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a fully discrete curve-shortening polygonal evolution law. The proposed evolution law is
fully implicit, and the key to the derivation is to devise the definitions of tangent and
normal vectors and tangential and normal velocities at each vertex in an implicit manner.
Numerical experiments show that the proposed method allows the use of relatively large

mﬁg?ﬁomdary problems time step sizes and also captures the area-preserving or dissipative property in good
Geometric numerical integration accuracy.
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1. Introduction

In this paper, we are concerned with the numerical integration of a smooth Jordan curve I't for t € [0, oo) which evolves
in the plane. By using its S! parameterization &’ = xf(u) (u € [0, 1]), the motion of I' is described by

axt =vint + witt, t>0, (1.1)

where t! and n' respectively represent the unit tangent and unit outward normal vectors of I'Y, and v' and w' are the
normal and tangential velocities. Both T'* and x' are called a curve. A problem regarding the evolution of the curve I'® is
called a moving boundary problem. Most planar curves have their characteristics in terms of the length and enclosed area,
which are defined by

L[] ::/ ds, A[Q] ::/dx, (1.2)
It Qf

respectively, where 2 = Q[I'] denotes the interior simply-connected region bounded by I'. We, in particular, focus on prob-
lems whose length decreases monotonically. This property is called the curve-shortening property. Such a problem can be
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seen as a gradient flow of the length functional £[I"*] with respect to some underlying space. We further restrict our at-
tention to problems that do not generate any topological changes. Typical examples include the mean curvature flow [1],
area-preserving mean curvature flow [2], and Hele-Shaw flow [3]. We note that it was proved in [4,2,5,6] that the first two
examples do not allow any topological changes during the evolution, and numerical observations suggested that the same
property holds for the Hele-Shaw flow [7].

One approach to computing the evolution law (1.1) is to approximate the boundary by a polygonal or polynomial curve
to find a semi-discrete evolution law, and then to integrate it by applying a numerical integrator such as a Runge-Kutta
method (see, e.g. [8,9]). These approaches are often called direct approaches, and these would be preferred for problems
without any topological changes. Note that if a flow of interest admits topological changes, indirect approaches, such as the
phase-field method and the level set method, would be preferred [10,11], but such cases are out of the scope of the present
paper. There are mainly two difficulties for direct approaches: distributions of vertices and time step size restriction.

e In the continuous scenarios, the tangential velocity w! does not affect the shape of the evolving curve Tt [12]. It only
affects the parameterization of the curve I'. However, the tangential velocity plays a crucial role in discrete settings.
For example, if we set the discrete tangential velocities to O, there could be portions where a distribution of vertices is
dense or sparse, which could make it difficult to solve the problem over long times.

e General-purpose methods such as explicit Runge-Kutta methods cannot inherit the curve-shortening property, which
could lead to unstable or non-physical behavior. To avoid these scenarios, we are usually forced to use sufficiently small
time step sizes. In most cases, the time step size must be of O(N~2), where N denotes the number of vertices.

The first difficulty can be overcome by setting the discrete tangential velocities carefully. The asymptotic uniform dis-
tribution method, which arranges the vertices uniformly, and the curvature adjusted method, which arranges the vertices
densely where the absolute value of the curvature is large, are practically useful (see, e.g. [13-20]).

In this paper, we shall focus on the second difficulty. To compute the moving boundary problems stably with relatively
large time step sizes, we employ the idea of geometric numerical integration [21]. Namely, we intend to derive a fully
discrete evolution law that guarantees the curve-shortening property independently of the time step sizes. To achieve this
goal, we consider applying the so-called discrete gradient method [22-28] to (1.1) (see also its extensions to partial differ-
ential equations [29-34]). The method has been developed to derive energy-dissipative schemes for gradient systems and
energy-preserving schemes for Hamiltonian systems. However, the method usually requires a concrete expression of gradi-
ent systems. Though the moving boundary problems have concrete expressions as gradient systems, these depend on the
underlying spaces and could be complicated. Moreover, taking the tangential velocities into account further complicates the
derivation of the intended evolution law.

In this paper, we show that the intended curve-shortening fully discrete evolution law can be systematically constructed
independently of the underlying space even if the concrete expression as a gradient system is not specified. The derived
evolution law is curve-shortening independently of the discrete tangential velocities, which indicates that the tangential
velocities can be defined in view of the aforementioned asymptotic uniform distribution method or curvature adjusted
method. We note that it seems impossible to derive a fully discrete evolution law that inherits both the curve-shortening
and area-preserving (or dissipative) properties simultaneously. Discussions for area-preserving or dissipative evolution laws
are given in Appendix A, where canonical Runga-Kutta methods play an essential role.

The contents of this paper are as follows. In Section 2, we give a general description of the moving boundary problem
(1.1), show fundamental properties for the length and enclosed area and provide several examples. In Section 3, we discretize
the moving boundary problem in space, where the smooth curve x' of the original problem is discretized by using a
polygonal curve. In Section 4, which is the main section, we describe the intended fully discrete evolution law. Numerical
experiments are given in Section 5, and concluding remarks are given in Section 6.

2. Moving boundary problems
This section reviews some fundamental properties of the moving boundary problem (1.1) and shows several examples.
2.1. Fundamental properties of moving boundary problems

For a smooth curve I'" with S! parameterization ' = x/(u) (u € [0, 1]), the unit tangent vector t' and the unit outward
normal vector n' are respectively defined by

uxt

RN
Here, d5x) denotes the differential operator with respect to the arclength parameter of the curve x, and J is the rotation
matrix of angle 7 /2:

th = d5) X" n' = —Jtt. (2.1)

1 0 -1
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Here and hereafter, in this section, the symbol F represents a general function defined on a suitable curve. We note that,
as already mentioned in Section 1, the normal velocity v' is essential in the formulation (1.1) because it determines the
dynamics of the curve I'! and the tangential velocity w! only affects the parameterization of the curve 't [12].

The following theorem characterizes how the length and enclosed area (1.2) evolve under the evolution law (1.1).

Theorem 2.1 (See, e.g. [35,36]). For the smooth Jordan curve Tt that evolves according to the evolution law (1.1), it follows that

8t£[Ft]:/Ktvtds, atA[Qt]:/vtds, (2.3)
It It

where k! denotes the curvature of Tt in —n' direction.
We here sketch the proof because mimicking the proof plays an important role when discretizing the evolution law (1.1).

Proof. First, we consider the length. A direct calculation yields that

1 1 1
Xt Iy Xt
atE[Ft]:/Btwuxtldu:/”— -atauxfdu:—fau =) . gxt du.
|0u Xt | | Bu Xt |
0 0 0
The definitions of the unit tangent and unit outward normal vectors (2.1) and the Frenet formulae 85<xr)tt = —«'n’ and
dsy’ = k"t" imply that
oy Xt
| o= ) = ut" = —«"|3,x |’ (2.4)
|0u Xt |

Hence we obtain
1

3 L[] =//<t|8uxt|nt S(vint + whth) du =/Ktvtds.
0 e
Next, we consider the enclosed area. Using the Frenet formulae, we have

Xt
| Bux’ | = —— - 9 dux =" B (v'n' + with) = |3, X" |t (B VI + VD)1 + By WIE + WD D)

| B X'
= (K'V" + Jsury WH 04X (2.5)
A similar computation shows that
AR O Oy Xt Xt
Bt = — |0y |8uxt+ 0uX Oy (KUY By, W) + By (v + WD)

|0ux(| x| 0’|
= (Osay V' — k' wHn',

Rotating this by angle —m /2 gives

' = — () v — k" WHE. (2.6)
Using (2.5) and (2.6), we obtain

1

B AIQ = %/at(xf -nf|auxt) du =

0

N =

1
/ [(3x"-n" + &' - on)[0yx'| + & - n'0; |0, x"|] du
0

1
=3 / [VE = @sy v — K WHR' £ + (k"' + By WHA' - 1] ds.
It

The proof is completed by performing integration by parts:

/85(xr)vtxt-tt ds= —/vt(as(,‘f)xr-tt + &' gyt ds = —/vt(l —«taf - nb)yds,

rt rt rt
/8S(x[)WtXt ntds= —/wf(as(xt)xt-nt + &' gryn") ds = —/wt/c[xt-tt ds. O
re re re
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The relation (2.4) can be interpreted in such a way that the most left-hand side determines the curvature and the unit
outward normal vector simultaneously. This viewpoint will be essential in discretizing the evolution law (1.1).

2.2. Examples

We give three examples: the mean curvature flow, area-preserving mean curvature flow and Hele-Shaw flow. They differ
in the definition of the normal velocity v!. For all cases, the length functional decays monotonically, which is called the
curve-shortening property. The enclosed area is decreasing for the mean curvature flow, while it is preserving for the latter
two flows.

Example 2.2 (Mean curvature flow). The mean curvature flow is the simplest moving boundary problem, which was originally
proposed in [1] to describe an ideal grain boundary motion in two dimensions. This flow can also be understood as a model
of the motion of a super elastic rubber band, with a small mass in a viscous medium [2]. The velocity of the mean curvature
flow is given by

vi=—kt, t>0.

Substituting this expression into the relations (2.3), we obtain the curve-shortening property:

LM =— /(/cf)2 ds <0
l‘*t

and the area-dissipative property:

B AIQ = — / ktds=—2m <O0. (2.7)
l'*t

It is also well known that any smooth Jordan curve which evolves according to the mean curvature flow becomes convex in
a finite time [6] and further shrinks to a point [4].

From the first relation in (2.3), the curvature «‘ can be understood as the first variation of the length functional. Thus
the mean curvature flow is the L? gradient flow of the length functional on the space of smooth planar curves.

Example 2.3 (Area-preserving mean curvature flow). The area-preserving mean curvature flow, which is a model of a super
elastic rubber band surrounding an incompressible fluid, is a modification of the mean curvature flow with the area-
preservation constraint [2]. The normal velocity of this flow is given by

vi= =kt 4+ (kDpe, t>0,

where (F)r denotes the average of a function F on a curve T:

For this flow, we have the curve-shortening property:

2
1
3 LT :/Kf(—/cf+ (Kt)rt)dSZ—/(K[)zds-i- g f:cfds
It It rt
2
- /ths —flzds/(/ct)zds <0
L[]
Tt It Tt

and the area-preserving property:

A = / (=" + (k")) ds =0,
r‘t

where the Cauchy-Schwarz inequality is used. The area-preserving mean curvature flow is the L? gradient flow of the length
functional along curves which enclose a fixed area.
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Example 2.4 (Hele-Shaw flow). The Hele-Shaw flow, which was originally studied by experiments in [3], describes the motion
of viscous fluid in a quasi-two-dimensional space. The normal velocity of this flow is given by

vi=—vpt.nt, t>0, (2.8)

where p! is the solution to the Laplace equation

(2.9)

Apt=0 inQf, t>0,
p'=ok’ onTI'%, t>0.

Here, o denotes the surface tension coefficient (see [37,38] for details). It readily follows from (2.3), (2.8) and (2.9) that the
Hele-Shaw flow satisfies the curve-shortening property:

1 1 1
Btﬂ[l“t]=—;/prpf~nfds=—;/V~(ptht)dx=—gf|th|2dx§0
re Q Q

and the area-preserving property:

atA[Ff]z—/fo-nfdsz—/v-fodxzo.
I Qtf
The Hele-Shaw flow can be regarded as the Im(Ar¢) gradient flow of the length functional on the space of functions of

which the integral on the curve is equal to O (see, e.g. [36,39] for details). Here, Ar denotes the Dirichlet-to-Neumann
operator associated with a curve T.

3. Semi-discrete polygonal moving boundary problems

In this section, we discretize the moving boundary problem (1.1) in space. The discretization is based on [7,20]. Below we
give definitions of discrete tangent vectors, discrete outward normal vectors, discrete curvatures, discrete tangential veloci-
ties and discrete normal velocities. Although the contents of this section are not new, we give the details as preliminaries
to Section 4.

3.1. Semi-discrete evolution law

Let T'* be an N-sided polygonal Jordan curve:
N
=i, rf=X_. X)) = {1 —0X{_; + 21X} e 0. 1)},
i=1

where Xf € R2 denotes the coordinate of the ith vertex of I't. Here and hereafter, for quantities {F; f\’: , associated with

an N-sided polygonal Jordan curve, we adopt the periodic notation: we always assume that F; := F; 04y (in particular,
Fo :=Fn and Fy41 := F1). Moreover, we also denote a polygonal curve I" as I'(X) whenever we want to emphasize that the
vertices of T are {X;}Y .

Let us consider a semi-discrete evolution law of the form

0Xi=VIN{+ W{T{, i=1.2,...N,t>0, (3.1)

where T¢ and le respectively represent the unit tangent and unit outward normal vectors of I'! at the vertex X,F. Definitions
of Ni, Ti, VI and W/ are given in the subsequent subsections.

In what follows, we use lower case letters for functions or quantities on edges. For example, the unit tangent and unit
outward normal vectors on the ith edge are denoted by tf and nl?, respectively.

3.2. Definitions of the unit tangent vector, unit outward normal vector and curvature

In this subsection, we give definitions of several quantities that appear in the semi-discrete evolution law (3.1). Given
the vertices {Xf}f’: 1» the unit tangent vectors {tf i, and unit outward normal vectors {”f}i:1 on edges are defined straight-
forwardly. Using {t}} and {n{}Y,, we define unit tangent vectors {T{} , and unit outward normal vectors {T!}} ; on
vertices. Though the velocities {vl?}l!V: ; on edges need to be set for each problem, we give the relation between the veloc-
ities {V,F}f’:1 on vertices and {vf}lfv:l on edges. Furthermore, we define the curvatures {K{}i:1 on edges. After giving these
definitions, we show a discrete analogue of Theorem 2.1.
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niiq

n;

) CHRTR TT PRSI,

Fig. 1. Definitions of the unit tangent and unit outward normal vectors at vertices.
We introduce a discrete version of the differential operator (2.2). The difference operator dr; that operates on a quantity
{Fi}f’:l on vertices is defined by
Fi—Fi1 .
orjFi=————, i=1,2,...,N,
T

where r; = | X; — Xj_1| denotes the length of the ith edge I';. Then, the unit tangent vector tl? and the unit outward normal
vector nf on the ith edge are defined straightforwardly by

ti=0r ;X'\, nl=—Jti, i=1,2,...,N.

We next introduce the average operator avr ; that operates on a quantity {f;};_; on edges. This operator is defined by

fi +f;
avpif=— L g N,
" 2cos(¢i/2)
where @; =6;11 —6;, and 6; denotes the ith tangent angle of I': t; = (cos6;, sin6;)T (see Fig. 1). Using the average operator,
we define the unit tangent vector Tf and the unit outward normal vector N§ at the ith vertex XIF by
cos(6f + ¢;/2)
sin(6f + ¢{/2)

For more details, see, e.g. [7]. We readily obtain the following lemma.

Tf::avrt’,-tt:< ) Ni:=—]JT}, i=1,2,...,N.

Lemma 3.1. We have
ti = cos(g! /2)T} + sin(¢f /2)NE, ti,, =cos(p;/2)T; — sin(¢g} /2)N¥,
n{ = —sin(g} /2)T} + cos(¢] /2)N}, ni, | =sin(g]/2)T} + cos(¢} /2)Nj.

Below, we define a discrete curvature Kit and show how the length and enclosed area evolve. The length L[I'] of a
polygonal curve I' is naturally defined by

N
LT = Zr,-.
i=1

It follows from the semi-discrete evolution law (3.1) and Lemma 3.1 that
N N N N ot
¢ ¢ t ¢ t £ gt gt tpt i Pyt
QL[] = Zatri = Z e 1 X' (XE—XE_p) = Z(tf —t ) (VIN 4+ WiTH = ZZsm Vi
i=1 i=1 i=1 i=1
If we define the relation between the normal velocities on edges and vertices by
Vi=avpe v, i=1,2,...,N, (3.2)

the time derivative of the length can be expressed as
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N t tan(g! /2 +tan 2
&L = ZZsin % avre ; Z @i/ @i1/2 vir;.

i=1 i=1 1
Comparing this expression with the first relation in (2.3), we define a discrete curvature Ki[ on the ith edge I‘f by

_ tan(g;/2) + tan(g;_4/2)

i t ’
I

i=1,2,...,N. (33)

The next theorem, which is a discrete analogue of Theorem 2.1, characterizes the evolution of the length and enclosed area
in terms of the discrete curvature and normal velocity.

Theorem 3.2. For the polygonal curve Tt that evolves according to the semi-discrete evolution law (3.1), it follows that
N
QLI = "kfvirl, 8 AR = Z virt +err 401

where Q! represents the polygonal region bounded by T, and the error term err A[qt] Is given by

N

A W o
eIt gqt] = Z (W,f sin % _ H—lz i H—lz i
i=1

Proof. The relation for the length £[I"!] is an immediate consequence of the definition of the discrete curvature (3.3). The
relation for the enclosed area A[Q!] first appeared in [7, Proposition 4] without proof; therefore, we give its proof.
The enclosed area A[2] can be expressed as

1o 1o
A[Q]Zf dx:iZ(Xi'"i)rizigjxi—l - Xi.

Q i=1
Thus, using the semi-discrete evolution law (3.1), Lemma 3.1 and the definition of V{ (3.2), we have

N
1
B AQ = 3 § (JoeXiy - X+ X5 -0 Xh) = § :](X — X 1) 0 X}
i=1

N N [ t
1 1 . r.+1 i
=3 L i) - (ViN + WITH = 7 SURSRIEREINNS S e
i=1 i=1 i=1
N N t t t t t
te @i Vipn Vi T
Z i+ ; (Wi sin - — = ) — O (3.4)

It is hoped that the error term err 4ot is as close as possible to 0. We will explain in the next subsection that the term
can be controlled by manipulating the tangential velocity.

Remark 3.3. Note that the tangent and normal vectors on vertices were defined by Tf =avpe; t' and N‘ = avpe ; 1, respec-
tively. The definitions are also understood in the following way. The normal vector N,F is parallel to tt - tf 41 and the tangent
vector Tlf is defined so that it is perpendicular to Nf.

3.3. Tangential velocity for semi-discrete moving boundary problem

As explained in Section 1, there exist several approaches to setting appropriate discrete tangential velocities. Among
them, we here employ the asymptotic uniform distribution method [20], which defines discrete tangential velocities so that
the arrangement of the vertices is made uniform as t — oo.

Given real numbers n; (i=1,..., N) satisfying vazl n; =0 and given function ff(N) satisfying lim;_, o fY(N) = oo, we
require that the curve I'* satisfies

. LI
i N
Differentiating (3.5) gives

=niexp(—fi(N)), i=1,2,...,N. (3.5)
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¢ OLIT'] L[rt]
i ==y =N

- r,t> W (), (36)
where w'(N) = d; f(N), and we call ®'(N) a relaxation parameter. On the other hand, under the semi-discrete evolution
law (3.1) the time derivative of the length of the ith edge is calculated to be

t t

i P4 o} P4
dert = 0pe ; X'+ (X} — Xi_ ) =V}sin ?1 + Vi, sin ’T* + W} cos ?’ — W{_, cos ’2* : (3.7)
In order for (3.6) and (3.7) to be compatible,

t t t t t t

o (2 .Y . $iiq | 0 L[] L[I"]
chosj — W, cos ’21 =—stm7’ — v sin =y 2 v R —r1i ) @' (N) (3.8)
must be satisfied for i =2, 3, ..., N. Here, because summing up the condition (3.8) for i =2, 3, ..., N gives the same condi-
tion for i =1, it is sufficient to consider i =2, 3, ..., N. The asymptotic uniform distribution method defines the tangential
velocities so that they satisfy the condition (3.8), but we note that the tangential velocities {Wit }f’: ; are still underdeter-
mined under the condition (3.8) for i =2,3,..., N. To determine the tangential velocities {Wf}?’=1 uniquely, we need to

impose an additional condition. For example, requiring Y W@t +ri,,)/2 =0 gives the tangential velocities {W[}Y
explicitly:

wio__ ZimViitr)/Qesel2) . WA WieoswlD)
cos(gh/2) SiLy rf + 1l )/ @eos(p/2) T cos(/2)
where
o

* N

Yi_1 3t£[l"t]+ L[]
2 N

i
wi=>"yl, yf=-V/sin 5~ Vi_;sin - r,F) o'(N), i=2,3,...,N.
1=2

The asymptotic uniform distribution method makes the positions of the vertices uniform as t — oo. In particular, if the
position of the initial vertices {X?}N | is uniform, that is, r) = £[T"°]/N holds for all i, then the method keeps the uniformity
along the time evolution: rf = L[T'*]/N holds for all i and all t. The following is an immediate consequence of the above
discussion, and can be seen as a discrete analogue of Theorem 2.1.
Corollary 3.4. Suppose that the initial vertices are allocated uniformly, i.e. r? = const. and that the tangential velocities {W,.t }f’: ; are
set such that they satisfy (3.8). Then, for the polygonal curve Tt that evolves according to the semi-discrete evolution law (3.1), it follows
that

N N
QLM = kivir, deAlR]=) virt.
i=1 i=1

3.4. Examples

We consider discretizing the mean curvature flow, area-preserving mean curvature flow and Hele-Shaw flow. In this
subsection, we suppose that the initial vertices are arranged uniformly and that the tangential velocities are set based on
the asymptotic uniform distribution method. Note that for each problem, specifying the normal velocity on edges determines
the dynamics of the semi-discrete flow.

Example 3.5 (Semi-discrete polygonal mean curvature flow). The normal velocity of the semi-discrete polygonal mean curvature
flow is given by

vi=—kf i=1,2,...,N, t>0.

1 1’

We then have the curve-shortening property:

N
QLT == (k) <0.
i=1
Moreover, we have

N t
FA[Q = -2 Ztan %.

i=1
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We note that YN | tan(¢!/2) — 7 = O(N~2) as N — oo since tan(g}/2) — ¢! /2 =0(N~?), and thus 3;.A[Q']+ 27 = O(N~2).
Therefore, (3.9) can be regarded as a discrete counterpart of (2.7).

Example 3.6 (Semi-discrete polygonal area-preserving mean curvature flow). The normal velocity of the semi-discrete polygonal
area-preserving mean curvature flow is given by
V= —if+ (e, 1=1,2 N, t>0
i i It 9 Ly ooy 3 )

where (f)r denotes the average of {fl}N ; along the curve I':

1 N
r= ﬁ ;fﬂ’i-

We then have the curve-shortening property:

2

N N
B LIT T =Y &t (—kf + (i Z(Kt) E[m (Z'ffff>
i=1
2

1 N N N
Y b ( K,ﬁ'f) <0
=2 | T ;

i=1 i=1

and the area-preserving property:
N
=3 () =
i=1

Example 3.7 (Semi-discrete polygonal Hele-Shaw flow). The normal velocity of the semi-discrete polygonal Hele-Shaw flow is
given by

vi=—vp'.nl, i=1,2,...,N, t>0,
where p! is the solution to the Laplace equation:
Apt:O i[l Qt.
p'=ok! onT:, i=1,2,...,N,
Vvp'-mi=cosnt. onT%, i=1,2,....N.

We then have the curve-shortening property:

N
1 1
atL[Ft]z—;Zptlrlngﬂrlg~nfrf_——/p vpt ntds———/v (ptvpHdex=—— /|Vp| dx<0
i=1 Qt

and the area-preserving property:

N
atA[Qt]:—Zqurlg-ng f:—/fo-nfdsz—/v-fodxzo

i=1 It ot

where n := YN | nt xre, and xr; denotes the characteristic function of T};.
4. Fully discrete polygonal moving boundary problems

In this section, we derive a fully discrete evolution law that inherits the curve-shortening property for the moving
boundary problem (1.1).
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4.1. Fully discrete evolution law

Let us consider a fully discrete evolution law of the form

X _ xn

NG L= vy, rmN; ™y + wi L et Yy, i=1,2,...,N, n=0,1,..., (41)

where At" is the time step size and I'"" denotes the polygonal curve at the nth time step t =t,. Note that the vectors
T; (M1, ) and N;(I'"*!, ™) and velocities V;(I"™*1, ™) and W;(I"™*!, ') depend on both I'"™ and I™*!, and their defi-
nitions will be given in the subsequent subsections.

4.2. Definitions of the unit tangent vector, unit outward normal vector and curvature

To simplify the notation, we simply omit the superscript n + 1 and use the hat instead of the superscript n. The time
step size is simply denoted by At. The evolution law (4.1) is then expressed as

N

Xi —X; ~ ~ N ~
f = Vi, DNy, D) + Wi, DT, 1), i=1,2,...,N,
where
N N
r=Jr, fi=Xio1, Xy, [=J0, Ti=&ia, X))
i=1 i=1

In this subsection, we define the unit tangent vector T;(I', ["), unit outward normal vector N;(I", ["), normal velocity V;(T", [")
and curvature.

4.2.1. Unit tangent vector and unit outward normal vector
The length of the ith edge of the polygonal curve I is denoted by r;, i.e.

ri=IXi—Xio1l, fi=IXi—Xil, i=1,2,..,N.

The unit tangent vectors t; on I'; and #; on [ are defined straightforwardly by
ti=oriX, ti=d X, i=12,...,N.

We then have

N N . n N .
C[F] ll[F] Z ri — 1 Z riti +1it;  (Xi — Xi—1) — (Xi — Xi1)
At ri+ 71 At

i=1 =1

Il
[\lqz

(ri+1ti+1 +fipitivn ity +fifi> Xi— X
At

7 Tit1 + i1 ri+7i

dc X—0.~ X Xi— Xi (4.2)
i1 = I i : At .

I
M-

1

where X; := (X; + 5(,~)/2, and 9. ;. ; denotes the difference operator associated with two curves I" and f:

Fi—Fi1 .
oppF=———F5——, i=1,2,...,N.
. (ri +7i)/2
This operator operates on a function on vertices.
Below, we define T; = T;(I',I') and N; = N;(I',I"). We note that 9. s ;X, which can be regarded as a tangent vector
on the ith edge, is not necessarily a unit vector; thus it is not straightforward to define T; and N;. In contrast to the
time-continuous cases discussed in Section 3, we start by defining N;. Recall that in Section 3 the normal vector Nf can

be understood in such a way that it is parallel to tf —tt

ir1 (Remark 3.3). Motivated by this interpretation, we define N; by

requiring it to be parallel to Op f P +1X 3r.r,zx
d -3~ X
- R R
Ni=N;(I.[)= 100 121 X — O 7 X|
—Jti ifg, =0,

10
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where @; denotes the signed angle between two adjacent edges T; and Tjyq. The unit tangent vector T; = T;(T, f“) is
defined such that it is perpendicular to N;: T; = JN;.

Using N; and T;, we can represent 3r r 1+1X Br P 1X as follows:
ar’f"iHX - 8F’I:J.X =F;N; + G;T;,
where
8. c., X —0.n X|
. _ rri+1 _ r,r,i if@i #0.
Fi= sgng;
0 ifp; =0,
0 i 0V (@1 =0A10p 114, XI = o, 1 X1,
Gi= |ar,f,i+1x - 3r f, iXI ifg;=0n |ar,f,i+1x| = |3r i X|,
_|3r,f.i+1x rr1X| ifQ; =0A [0 14 X <|81"1"1 B

Note that the case @; =0 seldom occurs. By using F; and G;, the calculation of (L[] — L[f‘])/At in (4.2) further proceeds
as follows:
N N N N
L[] — L[] e — _
B v Z(FiNi +GiTi) - (ViNi + WiT;) = — Z FiVi— ZCin’- (4.3)
i=1 i=1 i=1

4.2.2. Normal velocity and curvature

Let us consider the normal velocities {V; }N , on vertices and the curvatures {Ei}lNz ; on edges. We start by representing
N; as a linear combination of #; and m;,1, where @; = — Jt;. If ¢; #0, B; and 7, are linearly independent. Thus the
representation N; = @;n; + B;7;;1 is uniquely determined, where @; and B; are the unique solutions to the linear system

N; -1 =@ + (@ - 141)B;,
N,’ M = ;- M) +Ei-

If ; =0, then n; = n;;1 holds, and there are infinitely many possible candidates for the expression. In order for the two
cases ¢; #0 and @; =0 to be consistent, we employ the following one:

Ti Z _ Ty
= = l — = =
Ti+Tip Ti+Tip1

N; =@t + Bifti1, @i=
where 7; = |X; — X;_1|. Using the above coefficients @; and B;, we define the normal velocity on the ith edge by
V,’ =Q;iV; —{-Eivi_,_], i=1,2,...,N.
Substituting this expression into (4.3), we obtain

L[] — £[T]

N N N )
At =— Zfi(aﬁi + BiVit1) — ZE,-Wi - Z(f@i +FiaBi )i — ZEiWi
i=1

i=1 i=1 i=1
i+ F Fi_1B; N

_Z< it i—1Pi— 1>Vifi—ZEiWi~
i=1

If the term — Z,N:l G;W; is negligible, the above relation can be regarded as a discrete analogue of the first relation in (2.3).
Defining the discrete curvature k; on I'; by

Fioti + Fi_18;
g Tt Fiifia oy
Ti
we have
N

N N
= ZEiViFi - Z GiWi. (4.4)
i=1 i=1

Note that as the limit At | 0, we obtain the definitions of the unit tangent vector T;, unit outward normal vector N;, and
discrete curvature x; which were defined in Section 3.

11
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4.3. Tangential velocity

We need to define tangential velocities to perform long-time stable numerical computation. The following discussion is
based on the asymptotic uniform distribution method, which was reviewed in Section 3.3.
We discretize the requirement (3.6) in time to obtain the following system:

ri—fi  1L[—L[0] (L[F]
At N At “\UN

—r,-)a), i=1,2,...,N. (4.5)

On the other hand, under the fully discrete evolution law (4.1), the change in the length of each edge is calculated to be

ri—fi T ( (& -N)Vi— (& Ni-)Vi > (456)
At (ri+f)/2\ +E - THW;— (& -Ti—)W;_4
In order for (4.5) and (4.6) to be compatible,

Ti(t; ;Ti) Wi — ri(t; 'ATi—l)Wi_] __ Ti(t; ;Ni) 2 ri(ti 'Aﬁi—ﬂvi_l

(ri+13)/2 (ri+11)/2 (ri+11)/2 (ri+719)/2
1 LT —£[I1 (L]
= —ri 4.7

+ N AL +< N r,) w (4.7)

must be satisfied for i =2,3,...,N.
Since {W; }N] are still underdetermmed we need to add an additional condition. In view of (4.4), the zero weighted
average condition

N
D GiWi=
i=1
may be a candidate because this condition eliminates the second term of (4.4). However, this condition makes sense only

when there exists at least one index i such that G; # 0, which rarely happens. We instead consider the simple zero average
condition:

N _ _
— Ti+Ti
Z Wir=o0, 7=l +2 i+l (4.38)

We shall employ this condition in Section 5.

Remark 4.1. The relation (4.5) can be rewritten as

L) . <ﬁ_£[F]>. (49)

N 1+ Atw N

This implies that if the distribution of the initial vertices is uniform (r? = L[I'°]/N for all i), then the asymptotic uniform
distribution method keeps the distribution uniform. Even if #; # L["]/N, the distribution tends to be uniform as the nu-
merical integration proceeds (i.e. 1 — L[I"]/N as n — oo). The relation (4.9) also indicates that the relaxation parameter
should be set sufficiently large so that the convergence is quick.

The following is an immediate consequence of the above discussion, which can be seen as a fully discrete counterpart of
Theorem 2.1.

Theorem 4.2. Suppose that the initial vertices are allocated uniformly, i.e. r? = const. and that the tangential velocities {W'};.; are

set such that they satisfy (4.7). Then, for the polygonal curve I'" that evolves according to the fully discrete evolution law (4.1), it follows
that

}N

N
ﬁ[l“”“] £ Z n1/2 n+1/2 /2
l

n+1/2  n+1/2

as long as G; = 0 for all i, where we denote k;, V;, and T; by K; vy ,and r"+]/2

respectively.

12
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4.4. Examples

We apply the proposed discretization method to the mean curvature flow, area-preserving mean curvature flow and
Hele-Shaw flow. Note that for each problem, specifying the averaged normal velocity on edges determines the dynamics of

the fully discrete flow.

Example 4.3 (Fully discrete polygonal mean curvature flow). The normal velocity of the fully discrete polygonal mean curvature

flow is given by

VI — M2 21,2, N, n=0,1,...

Then, we have the curve-shortening property:

N
LIt - Y222 g
= (] ; .

At 4
i=1

Example 4.4 (Fully discrete polygonal area-preserving mean curvature flow). The normal velocity of the fully discrete polygonal

area-preserving mean curvature flow is given by

1/2
V2

2 e e, i=1,2,..,N, n=0,1,....

Then, we have the curve-shortening property:
ﬁ[F”H a 172 12 2
Z n+1/ (_KI{H e w2y, 1/2>rn+ /

2

N
K122 n+l/2 1 n+1/2,n41/2
Z + L[[n+1/2] <ZK Ti )

N
1 n+1/2 n1/22, 04172 n+1/2.n41/2
= L[ +1/2] Zr Z(K ) i ZKi T =0.

i=1 i=1

Example 4.5 (Fully discrete polygonal Hele-Shaw flow). The normal velocity of the fully discrete polygonal Hele-Shaw flow is

given by

v'7+1/2=—Vp”+1/2-n?+1/2, i=1,2,...,N,n=0,1,...,

1

where p"™t1/2 is the solution to the Laplace equation

Ap™I2 — in Q2
P2 = g 12 onT2 i=1,2,...,N
vpht1/2 -n?“ﬂzconst. on F"+1/2 i=1,2,...,N.

Then, we have the curve-shortening property:

£[Fn+1] ﬁ[rn]

172, 1 n+1/2 n+1/2 1 +1/29 nt+1/2
AR an / +1/2Vpn 2 | +1/2 M 5 / p" / vp" /2.
i=1 rn+1/2
1 1
- / V.(pn—&-l/zvpn—&-l/Z)dx:_g |Vp"1/212dx <0,
Qn+1/2 Qn+1/2

12
where n"+1/2:= N a2y o
i

(4.10)

nn+1/2 ds

Remark 4.6. The proposed fully discrete evolution law does not inherit the area-preservation/dissipation property exactly.
The behavior of the enclosed area will be checked numerically in Section 5. A fully discrete polygonal evolution law that

inherits the property will be given in Appendix A.

13
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5. Numerical experiments
5.1. Results

We give several numerical experiments to illustrate the qualitative behavior of the proposed fully discrete evolution law.
All were carried out by using Julia 1.1.0 on a machine with 3.1 GHz Intel Core i5, 16 GB memory, OS X 10.14.5. Nonlinear
equations are solved by nisolve! with residual tolerance 1078,

Computation of tangential velocity
In Section 4.3, we have developed the asymptotic uniform distribution method. We employ the method with the simple
zero average condition (4.8). The initial vertices are arranged uniformly.

Time step size

We use adaptive time step sizes. Since all the target problems are gradient flows of the length functional on some space,
the time step size should be smaller than the time derivative of the length functional so that the discrete flow captures key
dynamics of the original moving boundary problem. Based on this idea, we control the time step size by the formula

,CFTH_l — o -2
et s o (AT

N -2
AtY :=min | T, (Z(K?)%?) ,

i=1

where /cio is the discrete curvature of the initial curve I'° defined in (3.3) (see [40]: for more details). Note that a general-
purpose explicit time integrator, such as the Runge-Kutta method, requires sufficiently small time step sizes as mentioned
in Section 1. Thus the above formula makes sense only for a numerical integrator that allows relatively large time step sizes.

Initial curve and parameters
The initial curve is set to

x1(t) =0.5a1(t), x2(t) =0.54a3(t), tel0,1], (5.1)

where

ai(t) =1.8cos2mt), ax(t)=0.2+ sin(wt)sin(6mrt)sin(2aq(t)),
as(t) =0.5sin(2xt) + sinaq (t) + ax(t) sin(2nt), te[0,1].

Cow0 oo
We set N vertices X; = (X0, X?,)T to

XY =x1(/N), XDy =x(i/N), i=1.2,... N (5.2)

Since the distribution of the vertices is not uniform, we modify them by performing the asymptotic uniform distribution
method with all the normal velocities being equal to 0 until the vertices are arranged uniformly. The resulted vertices,

denoted by X?, are used as the initial curve. Fig. 2 compares X° with f(o. It is observed that the initial vertices after
performing the asymptotic uniform distribution method slant a little from the original curve; however, this does not be a
matter in a practical situation.

The number N of vertices, the parameter 7, and the relaxation parameter w are respectively set to 50, 0.01, and 10N/At"
for all numerical experiments.

Example 5.1 (Mean curvature flow). Our first example is the mean curvature flow (see Examples 2.2, 3.5, and 4.3). It is well
known that the solution curve to the mean curvature flow becomes convex in finite time and shrinks to a point with
converging to a circle [4,6]. Fig. 3 shows the evolution of the flow and the behavior of the length and enclosed area. It
is observed that the curve converges to a circle, and the size becomes small as time passes. The length monotonically
decreases. Further, the area-dissipation property is also captured well: the area decreases at an almost constant rate. Fig. 4
shows the time step sizes selected during the numerical integration. Our preliminary experiments suggested that the time
step sizes should be smaller than 0.1N~2 (= 4.0 x 10~ in our problem setting) for the Runge-Kutta method. In comparison
with the Runge-Kutta method, larger step sizes are selected for the proposed evolution law.

1 The function nisolve is a typical nonlinear solver in Julia.

14
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.. <0 o

(a) original arrangement X (b) initial arrangement X°

1 T T T 1 T T T
0.5+ |
= i
—051 ¢ R

1 i \ \ -1 | \ !
-1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1

Fig. 2. Arrangements of the initial vertices. The solid lines represent the original initial curve defined by (5.1). The circles represent the positions of the
original vertices defined by (5.2) in (a) and the ones of the vertices after performing the asymptotic uniform distribution method in (b).

(a) time evolution (b) length and enclosed area
1 T T T 6 T ] T T T T
length
sl - ——-enclosed area
0.5 | —
4
0 -1 3
2 |
-0.5 | —
| E-e
-1 | | | 0
-1 -0.5 0 0.5 1 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

time

Fig. 3. Results of numerical experiments of the mean curvature flow: (a) the time evolution of the polygonal curve; (b) the time evolution of the length
(solid line) and enclosed area (broken line).

Example 5.2. The next example is the area-preserving mean curvature flow (see Examples 2.3, 3.6, and 4.4). Theoretically,
the solution curve converges to a circle, but does not converge to a point due to the area-preservation [2]. Fig. 5 shows the
numerical results, from which the expected behavior is observed. We note that the enclosed area is almost constant. Fig. 6
shows the time step sizes selected during the numerical integration. In comparison with the previous example for the mean
curvature flow (Fig. 4), much larger step sizes are selected.

Example 5.3. Our final example is the Hele-Shaw flow (see Examples 2.4, 3.7, and 4.5). To solve the potential problem (the
Laplace equation) (4.10), we employ the method of fundamental solutions (MFS) [7]. Briefly speaking, we approximate a
function p™*1/2 by a linear combination of the fundamental solution E(x) = (27r) ! log |x| of the Laplace operator:

15
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102

BN
a
&
10-4 | | | | | | |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
time
Fig. 4. Time step sizes used for the mean curvature flow.
(a) time evolution (b) length and enclosed area
1 T T T 6 T T T
length
5 - ——-enclosed area
0.5 —
4 - N
0 -1 3 -
2 |- —
,05 I |
|l Sttt R R RS S S R R S L RS BN Sk Sk ke Rk R
1 | | | 0 | | | I I
-1 -0.5 0 0.5 1 0 0.2 0.4 0.6 0.8 1

time

Fig. 5. Results of numerical experiments of the area-preserving mean curvature flow: (a) the time evolution of the polygonal curve; (b) the time evolution
of the length (solid line) and enclosed area (broken line).

N
F1/2 o o pIF1/2 0\ . o1 H1/2 n+1/2 n+1/2
prI2@) A P2y = QR+ ) QT P E® -y,
j=1

}iL, are the singular points suitably chosen from R2 \§n+1/2. The coefficients {Q}H]/z}?’:O are determined

nH1/2 _ qnt1/2 | ynl/2
1

i,mid i—1

n+1/2
J

by the collocation method. More precisely, we use the points X
solve the following collocation equations:

n+1/2
i ’

where {y

)/2 as the collocation points, and

n+1/2  yn+1/2

P (Xi,mid

Our numerical results are depicted in Fig. 7. The solution curve converges to a circle. The length monotonically decreases,

and the area-preserving property is also captured well. Fig. 8 shows the time step sizes selected during the numerical
integration. The selected step sizes reach T = 0.01 soon after the numerical integration begins.

)=0k i=1,2,...,N.

5.2. Discussion

The above numerical experiments confirm that the proposed method performs well. For the remainder of this section,
we focus on the mean curvature flow and explore properties of the proposed method.

16
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102

X 1
o ,
o]
1073 1 =
4 ! | | | |
10 0 0.2 0.4 0.6 0.8 1
time
Fig. 6. Time step sizes used for the area-preserving mean curvature flow.
(a) time evolution (b) length and enclosed area
1 T T T 6 T T T T T
length
sl - ——-enclosed area B
0.5 |~ —
4 |- —
0l <4 3 g
2 |- —
—-0.5 |
1 F---""-"""—"—"“"“"=""""~"~"~"~"~“"~“~"~"~"~"~"~"~"~"~"~"~"~"~"~" =" =" ~"~"¥ ¥~/ ¥- -, -,/ -, —, /- —-— =
1 | | | 0 | | | I | | |
-1 -0.5 0 0.5 1 0 0.2 0.4 0.6 0.8 1 1.2 14

time

Fig. 7. Results of numerical experiments of the Hele-Shaw flow: (a) the time evolution of the polygonal curve; (b) the time evolution of the length (solid
line) and enclosed area (broken line).

Comparison with the Runge-Kutta method

We check the correctness of the proposed method. To this end, we compare the numerical solution of the proposed
method with the reference solution obtained by the usual fourth-order Runge-Kutta method with much smaller time step
size applied to the semi-discrete polygonal mean curvature flow (Example 3.5). The time step size for the proposed method
is adaptively controlled as done in the previous subsection, while the uniform step size At =0.1N~2 is employed for
the Runge-Kutta method, where N = 50. Both results are displayed in Fig. 9, from which we observe that the asymptotic
behavior of our method is consistent with that of the Runge-Kutta method.

Robustness

We check the robustness of the proposed method with respect to the time step size. We here consider the uniform time
step size and set it to At = 0.01, which is much bigger than the step size selected by the adaptive method. The results
for both the proposed method and the Runge-Kutta method are shown in Fig. 10, from which we observe a significant
difference. From the right figure (b), we see that the Runge-Kutta method is unstable even in a single time stepping (the
dotted curve represents the numerical solution after one step). In contrast, the left figure (a), which is almost consistent
with the previous computations, indicates that the proposed method performs better for a longer time interval. We may
conclude that the proposed method is more robust than the Runge-Kutta method. However, the proposed method may
produce a wrong solution if the computation proceeds with this step size to later times. Indeed, as shown in Fig. 11, the
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1072 B
]
o I ,
o]
103 | -
104 | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4
time
Fig. 8. Time step sizes used for the Hele-Shaw flow.
(a) our method (b) Runge-Kutta method
1 T 1 T T T
0.5 -
0 | -]
0.5 -
-1 ! | | 1 | | |
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 9. Comparison between our method and the Runge-Kutta method for the mean curvature flow: (a) our method (the time step size is controlled
adaptively); (b) the Runge-Kutta method (At =0.1N~2).

numerical solution becomes unstable if we continue the numerical computation from the final state in Fig. 10(a). Therefore,
we recommend using the adaptive method.

On initial arrangements

Recall that, as shown in Fig. 2, arranging the polygon’s vertices that approximate the initial curve uniformly makes the
initial distribution slightly different from the original curve. Below, we check if the rearrangement is mandatory. The results
without the rearrangement are shown in Fig. 12. We compare them with those with the rearrangement (see Fig. 9). It is
observed that the results with and without the arrangement are almost identical (for both the proposed method and the
Runge-Kutta method). Therefore, it is not indispensable to make the initial distribution uniform. However, an undesired
behavior may occur when, for example, the shape of the initial curve is complicated. For such a case, the rearrangement
could contribute to inherit the property of the enclosed area with good accuracy and perhaps ensures stability in some
sense (see Theorem 3.2 and Corollary 3.4). See Appendix A for a time discretization that inherits the time evolution law of
the enclosed area.
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(a) our method
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(b) Runge-Kutta method

T 1 T T I
05} < 05| |
(I | 0| |
05 -1 —0.5} N
-1 \ \ \ 1 HE T | |
-1 —-0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 10. Comparison between our method and the Runge-Kutta method for the mean curvature flow with uniform time step size At =0.01: (a) our method
(t <0.09); (b) the Runge-Kutta method (the dotted curve represents the numerical solution after one step).

Fig. 11. The behavior of numerical solution by our method for the mean curvature flow for t > 0.09 with uniform time step size At =0.01.

6. Concluding remarks

In this paper, we proposed the fully discrete polygonal evolution law that inherits the curve-shortening property for
planar moving boundary problems. The key to the derivation is to devise the definitions of tangential velocities, normal
velocities, tangent vectors and normal vectors at each vertex in an implicit manner. The proposed evolution law exhibited
qualitatively nice behavior even if relatively large time step sizes were employed. In particular, the curve-shortening property
was corroborated numerically. Though only three flows were considered as illustrative examples in this paper, the proposed
method is applicable to other flows such as the Helfrich flow.

We note several directions for future work. It would be interesting to extend our method to higher dimensional cases
and more smooth boundary curves. From the numerical analysis viewpoints, we are also currently attempting to achieve a
higher order temporal discretization.
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(a) our method (b) Runge-Kutta method

1 T 1 T T T
0.5 =
0 l— !
—0.5( g

1 | | ! 1 | | !
-1 —0.5 0 0.5 1 -1 —-0.5 0 0.5 1

Fig. 12. Comparison between our method and the Runge-Kutta method for the mean curvature flow without initial redistribution: (a) our method (the time
step size is controlled adaptively); (b) the Runge-Kutta method (At = 0.1N~2).
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Appendix A. An area-preserving/dissipative fully discrete polygonal evolution law for (1.1)
We show that an area-preserving/dissipative fully discrete polygonal evolution law can be constructed by applying a

canonical Runge-Kutta method to the semi-discrete evolution law (3.1).
The polygonal evolution law (3.1) can be written as a system of ordinary differential equations:

d—xt—F(xf t>0 (A1)
d ). >0, :
where
C=(xDLxPHT e RN,
F(X):=(f1(Xt ,...,fN(xf)) eR™M, (X" :=VIN'+ W[T! e R

In this section, the unit tangent and the unit outward normal vectors on vertices are defined in the same manner to
Section 3. For the solution to an s-stage Runge-Kutta method

S
Yi=(Y[. .. YL =X"+ A" a;F(Y)), i=12,...s,
j=1

N
XM= X"+ At "biF(Y),
i=1
we have

n+1 n+1
1D, VARED (AR b IR ¢4

N
S

A[Qn+]] A[Qn
At

[\JI'—‘
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_l S N
=3 Z Zbkf(yk,iq —Yiir1) - fi(Yi) + At" Z (bkbj —bjaje —brag) J fi—1(Yi) - £i(Y5)
i=1 | k=1 k=1
s N s INL s
= by Z vi(Yri(Ye) + > berr g4+ EB Z (bkbj —bjajk — brag) J fi—1(Yi) - £i (Y ), (A2)
k=1 i=1 k=1 j.k=1
where
N
1 (V) = Vi(Y)\ Tzt (Ye) — ri(Y
ertpi=Y <Wi(yk)5i(yk) _ viga( k)2 vi( k)) Tig1( k)2 Y
i=1

where s;(Yy) =sing; x/2 and ¢; ; denotes the signed angle between the ith edge and the (i + 1)th edge of I'(Yj). Note that
the last equality in (A.2) follows from a similar calculation to (3.4).

If the distribution of initial vertices is uniform and we apply the asymptotic uniform distribution method for computing
tangential velocities, then err 4 = 0 for all k. Moreover, if we assume the condition

bjajk—l—bkakj:bkbj, j.k=1,2,...,5s, (A.3)

then the last term in (A.2) also vanishes. Summarizing the above, we obtain the following theorem.

Theorem A.1. Suppose that the initial vertices are allocated uniformly, i.e. r? = const. and that the tangential velocities are set based

on the asymptotic uniform distribution method. Then, for the polygonal curve I that evolves according to an s-stage Runge-Kutta
method applied to (A.1) with the coefficients satisfying (A.3), it follows that

s N

A Q”'H —A oQn
% =Y by viYpri(Yp).
k=1 i=1

Namely, a discrete analogue of the formula for the time derivative of the enclosed area holds.

Remark A.2. A Runge-Kutta method whose coefficients satisfy the condition (A.3) is called canonical or symplectic (see,
e.g. [41,21,42]). Such a Runge-Kutta method preserves any quadratic invariants of ordinary differential equations [43]. In
this sense, the above theorem looks obvious because the area is a quadratic quantity. But we have presented the calculation
(A.2) to discuss the effect of tangential velocities.

The simplest example of a canonical Runge-Kutta method is the mid-point rule: s =1, a;; = 1/2 and b; = 1. Since
the second-order convergence is usually expected for the mid-point rule, the rule could be a suitable choice when spatial
discretization is of second-order.
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