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1. Introduction

We consider numerical simulation of wave propagation governed by the linear scalar wave equation,

2
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for d=1, 2, 3. Here, V2=V .V = 831 + 832 + 8,%3 is the Laplacian operator at x = (x1, X2, X3), c(X) is the wave velocity
in the medium, u(x, t) is the wavefield displacement, and ug(x) is the initial wavefield. The problem is multiscale if one
compares the wavelength and the overall size of the domain, which makes it equivalent to simulating high frequency wave
propagation in an appropriate domain of interest. It is well known that the computational cost to maintain uniform accuracy
of the numerical solutions to equation (1) grows algebraically with frequency for conventional numerical methods based on
direct discretizations of the equation on meshes, such as the finite-difference and finite-element methods [2,3,18], and the
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Courant-Friedrichs-Lewy (CFL) condition, cmax At/AX < 1, needs to be satisfied if an explicit time stepping approach is used,
where At and Ax represent the time step size and spatial mesh size, respectively, and cpax is the maximum speed. If an
implicit time stepping approach is used, it often requires to solve a large linear system at each time step. Consequently,
direct numerical simulation with such methods is no longer feasible for many practical applications, especially for three-
dimensional problems. However, due to its wide applications in various areas such as acoustics, seismology, geophysics,
electromagnetism, etc., effective numerical methods for solving equation (1) have been proposed and developed, aiming to
balance efficiency and accuracy.

In [20,37,39], a wave extrapolation method using lowrank symbolic approximation was proposed to simulate the seismic
wave propagation governed by equation (1). This method splits the wave into its forward-propagating and backward-
propagating parts. Following that, an efficient time propagator in the form of a pseudo-differential operator was designed
to propagate the forward-propagating and backward-propagating waves, along with lowrank approximations [19,22,23] and
fast Fourier transforms (FFT) [12]. The equation (1) can be expressed as a first-order system,

u 0 1 u | _ u
wlu]lale o][n] =[] @
with u; = du/dt. The matrix operator A has an eigenvalue decomposition A=RAR™! given as,
1rt 1 w0 g [1 =t
R‘E[uy —uv]’A_[o —lW]’R _[1 ot ®)

where W is a pseudo-differential operator in the spatial domain which is defined as ¥ = c+/—V2. One can simplify the
equation by defining,

ur | o fu] Ju—ovlu
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where u1 and u; are the forward-propagating and backward-propagating waves, respectively. This yields

o1 = tVuq,
(5)
ofly = —tWuy,
which implies
ui(x, to + At) = e'Y2tuq (x, to), (6)
uz(x, to + At) =e YA, (x, to),
from any starting time tq for a short period of time At.
If the wave velocity c is constant, then equation (6) is given as,
u2(x, t) =/e‘(k"‘ﬂ|klm)ﬂ1,2(k, to)dk
R3
(7)

1
:/ / —— et x=x)EkIAD g | 41, 5 (xg, to)do,
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with t =tg + At, where i1 2(k, t) = ]-'{um(x, t)} is the spatial Fourier transform of u; (%, t), i.e,
1
i1k, )=Fluiox )l = —— [ e ®%y, 5(x, )dx.
1.2(k, t) {ur2x, 0} an)3 / 1,2(%, t)
R3
The formulation is extended to problems with variable velocity function c(x) in a similar way [20,37,39], i.e., the forward-

propagating and backward-propagating waves are propagated as,

1
uLz(x, t) — / / Wet(k-(X—XO)iC(X)“(‘Atdk ul,Z(XOs to)dXo. (8)
R3 \R3

The integral in (7) and (8) can be evaluated by FFT after appropriate lowrank approximations that can be constructed
through a randomized pivoted QR factorization [19,20,37], which results in O (Nlog N) complexity per time step with N the
number of spatial points used in the simulation and the pre-factor depending on the low rank.
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Motivated by the wave extrapolation method developed in [20,37,39], we propose to propagate the wave with ap-
propriate time propagators that combine the Huygens' principle [4,35,38] and the geometrical optics approximations
[7,9,18,24,30,31], i.e., from equations (5) and (6), for t > tq,

ui (X, t) = / G(x, t; Xg, to)u1,2(Xo, to)dxo, (9)
]R3

where, for a generic source point (Xg, to) € R3 x (0, 00), G(x, t; Xg, to) is the Green’s function. The Green’s function generally
needs to be approximated such that the integral in (9) can be evaluated. For example, in equations (7) and (8), G is
approximated as,

G(x, t; X, to) ~ f Ltk trrosc@ia0 gy
o @m)3
R3

In this work, we will approximate the Green’s function by requiring it to satisfy,
G, t; X0, to) — WV G, t; X0, to) =0, (&, 1) € R® x (o, 00),

tl_l)ﬂtl G(x, t; X0, to) =8(X —Xg), X R3, (10)
0

G, t; %0, ) =0, (%, 1) € R® x (=00, to),

and utilizing the geometrical optics (GO) approximations, specifically the Wentzel-Kramers-Brillouin-Jeffreys (WKB]) approx-
imations [7,9,18,24,30,31]. In the WKB] approximation, the phase and amplitude of the Green’s function can be determined
through an eikonal equation and a recurrent system of transport equations, respectively, and the solutions to the eikonal
equation and the transport equations can be approximated analytically as in [20,25,27,29] for a short period of time using
short-time Taylor series expansions. With the WKBJ] approximation and the analytic approximations of the phase and am-
plitude, the integral (9) can be approximated and evaluated efficiently for a short period of time with FFT after appropriate
lowrank approximations, which provides an efficient short-time propagator for the wave propagation. And the short-time
propagator can be repeatedly used to propagate the waves for a long time [20,25,27].

The idea of combining the Huygens’ principle and the geometrical optics approximations for designing efficient prop-
agators for high frequency wave propagation has been utilized for solving the point-source high frequency Helmholtz
equation [28,34], the point-source high frequency electromagnetic vector wave equations [26,33], and the time-dependent
Schrodinger equations in the semi-classical regime [25,27,21]. In these works, the integral with Green’s functions based on
the Huygens’ principle provides the mechanism for propagating the wave and the geometrical optics approximations pro-
vide necessary information of the Green’s functions such that the resulting integral is evaluable by FFT [12] or the butterfly
algorithm [8] after approximate algebraic manipulation and/or lowrank approximations [19,22,23].

Here, we will combine the ideas in [20,37,39] and [25,27] to develop an efficient time propagator for the wave equation
(1), in consideration of both efficiency and accuracy. In order to conduct numerical calculations on a bounded domain of
interest, the problem will be restricted to a bounded domain by applying the perfectly matched layer (PML) method [5]. The
PML method is an effective approach of absorbing boundary conditions (ABCs) [11,17,32]. It surrounds the bounded domain
of interest by an absorbing layer in a way that the waves coming into this layer will be damped to an extent such that the
information of the waves outside of the domain of computation becomes unimportant, and the boundary of the absorbing
layer and the interface between the absorbing layer and the domain of interest will not cause reflections. Following the
PML method that is often implemented by a complex coordinate stretching transform [10], the WKBJ approximation, the
analytic approximations of the phase and amplitudes, and the lowrank approximation through a randomized pivoted QR
factorization [19] are combined to derive an efficient short-time propagator for propagating the forward-propagating and
backward-propagating waves. The proposed asymptotic Green’s function method has complexity O (N logN) per time step
as the wave extrapolation method in [20,37,39], with the pre-factor dependent of the low rank for a prescribed accuracy
requirement. The method is first-order accurate since second-order accurate short-time Taylor expansions will be used to
approximate the phase and amplitude of the Green’s function in the one-term WKB] approximation. More importantly,
compared with the wave extrapolation method in [20,37,39], the proposed approach has the potential to improve the
accuracy of the amplitude of the waves, which will be demonstrated with numerical experiments.

The rest of the paper is organized as follows. In Section 2, we will present the asymptotic Green’s function method
for propagating the forward-propagating and backward-propagating waves, with detailed formulations and numerical im-
plementations, including the PMLs. In Section 3, numerical experiments will be performed to demonstrate the proposed
method. And conclusive remarks will be given in Section 4.

2. Asymptotic Green’s function method

In this section, we shall present the short-time propagator for propagating the waves through a combination of Huygens’
principle and WKB] approximations, which yields the asymptotic Green’s function method.
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2.1. WKBJ approximation based short-time propagator

The WKB] approximation for the Green’s function G(x, t; X, to) [18,24,25,30,31], for a generic source (xp, tg), is given
as

G(x, t; X0, to) = 271)3 /e_mOIRGWKB](X, t; to, k)dk, t > to, (11)
R3
with
o0
Gwiaj (X, t; to, k) = MT®EOH N " AL (x, t: 1o, ) lke]) ™, (12)
m=0

where t is the phase, {Am},‘;f:0 are the amplitude terms, and Gwp; satisfies

FGwke) — 2@ V2CGwikpy =0, (x, ) € R x (tg, 00),

lim Gwkp(®, t: to, k) =e™*, xR’ (13)
t~>t0

Remark 1. If the initial wave ug(x) is given as ug(x) = A(x) exp(twt (X)), where A(x) and 7(x) stand for the amplitude and
phase, respectively, and w is the high frequency, the WKBJ approximation (12) is recast as,

o0
Gwis (X, t; to, k) =ewT® 0B Z An(x, t; to, K)(tw)™™, (14)

m=0

and it satisfies,

FGwipy — 2@V Gwkpy =0, (x, 1) e R x (to, 00),

lim Gwkpy . t; to, k) = '™, xeR>. (15)
t~>t0

Then the Green'’s function is approximated as,
3

2m)3

G(x, t; xg, tg) ~ /e_“‘”‘o"‘GWKBJ(x, t; to, k)dk, t > tg. (16)

R3

Since the WKBJ] approximation of the Green’s function G is generally valid only for a short period of time while the
phase and amplitude terms are smooth [13,14], we can propagate the waves by formula (9) for a short period of time, i.e.,
for t € [to, to + At] with At sufficiently small [20,25,27,37,39]. This process can be repeated such that the waves can be
propagated for a long time [25,27], i.e.,

u(x, t)=/G(x, t; Xo, tn)u(Xo, tn)dXo, tn <t <tni1, (17)
R3
with t; =nAt for n=0, 1, .... Here and after, the subscripts of uj > are omitted for notational simplicity.

With the WKBJ approximation of the Green’s functions, we have a short-time propagator for the waves, i.e.,

ux, t)%/ (21)3 /e—zxo-kezlk\r(x,t;tn,k)
T

R3 R3

o0
X Y An(, t; ta, K) [k "™ u(Xo, tr)dkdxg (18)

m=0
@]
=) | s AL & £ b, R IR Ak, t)dk,
m=OR3

fortp <t <tpy1 (n=0,1,...).
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2.2. Phase and amplitude in WKBJ approximation

In order to utilize formulas (17) and (18) to propagate the waves, we need to compute the phase 7 and the amplitude
terms {Am}3_,. The phase and amplitude terms can be determined though an eikonal equation and a recurrent system of
transport equations, respectively, which can be derived by substituting the WKB] ansatz (12) into (13) and collecting the
terms in the same order of |k| [18,24,25,30,31].

The eikonal equation is given as,
(@, t; ta, k)* =P @IVTR, & ta, B> =0, >ty
T(X, ty; t, l()—x"{ (19)
s tns tns - |k| k)

which yields,

T (X, t; ty, k) Fc(X)|VT(, t; ty, k)| =0, >ty

x-k (20)
W’

where the minus sign corresponds to the phase for the forward-propagating wave, and the positive sign corresponds to the
phase for the backward-propagating wave.

The recurrent system of transport equations for {An (x, t; tn, k)}52_, is given as: for m > —1, for the forward-propagating
wave, we have,

T(X, ty; ty, k) =

Vr-VA AX)AT — T c2(X)AAn — (A

(Am+1)t —C(X) m+1 _ ( ) tt il — ( ) m ( m)tt =0, t> th,
IVt 2c(x)|VT| 2c(x)|VT| (21)
Ams1 (®, o tn, k) = 8(m + 1),
and for the backward-propagating waves, we have,

VT -VAni | CRAT — 1 @ AAn — (Am)ee
A c(x A =0, t>ty,
Ams e+ ) — G+ = ove, ™ T T cmvr] = (22)

Amp1 (X, ty; ty, k) =8(m + 1),
where A_; =0, and §(x) is related to the Kroneker delta function 8x ¢ thatis 1 if x=0 and 0 if x £ 0.

2.3. Analytic solutions to eikonal and transport equations

Solving equations (20), (21) and (22) with a mesh-based numerical method will incur a heavy computational burden,
since they must be computed at every time step for all k € R3. Instead, we will employ the analytic approaches based on
short-time Taylor series expansions to obtain analytic approximations for the phase and amplitudes [20,25,29]. Assume we
want to compute the phase and amplitudes at t =t, + At, we will expand them as Taylor series at t, i.e.,

oo
T, 6ty k) =) Te(x; tn; K)(ADS,
=0

oo
An(®. € to; k) =) Ame(%: tn; K)(AD', m >0,
=0
with the expansion terms, {T¢};°, and {Am¢}72,, to be determined.
Substituting the Taylor series of 7T into the eikonal equation (20) and collecting terms in the same order of At, we can
determine {t;} term by term, i.e.,
x-k
lke|
71 = *c(X),

To =

and t; (£ > 2) can be determined similarly.
Substituting the Taylor series of Ag into the transport equations (21) and (22) and collecting terms in the same order of
At, we can determine {Ag¢} term by term, i.e.,
Ao =1,
Ve(x) -k

1
App =F-——,
01 :Fz k|
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and Ag¢ (£ > 2) can be determined similarly.
Similarly, Apme (£ >0, m > 1) can be determined by collecting terms in the same order of At after being substituted into
the transport equations (21) and (22).

2.4. A short-time propagator

With the short-time Taylor series expansions, we can obtain analytic approximations for the phase and amplitudes up to
any order of accuracy in At, following which we can approximate the Green’s functions within the WKBJ approximation [25,
27]. We will use second-order accurate Taylor expansions for 7 and Ap in the one-term WKB] approximation to approximate
the Green’s function.

The second-order accurate Taylor expansions for T and Ag are given as

T =1+ 11 At + O(AL?),

, (24)
Ao = Aogo + Ao1 At + O (AL”),
ie.,
x-k 2
T(X, t; ty, k) = W + c(x) At + O (At?),
25
At Ve(x) -k 5 (25)
2 k|
Then the first-order short-time propagator for the waves is given as,
u(x7 t) %/.el(x-k:l:C(X)|k|Af)ﬁ(k, tn)dk
]R3
At & k (20)
ab K i(x-kEc@)|k|AD) 5
F 5 Zcxi |k|e u(k, tp)dk, t, <t <tpi1,
i=1 3
with k = (k1, k2, k3). If c is constant, it reduces to equation (7), i.e.,
ux, ty~ F! [ei‘c”““]-‘{u(x, tn)}] tn <t <tnsr, 27)

where F~1 is the inverse Fourier transform defined as,

F ik 0} = / ek (k, t)dk.
R3
The integrals in the first-order short-time propagator (26) must be approximated and evaluated, which will have com-
plexity O (N?) if they are computed directly. Instead, we can explore the lowrank structures embedded in these integrals and

construct lowrank approximations as in [19,20,27,37] such that they can be computed with FFT and relevant matrix-matrix
multiplications with complexity O (t¢N), where t. is the low rank for a prescribed accuracy requirement € > 0.

Remark 2. The short-time propagator in [20,37,39] is closely related to (26) in that it involves only the first term on the
right hand side of (26). In other words, in the WKB] approximation, the amplitude is approximated as Ag &~ 1 in [20,37,39].

Remark 3. Higher order short-time propagators can be derived similarly as (26) by using more terms in the WKB] approxi-
mation and higher order Taylor expansions for the phase and amplitude terms. For example, for a second-order short-time
propagator, the two-term WKB] approximation is needed to approximate the Green’s function and third-order accurate
Taylor expansions are required to approximate the phase and amplitude terms, i.e.,

U, t=ty + Ab) %/ezlk\r(x, t; fn,k)ﬁ(k’ tn)dk

R3
+ / eKIT® Gl g0k £ tn, R)T(K, tn)dk
R3
. 1 .
+ / etlklr@xt f"”“mm(x, 5 tn, k)i (K, tn)dk,
R3
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and
T~ To+ T At + T A2 + 0 (ALD),
Ao~ Ago + Aot At + A At + O (AL),
A1~ Arg + A1 At + A A2 + O (AL,

with 7o, 71, 72, Aoo, Ao1, Aoz, A10, A11 and Aq, derived analytically in the Taylor expansions.

2.5. Short-time propagator with perfectly matched layers

In order to apply the formula (26) or (27) as the short-time propagator for propagating the waves numerically, we need
to limit our computation to a bounded domain of interest, unless the waves are compactly supported. For truncating the
infinite domain into a bounded subdomain, we will use the perfectly matched layers (PML) technique that is implemented
by complex coordinate stretching transform [5,10].

Without loss of generality, we define the computational domain as € = [X1 min, X1,max] X [X2,min, X2,max] X [X3,min, X3,max]-
We adopt the absorbing profile function [1,5,10,40],

-1 i —Xi,min
Ciexp (M) , D= ¢, Xi € [Xi,min, Xi,min + 7N,

p— T
oi(xi) =10, Xi € [Xi,min + i, Xi,max — 7i] (28)
Ciexp (%fl“’)) ,p = =S € (X max — Ty Xi.max],
and
si(xi) = ! (29)
ST 1 F0i(x)”

for i =1, 2, 3, where n; is the width of the PML layer in the x;—direction, C; is constant, and the F correspond to the
forward-propagating and backward-propagating waves, respectively. The PML technique replaces the partial derivatives oy,
in equation (1) with s;(x;)dx;, which alters equation (1) to become

3
U, ) =c*(®) Y si(x)dy (six)dyu, 1)), (®, t) €R? x (0, 00). (30)
i=1
With the substitution,
ux, t) = v 0 , (31)
A/$1(X1)52(X2)s3(X3)
we have the modified wave equation with PMLs given as
3
RYE =@ STEDZY R 1)+ wE, DY R, 1), (32)
i=1
where,
3 / 2 1
_ 2 (i) si(xi)s"(xi)
w(x, t) = c%(x) (; . > ) . (33)

The time propagator for the forward- and backward-propagating parts of v, based on Huygens’ principle, is given simi-
larly as (17), where the Green’s function G(x, t; Xg, t;) for a generic source (xg, t;) is chosen to satisfy

3

G — @) ) _sTx)EG—wG =0, () €R’ x (tn, 00),
i=1

lim G(x, t; X, tn) =8(X —Xg), x€R3,

t—t;}
Gx, t; X0, tn) =0, (%, t) € R® x (—00, ty).

Similarly, we will approximate the Green’s function with the WKB] approximations as in (11), which results in a short-
time propagator that can be repeatedly applied to propagate the waves for a long time, i.e.,

7
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Y&, )= / G(x, t; Xg, t)) Y (X0, ty)dXg, tn <t <tpy1, (35)
Q

with t, =nAt forn=0, 1, ....
The modified eikonal equation for the phase t is given as,

3
Tt t, K) F @) | D sPX) (T, € t, k)2 =0, t>1n,
i=1 (36)
x-k

T(X, tn; ty, k) = W

The recurrent system of modified transport equations for the amplitudes {An (%, t; tn, k)} 7 is given as,

3 3
20t (Ami1)e — 26 (X) Y 57 (%) Ty (Amg1)s — (c%x) > sE i) T, — m) Ami
i=1 i=1
2 ° 2 (37
— @ Y s Amxx + Amdee — W, DAm =0, > 1y,
i=1

Am+1(X, tn; ty, k) =8(m + 1),

form>—-1and A_1 =0.

We will again approximate the solutions to equations (36) and (37) analytically through Taylor series expansions as in
Section 2.3, and obtain second-order accurate Taylor expansions as in (24), i.e.,

3
x-k At
St k) ="+ — 2(x)k? 4+ 0 (At)?,
T £ tn, k) = T £ e zsl(xl),+ (AD)
i=1 (38)
k| 2 si(xi)ki(T1)x,
Aok, t; tn, k) =1 — arlkl iz S0k (T + 0(At?).

2 YL stook?

Then, we have the first-order short-time propagator, from (35), given as,

V(xR )~ / e*KE+(x, k) (k, t,)dk

Q

3
At .
F 5 >y ®)si(x) / e FF (. kv (k. t)dk (39)
i=1 Q

3
T %c(x) DSt (x) / e K Fy (. Tyl (i, to)dk,
i=1 o

for thy1 >t>ty, (n=0, 1, ...), where,

ET(x, k) = exp | £iAtc(x) Zsiz(xi)k? ,
i—1

k.
Fi5 ) = e E*(x. ). (40)
Vo1 ST (x)KS
3
F5.(x, k) = " E(x, k),
2 (o1 S5 (kD32
fori=1,2, 3.

We will use formula (39) as the propagator for propagating the forward-propagating and backward-propagating waves.

8
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2.6. Numerical implementations

We assume the domain of computation €2 is covered by a uniform mesh X = {Xyn; = (X1,1, X2.m, X3,1)} With

{x1,1=X1,min + ( — 1) Ax }NI-H»

Na+1
{X2.m = X2, min + (M — DAX )

N3+1
{X3,0 = X3.min + (0 — D AX3} 2T,

and AX; = (X; max — Xi,min)/Ni for i =1, 2, 3. For the phase domain, we assume it is covered by a uniform mesh k= {lepgr =
(k1.p, ka.q, k3.r)} with

{k1,p=(p— 1)Ak1}g1:/—21v1/2+1!

Ny /2
tkag=(@— DA} o

N3/2
thsr = —DAksh 500

and Ak; =27 /(X max — Xi.min) for i =1, 2, 3. And for notational simplicity, we denote Ax = AxjAxyAx3, Ak = Aky Ak Aks,
Yimn () = ¥ Rimn, t) and Ypgr () = ¥ (Rpgr, ©).

The Fourier transform is discretized as

N AX
Ypgr(tn) ~ (27)3 l; exp (_Lxlmn : kpqr) Yimn (tn), (41)

which can be computed efficiently by FFT.
The first-order short-time propagator (39) is discretized as,

Yimn (£) ~ Ak Z exp (‘xlmn : kpqr) Ei(xlmnv kpqr)l/}pqr(tn)
p.q.r

AtAk

Z Cx; (Rimn)Si Z exp (Lxlmn : kpqr) Fi:le (Ximn, kpqr)&pqr(tn) (42)
i=1 p.q,r

3
AtAk o
+ —2 C(Xymn) E 5,'25; E exp (Lxlmn . kpqr) Fi:f:z(xlmna kpqr)‘l’pqr(tn)~
i=1 p.q.r

Direct evaluation of the summations in (42) for computing {/yn(t)} has complexity O(N2) with N = ]_[13 1(N; + 1), which
is generally too high for practical applications. To alleviate the computatlonal cost, we will explore the lowrank structures
[19,22,23] and construct the lowrank approximations for E*(, k), F 1 (&, k) (i=1, 2, 3),and F > &, k) (i=1,2,3)

2.6.1. Lowrank approximations
For constructing the lowrank approximations, we will employ the randomized pivoted QR factorization approach intro-
duced in [19]. For a generic matrix A(X, k), the desired lowrank approximation is given as

A~ AR KEDAG™ o), (43)

where ¥°™ & denotes the set of principal rows of A, k ™ ¢ k denotes the set of principal columns of A, and D is

an appropriate matrix. The size of %™ and k s O (te) with te the low rank for a prescribed accuracy requirement
oo > € > 0. And D is of size O(t¢) x O(te). The randomized pivoted QR factorization approach generates the lowrank
approximation in the following way [19],

~d . .
1. Determine principal columns k " We randomly select a subset of the rows of A, denoted as ®; with size |®1] = O(t¢),
and compute the pivoted QR factorization,

A(O1, A1) =Q1Rq,

where A7 is a permutation of the columns of A such that the diagonal of Ry is decreasing in magnitude. We then

. . . . ~d
determine the entries of the diagonal of Ry which are greater than €, and set k " to be the columns of A that are
associated with these entries.
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2. Determine principal rows xom We randomly select a subset of the columns of A, denoted as ®, with size |®,| = O (t¢),
and compute the pivoted QR factorization of A*,

A(Az, ©2) =R5Q7,

where Aj is a permutation of the columns of A* such that the diagonal of R, is decreasing in magnitude. We then find
the entries of the diagonal of R, which are greater than €, and set X %°™ to be the columns of A* that are associated
with these entries.

3. Compute matrix D. We randomly select sets of rows and columns as I'y and I'; respectively, with sizes |[T'1| = O (t¢) and
|[T2] = O(t¢), and compute D as

= (A1, K™ AT, T2 (AG™, Ty, (44)
where ()7 refers to the pseudo-inverse.

The sizes |I"'1| and |I'2| are often chosen to be larger than |®1]| and |®;| [19].
We will apply this approach to generate lowrank approximations for E*(%, k) F 1 (&, k), and F 5 (&, k) (i=1,2,3),
which are denoted as

~ ~ ..,d B .
E:I:(x, k)~ Ei(x, i Om)DEE:i:(xdom7 i),
-~ ~ ~ ..,d ) B B
Ff] &, k) ~ F,ﬁ & k™) pFis Fl_il & R -
~ ~ ~ ,.,d ) 5 B
Ffz(x, k) ~ Ffz(xv ™ pFiz Ffz &™),

~dom .
Here, k ™ and ¥°™ are generally different for E*, F; i and F, 5> we use same notations only for notional simplicity.
With the lowrank approximations, the formula (42) is approximated as

pdom ~dom
T &)
YR O~ AR DY ERE K™ > diK®)
j=1 =1
AtAk & [ Ll
=" 3 e @si Z FE &, ko™ Z dF”KF”(x) (46)

i=1
‘~dom

AtAk &
F c® Y st ZF (& k™) S di K @),

i=1 =1

where,
zdom _ {xflom}’ ’~‘d0m = {k?om}’ pE = ] pFi1 = [de . pFi2 = [szz]
and
KIE ® = Z exp (‘5‘ . kpqr) Ei(x;iom’ kpqr)l&pqr (tn),
p.q.r
K[ @)=Y exp (1% kpgr) F5 (™, Kpgr)Vrpgr(tn). (47)
p.q.r
FI ‘X = Z exp (”} . kpqr) Fi%Z (xflom’ kpqr)l/}pqr(tn)'
b.q.r

Note that KF (%), K lF M®) and K IF“ (%) can be computed efficiently by FFT.

2.6.2. The algorithm: asymptotic Green’s function method
With the short-time propagator and lowrank approximations, i.e., (46) and (47), we summarize the asymptotic Green’s
function method for computing the waves of equation (32).

10
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Table 1

1D example: order of accuracy at final time T = 0.5 for Method I. Accuracy is mea-
sured in both 2— and co—norms. At = Ax/2, C =0.5 for the PML, |®1| =|0;| =20,
IT'1|=|T2| =30, € = 10~8. uy denotes the numerical solution with the mesh consist-
ing of N + 1 spatial points.

N v —unle g (st ) juoy —unllz  log, (fizsilz )
c(x) = exp(—x?%)

27 3.2215e-03 - 1.9322e-03 -

28 1.6405e-03 0.9736 9.7325e-04 0.9894
29 8.2835e-04 0.9859 4.8740e-04 0.9977
210 41757e-04 0.9882 2.4601e-04 0.9864
211 2.0643e-04 1.0164 1.2141e-04 1.0188

c(x)=0.2+ sinz(x -1)

27 4.5555e-03 - 3.2237e-03 -

28 2.2835e-03 0.9964 1.6115e-03 1.0003
29 11375e-03 1.0054 8.0573e-04 1.0001
210 57007e-04 0.9967 4.0367e-04 0.9971
211 2.8319e-04 1.0094 2.0161e-04 1.0016

Algorithm 1 (Asymptotic Green’s function method).

1. Apply the randomized pivoted QR factorization for generating the lowrank approximations in (45).
2. Forn=0,1,2,... with t, =nAt,

e Apply FFT to compute 1/7(1(, tn) through formula (41);

o Apply formulas (46) and (47) with FFT to compute ¥ (X, t, + At).

Algorithm 1 is expected to be first-order accurate since the second-order accurate Taylor expansions and one-term WKB]
approximation are used. The complexity of Step 1 is O(th), and the complexity of Step 2 is O(t¢NlogN) per time step.
Numerical experiments will be presented to demonstrate the method.

3. Numerical experiments

In this section, we present one-dimensional (1D), two-dimensional (2D), and three-dimensional (3D) numerical exper-
iments to demonstrate the proposed method. We will refer to Algorithm 1 as “Method I”, and the method in [20,37] as
“Method II". For the 1D experiments, we will further compare the numerical solutions with those computed by the 6-
method [15]. For all the experiments, we present results for the full wave u = (u; + uy)/2. Wherever applicable, the units
used in the numerical experiments are kilometers for length and seconds for time.

3.1. 1D examples

We present several synthetic 1D experiments to check the accuracy and efficiency of Method L

We consider two cases of wave velocity, c(x) = exp(—x%) and c(x) = 0.2 + sin®(x — 1). The domain of interest is [—2, 2],
and the computational domain is Q = [—4, 4] with n =2 for the width of the PML. For all the experiments, the initial
condition is,

u(x, 0) = exp (—x2 /0.08) .

Table 1 shows the accuracy in the domain of interest of Method I, from which we observe that Method I is first-order
accurate in At. Table 2 shows the CPU times per time step for both Method I and Method II, from which we observe that
their complexity is O(NlogN) at each time step. In general, Method I consumes slightly more CPU time than Method II,
which is expected since Method I uses an extra term in the Taylor expansion to improve the accuracy of the amplitude.
Table 3 demonstrates the number of principal rows and columns in the lowrank approximations, where we only present
results for the matrix E*, and others are similar. From this table, we observe that the low ranks depend monotonically
on At/Ax. Fig. 1 shows the numerical plots of both Method I and Method II, with comparisons to the #-method, from
which we observe that Method I has the potential to improve the accuracy of the amplitude of the wave, compared with
Method II.

3.2. 2D examples

We present 2D examples to demonstrate the proposed method.
We first check the accuracy of Method I using two synthetic velocity models. The domain of interest is [—2, 2]%, and the
computational domain is Q =[—4, 4)? with n1 =ny =2 for the PMLs. The initial condition is given as

11
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Table 2

Averaged CPU times per time step for
Method I and Method II, with the
same parameters as in Table 1.

N Method I Method 11

c(x) = exp(—x?)
27 1.8244e-03  8.6678e-04
28 2.5113e-03  1.0788e-03
29 5.3742e-03  1.9003e-03
210 51456e-03  4.0153e-03
211 92970e-03  7.9436e-03

c(x) =0.2 4+ sin(x—1)
27 1.4511e-03  8.5581e-04
28 2.3951e-03  1.0809e-03
29 3.4161e-03  2.6050e-03
210 64289e-03  5.4605e-03
211 72329e-03  7.9694e-03

Table 3 -
1D example: number of principal rows/columns of E (X, k), N =210, |®{| = |©;| =
20, |T'1| =1 =30.

c(x) = exp(—x?)
At=Ax/2  At=Ax/4  At=Ax/8 At=Ax/16

€e=10" (=1 55 44 44 33
C=05 55 54 44 33
=025 55 44 44 33
e=10"7 (= 66 55 55 44
C=05 66 55 55 44
=025 66 55 55 44
e=10"° (= 77 66 55 55
C=05 77 65 65 55
=025 77 66 56 55

c(x) =0.2 +sin(x—1)
At=Ax/2 At=Ax/4 At=Ax/8 At=Ax/16

€e=10"> (= 65 55 44 44
=05 55 45 44 44
=025 55 45 44 43
e=10"7 (= 77 66 55 55
c=05 77 66 55 44
=025 66 55 55 44
e=10"° (= 88 717 66 55
C=05 88 77 66 55
=025 78 67 66 55

% Method | % Method |

05 ® @ [OMethod It 05 Oo O Method Il

—0 —0

-2 -1 0 1 2

Fig. 1. 1D example: numerical plots of real part of u at final time T = 0.5. Left: c(x) = exp(—x2), Right: c(x) = 0.2 + sin®(x — 1). Reference solution is
computed using the 6-method.

12
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Table 4

2D example: order of accuracy at final time T = 0.5 for Method I. Accuracy is measured in
both 2— and co—norms. At = Ax/2, C; = C; = 0.5 for the PML, |©1]| =|02| =30, |I'1| =
IT'1] =50, € =10~8. uy denotes the numerical solution with the mesh consisting of (N7 +
1)(N2 + 1) spatial points.

u —u 5 u —Uu
Nix Ny uay —unlloo logy (250 ) fluzy —unllz  log, (7”‘&13,3’42%"@)

c(x1, x2) = exp(—x% — x3)

24 x 24 2.4424e-01 - 1.6519e-01 -

25 % 25 4.3133e-02 25014 3.8505e-02 21010
26 % 26 8.4637e-03 2.3494 7.0094e-03 2.4577
27 x 27 3.4038e-03 13142 3.1938e-03 11340
28 % 28 1.5120e-03 11706 1.5546e-03 1.0387

c(x1, X2) = 0.2 4 sin®(0.5x1 + 0.5X2)

24 x 24 2.7480e-01 - 1.5620e-01 -

25 x 25 1.2442e-02 44651 4.3246e-03 51747
26 % 26 1.1829e-03 3.3948 8.4538e-04 23549
27 x 27 5.9155e-04 0.9997 41251e-04 1.0352
28 % 28 2.8610e-04 1.0480 1.9840e-04 1.0560

Table 5

Averaged CPU times per time step for
Method I and Method II, with the same
parameters as in Table 4.

N1 x Ny Method I Method II

c(x1, X2) = exp(—x3 — x3)
24 % 24 2.0130e-02  3.7437e-03
20 % 2° 41706e-02  9.7394e-03
26 x 26 9.1768e-02  1.9895e-02
27 x 27 3.7928e-01  6.3670e-02
28 x 28 1.6749e+00  2.7196e-01

c(X1, X2) = 0.2 4 sin®(0.5x1 + 0.5X7)
24 % 24 2.5407e-02  7.1136e-03
20 % 2° 6.4611e-02  1.6993e-02
26 x 26 1.4040e-01 4.6523e-02
27 % 27 6.8776e-01  1.2895e-01
28 x 28 2.6871e+00  6.3098e-01

u(a, %, 0) =exp (— (¢ +13)/0.08).

Table 4 shows the accuracy of Method I with the two choices of wave velocity. Table 5 shows the CPU times per time step
for both Method I and Method II. From Table 4, we observe that Method I is first-order accurate in At, and from Table 5, we
observe that both Method I and Method II have complexity O(NlogN) at each time step. In general, Method I consumes
more CPU time than Method II as expected, since Method I uses extra terms to improve the accuracy of the amplitude.
Table 6 shows the number of principal rows and columns for the matrix E*, from which we observe that the low ranks
depend monotonically on At/{Ax1, Axp}.

We further demonstrate the proposed method using the benchmark Marmousi model [6] and BPTTI 2007 quasi-P velocity
model [16] from the geophysics community. Fig. 2 and Fig. 3 show the numerical simulation for the original Marmousi
model and the smoothed Marmousi model, where a sampled window is adopted as the wave velocity. Table 7 shows the
number of principal rows and columns for the matrix E*, from which we observe that the low ranks depend monotonically
on At/{Ax1, Axy}. Fig. 4 and Fig. 5 show the numerical simulation for the BPTTI 2007 quasi-P velocity model, where two
sampled windows of this model are adopted as the wave velocity. Table 8 shows the number of principal rows and columns
for the matrix E*, from which we observe that the low ranks depend monotonically on At/{Axq, Axz}.

From Figs. 2, 3, 4 and 5, we observe that the numerical solutions of Method I and Method II generally match well, which
verifies the accuracy of Method 1.

3.3. 3D examples

We present several examples to demonstrate the applicability of Algorithm 1 for 3D problems.

We first use two synthetic velocity models. The domain of interest is [—2, 2]°, and the computational domain is Q =
[—4, 413, with 11 = 1 = 13 =2 for the PMLs. The initial condition is given as

U(x1, X2, X3, 0) = exp (—(x% +22+ x%)/o.os) .

13
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Table 6
2D example: number of principal rows/columns of EL(x, k), N; =32, C; =C, for i =
1, 2. |©1| =02 =40, |I'1| = [I2] =50.

c(x1, X2) = exp(—x3 — x3)
At=Ax/2 At=Ax/4 At=Ax/8 At=Ax/16

e=10"° (=1 77 74 65 54
C=05 76 7 4 55 54
=025 64 65 54 44
e=10"7 (=1 19 118 98 87
=05 109 88 87 76
=025 108 85 77 76
€e=10"2 (=1 15 12 14 12 13 10 128
C=05 14 12 13 10 11 10 109
=025 129 129 19 97

c(x1, X2) = 0.2 + sin®(0.5x; + 0.5x3)
At = Ax/2 At = Ax/4 At = Ax/8 At = Ax/16

€=10"° C= 2221 19 16 15 14 1213
C=0.5 18 19 15 14 1111 11 10
C=025 1516 12 12 10 10 88

e=10"7 C= 32 30 27 26 2221 19 17
C=05 26 26 2221 18 17 1515
C=025 2222 19 18 16 16 13 12

€e=10"° C= 3935 34 30 30 27 26 25
C=05 3332 3128 2524 2121
C=025 2929 2524 2220 18 17

1.4 1.4 1.4
5
0.7 0.7 0.4 0.7 0.4
4
< <0 0.2 <0 0.2
3
-0.7 -0.7 -0.7
2 0 0
-1.4 08 -1.4 -1.4
14 -07 0 07 1.4 14 -07 0 07 14 14 -07 0 07 14
X1 X1 X1

Fig. 2. 2D example with original Marmousi velocity model: real part of the wave at final time T = 0.3. Ax; = 0.024. At = Ax;/16, C; = 0.5, n; = 1.5, for
i=1,2. 101 = |®3] =40, |T1| = || =70, € =100, From Left to Right: sampled window of the original Marmousi velocity model (data is re-centered
for simplicity); wave by Method I, and wave by Method II, respectively. (For interpretation of the colors in the figures, the reader is referred to the web

version of this article.)
E 1.4 E
2 4 0.7 0.4 X 0.4
3 <0 0.2 0.2
5 -0.7 .
B 2 0
-1 O — 1.4 :

K 1.
-14 -07 0 07 14 -14 -07 0 0.7 14 -14 -07 0 0.7 14

X X X

o

Fig. 3. 2D example with smoothed Marmousi velocity model: real part of the wave at final time T =0.3. Ax; =0.024. At = Ax;/16, C; =0.5, n; = 1.5, for
i=1,2.101] = |©3] =40, || =|'2| =70, € = 1019, From Left to Right: a smoothed velocity from Fig. 2(a); wave by Method I; and wave by Method II,
respectively.

Table 9 shows the numbers of principal rows and columns for the matrix E* for the two choices of velocity model. From
this table, we also observe that the low ranks depend monotonically on At/{Ax1, Axy, Ax3}.

We further apply Algorithm 1 to a synthetic model constructed with the smoothed Marmousi model by choosing a
window of the smoothed Marmousi velocity model in 2D and constantly extrapolating it along the x3—axis, which is shown
in Fig. 6. Fig. 7 shows the numerical simulation by both Method I and Method II.

We finally apply Algorithm 1 to a sampled region of the 3D SEG-EAGE salt and overthrust benchmark velocity model
[36], shown in Fig. 8. The numerical simulation by both Method I and Method II is given in Fig. 9.

14
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55 5.5 5.5
g | |
25 25 |04 25 |04
' 0 3 ' 0 0.2 ' 0 02
25 25 25
2 0 0
5.5 I— 55 55

5.5 5.
-75 -35 0 35 75 -75 -35 0 35 75 -75 -35 0 35 75

X X X

Fig. 4. 2D example with BPTTI 2007 quasi-P velocity model (Window I): real part of wave at final time T =1.2. Ax; =0.05. At = Ax;/16, C; =0.5, n; =3,
fori=1, 2. |®1] = |©3] =40, |T1| = |2 =70, € = 10~ '°. From Left to Right: a sampled window of BPTTI 2007 quasi-P velocity model (data is re-centered
for simplicity); wavefield by Method I, and wave by Method II, respectively.

55 55 55
4
25 25 L 25 L
' 0 3 ' 0 0.2 ' 0 0.2
25 ; 25 25
2 0 0
-5.; — 5.5 5.5

75 -35 0 35 7.5 -75 -35 0 35 75 -75 -35 0 35 75

X X X

Fig. 5. 2D example with BPTTI 2007 quasi-P velocity model (Window II): real part of wave at final time T =1.2. Ax; =0.05. At = Ax;/16, C; =0.5, n; =3,
fori=1, 2. |®1] = |©3]| =40, |['1| =|T2| =70, € = 10~'°. From Left to Right: a sampled window of BPTTI 2007 quasi-P velocity model (data is re-centered
for simplicity); wavefield by Method I; and wave by Method II, respectively.

Fig. 6. Marmousi smooth velocity model extended to 3D.

Fig. 7. 3D example: synthetic model constructed from the smoothed Marmousi model. Ax; = 0.0720. At = Ax;/16. C; =0.5, n; = 1.5, for i =1, 2, 3.
|©1] = O3] =50, |T'1| = |T2| =80, € = 10~>. From Left to Right: real part of the wave at x3 = —0.4220, 0, 0.4220, respectively, propagated to final time
T =0.1. Top: Method I; Bottom: Method II.
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Table 7
2D example with Marmousi velocity model: number of principal rows/columns of
EL (%, k), |©1]|=10,| =80, |I'1|=|2|=100. C;=C, fori=1, 2.

Marmousi model (original)
At = Ax/2 At = Ax/4 At = Ax/8 At = Ax/16

€=107" C= 43 40 3227 2522 19 18
C=05 3533 27 24 20 19 16 15
C=025 3027 2120 16 16 1413
€e=10"7 C=1 60 50 47 43 36 34 29 27
C=05 48 44 37 34 29 27 24 23
C=0.25 4136 3128 24 23 2118
€=10"° C= 73 65 62 51 49 43 41 38
C=05 62 55 50 47 40 37 33 30
C=025 5449 41 38 33 30 27 25

Marmousi model (smoothed)
At = Ax/2 At = Ax/4 At = Ax/8 At = Ax/16

€=10" (=1 41 39 3128 2322 19 18
C=05 34 32 25 24 19 19 15 15
=025 2725 20 20 1515 12 12
e=10"7 (= 59 51 44 41 35 33 28 28
=05 47 46 36 34 28 27 2322
C=025 4038 29 29 2222 19 17
€e=10"° (=1 76 64 60 51 48 46 39 37
C=05 60 57 48 43 39 37 3230
C=025 5147 38 38 3130 27 25
Table 8

2D example with BPTTI 2007 quasi-P velocity model: number of principal rows/
columns of E4 (X, k), |©1| =02 =80, |[I'1|=|2|=100. C;=C, fori=1, 2.

BPTTI 2007 (Window I)
At = Ax/2 At = Ax/4 At = Ax/8 At = Ax/16

€=10" C= 41 34 3127 2322 19 18
C=05 32 30 23 23 19 18 16 14
C=025 2825 19 19 1516 13 12
e=10"7 C= 58 41 44 40 36 31 29 27
C=05 47 36 36 33 28 26 2322
C=025 3830 29 28 2222 19 17
€e=10"° C=1 75 52 58 43 49 39 40 36
C=0.5 61 45 47 41 39 32 3229
C=025 5138 38 36 30 30 2524

BPTTI 2007 (Window II)
At = Ax/2 At = Ax/4 At = Ax/8 At = Ax/16

€e=10" (= 40 34 30 27 2322 19 18
C=05 3329 2423 18 18 16 15
C=025 2724 1919 15 16 11 12
e=10"7 (=1 58 45 44 37 3529 28 26
C=05 45 40 36 32 27 25 2221
C=025 3834 28 28 2222 18 17
€e=10"° (=1 72 44 61 42 46 39 40 37
C=05 60 49 48 42 38 33 3229
C=025 5146 39 36 3130 26 24

From Figs. 7 and 9, we observe that the numerical solutions of Method I and Method II generally match well, which
verifies the accuracy of Method I.

3.4. Discussion of numerical experiments

From the numerical experiments, we observe that
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Table 9 B

3D example: number of principal rows/columns of Ei (%, k). N; =32, C; = C, for
i =1, 2. For the exponential velocity, |®1|=|®,| =40, |I'1| = |T'2| = 50. For the sinu-
soidal velocity, |©1] =|03| =60, [I'1| = |'2| =75.

c(x1, X2, X3) = eXp(—x% — x3 — x3)
At=Ax/2 At=Ax/4 At=Ax/8 At=Ax/16

€e=10"> (=1 106 105 85 75
C=05 95 86 75 65
=025 86 75 65 64

(X1, X2, x3) = 0.2 + sin®(0.5%1 + 0.5x; + 0.5x3)
At=Ax/2 At=Ax/4 At=Ax/8 At=Ax/16

€=10"° C=1 57 53 51 47 44 38 38 32
C=0.5 47 42 40 36 30 26 2524
C=025 3637 29 28 2321 19 18

Fig. 8. A sampled region of the 3D SEG-EAGE salt and overthrust model [36]. The velocity is re-scaled and re-centered to domain [—1,1]> for simplicity.

-0.5 0 05 -0.5 0 05 -0.5 0 05
X, X, L
0.5 - ¥ - ¥ -
<o X & Y 5 ;
-0.5 ¥ ¥
-0.5 0 05 -0.5 0 05 -05 0 05
x1 x1 )(1

Fig. 9. 3D example: 3D SEG-EAGE salt velocity model [36]. Ax; =0.06. At = Ax;/16. C; =0.5, n; =0.5, for i =1, 2, 3. |©1]| = 03| =50, |T'1| = 2| = 80,
€ =107>. From Left to Right: real part of the wave at x3 = —0.69, —0.09, 0.69, respectively, propagated to final time T = 0.1. Top: Method I; Bottom:
Method IL.

e The proposed method is first-order accurate in At, provided that the error from the lowrank approximations is not

dominant.

In the proposed method, we can choose At = O ({Axq, Axa, Ax3}).

The complexity per time step of the proposed method is O(tNlogN) with N the number of spatial points and t. the

low rank corresponding to a prescribed accuracy requirement € > 0. For given €, t depends on At/{Axi, Axy, Ax3}

monotonically.

e We remark that the efficiency of the proposed method can be improved if parallel implementation is applied in that it
can be parallelized with respect to the points in ¥%°™.
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4. Conclusions

We present an asymptotic Green’s function method for propagating the waves through the linear scalar wave equation.
The wave is split into its forward-propagating and backward-propagating parts. After that, the method which combines
Huygens’ principle, that provides the mechanism for propagating the wave through an integral with Green’s functions,
with WKBJ approximations, that provide short-time approximations for the Green’s functions, is designed to propagate
the forward-propagating and backward-propagating waves. The phase and amplitude in the WKB] approximation for the
Green’s function are approximated analytically with second-order accurate Taylor expansions as solutions to the eikonal
equation and a recurrent system of transport equations, respectively, such that the resulting integral can be approximated
and evaluated by fast Fourier transform after appropriate lowrank approximations generated by a randomized pivoted QR
factorization. The method is first-order accurate, and has complexity O (teNlogN) with N the number of simulation points
and t. the lowrank for a prescribed accuracy requirement € > 0. Numerical experiments are presented to demonstrate the
methods. The method will be extended to simulate the wave propagation with a body force, and further to the seismic
wave propagation through elastic wave equations in a future work.

CRediT authorship contribution statement

Jay Mayfield: Conceptualization, Formal analysis, Investigation, Methodology, Visualization, Writing - original draft, Writ-
ing - review & editing. Yijin Gao: Conceptualization, Methodology, Writing - review & editing. Songting Luo: Conceptu-
alization, Formal analysis, Funding acquisition, Investigation, Methodology, Supervision, Visualization, Writing - review &
editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgement

The authors thank Dr. Sergey Fomel for sharing the insights of the wave extrapolation method. The authors thank
the anonymous reviewers for valuable comments that improve this work. This work was partially supported by NSF DMS
1418908 and 1719907, and Simons Foundation 714376.

References

[1] X. Antoine, A. Arnold, C. Besse, M. Ehrhardt, A. Schaedle, A review of transparent and artificial boundary conditions techniques for linear and nonlinear
Schrodinger equations, Commun. Comput. Phys. 4 (2008) 729-796.
[2] L. Babuska, F. Ihlenburg, T. Strouboulis, S.K. Gangaraj, A posteriori error estimation for finite element solutions of Helmholtz' equation. Part I: the quality
of local indicators and estimators, Int. J. Numer. Methods Eng. 40 (18) (1997) 3443-3462.
[3] LM. Babuska, S.A. Sauter, Is the pollution effect of the fem avoidable for the Helmholtz equation considering high wave numbers?, SIAM Rev. 42 (3)
(2000) 451-484.
[4] B. Baker, E.T. Copson, The Mathematical Theory of Huygens’ Principle, AMS Chelsea Publishing, 1987.
[5] J.-P. Berenger, A perfectly matched layer for the absorption of electromagnetic waves, J. Comput. Phys. 114 (2) (1994) 185-200.
[6] A. Bourgeois, M. Bourget, P. Lailly, M. Poulet, P. Ricarte, R. Versteeg, Marmousi, model and data, in: The Marmousi Experience, 1991, pp. 5-16.
[7] M. Brack, R.K. Bhaduri, Semiclassical Physics, Addison Wesley, 1997.
[8] E. Canés, L. Demanet, L. Ying, A fast butterfly algorithm for the computation of Fourier integral operators, Multiscale Model. Simul. 7 (4) (2009)
1727-1750.
[9] P. Chand, ]. Hoekstra, A review of the semi-classical WKB approximation and its usefulness in the study of quantum systems, in: Proc. of IEEE Semi-
conductor Advances for Future Electronics, 2001, pp. 13-19.
[10] W.C. Chew, ].M. Jin, E. Michielssen, Complex coordinate stretching as a generalized absorbing boundary condition, Microw. Opt. Technol. Lett. 15 (6)
(1997) 363-369.
[11] R. Clayton, B. Engquist, Absorbing boundary conditions for acoustic and elastic wave equations, Bull. Seismol. Soc. Am. 67 (6) (1977) 1529-1540.
[12] J.W. Cooley, J.W. Tukey, An algorithm for the machine calculation of complex Fourier series, Math. Comput. 19 (1965) 297-301.
[13] M.G. Crandall, L.C. Evans, P.L. Lions, Some properties of viscosity solutions of Hamilton-Jacobi equations, Trans. Am. Math. Soc. 282 (2) (1984) 487-502.
[14] M.G. Crandall, P--L. Lions, Viscosity solutions of Hamilton-Jacobi equations, Trans. Am. Math. Soc. 277 (1) (1983) 1-42.
[15] J. Crank, P. Nicolson, A practical method for numerical evaluation of solutions of partial differential equations of the heat-conduction type, Math. Proc.
Camb. Philos. Soc. 43 (1) (1947) 50-67.
[16] EAGE, 2007 BP Anisotropic Velocity Benchmark, https://wiki.seg.org/wiki/2007_BP_Anisotropic_Velocity_Benchmark, 2007.
[17] B. Engquist, A. Majda, Absorbing boundary conditions for numerical simulation of waves, Proc. Natl. Acad. Sci. 74 (5) (1977) 1765-1766.
[18] B. Engquist, O. Runborg, Computational high frequency wave propagation, Acta Numer. 12 (2003) 181-266.
[19] B. Engquist, L. Ying, A fast directional algorithm for high frequency acoustic scattering in two dimensions, Commun. Math. Sci. 7 (2) (2009) 327-345.
[20] S. Fomel, L. Ying, X. Song, Seismic wave extrapolation using lowrank symbol approximation, Geophys. Prospect. 61 (3) (2013) 526-536.
[21] Y. Gao, J. Mayfield, S. Luo, A second-order fast Huygens sweeping method for time-dependent Schrédinger equations with perfectly matched layers, J.
Sci. Comput. 88 (2021), https://doi.org/10.1007/s10915-021-01560-6.
[22] S.A. Goreinov, N.L. Zamarashkin, E.E. Tyrtyshnikov, Pseudo-skeleton approximations by matrices of maximal volume, Math. Notes 62 (4) (1997)
515-519.
[23] S.A. Goreinov, E.E. Tyrtyshnikov, N.L. Zamarashkin, A theory of pseudoskeleton approximations, Linear Algebra Appl. 261 (1) (1997) 1-21.

18


http://refhub.elsevier.com/S0021-9991(21)00550-7/bibEB377BBF49E8D4A36456BB207193C67Fs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibEB377BBF49E8D4A36456BB207193C67Fs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib3D5D3742CE096D764FEF1ED23F81EF97s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib3D5D3742CE096D764FEF1ED23F81EF97s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib1599CEA3CAD6B4574A4D1C913AF9C472s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib1599CEA3CAD6B4574A4D1C913AF9C472s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib4E5641B6902D2A211620FB87DA203E79s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib7BFA62C200EE8D756E9136F612A3DD15s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib7B8EB0C8CFC7B050AE47E4C4CF81EE7Ds1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib0ED6A64CAC551EC42829A6FC6C161523s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib7D276A7EDE5D700EA73C442447FD7856s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib7D276A7EDE5D700EA73C442447FD7856s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibCE17F3B3C01A398CB299B8540B67AA1Es1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibCE17F3B3C01A398CB299B8540B67AA1Es1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib90A3B7E603D36C459C72191B5F393073s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib90A3B7E603D36C459C72191B5F393073s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib120132930D115B64E4774D97FCD634F6s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibD7C632937618D5DCBA72CFFD42AF03D7s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib42AAE67DD2F47CFE58DFE13A4FC41CFDs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibCEAB4713E9F2B31B8341A519DA79EBFCs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibEFA2612C70D0F02E3622C773AAFE94E2s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibEFA2612C70D0F02E3622C773AAFE94E2s1
https://wiki.seg.org/wiki/2007_BP_Anisotropic_Velocity_Benchmark
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibD38C782CB6FA066EBF8BDD48B8975D18s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib6CB82E30BAE46D442166020367477E91s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib6FF1C64FE6CEFC44FB0ABA305BE7528Es1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib9F863D1AD1493D1242E957A4D09E3FF0s1
https://doi.org/10.1007/s10915-021-01560-6
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib02931EDF8C64C4778602F4A9FF0D51C9s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib02931EDF8C64C4778602F4A9FF0D51C9s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib1D54872298DB3F5E450B9AB8C3A1E65As1

J. Mayfield, Y. Gao and S. Luo Journal of Computational Physics 446 (2021) 110655

[24] ].B. Keller, Semiclassical mechanics, SIAM Rev. 27 (1985) 485-504.

[25] S. Leung, ]. Qian, S. Serna, Fast Huygens sweeping methods for Schrodinger equations in the semi-classical regime, Methods Appl. Anal. 21 (1) (2014)
31-66.

[26] W. Lu, J. Qian, R. Burridge, Extending Babich’s ansatz for point-source Maxwell’s equations using Hadamard’s method, Multiscale Model. Simul. 16 (2)
(2018) 727-751.

[27] S. Luo, Fast Huygens sweeping methods for time-dependent Schrédinger equation with perfectly matched layers, SIAM J. Sci. Comput. 41 (2) (2019)
A877-A899.

[28] S. Luo, ]. Qian, R. Burridge, Fast Huygens sweeping methods for Helmholtz equations in inhomogeneous media in the high frequency regime, J. Comput.
Phys. 270 (2014) 378-401.

[29] S. Luo, J. Qian, R. Burridge, High-order factorization based high-order hybrid fast sweeping methods for point-source eikonal equations, SIAM ]. Numer.
Anal. 52 (1) (2014) 23-44.

[30] A. Martinez, An Introduction to Semiclassical and Microlocal Analysis, Springer, New York, 2002.

[31] V.P. Maslov, M.V. Fedoriuk, Semi-classical Approximation in Quantum Mechanics, D. Reidel Publishing Company, 1981.

[32] G. Mur, Absorbing boundary conditions for the finite-difference approximation of the time-domain electromagnetic-field equations, IEEE Trans. Elec-
tromagn. Compat. EMC-23 (4) (1981) 377-382.

[33] J. Qian, W. Lu, L. Yuan, S. Luo, R. Burridge, Eulerian geometrical optics and fast Huygens sweeping methods for three-dimensional time-harmonic
high-frequency Maxwell’s equations in inhomogeneous media, Multiscale Model. Simul. 14 (2) (2016) 595-636.

[34] ]. Qian, S. Luo, R. Burridge, Fast Huygens' sweeping methods for multiarrival Green’s functions of Helmholtz equations in the high-frequency regime,
Geophysics 80 (2) (2015) T91-T100.

[35] LS. Schulman, Techniques and Applications of Path Integration, Wiley, New York, 1981.

[36] SEG/EAGE, SEG/EAGE Salt and Overthrust Models, https://wiki.seg.org/wiki/SEG/EAGE_Salt_and_Overthrust_Models, 1997.

[37] J. Sun, S. Fomel, Y. Sripanich, P. Fowler, Recursive integral time extrapolation of elastic waves using low-rank symbol approximation, Geophys. ]. Int.
211 (3) (2017) 1478-1493.

[38] A. Zagoskin, Quantum Theory of Many-Body Systems: Techniques and Applications, 2nd ed., Springer Publishing Company, Incorporated, 2014.

[39] Y. Zhang, G. Zhang, One-step extrapolation method for reverse time migration, Geophysics 74 (4) (2009) A29-A33.

[40] C. Zheng, A perfectly matched layer approach to the nonlinear Schrodinger wave equations, J. Comput. Phys. 227 (1) (2007) 537-556.

19


http://refhub.elsevier.com/S0021-9991(21)00550-7/bibDCEDE5B0B91A56D17952A1D5C64D6945s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib721C0A1153057888E94CFE500500A7CCs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib721C0A1153057888E94CFE500500A7CCs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib93C20B1ACA4B4112E4BD4BB296C365A7s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib93C20B1ACA4B4112E4BD4BB296C365A7s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib6F74FB0D67C0F8237E5B320AD369EF9Ds1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib6F74FB0D67C0F8237E5B320AD369EF9Ds1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibC46E477F270B891A5BC4270C6934FE8Bs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibC46E477F270B891A5BC4270C6934FE8Bs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib70AD31A93F593DE8E8FC59E2F354FC4Fs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib70AD31A93F593DE8E8FC59E2F354FC4Fs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib6BCC80A18AFDC55C20A4D01118F94579s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib2624AECAC973A17863C539EA6C7596CDs1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibC3CDE0BB58F4595EB818BE3B14532C25s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibC3CDE0BB58F4595EB818BE3B14532C25s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibCD80CDFA7E6BB8E25666EAA8AE945403s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibCD80CDFA7E6BB8E25666EAA8AE945403s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib45448E342273A970FA0B390C8DE5B4E9s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib45448E342273A970FA0B390C8DE5B4E9s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bibCF279760048B531ED22BE09F0E7D3AFEs1
https://wiki.seg.org/wiki/SEG/EAGE_Salt_and_Overthrust_Models
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib9895A301932BAFFA39530D6526816961s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib9895A301932BAFFA39530D6526816961s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib42E8252CE011A7A368E3C57A88A72EA3s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib535A5D4E8E0186D000A5C1B06D661B41s1
http://refhub.elsevier.com/S0021-9991(21)00550-7/bib6C536377E83189A09BEE1048A2EFBE78s1

	An asymptotic Green’s function method for the wave equation
	1 Introduction
	2 Asymptotic Green’s function method
	2.1 WKBJ approximation based short-time propagator
	2.2 Phase and amplitude in WKBJ approximation
	2.3 Analytic solutions to eikonal and transport equations
	2.4 A short-time propagator
	2.5 Short-time propagator with perfectly matched layers
	2.6 Numerical implementations
	2.6.1 Lowrank approximations
	2.6.2 The algorithm: asymptotic Green’s function method


	3 Numerical experiments
	3.1 1D examples
	3.2 2D examples
	3.3 3D examples
	3.4 Discussion of numerical experiments

	4 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	References


