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1. Introduction

We consider in this paper a new efficient multiscale parareal algorithm for parabolic problems with heterogeneous
coefficients. We first formulate the heterogeneous parabolic problems to present our new multiscale methods. Let D c R¢
(d=1,2,3) be an open bounded Lipschitz domain. We seek a function u(-,t) e V := Hé(D) such that

ou .
E—V-(KVu):f inD x (0, T]
u(-,0) =ug in D (11)

u=20 onodD x [0, T],

where the force term f € L%([0, T]; H2(D)) satisfying d; f € L'([0, T]; L2(D)), the initial data ug € L*(D) and the perme-
ability coefficient k¥ € C*°(D) with a < k(x) < B almost everywhere for some lower bound « > 0 and upper bound 8 > «.
Here, H5(D) C L%(D) is a Hilbert space to be defined in (2.1). We denote by A := g the ratio of these bounds, which reflects
the contrast of the coefficient «. To simplify the notation, let I := [0, T]. Note that the existence of multiple scales in the
coefficient « rends directly solving Problem (1.1) challenging, since resolving the problem to the finest scale would incur
huge computational cost.
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The accurate description of many important applications, e.g., composite materials, porous media and reservoir simula-
tion, involves mathematical models with heterogeneous coefficients. In order to adequately describe the intrinsic complex
properties in practical scenarios, the heterogeneous coefficients can have both multiple inseparable scales and high-contrast.
Due to this disparity of scales, the classical numerical treatment becomes prohibitively expensive and even intractable for
many multiscale applications. Nonetheless, motivated by the broad spectrum of practical applications, a large number of
multiscale model reduction techniques, e.g., multiscale finite element methods (MsFEMs), heterogeneous multiscale meth-
ods (HMMs), variational multiscale methods, flux norm approach, generalized multiscale finite element methods (GMsSFEMs)
and localized orthogonal decomposition (LOD), have been proposed in the literature [5,8-10,20,21,24,31] over the last few
decades. They have achieved great success in the efficient and accurate simulation of heterogeneous problems. Recently,
a so-called Wavelet-based Edge Multiscale Finite Element Method (WEMSFEM), cf. Algorithm 1, was proposed within the
framework of GMsFEMs [10] that facilitates deriving a rigorous convergence rate with merely mild assumptions [15,16,23].
A key ingredient in GMsFEMs is designing local multiscale basis function in local regions with good approximation proper-
ties. However, deriving such local approximation is nontrivial. The main idea of WEMSFEM is to utilize wavelets as the basis
functions over the coarse edges, and transform the approximation properties from the edges to each local region. Then the
Partition of Unity Method (PUM) [32] is applied to derive the global convergence rate. The motivation for using wavelets as
the ansatz space over the coarse edges origins from the low regularity of the solution to (1.1) in the spatial domain D due to
the existence of heterogeneity in the coefficient «, which makes its approximation use the standard basis functions, e.g., the
element-wise polynomials, infeasible or even prohibitive. Further, the multiresolution analysis enables the approximation of
functions with low regularities using wavelets. We will apply this method in this paper to handle the heterogeneity in the
spatial domain D.

Furthermore, motivated by the great demand for an efficient solver with high accuracy as well as a reasonable wall-
clock time in many practical applications, e.g., financial mathematics [4], fluid mechanics and fluid-structure interaction
[12-14], oceanography [26], chemistry [28,6] and quantum chemistry [29], and the increasing computational capacity of
current computers, a variety of efficient numerical schemes exploiting parallel computing architectures emerge during the
last few decades. Among them, the parareal algorithm is one of the most popular and successful algorithms. The parareal
algorithm facilitates speeding up the numerical solver to time dependent equations on the condition of sufficient processors
[3], which is an iterative solver based on a cheap inaccurate sequential coarse-scale time solver and expensive accurate fine-
scale time solvers that can be performed in parallel. If it converges sufficiently fast, then the parareal algorithm could result
in less wall-clock time than sequentially computing. The parareal algorithm was introduced by Lions, Maday and Turinici
[25] and extended to the linear problems in [2,4,30]. Its convergence for nonlinear system of ordinary differential equations
and partial differential equations is derived in [4,17]. Convergence properties are investigated for three fine propagators
in [34]: the trapezoidal rule, the third-order diagonal implicit Runge-Kutta method, and the fourth-order Gauss Runge-
Kutta method. A critical condition was derived, which guarantees the fast convergence of the parareal algorithm using these
aforementioned fine propagators. Recently, new parareal algorithms are developed to solve problems involving discontinuous
right-hand sides [18,19]. Coupling of parareal algorithm and other techniques has been developed in many literatures, see
[1,7,11,22]. Among them is the coupling of parareal algorithm with the model reduction techniques. In [22], a micro-macro
parareal algorithm for the time-parallel integration of multiscale-in-time systems is introduced to solve singularly perturbed
ordinary differential equations. One contribution of this paper is that the fast variables are eliminated from the coarse
propagator, therefore, the resulting algorithm only evolves with the slow variables. A new coupling strategy to compute high
oscillatory solutions to a class of ODEs is introduced in [1], where multiscale integrators are coupled with fully resolved fine
scale integrators for parallel in time.

In this paper, we incorporate the parareal algorithm into WEMSFEM to numerically calculate the time evolution problems
efficiently. This new algorithm is called WEMP Algorithm, cf. Algorithm 2. This algorithm is divided into two steps: a

multiscale space an\gz based on WEMSFEM with ¢ as the wavelets level parameter is constructed in the first step, and
then we apply the parareal algorithm by using VrEn‘Q’e as the ansatz space in the second step to obtain the solution more

efficiently. The convergence analysis of this algorithm is presented in Theorem 4.1. We proved

~11/2 —¢/2 1
Ju. T = U 20y < (HIRIE ) + 27l ) +8) = oz o,

~n1/2 -
+ (HIRIE ) + 271Kl ) T sup 1 )
s<T"
T"

417 sup 179z + [ 10619l ds)
0

s<Tn
ko 1 k+1

where u(-, T") and U,’} are the exact solution and numerical solution derived from WEMP algorithm at T" =n x AT for
n=2,---. The notations AT and 5t represent the coarse time step size and fine time step size, respectively. H, £ and k
are the spatial domain mesh size, the level parameter and iteration number. Fy denotes the collection of all edges in the
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coarse mesh 7. We refer to Section 2 for more details. k¥ is a weighted coefficient to be defined in (2.8). This implies that
taking ¢ =[—2log, H] and k = [—logA 7 &t], we recover O(H + §t) error, which actually is the error for the backward Euler
conforming Galerkin method. Here, [.] denotes taking integer part of a number. Furthermore, the singularity of the solution

k 1
j:O Tn—j

algorithm was derived for parabolic equations under the condition that n > k in [4]. Our result can be applied to small time
step n.

To demonstrate the performance of our proposed algorithm we present several numerical tests using backward Euler
and Crank-Nicolson schemes for the fine time step solver, respectively. Our numerical tests indicate similar convergence
as derived in the theoretical results. Furthermore, we take different coarse time steps and observe similar convergence
behavior.

The paper is organized as follows. We summarize the basics on the fully discretization of Problem (1.1), the framework
of WEMSFEMs in Section 2. Our main proposed algorithm is presented in Section 3. The convergence of WEMSFEM and
WEMP algorithms are derived in Section 4. Extensive numerical tests are presented in Section 5. Finally, we complete our
paper with concluding remarks in Section 6.

for t — O is reflected in the coefficient of the last term, namely, (1‘[ ) Note that similar convergence of parareal

2. Problem setting and the construction of multiscale space

In this section, we will mainly introduce the full discretization of problem (1.1), and its multiscale model reduction in
the spatial domain D.

2.1. Full discretization

We present in this subsection the discretization of problem (1.1). Firstly, we define the Hilbert space H%(D), which is
analogous to [33, Chapter 3].

Let {(Am,¢m)}_; be the eigenpairs of the following eigenvalue problems with the eigenvalues arranged in a nonde-
creasing order,

Lém ==V - (KVdm) = AmPm inD
¢m =0 onaD.

Note that the eigenfunctions {¢p}5_; form an orthonormal basis in L?(D), and consequently, each v € L>(D) admits the
representation v = Z;Ozl(v,(i)m)p(ﬁm with (-,)p being the inner product in L2(D). The Hilbert space HS(D) c L%(D) is
defined by

H(D)={v eL*(D): Y A%l(v.¢m)p|* < 00). (2.1)

m=1

The associated norm in H5(D) is |v]s = (X A5, (v, dm)p|?) /2.
Remark 2.1. Since the initial data ug € H3(D) N H?(D), we obtain

[ Luoll 2(py = [uol2- (2.2)
Indeed, ug allows the expression

oo

uo=y_ (U0, $m)ndm.

m=1

Taking L?(D)-norm after operating £ on both sides and utilize the definition (2.1), we obtain the desired assertion (2.2).

To discretize problem (1.1), we first introduce fine and coarse grids. Let 7y be a regular partition of the domain D into
finite elements (triangles, quadrilaterals, tetrahedral, etc.) with a mesh size H. We refer to this partition as coarse grids, and
its elements as the coarse elements. Then each coarse element is further partitioned into a union of connected fine grid
blocks. The fine-grid partition is denoted by 7, with h being its mesh size. Let F;, (or Fy) be the collection of all edges in
Th (or Ty). Over the fine mesh 7y, let Vy, be the conforming piecewise linear finite element space:

Vhi={veV:vigePi(E)forall E € T},

where P;(E) denotes the space of linear polynomials on the fine element E € 7.
The time interval I := [0, T] is decomposed into a sequence of coarse subintervals [T", Tt for n=0,1,---, Ma of
size AT with AT :=T/Ma for some M € N; and TO := 0. Each coarse time interval [T™, T"t1] is further discretized
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Fig. 1. lllustration of a coarse neighborhood and coarse element.

with a fine time step &t. Let t; =n x §t for n=0,1,---, Ms with Mg :=T x 5t~1. Note that AT > §t. To simplify the
notations, backward Euler method is utilized to discretize the time variable, and we use conforming Galerkin method for
the discretization in the spatial variable throughout this paper. Then the fine-scale solution U € V) forn=1,2,---, M;
satisfies

un — Unfl

(=t vi)p +a(U}. vi) = (f.tn). vi)p  forall vy € Vp, (2.3)

U,? = lup.

Here, the bilinear form a(-,-) on V x V is defined by

a(vy, vy) = /KVV] -Vvydxforall vy, vy e V.
D

Iy is a proper projection from V to V. Furthermore, we define the energy norm ||v|\H}(D) =4a(v,v) forall veV.

The fine-scale solution uj; will serve as a reference solution in Section 5. Note that due to the presence of multiple scales
in the coefficient «, the fine-scale mesh size h should be commensurate with the smallest scale and thus it can be very
small in order to obtain an accurate solution. This necessarily involves huge computational complexity, and more efficient
methods are in great demand.

2.2. Multiscale model reduction in the spatial domain D
We present in the section the multiscale model reduction to Problem (2.3) in the spatial domain D.

2.2.1. Multiscale solver in the spatial domain

The multiscale method we are investigating aim at solving Problem (1.1) on the coarse mesh 7y, which, meanwhile,
maintains a certain accuracy compared to the fine-scale solution U} to Problem (2.3). To provide a brief overview, we first
recap a few definitions.

The vertices of 7y are denoted by {Oi}zN:r with N being the total number of coarse nodes. The coarse neighborhood
associated with the node O; is denoted by

wij ‘= U{Kje'ﬁqi OiGEj}. (2-4)

We refer to Fig. 1 for an illustration of neighborhoods and elements subordinated to the coarse discretization 7. Through-
out, we use w; to denote a coarse neighborhood. Furthermore, let F,(dw;) (or Fy(dw;)) be the restriction of F, on dw; (or
Fy on dw;).

Let Vs be the multiscale finite element space to be defined in Section 2.2.2. The multiscale solution U € Vs for
n=1,---, My satisfies

n n—1
Ums — Ums

( ot

,Vms)D +a(Unms’ Vms) = (f (-, tn), Vvims)p  forall vips € Vi, (2.5)

0
Ums = IlTlSuO!
where Vs denotes the multiscale space spanned by these multiscale basis functions and I is a L2(D)-projection operator
from V to Vips.

Note that we need a very tiny fine-scale time step §t to guarantee a reasonable approximation property of ull. to u(-, tp)
forn=1,---, Ms due to, e.g., the singularity of the solution u(-,t) at t =0 arising from the rough initial data ug or when
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the source term f fails to have certain regularity. Consequently, the computational complexity of the multiscale method
(2.5) can be extremely expensive. For this reason, we present in Section 3 a multiscale algorithm incorporated with the
parareal algorithm to reduce further this part of computational cost.

We end this section with assumptions on the permeability field «, which is required to obtain approximation properties
of the multiscale finite element space Vs in the energy norm, cf,, (4.1):

Assumption 2.1 (Structure of D and k). Let D be a domain with a C1** (0 <« < 1) boundary 8D, and {Di}{, C D be m

pairwise disjoint strictly convex open subsets, each with a C1'® boundary T'; := 3D;, and denote Dy = D\UL, D;. Let the
permeability coefficient k be piecewise regular function defined by

ni(x) inDj,
=100 (2.6)
1 in Dy.
Here n; € C*(D;) with ;€ (0,1) fori=1,---,m. Denote Nmin := m‘in{miDn{m(x)}} > 1 and Nmax = max{||Nillc,py}-
i xeD; i

2.2.2. Multiscale space construction

This subsection is concerned with the construction of the multiscale space by means of the Wavelet-based Edge Mul-
tiscale Finite Element Methods (WEMSFEM) [23,16]. The algorithm is presented in Algorithm 1. Given the level parameter
¢ e N, and the type of wavelets on each edge of the coarse neighborhood w;, one can obtain the local multiscale space V; ,
on w; by solving 2¢+2 local problems in Step 2 using the fine-scale mesh and its associated proper finite element space.
Those local problems £; are homogeneous elliptic operators coupled with wavelets Dirichlet data V; ;. In Step 3, we can use
these local multiscale space to build the global multiscale space V;‘Q{[ by multiplying the partition of unity functions ;.
Finally, we can solve (2.5) by backward Euler conforming Galerkin scheme using this global multiscale space, coupled with
I,ug as the initial condition. Here, I, denotes the L?(D)-projection from L?(D) to VEW

ms,{*
The weighted coefficient appears in Step 3 is
N
£ =H* Y |Vl (2.7)
i=1
Further, its inverse K1 is
~_‘1 ~
N K, when k (x) #0,
K%)= A (2.8)
1, otherwise ,

which will be utilized in the analysis. The partition of unity functions x; used in Step 4 are the standard multiscale basis
functions defined coarse elementwise. On each coarse element K € Ty, it satisfies

V- (kx)Vx)=0 in K, (2.9)
Xi=g onoak,
where g; is affine over 9K with g;(0j) =4;; for all i, j=1,---, N. Recall that {Oj}?’:1 are the set of coarse nodes on 7.

By its definition, y; is locally supported,

supp(xi) C wj.

Algorithm 1 Wavelet-based Edge Multiscale Finte Element Method (WEMSFEM).

Input: The level parameter ¢ € N; coarse neighborhood w; and its four coarse edges T'j; with k=1,2,3.4, ie, U;(‘:] Ik = dw;; the subspace VL,( C

L2(I‘i‘k) up to level ¢ on each coarse edge T'; .
Output: Multiscale solution uE¥ ,.

1: Denote Vj :=@}_, V{ . Then the number of basis functions in V;; is 4 x 2¢ = 2¢+2. Denote these basis functions as vy for k=1, .., 2¢+2,
i N 42 1 X Liv:=—V-(kVv)=0 in wj,
2: Calculate local multiscale basis £; " (vg) for all k=1,---,2 +2. Here, L (vg) := v satisfies: vy on
= Vi wj.

3: Solve one local problem.
—V- (V) =

=1

— in wj,
S, K dx '
Jvi
EPSAMNTYES on dw.
an )
4: Build global multiscale space. VEW, :=span{y; £; ' (vi), xiv': 1<i <N, 1<k <242},
5: Solve for (2.5) by backward Euler conforming Galerkin method in VE}Q{K with UEX; = Iyup to obtain Uivsvk" forn=1,---, Ms.
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3. Wavelet-based edge multiscale parareal algorithm

We construct in this section the Wavelet-based Edge Multiscale Parareal (WEMP) Algorithm, cf. Algorithm 2, which is
divided into two main steps. In the first step, the multiscale space V%‘;‘{e for £ € N, is built based on Section 2.2.2. This
multiscale space serves as the trial space and test space for our conforming Galerkin method, cf. (2.5). Then the parareal
algorithm is utilized in the second step to solve the problem.

We first recap a few terminologies commonly appeared in parareal algorithm.

The one step coarse solver on the time domain (0, T) is

U™ = EA(T™, UM, U°=TIhuo,
Ut = AT Ulg ). U = Imstio. (31)

ms, £

which yields U"*! (or Unmt,le) as a coarse approximation to u(-, T"*1), provided with an approximation U" (or Uns.e) of

u(-, T™). In matrix form, it reads

U™ = (M + AT x A)"IMU™ + AT x F™1),
Untl = Oms (Pl (M®Prms o + AT x OL jADrs o) ®L MURL , + AT x F'),

ms,{

Here, A and M are the mass matrices and stiffness matrices corresponding to the discretization of the elliptic opera-
tor —V - (kV-) in the finite element space Vp, :=span{¢1, -- -, @dof,}. Here, dof, denotes the dimension of V. (FMthy; =
fD f(C, tar1)¢idx for all i=1,---,dofy. ®ms,¢ denotes a matrix with columns composed of the coefficients of multiscale
basis functions in VEY, in the finite element space Vj.

The one step fine solver

1// :-7_—5(5»6’ ¢)’
Wms,é = f(;ns’[(sv 07 ¢)7 (3‘2)

yields an approximation (-, s + o) (or ¥ms¢(-, 5+ 0)) to the solution u(-, s + o) with the initial condition (-, s) = ¢ (or
Yms,¢ (-, S) = Pe(¢)) and a uniform discrete time step § for all s€ (0, T) and o € (0, T — s) in the infinite dimensional space
V (or in the ansatz space VEY,) with s/t € N,.

We also define the semi-discretization in space solver

Ums,e(, S +0) =F(s, 0, ¢), (33)

which yields an approximation ums (-, s + o) to the solution u(-,s + o) with initial condition ums ¢(-,s) = Pe(¢) for all
s€(0,T), 0 € (0,T —s) in the ansatz space VIEI\Q’Z. We will denote E‘Z‘S’[(T", Ul ) as the one step coarse solver with
f=0. We will define F™-{(s, 0, ¢) and F"*(s, 0, ¢) analogously.

Note that the cheap multiscale coarse solver EZ‘S"é is sequentially utilized over the global time interval I to provide

a rough approximation to u(-, T™1), while the expensive accurate multiscale fine solver ]-'Bms’[ is applied in each subin-
terval [T", T"t1] for n=0,1,---,Ma — 1 independently. This local fine solver will embed more detailed information to
the approximation of u(-, T"*1), which usually differs from the one obtained from the global coarse solver. In the process
of parareal algorithm, a correction operator is very important to improve the approximation to u(-, T"*1) based on the
discrepancy between the coarse solver and fine solver, which is defined by

ST URg ) i= Fy (T" AT Ul ) — EX**(T", Uk ) and UL, = Imslio

foralln=0,1,---,Ma — 1.

Now we are ready to present our main algorithm, i.e., Algorithm 2. To obtain a good approximation to the solution of (1.1)
at discrete time points {T"} forn=1,---, M, we first construct a proper multiscale space an"s‘{é based on the WEMSFEM,
i.e., Algorithm 1, which corresponds to Steps 1 to 3. This allows one to solve (2.5) using the constructed multiscale space
VEqu\{z and obtain an intermediate solution Uivsvf with certain accuracy depending on the spatial coarse mesh size H and
level parameter ¢. This solution will only be utilized in the convergence analysis.

In order to further reduce the computational cost, we apply the parareal algorithm in the following. Given the iteration

parameter k, we apply the global coarse solver (3.1) in Step 6 to obtain U,’;‘H, which is an approximation to the intermediate
EW,n+1
ms, ¢

is used to calculate the fine solution U;Z+1 in parallel on each local time subinterval [T", T"*1]. Then we calculate the
discrepancy between the coarse solution and the fine solution in Step 8 on each discrete coarse time point T" for n =
1,2,---,Ma, and denote it as S(T"!, U,’;"l). Subsequently, this jump term is utilized in Step 9 to update the coarse
solution via the global coarse solver (3.1). This process will be performed iteratively until certain tolerance on the jump
terms is satisfied.

solution U from Algorithm 1. Using the coarse solution U} as the initial condition, the fine solver (3.2) subsequently
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The multiscale solution in Algorithm 1 is calculated using a fine time step §t << AT, which solves a linear system of
size Npps @ number of ;—t times, where N denotes the dimension of the multiscale space VEW . In each iteration, a linear

ms,¢*
system of size Ny is solved a number of % times sequentially and a number of % times simultaneously using %

processors. In total, Algorithm 2 involves solving a linear system of size Ny,s a number of k x % times sequentially after k

iteration. Algorithm 2 converges within a shorter wall-clock time compared with Algorithm 1 when k <« %, which, indeed,
can be supported by extensive numerical experiments presented in Section 5.

Algorithm 2 Wavelet-based Edge Multiscale Parareal (WEMP) algorithm.

Input: The initial data uo, the source term f; tolerance €; the level parameter { € N; coarse neighborhood w; and its four coarse edges I';; with
ji=1,2,3,4,ie, Uj?:] I, j = dw;; the subspace Vtx/,,j C LZ(I‘,-_J-) up to level £ on each coarse edge T ;.

Output: U.
1: Denote Vj; :=@j_, V{ ,. Then the number of basis functions in V;; is 4 x 2¢ =2¢+2. Denote these basis functions as vy for k=1, .. ,2¢+2,
X o 42 1 . Liv:=—=V-(kVv)=0 in wj,
2: Calculate local multiscale basis £; " (vyy) forallm=1,.--,2 "+2_ Here, L (vp) := v satisfies: .
V=vp on dwj.

3: Build global multiscale space. VEW, :=span{y; £; ' (vi), xiv': 1<i<N, 1<k <242},

4: k=0, err=1.
5: while err> € do
6:  Compute U,’:“ forn=0,---,Ma —1:
+1 __ pms,¢
uptt = BN up,
Ug="P
k = I“elo-

n+1

7 Compute upt! forn=0,---,Ma — 1 on each local time subinterval [T",T"+1]:

ultl — FmSLT AT, UD).
8: Compute the jumps forn=1,---, Ma:
-1 —1y._
S(T" ,U}Z )= u;} - U,’}.
9: Compute the corrected coarse solutions U,’:Ll forn=0,---,Ma —1:
+1 _ ms, £
UI’<I+1 =S(T", U,’j) +E, (T", UﬂH),

0
Ui = Peuop.

10: Calculate:
Ma
err:=1/Ma Z U1 — Uglle,-
n=1
k<—k+1

11: end while
12: Up:= U;g and U :=[Ug, -+, Upm,].

4. Convergence study

This section is concerned with the theoretical study of Algorithm 1 and Algorithm 2. The proof of the former follows

from [33, Theorems 7.7 and 8.5], where the approximation properties of the multiscale space VIEI‘;VE and the convergence

rate of the associated solver C;l are needed. The error of the latter can be decomposed as the summation of the error from
the multiscale space and the parareal error.

4.1. Convergence for Algorithm 1

We first derive in the section the properties of the numerical operator that approximate the differential operator in

Algorithm 1, then present the approximation properties of this numerical operator in the multiscale space VrEn‘Q{@.

Let £:=—V - (kV-) be the elliptic operator defined on V, and let its discrete operator L; : VEY, — L*(D) be

EW

(Lewy, ve) := (Lwy, ve) = a(wy, ve) forall ve and wy € V.

Then the inverse operator £;1 exists, which is self-adjoint, positive semi-definite on L%(D), and positive definite on VrF;l\ng'

Further, let R, be the Riesz operator associated to £ in the multiscale space V;‘Q’l, ie.,
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VveVand wms € VEY, :a(v — Rev, W) =0.

Then it holds
L' =R

The approximation property of LZ] in energy norm is derived in [15, Proposition 5.2]. For any v € L%(D), it holds

_ _ ~1/2 _
letv—civ| < (HIRIL 5y + 272 licmn ) 1V 200y (41)

H HL(D)

Together with the duality argument, we can derive the approximation property of ﬁ;l in L2(D)-norm.

Lemma 4.1 (Approximation property ofﬁe’1 in L2(D)-norm). For all v € L2(D), there holds

< (H ||§||¥02(D) +2_[/2”K”L°°(.7:H)) ||£_]V||H,1((D) . (42)

Hﬁ_lv — £l <
L2(D)

EW

Proof. This assertion can be derived from the duality argument together with (4.1). Indeed, let w € V and wms € V.,

satisfy
Lw=L"v—r;ly
Lewms=L7v — £, v,

Then it holds

2
Hﬁ_lv—ﬁglv

L =a(W — W, -,
12(D)

-1 -1
< Iw = Wsllgg oy [ £7TV = 27|

HL(D)

Together with the estimate (4.1), we derive

1 -1 )%
LTv—=L, v
L2(D)

~n1/2 — — —
< (HIRIL ) +27 Pl ) [ £7Tv = 271

Llv—g! H . 43
12(D) H VThe Y HL(D) (4.3)

The stability of Riesz projection R, implies

-1 -1 -1
_ <
Hﬁ V=L, VHH}((D)—”C V”H;(D)’
then together with (4.3), this shows the desired assertion. O
Using the properties of the discrete operator £,;, we can obtain the error estimate of Algorithm 1.

Proposition 4.1 (Pointwise-in-time error estimate in L?(D)-norm for Algorithm 1). Forallm =1, 2, --- , Ms, there holds

=1/2 —£/2 -1
o S (IR oy + 272l e ) + 8 )t ol 2 o)

EW,
Juc ey — URT

~n1/2 —
+ (HIRNE ) +27 el )tm sup 119
S=<tm

s<tm

tm
#t(on sup 1.9+ [ 1365 C. 9l ds). (44)
0

Proof. This result can be obtained from [33, Theorems 7.7 and 8.5]. O

8
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4.2. Convergence for Algorithm 2

We present in this section the convergence analysis for Algorithm 2. To this end, we first prove the boundedness and

Lipschitz continuity properties of the coarse solver EZ‘S’K and the jump operator S in the multiscale space V;‘Q’[

Lemma4.2. Foralln € {1,--- , Ma — 1}, the following properties hold.

1. The one step coarse solver Ergs is Lipschitzin VEW _ Forall vy, v, € VEW, there holds

ms, ¢ ms, £’

H Ems IZ(Tn7 Vi) — E™ Z(Tn

<a|vi—V2|;2
vy =] 2o,

with
_ 1
1+ AT/Cpoin(D)'

Here, Cpoin(D) denotes the Poincaré constant over the domain D.
2. The jump operator S is an approximation of order 1 with Lipschitz regularity. For all v1, v, € VEW N H2(D) and any € > 0, there
holds

|S(T™, v1) = ST v2)| 2y < AT= (AT)E/2|V1—V2|2+5 (4.5)

(D)
Proof. 1. Let el := EZ‘S’Z(T”, Vi) — EZ’S‘[(T”, v5), then it holds

Ywms € VEY, 'fe”“wms dx + AT/KVe”‘H VWms dx=/(v1 — V)W dX.
D D

Choosing wps :=et! leads to

et oy + AT 1€ [z o) = [ ! 01 = va) .
D

Finally an application of the Young's inequality and the Poincaré inequality proves the first assertion.
2. To prove the second assertion, let

n+1 = S(Tn V‘l) S(Tn, VZ)
= (FP LA AT, v = T AT, v)) = (ER(T7, v) = ERE(T", v2))
:]?;HS,Z(Tn’ AT, vq —vy) — E-ZIS,Z(TTI, Vi —V2)
= (ﬁg"s’z(T”, AT, vy —vy) — FMSETY AT, vy — V2)> _ ( ETSET vy — vy)

— FLT AT, vi = v))

. ontl n+1
- ems,8 - ems,A'
n+1 : ; n+1 n+1
To estimate e[ ;c", we only need to derive the estimate for e ¢ and e "\, separately.

To this end, let v”mtll = Vms.i (-, T i= FSE(TT AT, v; ) for i=1,2, we first construct the equation for e’rﬁg}A by the

definitions of the coarse solver (3.1) and fine solver (3.2). There holds

VYWps € Vmsz' e Wi dx—i—AT/lcVe"Jrl Vwmsdx=/wo-wmsdx.

ms,A ms, A
D D
Here,
vn-H — v vn+1 —vq
Wo (= AT( — Btvms,llt:TnH + _mst + atvm5’2|t:Tn+l — L)
AT AT

Tn+l

B / (s = T")3ss(Vims,1 — Vims,2) (-, §) ds.
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Note that
Tn+1
||W0||L2(D) < AT / ”335(Vms,1 — Vms,2)(, S) HLZ(D) ds.
TTI

An adaptation of the proof to [33, Lemma 3.2] shows
|| att(Vms,l - VI‘l’lS,z)('v t) ||L2(D) S (t - Tﬂ)—1+€/2|V1 - V2|2+€ fOI‘ all t>0.

Consequently, we derive

2
lwoll2(py < ATE(AT)E/ZM — Valote.

Choosing s :=eft!, leads to
2
n+1 n+1 n+1
+ AT ||e ” =]e wo dx.
ms,A 12(D) ms,A H,}(D) ms, A

D

Consequently, an application of the Young’s inequality implies

n+1
ms,A

< ATE(AT)€/2|V —v
g S 1= V2l2te.
L4(D) €

n+1

ms.s» Which reads

Analogously, we can obtain the estimate for e

n+1

2
ms,8 = (St—(&)EﬂWl —V2l24e.

2Dy~ €

Note that §t <« AT, then a combination of the two estimates above with the triangle inequality, shows the second asser-
tion. O

We present in the next theorem the convergence rate of Algorithm 2 to Problems (1.1) in pointwise-in-time in L?(D)-
norm. To derive it, we first decompose the error from Algorithm 2 as a summation of the error from WEMSFEM and the error
from parareal algorithm. Then we estimate the former by Proposition 4.1, and the latter can be estimated by mathematical
induction. This result relies on the following assumption.

Assumption 4.1. Let m be a positive integer such that T" =t,, for some integer n. For € > 0 be sufficiently small, we assume
the following inequality holds

2
EW —1 | EW
Ut = Ublare = Y™ [UR - U

2Dy
We remark here this assumption is provable for the continuous problem [33, Lemma 3.2].

Theorem 4.1. [Pointwise-in-time error estimate in L*>(D)-norm for Algorithm 2] Let Assumptions 2.1 and 4.1 hold. Assume that the
source term f € L°°([0, T1; H2(D)) satisfying 3; f € L'([0, T]; L2(D)) and initial data ug € L2(D). Let £ € N, be the level parameter.
The coarse time step size and fine time step size are AT and 8t. Let u(-,t) € V be the solution to Problem (1.1) and let U} be the
solution from Algorithm 2 with a small iteration k € N. There holds

~n1/2 _ 1
Ju, T = UR| o) S (H IR 0y + 27l lloe gy + (st)ﬁ lIuoll2(p)

~n1/2 —
+ (IR gy +27 el ) " sup 1 9)
s<Tn

Tn
+8t(T" sup I )l +f 1055 (.9) 12005 )
s<T"
- 0

1
+ (n?zoﬁ)ATkJrl “uO”LZ(D) .

10
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Proof. We first define the multiscale solution to Problem (1.1) using Algorithm 1. Find UrEn\’Z’[m € VrEn\le form=1,---, Ms,
satisfying
EWm UEW,m 1
L L
VWms € Vg ¢ (2 Wins)p +a(Upye ", Wins) = (f (- tm), Wms)D (4.6)

Uty = I¢(ug).

Then we only need to estimate Hu(., ™) — U;\Q{‘Zm . and HUrEnvsvem - U} o) for m := AT /8t x n. Note that T" =t
Therefore, we can replace T" with tn. Similarly, let m’ := AT/t x (n — 1), then it holds t,» = T"™'. The first term
Hu(.,tm) - UE]VS\/”['“ 2o can be estimated by Proposition 4.1. The second term H Ui"s‘{’lm - Uy 2o corresponds to the er-
ror induced by parareal algorithm in the multiscale method, and we will prove by mathematical induction:
/ 1
n.__ EWm _ ;n K k+1
e 1= |Upet — UL, o) = Co(Mo gy ) AT ol (47)

Here, C, is a positive constant independent of H, Ma or T with its value changes from context.

Obviously, the inequality (4.7) holds when k = 0. Assume that it holds for iteration k for some k € N . We will show
that it holds for the next iteration k + 1.

We can obtain from Algorithm 2:

€ = IS URS) = S U + ERTTLURE — BRI U D)

Consequently, an application of Lemma 4.2 and Assumption 4.1 lead to

Cr1 = HS(T"_lv Upei") = ST U™ 2oy " HEIX&Z(T“_H Ul = ER (T U 12(D)
< AT%(AT)G/ZIUIEX? — Ul age t ” Uﬁl\/s\{km/ - Ul?;ll 12(D)
= —Ol) T ||UrEnvsvzm U 2y + @ H UrEnvs\{}Zm/ ~ Ui 12(D)
= " ael @8

In the last inequality we choose the positive parameter € satisfying

2, 2

T e 11—«

Note that eZH =0 for all n <k + 1. We can obtain by using (4.8) repeatedly

n—(k+1)

- AT i
-1 n—j
e;}+]§(1—01) Z o’ Tn—jek
j=1
n—(k+1) AT 1
1 k l
<(-0) Y ol o (Mg ) AT oz o)
j=1
(k+1) i —i—k—1
1 n— Tn—i | Tn—j—k
_ k+1 +2 _ j=1(k+1
_co(n] e ])AT luoll2(py x (1—a) 2; a (nl g l) o
J
1 n—(k+1) Tn—i
k+1 k+2 j—1 k+1
< CO(H]:OE)AT + ”uO”]_z(D) X (1 —Ot) Z Ol] (Hl+0 W)
j=1

We only need to prove A(n, k) as defined in the following, is bounded.

n—(k+1)

A(n,k) = (1 —a) Z aj_] (Hk+] Tn*l' )

IOTn]l

=(1-0) Z o 1= m(niﬁ-g:] i)'

m=k+1

11
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Fig. 2. The heterogeneous permeability field « and the initial data up = x(1 — x)y(1 — y). (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

We can further express A(n, k) as

n—1 n—1-m

o
Ak =1-a)Citl Y

k+1
m=k+1 Cm
n—1
k+1
= (1-a)Ci] Y am. (4.9)
m=k+1
Note that
a m—k n—1-—k
mil _ ol < - o li:= 1705_]
am m+1 n
Qg1 = k=2

Consequently, we obtain

A, k) < (1— )it (n — k — 2) max{n, )" ™2,

Since k is small, A(n, k) is bounded for any n.
This proves estimate (4.7) corresponding to the case with iteration k + 1. Hence, the estimate (4.7) is proved. Finally, a
combination with (4.4) results in the desired estimate. O

Theorem 4.1 indicates that the pointwise-in-time error estimate of Algorithm 2 to Problems (1.1) in L2(D)-norm will
deteriorate when the time step approaches the original t = 0. This blow-up of error is produced by the parareal algorithm
(Step 2 in the proof to Theorem 4.1), which essentially arises from the approximation property of the jump operator (4.5).

Remark 4.1. Algorithm 2 outweighs Algorithm 1 only when the former achieves similar accuracy to the latter within a very
few iteration k << M a. Therefore, we are not interested in the case when k > M or the error at time level T" with k > n.

5. Numerical results

In this section, we perform a series of numerical experiments to demonstrate the performance of the proposed WEMP
Algorithm. In particular, we compare the performance of Algorithms 1 and 2 for each experiment. Furthermore, we inves-
tigate whether replacing backward Euler scheme by Crank-Nicolson scheme would reduce the iteration number. Motivated
by the critical condition proposed in [34], we choose different values of % to test how they will influence the iteration
number. It can be seen from Equation (4.6) that WEMP Algorithm would generate a solution of better accuracy when the
source term being 0. In the last subsection, we conduct experiments to verify this.

We consider the parabolic equation (1.1) in the space domain D :=[0,1]? and the time domain [0, T] = [0, 1]. The
permeability coefficient ¥ we choose has two distinct value: 1 and 1000. It is high-contrast and heterogeneous. We refer to
Fig. 2 (left figure) for an illustration. The initial data tested in our numerical experiments is chosen to be a smooth function
up :=x(1 —x)y(1 — y). We refer to Fig. 2 (right figure) for an illustration.

Let 7y be a decomposition of the domain D into non-overlapping shape-regular rectangular elements with maximal
mesh size H := 274, These coarse rectangular elements are further partitioned into a collection of connected fine rectangular
elements 7, using fine mesh size h :=2~7. Similarly, we define V} to be a conforming piecewise affine finite element

12
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Fig. 3. Numerical solution U} to (2.3) for n=10%,3 x 10,5 x 10% and 10* with 8t =10~4.
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° °
kS >
A & ©

associated with 7p. In our numerical experiments, space meshes 7y and 7, are fixed. To keep our presentation concise,
we will only present the numerical results with a fixed level parameter ¢ := 2. The temporal discretization is presented in
Section 2 with T :=1. The coarse time step size and fine time step size are AT and §t. Note that §t < AT.

We introduce the following notations to calculate the errors. The relative errors for the multiscale solution in L?(D)-norm
and H](D)-norm are

H ym _ gEw.m “U’“ _ Ewm ‘
h ms, ¢ 2 h ms,{ 1
RelEW (£,,) := D 100 and RelEW(ty):= He®) o 100.
' luil i Jurl
h lL2(Dy h IHL(D)

Analogously, the relative errors for our proposed algorithm with iteration k € N in L2(D)-norm and H ;(D)-norm are
m n m n
” Uy — Uy ||L2(D) ” Uy — Uy ” HL(D)

% 100
Jur

Rel’zz(Tn) = x 100 and Rel’;_I; (T :=

L2(D) “ Ur)? ” HL(D)

with m:= AT /8t x n.

Our numerical experiments include testing nonzero source term in section 5.1 and zero source term in section 5.2. We
investigate the influence of different tempo discretization schemes, e.g., backward Euler scheme and Crank-Nicolson Galerkin
scheme, on the performance of our algorithm.

5.1. Numerical tests with nonzero source term
To define nonzero source term, we take time-dependent smooth function

fx, y,t):= 20072 sin(;r x) sin(7r y) sin(107r tx).

Since there is no analytic solution to system (1.1), we need to find an approximation of the exact solutions. To this end,
we take time step size §t = 10 and use backward Euler Galerkin Method in (2.3) to obtain the reference solutions up.
Note that we use a much finer time step size to simulate the reference solution. We plot the reference solutions U} for
n=10%3x103,5 x 10 and 10* in Fig. 3. In the rest of this subsection, we will present numerical tests using backward
Euler scheme with % =100 in Experiment 1, Crank-Nicolson scheme with % =100 in Experiment 2 and backward Euler
scheme with % =10 in Experiment 3. For all the three experiments, our proposed algorithm, i.e. Algorithm 2, can generate
numerical solutions by a few iterations at least of the same accuracy as the multiscale solutions from Algorithm 1. For the
brevity of the paper, we only present numerical solutions U,'(' from Algorithm 2 with iteration number k =0, 1 and 2 and

multiscale solutions UEW:™

ms,¢ from Algorithm 1 in Experiment 1.

Experiment 1: backward Euler with AB—tT =100

We test in this experiment the performance of Algorithm 2 with a fine time step size 5t =103 and a coarse time step
size AT =0.1. The backward Euler scheme is utilized for the time discretization.

We present the numerical solutions U;} for n=1,3,5,10 from Algorithm 2 with iteration number k =0,1 and 2 in

Fig. 4. One can observe that U} converges to the multiscale solution UIE‘VSV’Z"

The convergence history of Algorithm 2 in relative L2(D)-norm and relative HL(D)-norm are presented in Fig. 5.

One observes from Fig. 5 that 4 iterations is sufficient for Algorithm 2 to attain the same accuracy as Algorithm 1 for all
discrete time steps under the L2(D)-norm, while 2 iterations under the H}( (D)-norm. Each iteration involves a number of
1/AT = 10 sequential solver and AT /8t =100 parallel solver. In comparison, Algorithm 1 involves a number of 1/t = 1000
sequential solver. Consequently, Algorithm 2 involves much less wall clock time with the aid of a sufficient number of
processors.

as the iteration k increases.

13
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Fig. 4. Numerical solutions U,’: for n=1,3,5,10 from Algorithm 2 with AT =0.1 and &t = 103, backward Euler scheme: iteration number k = 0 (top),
k=1 (middle) and k =2 (bottom).
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Fig. 5. Convergence history of Algorithm 2 in relative L2(D) error and relative H}((D) error for Experiment 1: backward Euler scheme with AT =0.1 and
st=1073.

Experiment 2: Crank-Nicolson with % =100

Since the backward Euler scheme is only first order accurate, a higher order accurate scheme can improve the perfor-
mance of Algorithm 1 and Algorithm 2. This can be seen from the proof to Theorem 4.1. In this section, we will present the
numerical tests with Crank-Nicolson scheme for both algorithms.

A direct application of Crank-Nicolson scheme as a time discretization fails to maintain second order accuracy due to the
possible blow up of the eigenvalues of the elliptic operator —V - (kV-) when 1max — oco. To improve its performance and
maintain second order convergence rate, we use 3 steps of backward Euler scheme before Crank-Nicolson scheme kicks in
[27,33].

The convergence history of Algorithm 2 in L2(D)-norm and H}(D)—norm is presented in Fig. 6. Similar to Experiment
1, we observe that 4 iterations is sufficient for Algorithm 2 to reach the same accuracy as Algorithm 1 at all discrete time
levels under the L%(D)-norm, while 2 iterations under the H,l((D)-norm. Comparing Fig. 5 with Fig. 6, one observes that
Algorithm 2 with Crank-Nicolson scheme outperforms that with backward Euler scheme under L?(D)-norm.

Experiment 3: backward Euler with AS—tT =10

We are also interested in studying how the coarse solver and fine solver affect the performance of our proposed WEMP
algorithm. To this end, we choose AT = 1072, §t = 10~3 and utilize backward Euler scheme in time discretization. Note
that the ratio between the coarse time step and fine time step is smaller than that in Experiment 1.

14
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Fig. 6. Convergence history of Algorithm 2 in relative L?(D)-norm and relative H}((D)—norm for Experiment 2: Crank-Nicolson scheme with AT =0.1 and
st=1073.
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The convergence history of Algorithm 2 in L%(D)-norm and H,}(D)-norm is presented in Fig. 7. Comparing Fig. 5 with
Fig. 7, one can see 1 iteration is sufficient for the numerical solutions from Algorithm 2 to reach the same accuracy as
multiscale solutions from Algorithm 1 under LZ(D)-norm and H,}(D)—norm when the coarse time step AT = 10~2 becomes
smaller. However, this involves more coarse solvers for each iteration. Furthermore, a decreased coarse time step is only

practical when sufficient processors are available.
5.2. Numerical tests with a vanishing source term

To avoid the complicated requirement on the source term in Theorem 4.1, we test in this section the performance of
Algorithm 2 for Problem (1.1) with a vanishing source term f := 0 using a backward Euler scheme and Crank-Nicolson
scheme. Consequently, the solution decays rapidly to 0. To generate solutions with reasonable size, we set the final time
T =0.1, the coarse time step AT :=1072 and the fine time step 8t = 10~3. The initial data and permeability are the same
as in the previous section. We use backward Euler scheme with time step 10~3 to obtain the reference solutions Up. The
reference solutions Uy, for n =10, 30, 50, 100 are plotted in Fig. 8.

We present the numerical solutions U,’} for n=1,3,5,10 from Algorithm 2 with iteration number k =0, 1, 2 in Fig. 9.

One can observe U} converges to UIF;IVS\"; as the iteration number k increases.

The convergence history of Algorithm 2 in L2(D)-norm and H,lc(D)-norm is presented in Fig. 10. From the figure, one
can see that 1 iteration is sufficient for the numerical solutions from Algorithm 2 with backward Euler to converge under

15



G.Liand]. Hu Journal of Computational Physics 444 (2021) 110572

. 4
: 35
X 5 X X )
X X iy Y 25
2
. o - . 15
1
. 05
0
0 02 04 06 08 1
Y 25
X 2
15
! 1
- ) 05
0
0 02 04 06 08 1
:
0.04 0.012
0.035 : 25
08 X 001 08
0.03
Y 2
06 10,025 0. 0.008" 06
0.02 0.008 15
0.4 . B 0.4
0015 1
0.004
0.2 =t & 0.2
. - 0002 - 05
0.005
Ly 0 0 0 L, 0
o 02 04 06 08 1

Fig. 9. Numerical solutions U,’: for n=1,3,5,10 from Algorithm 2 with AT = 102 and &t = 103, backward Euler scheme: iteration number k = 0 (top),
k=1 (middle) and k =2 (bottom).
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Fig. 10. Convergence history of Algorithm 2 in relative L(D)-norm and relative H}(D)-norm for f = 0: backward Euler scheme with AT =10~2 and
st=1073,

L%(D)-norm and H}((D)-norm. We can conclude that our proposed algorithm with backward Euler scheme is effective in
solving Problem (1.1) with zero source term.

Our last experiment is replacing backward Euler scheme by Crank-Nicolson scheme for the above problem. We observe
the same convergence behavior as in the previous experiment that the numerical solutions from Algorithm 2 converges to
the multiscale solutions from Algorithm 1. For brevity of the paper, we do not present these figures.

The convergence history of Algorithm 2 in L?(D)-norm and H}{(D)—norm is presented in Fig. 11. One observes that it
takes 4 iterations to converge under L%(D)-norm and 3 iterations to converge under H ,]((D)—norm when using Algorithm 2
with Crank-Nicolson scheme. Comparing Fig. 10 with Fig. 11, we can see that Algorithm 2 with the Crank-Nicolson scheme
yields a better accuracy than that with the backward Euler scheme. We conclude that Algorithm 2 with backward Euler
scheme converges faster than that with Crank-Nicolson scheme, while Algorithm 2 with Crank-Nicolson scheme generate
solutions with a higher accuracy for Problem (1.1) with zero source term.

6. Conclusion

We propose in this paper a new efficient algorithm for parabolic problems with heterogeneous coefficients. This algo-
rithm is named as the Wavelet-based Edge Multiscale Parareal (WEMP) Algorithm, which incorporates parareal algorithm
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Fig. 11. Convergence history of Algorithm 2 in relative L2(D)-norm and relative H}((D)—norm for f =0: Crank-Nicolson scheme with AT =102 and
st=1073,

into the Wavelet-based Edge Multiscale Finite Element Methods (WEMSFEMs). Therefore, it can handle parabolic problems
with heterogeneous coefficients more efficiently if multiple processors are available. We derive the convergence rate of this
algorithm, and verify its performance by several numerical tests. Numerical experiments demonstrate WEMP Algorithm with
coarse and fine propagators of higher order accuracy, e.g., Crank-Nicolson scheme, can enhance its performance. However, a
detailed study of such algorithm is beyond the scope of this paper, which demands a comprehensive spectral study on the

approximating operator £, and its dependence on the multiple scales, especially when the coefficient x is heterogeneous.

Further, we also observe that the decay of the ratio between the coarse time step and fine time step % leads to faster

convergence, yet more computational complexity is involved in each iteration. Moreover, the application of our proposed
WEMP algorithm to time-fractional diffusion problems with heterogeneous coefficients in a large time domain is nontrivial
since the fractional derivative is nonlocal, which makes single step scheme used in our algorithm infeasible. This is our
interest in the future.
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