ = @' (x, ), m=1,...,nly, be the nodal basis functions, i.e., ¢} is a piecewise linear
polynomial whose values are 1 at pzl and zeros at other nodes (including interior and exterior nodes).

Denote U = (U1, Uz...,Un,, ..., U2y, ...y Ulknk)T. Next we discuss how to effectively conduct the multiplication of ma-
trix Ay and vector U. Let v = (V1, V2, ..., Van—1)-m1)| € R DM+ with

Vom—nj+i = B@ o, i=1, . m, j=0,. - 1,
Jjne+1

Vom—1j—i+2 =B @™, i=2, e =1, k-1
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Nk )

\ | 0
ol 2 ¥ § (h—N

Fig. 2. Uniform triangulation.

Define a symmetric Toeplitz matrix

V1 V2 o veme=Dhe-ne Vem—Dh—n+1
~ V2 V1 VR =Dl-me—=1 Y@Rug—1)l—ny
A= :

Ve -Dh-n  Vem=1Dh—m—1 - -- V1 V2
vem-Di-m+1 - Vem—Dh-n, -+ V2 V1

Toeplitz matrix, also called diagonal-constant matrix, is a matrix in which each descending diagonal from left to right is a
constant.

For any i,j with 1 <i < j < ml, let d;,ri,dj,r; be nonnegative integers satisfying i = md; + 1y, j = md; + 1},
1<ri,rj<ng Let j=(dj —d;), i =|rj —r;|, and then by the property of the operator B(:,-), it is easy to see that

1 L Jme+i’+1 . .
B(oy - &4 ) =VjQu-1)+ir+1, ifrj>Ti;

i1 el ;
B, .o ) =vien-n-it1, ifrj<ri.

B(¢}, ¢)) =

And thereby any component of matrix fﬂ is also one of vector v. Define sets
Im={mQ2n,—1)+1,mQ2n,—1)+2,..., m@2n,—1)+n,}, m=0,1,..., [ —1
andZ= |J Zy. We have the relation

o<m<l,—1

Ay=Az7, (5.6)
where Az 7 denotes the sub-matrix of A which consists of entries A;; of A indexed by i, j € Z. Denote U’ € R@%~Dk—m-+1
as

ng—1 ng—1
, —— ——

U'=(U1.....Up. 0. 0. Upgt s Uz 0 0. Uiyt Upny)-

It is not hard to see that

AU = (AU")z,
where for a given vector v, vz denotes the vector which consists of entries v; indexed by i € Z. So the multiplication of

the matrix Ay and any vector U € R"! can be obtained by conducting the multiplication of the Toeplitz matrix A and
U’ € R@%=Dlk—m+1 The multiplication of a Toeplitz matrix in R™*" and a vector in R" can be done with computation
complexity O(nlogn). Recall that N; =n;l; denotes the number of the unknowns in the finite element problem (3.2), and
then by the above analysis, we conclude that for the V-cycle multigrid methods developed in Section 4, each iteration needs
computation complexity O(N;logNj).

5.3. Numerical results

In this section, we shall present some numerical results to confirm our theoretical findings. In our numerical test, we
take ng =1lp =4, and take N9 =4(n; + 1) if M is a continuous function.

We shall check our V-cycle multigrid method and the preconditioned conjugate gradient algorithm (PCG) with B as the
preconditioner. Meanwhile, the numerical result for the conjugate gradient algorithm (CG) is also presented for comparison.
Our tests are carried out using Matlab software. The stopping criterion of the algorithm is

|[uf — uk 1|0 < 1075,
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Table 1
Numerical results for Example 5.1.
Level DOFs V-cycle PCG CG
Iter Iter Iter
4 4096 11 7 49
5 16384 11 7 73
6 65536 11 7 118
7 262144 11 7 197
8 1048576 11 7 313
Table 2
Numerical results for Example 5.2.
Level DOFs V-cycle PCG CG
Iter Iter Iter
4 4096 10 6 47
5 16384 10 6 69
6 65536 10 6 114
7 262144 10 6 185
8 1048576 10 6 308
Table 3
Numerical results of the V-cycle method for Example 5.3.
Level DOFs M(@©) = My M) = M3
Iter Iter
4 4096 19 11
5 16384 18 11
6 65536 17 11
7 262144 15 11
8 1048576 14 11

We first present two examples: one is with the probability measure M having a discrete form and the other with M
being a continuous function. Table 1 and Table 2 list the numerical results for Example 5.1 and Example 5.2 respectively,
where “DOFs” denotes the degree of freedoms and “Iter” denotes the iterative steps on each level. It is seen that the numbers
of iterations of our V-cycle multigrid and PCG per level are bounded independent of the mesh size and mesh level, which
confirms our theoretical results.

Example 5.1. Let 2 =[O0, 2] x [0, 2], the equation to be solved is
1
—Z(_OOD;-S+XD;§+_OOD1Y~5+yD},§)u =1. (5.7)

Example 5.2. Let Q = [0, 2] x [0, 2] and M(0) = 1. The equation to be solved is
15, _
_DM u=1. (5.8)

We choose smooth f(x, y) in the examples such that the solutions have singularity near the boundaries. The computation
complexity of our multigrid methods is shown in Fig. 3, where “Time” denotes the CPU time (in seconds) spent by one
iteration. As can be seen from the Fig. 3, the CPU time of each iteration is almost linear with respect to the degree of
freedoms. So the computation complexity of our multigrid method is also optimal.

Finally, we end this section with a numerical test for our V-cycle multigrid method solving the finite element discretiza-
tions of nonsymmetric SFPDEs. In the future, we will try to derive the relevant theoretical analysis for the nonsymmetric
case.

Example 5.3. Let 2 =[O0, 2] x [0, 2], and the equation to be solved is
15, _
_DM u=1. (5.9)

Here we test two cases: 1. M(6) = My = 0.58(6) + 0.58 (6 —1/2); 2. M) =M, = sin2(9/2). The numerical results are listed
in Table 3.
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Appendix A

The Fourier analysis plays critical roles in this paper: for g € L'(R?), the Fourier transform of g is the function Fg
defined on (the dual of) R? by

Fer1,6) = / e 2T EHYE) g(x, y)dxdy,
RZ
where i denotes the imaginary unit; for g € L?(R?), the Fourier transform Fg of g is defined in the following distribution
sense (see [37]):
(Fg,v)=(g Fv), VveC(3FRY,

and more precisely, F is an isometry from L?(R?) into itself, which satisfies Parseval’s formula (see [32])

IIFgll =1lgll

and
(v, W) = (Fv,Fw),

where z denotes the complex conjugate of the complex number z. The Fourier transform of the uth order fractional
derivative consists of the complex in the form (ix)* with u > 0,k € R (see [29]). So it may be a multi-valued func-
tion. To guarantee the Fourier transform to be univalent, we express complex variable z = |z| exp(if), —7m <6 < m, where
exp(if) = cosf + isind, |z| and 6 respectively denote the modulus and the argument of z. Then

(i) = (sign(x)ilk D" = (I« | exp(isign(i )7 /2))* = |kc|" exp(iusign(k)7 /2),

(—ik)* = |k |* exp(—iusign(k)m /2).
It is easy to see that, for u > 0,

(—ik)* = (iK)*, Vi eR. (A1)
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