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1. Introduction

The problem of projecting fields between non-nested meshes frequently arises in computational physics and scientific
computing. For this operation, a key ingredient can be a supermesh construction, a mesh that is a common refinement of
both input meshes, cf. Fig. 1. Applications of supermeshes arise in adaptive remeshing, diagnostic computation, multimesh
discretisations, cut finite element methods, and multilevel Monte Carlo, among others [1-7]. Several efficient algorithms for
supermesh construction have been published (cf. [8-11]). In applications, complexity bounds for supermesh construction
are essential for the analysis of the algorithm as a whole. Typically, the total supermeshing cost is proportional to the
number of cells n of the resulting supermesh, for which only crude estimates are currently available; cf. [9]. In this note,
we substantially improve on the best currently available upper bound for n.

More specifically, we show that the number of cells of a supermesh between two quasi-uniform meshes is linear in the
sum of the number of cells of the parent meshes. This behaviour has been reported in numerical experiments (cf. Fig. 10
in [9] and Fig. 10 in [2]), and is expected by practitioners. However, no theoretical result is available in the literature to
support what observed in practice. We prove the following result.

Theorem 1.1. Let Ay, and By be two quasi-uniform tessellations of two bounded domains A, B € RY. Let ng >1and ng > 1 be
the number of cells of A, and By, respectively and let Sy be a supermesh of A, and By constructed in such a way that each pair of
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intersecting cells is triangulated into a finite number of supermesh cells. Then there exists a constant C(d, A, B) > 1/2 independent of
ny and ng such that the number n of cells of Sy, is bounded above by

n<Cd, A, B)(na +np). (1)

This result improves on the previously known bound, proven e.g. in [9], which states that n < C(d, A, B)nang for some
positive constant C(d, A, B). Note that Theorem 1.1 applies to any type of (quasi-uniform) tessellation with any cell shape.

\_—N

Fig. 1. An example of a supermesh construction with non-overlapping domains. The first two meshes on the left are the parent meshes and the mesh on
the right is one of their supermeshes.

2. Preliminaries

Before proceeding, we briefly recall the definitions of a supermesh and of a quasi-uniform tessellation.

Definition 2.1 (Supermesh, [9,8]). Let A, B C R? be two domains and let Ap, By be tessellations of A and B respectively. A
supermesh S, of Ay and Bj is a common refinement of Ay and Bj. More specifically, Sy, is a triangulation of S=AUB
such that:

1. vertices(Ap) U vertices(By) C vertices(Sp),
2. lesne| €{0, |es|} for all cells es € Sy, e € (AL U Bp).

Here we indicate with |D| the measure of a domain D C RY. The first condition means that every parent mesh vertex
must also be a vertex of the supermesh, while the second states that every supermesh cell is completely contained within
exactly one cell of either parent mesh; cf. [8]. The supermesh construction is not unique, as any conforming refinement
of a supermesh is also a supermesh. Efficient algorithms for computing the supermesh are available, cf. [12]. Supermesh
cells always lie within the intersection of a single pair of parent mesh cells and therefore the number of supermesh cells is
proportional to the number of intersecting cells K.

Requiring that meshes involved in finite element computations are quasi-uniform is a standard working assumption in
the literature, see e.g. [13]. We now recall the definition of quasi-uniformity.

Definition 2.2 (Definition 4.4.13 in [13]). Let D be a given domain and let {7}, be a family of tessellations of D such that
foro<h<1,

max{diam (e) :e € T;} < hdiam (D), (2)

where diam (D) is the diameter of D. The family is said to be quasi-uniform if there exists p > 0 (independent of fl) such
that

min{diam (Ee) ceeTi)> ,6f1 diam (D), 3)

for all h e (0, 1], where Ee is the largest ball contained in e such that e is star-shaped with respect to Be (cf. Definition
4.2.2 in [13]).

To simplify the exposition of what follows, it is more convenient to use the following property of quasi-uniform tessel-
lations.

Lemma 2.1. Let D be a bounded domain and let {T,;} be a quasi-uniform family of tessellations. Then there exist h and p € (0, 1] with

0<h<cy=+/2d/(d+ 1) such that
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max{diam (Be) : e € T;} < hdiam (D), (4)
where B, is the smallest ball containing e and

min{diam (B,) : e € T;} > phdiam (D), (5)

forall h € (0, cq], where B, is the largest ball contained in e.

Remark 2.1. The proof of Theorem 1.1 does not strictly require quasi-uniformity. In fact, the slightly more general conditions
(4) and (5) are sufficient.

Proof. Jung's theorem (see [14,15]) states that for any compact set e C RY,

diam (Be) < . | % diam (e) = ¢y diam (e). (6)

Therefore

max{diam (Be) : e € Ti}<cd max{diam(e) : e € Ti) < cdfl diam (D), (7)

where we have used (2) in the last step. Equation (3), and the fact that e does not need to be star-shaped with respect to
B, also gives us,

min{diam (B,) : e € T};} > min{diam (Ee) reeTil> ﬁfl diam (D). (8)
Equations (7) and (8) are the same as (4) and (5) respectively after setting h = cdfl and p = p/cq. Note that since necessarily

min{diam (B,) : e € T;} < max{diam (B,) : e € T}}, (9)

and by combining (9) with (4) and (5) it is clear that p <1. O

It will be more convenient in the sequel to index a family of tessellations by h instead of h.
In what follows we also need two auxiliary lemmas. The first states that the constants h and p appearing in Lemma 2.1
also provide a lower and upper bound for the number of cells of a quasi-uniform mesh.

Lemma 2.2.Let Dy be a quasi-uniform tessellation of a bounded domain D C R? with np > 1 cells and let cp = 241D|/
(cx (d) diam(D)?) with the values of c; (d) given by c; (1) =2, ¢ (2) = 7 and ¢y (3) = 47 /3, then
cph™ <np <cpp™h, (10)

where h and p are the constants appearing in Lemma 2.1.

Proof. Let e; € Dy for i =1,...,np be the cells of Dy. We compute a lower bound for np by noting that the measure of
each cell is less than or equal to the measure of the smallest ball containing it, which gives

D] =) leil <cx ()27 diam(Be,)! < cx (d)2 "nph diam(D)*, (11)
i i

where we have used equation (4) in the last step. The lower bound is obtained by solving for np. Similarly we obtain an
upper bound by noting that the measure of each cell is larger than the measure of any ball it contains. This gives,

IDI=)_leil = cx (@271 _diam(B,)? = ¢z (@2 npp’h? diam(D)?, (12)
i i
where we used equation (5) in the last step. Solving for np yields the upper bound. O
For any G C RY we use the notation G cC RY to indicate that the closure of G, G, is a compact subset of RY. The

second lemma we need provides an upper bound for the number of intersections between the cells of a mesh D and any
G cc R%
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Lemma 2.3. Let Dy, be a quasi-uniform tessellation of a bounded domain D C R? with np > 1 cells. Let G cc RY and, for a fixed
8 > 0, define its §-fattening Fs(G) to be the set of all points in RY with distance from G smaller or equal than § (with the convention
that Fs(@) = @ for all §). Let Z(G, Dy,) be the number of cells of Dy, that intersect with G, then

JIFi(©)ND )
T~ D>

D] (13)

Z(G, Dp) < min (p
where h = hdiam (D) and h and p are the constants appearing in Lemma 2.1.

Proof. We first devise a crude criterion for excluding the possibility that a given e € D, can intersect with G. Since the
diameter of e is less than h, if the maximum distance between e and G is greater than h, the cell cannot possibly intersect
G. That is,

NGl =0, if maxdist(x, G) > h, (14)
€e
which implies that
leNG|=0, if maxdist(x, F;(G)) > 0, (15)
Xece h

i.e. all intersecting cells must entirely be contained in Fj(G), and, more specifically, in F;(G) N D since e C D. Therefore, we
have that

(G, Dy) < P(F;(G)N D, Dy), (16)
where P(FB(G) NnD, Dh) is the number of cells of Dj, that can be packed within F;(G) N D without overlapping. In turn,
we can bound

P(F;(G)ND, Dy) <P(F;(G)ND, Bp,;), (17)

where with abuse of notation we denote with P(F;(G)N D, B ;) the number of balls of diameter pfl that can be packed
within F;(G) N D without overlapping. This bound holds since all cells of D, entirely contain a ball of this diameter by
quasi-uniformity and Lemma 2.1. Finding the sharpest possible upper bound for the packing of balls within a domain is a
classical and extremely difficult problem in geometry called the ball packing problem (see e.g. [16] for a survey). A crude
upper bound is given by

F:(G)ND
P(F;(G)ND, Bpﬁ) < FR(© N D]

< : (18)
1B, |

since the sum of the measures of all the packed non-overlapping balls cannot exceed the measure of the set into which
they are packed. Now, we have that

_ _ . —d 1 —
1B ;17! = cx (d)"2%(phdiam(D)) ™ < DI~ p~np, (19)

where c;(d) is the same constant as in Lemma 2.2, which we used to obtain the upper bound. Combining equations
(16)-(19) together, we obtain

F:(G)ND
Z(G, Dp) < p*d%nn. (20)
Noting that necessarily Z(G, Dy) cannot exceed np concludes the proof. 0O
3. Main result

We now prove Theorem 1.1. To the authors’ knowledge, this result is new.

Proof. Since A, and Bj, are quasi-uniform, we have by Lemma 2.1,

max{diam (Be) : e € Ap} < ha diam (A) = hq, (21)
max{diam (Be) : e € By} < hg diam (B) = hp, (22)
min{diam (B,) : e € Ay} > paha diam (A) = ,oAflA, (23)
min{diam (B,) : e € By} > pghp diam (B) = przB, (24)
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for some ha, hg € (0, cq], pa, ps € (0, 1] independent of ha, hg. We have that
n=ni n 4 pout (25)

where ni" is the number of supermesh cells in AN B and n°"t is the number of supermesh cells in (AU B) \ (AN B).
We will first provide a bound for ngy:. We have that

”tSE(d)(I(A\B, Ap) +Z(B\ A, Bh)>, (26)

where ¢(d) > 0 is the maximal number of simplices that the intersection between two cells of A, and By is triangulated
into; typical values for the intersection of convex polygons are given in [9]. In this case we have c(1) =1, ¢(2) =4, and
€(3) =45. We can now apply Lemma 2.3 to obtain

F A\B)NA F: (B\A)NB
<C(d)< JIFq (A\B)NA| JIFi, (B\A) 'm)

na+p (27)
|A] B B

< &(d) min(pa, pp)?(na +ng) =c®"(d, A, B)(na +np).

Note that from the first inequality we have that n°“t =0 if A = B.
We now derive an upper bound for n'™. Let Z(Ap, Bj) be the number of intersecting cell pairs between A, and Bj. We
have that

M <¢(d)Z(An, Bn). (28)

For a given cell e;q € Ap, let I(elf“ Bp,) be the number of cells of By that intersect with e . We then have that

na
I(An, Bp) =) _Z(el', Bp). (29)
i=1

Applying Lemma 2.3 we obtain

na
T(An, Br) < pg?IBI 'ng Y |F; (ef) MBI, (30)
i=1

where each term in the sum can be bounded by

|Fr, () N BI < |Ff, (B;, )| =1 By i=1....na, (31)

ia+2hp |
where we used the fact that all cells e;“ € Ap, can be entirely contained within a ball of diameter ha. We then have that

na
> IF; @) N Bl <nal By i | =nacx @2 URa + 21 =na( AV, "ha +2(B1dc;hg)e, (32)
i=1

where ¢ (d), c4 and cp are as in Lemma 2.2. Note that we have removed the tildes since the diameter terms are included
in c4 and cp. For instance,

cx (d)/4h, diam(A)|A]'/4 A
= p .

Cr (@) Vehp/2 = 33
() /ha/ SAT (33)
Lemma 2.2 yields the upper bounds
—-1/d —1_—1/d —1/d —1._—1/d
s < prtn VgV g < pptng (34)
Using these in (32) and combining it with (30) gives
Z(An. Bn) < p5? 1Bl nang (A oty M+ 2181V pg 'ng V) < minGaspaps. p3/2 4 my ! +ny e, (35)
where Aap = |A|/|B|. Combining (28) and (35) we have
" < &(d)min(iappaps. p3/2) 4y +nyH? < "(d, A, B)na +np), (36)

where ¢ = 24-1¢(d) min(x 45 papp, p3/2)~¢ since by Jensen’s inequality,
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d d d
<X+y> <XV yxy=o0 deNt, (37)

2 -2
due to convexity of the function f(t) =t¢ for all t >0, d € N*. Combining (25) with (36) and (27) yields the claim with
C(d, A, B) = max(c™, c°"%). Note that C(d, A, B) cannot be smaller than 1/2. In fact, we have that

max(na, ng) <n <Cd, A, B)(ng +np), (38)

and therefore
max(na, ng)

<C(, A, B), with na,ng>1. (39)
na+ng

The quantity on the left attains its minimum value 1/2 when ng =ng. O

4. Numerical results

The constant in the bound derived in Theorem 1.1 is not sharp. However, a sharper constant can easily be estimated in
practice. We now offer an example in the case in which A and B coincide and are equal to D = (—0.5,0.5)% in 2D and 3D.
We consider a hierarchy {Dfl}ﬁj of non-nested unstructured grids of the domain D, with L =9 in 2D and L =7 in

3D. The grids have mesh size decreasing geometrically with ¢ so that hy oc 27¢, where h, is the constant h appearing in
Lemma 2.1 for the mesh Dfl. Hierarchies of this type are commonly used within non-nested geometric multigrid methods
for which a conservative transfer technique is required.

For each £ > 1 we construct a supermesh Sﬁ between Df; and Dﬁ’l using the libsupermesh library [12] and we compute

the ratio
n 55

= 40
ng+ng—q (40)

Ry

where nge, ng and ng—q are the number of cells of s¢, Df, and Df,’l respectively. The value of R, clearly provides an
estimate for the constant C(d, A, B) appearing in Theorem 1.1 in this specific setting. The results are shown in Tables 1a
and 1b together with some additional information about the meshes involved. In both 2D and 3D the value of R, appears
to monotonically increase with ¢ and to plateau for large ¢ to a value which is approximately 4 in 2D and 40 in 3D. The
observation that R, plateaus is expected from the bound given by Theorem 1.1.

Table 1

Mesh hierarchies considered in 2D (a) and 3D (b) and the resulting
ratio Ry between the number of cells of the supermesh between D,‘;
and Dfl’l and the sum of the numbers of cells of the parent meshes.
We indicate with h, and p, the constants appearing in Lemma 2.1
for the mesh Dﬁ. Note that the mesh size h, is roughly proportional
to 2=¢ and that R, appears to plateau as ¢ grows, as predicted by

Theorem 1.1.

4 he pe R¢ 4 he pe Re
1 0.5878 0.35 n/a 1 0.4330 0.141 n/a
2 0.3159 0.31 2.8 2 0.2173 0.056 22
3 0.1455 0.26 3.2 3 0.1061 0.052 33
4 0.7777 0.20 3.6 4 0.0534 0.040 36
5 0.0393 0.21 3.7 5 0.0252 0.035 38
6 0.0205 0.20 3.8 6 0.0123 0.027 39
7 0.0108 0.18 3.9 7 0.0057 0.027 39
8 0.0054 0.18 3.9 (b)

9 0.0027 0.17 3.9

5. Conclusions

In this note we have improved on the previously known bound for the number of cells of a supermesh constructed
between two meshes. Under the natural assumption that the parent meshes are quasi-uniform, we have showed that the
number of supermesh cells is linear in the number of cells of the parent meshes. Numerical experimentation confirms the
theory. This result is important for the analysis of algorithms that rely on supermesh construction, such as conservative
interpolation and non-nested multilevel Monte Carlo algorithms.



M. Croci, PE. Farrell / Journal of Computational Physics 414 (2020) 109459 7

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

This publication is based on work partially supported by the EPSRC Centre For Doctoral Training in Industrially Fo-
cused Mathematical Modelling (EP/L015803/1) in collaboration with Simula Research Laboratory, and by EPSRC grant
EP/R029423/1.

References

[1] J.R. Maddison, P.E. Farrell, Directional integration on unstructured meshes via supermesh construction, J. Comput. Phys. 231 (2012) 4422-4432.
[2] HJ. Aguerre, S.M. Damidn, ].M. Gimenez, N.M. Nigro, Conservative handling of arbitrary non-conformal interfaces using an efficient supermesh, J.
Comput. Phys. 335 (2017) 21-49.
[3] C. Planta, D. Vogler, M. Nestola, P. Zulian, R. Krause, Variational parallel information transfer between unstructured grids in geophysics - applications
and solutions methods, in: 43rd Workshop on Geothermal Reservoir Engineering, Stanford University, 2018, pp. 1-13.
[4] M. Schlottke-Lakemper, A. Niemoller, M. Meinke, W. Schréder, Efficient parallelization for volume-coupled multiphysics simulations on hierarchical
Cartesian grids, Comput. Methods Appl. Mech. Eng. 352 (2019) 461-487.
[5] A. Johansson, B. Kehlet, M.G. Larson, A. Logg, Multimesh finite element methods: solving PDEs on multiple intersecting meshes, Comput. Methods
Appl. Mech. Eng. 343 (2019) 672-689.
[6] E. Burman, S. Claus, P. Hansbo, M.G. Larson, A. Massing, CutFEM: discretizing geometry and partial differential equations, Int. J. Numer. Methods Eng.
104 (2015) 472-501.
[7] M. Croci, M.B. Giles, M.E. Rognes, P.E. Farrell, Efficient white noise sampling and coupling for multilevel Monte Carlo with nonnested meshes, SIAM/ASA
J. Uncertain. Quantificat. 6 (2018) 1630-1655.
[8] PE. Farrell, M.D. Piggott, C.C. Pain, GJ. Gorman, C.R. Wilson, Conservative interpolation between unstructured meshes via supermesh construction,
Comput. Methods Appl. Mech. Eng. 198 (2009) 2632-2642.
[9] PE. Farrell, J.R. Maddison, Conservative interpolation between volume meshes by local Galerkin projection, Comput. Methods Appl. Mech. Eng. 200
(2011) 89-100.
[10] S. Menon, D.P. Schmidt, Conservative interpolation on unstructured polyhedral meshes: an extension of the supermesh approach to cell-centered
finite-volume variables, Comput. Methods Appl. Mech. Eng. 200 (2011) 2797-2804.
[11] R. Krause, P. Zulian, A parallel approach to the variational transfer of discrete fields between arbitrarily distributed unstructured finite element meshes,
SIAM ]. Sci. Comput. 38 (2016) 307-333.
[12] J.R. Maddison, P.E. Farrell, I. Panourgias, Parallel supermeshing for multimesh modelling, Technical Report, Archer, eCSE03-08, 2013.
[13] S. Brenner, R.L. Scott, The Mathematical Theory of Finite Element Methods, vol. 15, Springer Science and Business Media, 1994.
[14] H. Jung, Uber die Kleinste Kugel, die eine raumliche Figur einschlieRt, ]. Reine Angew. Math. 123 (1901) 241-257.
[15] H. Jung, Uber den kleinsten Kreis, der eine ebene Figur einschlieRt, ]. Reine Angew. Math. 137 (1910) 310-313.
[16] G.E. Téth, W. Kuperberg, A survey of recent results in the theory of packing and covering, in: New Trends in Discrete and Computational Geometry,
Springer, Berlin, Heidelberg, 1993, pp. 251-279.


http://refhub.elsevier.com/S0021-9991(20)30233-3/bib80035ACDAF06903A64D56806808C1EA7s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib9822105BFA9BF0FE857A529BE203AB82s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib9822105BFA9BF0FE857A529BE203AB82s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib0EE2A80899F8AB2E1395520148AD1E6Cs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib0EE2A80899F8AB2E1395520148AD1E6Cs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bibC6DFC693A5629B7148DAE878E1C1147Bs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bibC6DFC693A5629B7148DAE878E1C1147Bs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib6172ADCB6F442DF53D5230AA62A46AE3s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib6172ADCB6F442DF53D5230AA62A46AE3s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib07C14A67928BDF0BBADE3EAF4A074717s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib07C14A67928BDF0BBADE3EAF4A074717s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib5845883679F2A32BFB3CF2FCEC71AFDFs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib5845883679F2A32BFB3CF2FCEC71AFDFs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bibE0E0F8F0C1B6DA14FA20EA97E22339CAs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bibE0E0F8F0C1B6DA14FA20EA97E22339CAs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib68814C086AF7CA884F401CBC2F71994Fs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib68814C086AF7CA884F401CBC2F71994Fs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib7C3D8BEBA0A2305060835420BEA7E561s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib7C3D8BEBA0A2305060835420BEA7E561s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib8428B30F1C4587EA7617D1AB25627817s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib8428B30F1C4587EA7617D1AB25627817s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib147B464FCDBC6D3135E3A6164F83774Fs1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bibA7D89B8D653E49F379B579B3A1605A13s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib5D6E5BED773EEB47D6F5182D0896F1D5s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bibC3AB9C049E75850A82DE031E960C5B16s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib51330F68A8D95ECA16555831C99C8845s1
http://refhub.elsevier.com/S0021-9991(20)30233-3/bib51330F68A8D95ECA16555831C99C8845s1

	Complexity bounds on supermesh construction for quasi-uniform meshes
	1 Introduction
	2 Preliminaries
	3 Main result
	4 Numerical results
	5 Conclusions
	Acknowledgements
	References


