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We present an effective asymptotic Green’s function method for propagating the waves 
through the linear scalar wave equation. The wave is first split into its forward-
propagating and backward-propagating parts. Following that, the method, which combines 
the Huygens’ principle and the geometrical optics approximations, is designed to propagate 
the forward-propagating and backward-propagating waves, where an integral with Green’s 
functions that is based on the Huygens’ principle is used to propagate the waves, and 
the Green’s functions are approximated by the geometrical optics approximations. Upon 
obtaining analytic approximations for the phase and amplitude in the geometrical optics 
approximations through short-time Taylor series expansions, a short-time propagator for 
the waves is derived and the resulting integral can be evaluated efficiently by fast Fourier 
transform after appropriate lowrank approximations. The short-time propagator can be 
applied repeatedly to propagate the waves for a long time. In order to restrict the 
computation onto a bounded domain of interest, the perfectly matched layer technique 
with complex coordinate stretching transformation is incorporated. The method is first-
order accurate, and has complexity O (tε N log N) per time step with N the number of 
spatial points and tε the low rank for a prescribed accuracy requirement ε > 0. Numerical 
experiments are presented to demonstrate the proposed method.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

We consider numerical simulation of wave propagation governed by the linear scalar wave equation,

∂2u(x, t)

∂t2
= c2(x)∇2u(x, t), (x, t) ∈Rd × (0, ∞),

u(x, 0) = u0(x),
∂u(x, 0)

∂t
= 0, x ∈ Rd,

(1)

for d = 1, 2, 3. Here, ∇2 ≡ ∇ · ∇ ≡ ∂2
x1

+ ∂2
x2

+ ∂2
x3

is the Laplacian operator at x ≡ (x1, x2, x3), c(x) is the wave velocity 
in the medium, u(x, t) is the wavefield displacement, and u0(x) is the initial wavefield. The problem is multiscale if one 
compares the wavelength and the overall size of the domain, which makes it equivalent to simulating high frequency wave 
propagation in an appropriate domain of interest. It is well known that the computational cost to maintain uniform accuracy 
of the numerical solutions to equation (1) grows algebraically with frequency for conventional numerical methods based on 
direct discretizations of the equation on meshes, such as the finite-difference and finite-element methods [2,3,18], and the 
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Courant-Friedrichs-Lewy (CFL) condition, cmax�t/�x ≤ 1, needs to be satisfied if an explicit time stepping approach is used, 
where �t and �x represent the time step size and spatial mesh size, respectively, and cmax is the maximum speed. If an 
implicit time stepping approach is used, it often requires to solve a large linear system at each time step. Consequently, 
direct numerical simulation with such methods is no longer feasible for many practical applications, especially for three-
dimensional problems. However, due to its wide applications in various areas such as acoustics, seismology, geophysics, 
electromagnetism, etc., effective numerical methods for solving equation (1) have been proposed and developed, aiming to 
balance efficiency and accuracy.

In [20,37,39], a wave extrapolation method using lowrank symbolic approximation was proposed to simulate the seismic 
wave propagation governed by equation (1). This method splits the wave into its forward-propagating and backward-
propagating parts. Following that, an efficient time propagator in the form of a pseudo-differential operator was designed 
to propagate the forward-propagating and backward-propagating waves, along with lowrank approximations [19,22,23] and 
fast Fourier transforms (FFT) [12]. The equation (1) can be expressed as a first-order system,

∂t

[
u
ut

]
=
[

0 1
−c2(−∇2) 0

][
u
ut

]
≡ A
[

u
ut

]
, (2)

with ut ≡ ∂u/∂t . The matrix operator A has an eigenvalue decomposition A = R�R−1 given as,

R = 1

2

[
1 1
ι� −ι�

]
, � =

[
ι� 0
0 −ι�

]
, R−1 =

[
1 −ι�−1

1 ι�−1

]
, (3)

where � is a pseudo-differential operator in the spatial domain which is defined as � = c
√−∇2. One can simplify the 

equation by defining,[
u1
u2

]
= R−1

[
u
ut

]
=
[

u − ι�−1ut

u + ι�−1ut

]
, (4)

where u1 and u2 are the forward-propagating and backward-propagating waves, respectively. This yields{
∂t u1 = ι�u1,

∂t u2 = −ι�u2,
(5)

which implies{
u1(x, t0 + �t) = eι��t u1(x, t0),

u2(x, t0 + �t) = e−ι��t u2(x, t0),
(6)

from any starting time t0 for a short period of time �t .
If the wave velocity c is constant, then equation (6) is given as,

u1,2(x, t) =
∫
R3

eι(k·x±c|k|�t)û1,2(k, t0)dk

=
∫
R3

⎛
⎜⎝∫
R3

1

(2π)3
eι(k·(x−x0)±c|k|�t)dk

⎞
⎟⎠u1,2(x0, t0)dx0,

(7)

with t = t0 + �t , where û1,2(k, t) ≡F
{

u1,2(x, t)
}

is the spatial Fourier transform of u1,2(x, t), i.e.,

û1,2(k, t) ≡ F
{

u1,2(x, t)
}≡ 1

(2π)3

∫
R3

e−ık·xu1,2(x, t)dx.

The formulation is extended to problems with variable velocity function c(x) in a similar way [20,37,39], i.e., the forward-
propagating and backward-propagating waves are propagated as,

u1,2(x, t) =
∫
R3

⎛
⎜⎝∫
R3

1

(2π)3
eι(k·(x−x0)±c(x)|k|�tdk

⎞
⎟⎠u1,2(x0, t0)dx0. (8)

The integral in (7) and (8) can be evaluated by FFT after appropriate lowrank approximations that can be constructed 
through a randomized pivoted QR factorization [19,20,37], which results in O (N log N) complexity per time step with N the 
number of spatial points used in the simulation and the pre-factor depending on the low rank.
2
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Motivated by the wave extrapolation method developed in [20,37,39], we propose to propagate the wave with ap-
propriate time propagators that combine the Huygens’ principle [4,35,38] and the geometrical optics approximations 
[7,9,18,24,30,31], i.e., from equations (5) and (6), for t > t0,

u1,2(x, t) =
∫
R3

G(x, t; x0, t0)u1,2(x0, t0)dx0, (9)

where, for a generic source point (x0, t0) ∈R3 ×(0, ∞), G(x, t; x0, t0) is the Green’s function. The Green’s function generally 
needs to be approximated such that the integral in (9) can be evaluated. For example, in equations (7) and (8), G is 
approximated as,

G(x, t; x0, t0) ≈
∫
R3

1

(2π)3
eι(k·(x−x0)±c(x)|k|�t)dk.

In this work, we will approximate the Green’s function by requiring it to satisfy,

∂2
t G(x, t; x0, t0) − c2(x)∇2G(x, t; x0, t0) = 0, (x, t) ∈R3 × (t0, ∞),

lim
t→t+0

G(x, t; x0, t0) = δ(x − x0), x ∈R3,

G(x, t; x0, t0) = 0, (x, t) ∈R3 × (−∞, t0),

(10)

and utilizing the geometrical optics (GO) approximations, specifically the Wentzel-Kramers-Brillouin-Jeffreys (WKBJ) approx-
imations [7,9,18,24,30,31]. In the WKBJ approximation, the phase and amplitude of the Green’s function can be determined 
through an eikonal equation and a recurrent system of transport equations, respectively, and the solutions to the eikonal 
equation and the transport equations can be approximated analytically as in [20,25,27,29] for a short period of time using 
short-time Taylor series expansions. With the WKBJ approximation and the analytic approximations of the phase and am-
plitude, the integral (9) can be approximated and evaluated efficiently for a short period of time with FFT after appropriate 
lowrank approximations, which provides an efficient short-time propagator for the wave propagation. And the short-time 
propagator can be repeatedly used to propagate the waves for a long time [20,25,27].

The idea of combining the Huygens’ principle and the geometrical optics approximations for designing efficient prop-
agators for high frequency wave propagation has been utilized for solving the point-source high frequency Helmholtz 
equation [28,34], the point-source high frequency electromagnetic vector wave equations [26,33], and the time-dependent 
Schrödinger equations in the semi-classical regime [25,27,21]. In these works, the integral with Green’s functions based on 
the Huygens’ principle provides the mechanism for propagating the wave and the geometrical optics approximations pro-
vide necessary information of the Green’s functions such that the resulting integral is evaluable by FFT [12] or the butterfly 
algorithm [8] after approximate algebraic manipulation and/or lowrank approximations [19,22,23].

Here, we will combine the ideas in [20,37,39] and [25,27] to develop an efficient time propagator for the wave equation 
(1), in consideration of both efficiency and accuracy. In order to conduct numerical calculations on a bounded domain of 
interest, the problem will be restricted to a bounded domain by applying the perfectly matched layer (PML) method [5]. The 
PML method is an effective approach of absorbing boundary conditions (ABCs) [11,17,32]. It surrounds the bounded domain 
of interest by an absorbing layer in a way that the waves coming into this layer will be damped to an extent such that the 
information of the waves outside of the domain of computation becomes unimportant, and the boundary of the absorbing 
layer and the interface between the absorbing layer and the domain of interest will not cause reflections. Following the 
PML method that is often implemented by a complex coordinate stretching transform [10], the WKBJ approximation, the 
analytic approximations of the phase and amplitudes, and the lowrank approximation through a randomized pivoted QR 
factorization [19] are combined to derive an efficient short-time propagator for propagating the forward-propagating and 
backward-propagating waves. The proposed asymptotic Green’s function method has complexity O (N log N) per time step 
as the wave extrapolation method in [20,37,39], with the pre-factor dependent of the low rank for a prescribed accuracy 
requirement. The method is first-order accurate since second-order accurate short-time Taylor expansions will be used to 
approximate the phase and amplitude of the Green’s function in the one-term WKBJ approximation. More importantly, 
compared with the wave extrapolation method in [20,37,39], the proposed approach has the potential to improve the 
accuracy of the amplitude of the waves, which will be demonstrated with numerical experiments.

The rest of the paper is organized as follows. In Section 2, we will present the asymptotic Green’s function method 
for propagating the forward-propagating and backward-propagating waves, with detailed formulations and numerical im-
plementations, including the PMLs. In Section 3, numerical experiments will be performed to demonstrate the proposed 
method. And conclusive remarks will be given in Section 4.

2. Asymptotic Green’s function method

In this section, we shall present the short-time propagator for propagating the waves through a combination of Huygens’ 
principle and WKBJ approximations, which yields the asymptotic Green’s function method.
3
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2.1. WKBJ approximation based short-time propagator

The WKBJ approximation for the Green’s function G(x, t; x0, t0) [18,24,25,30,31], for a generic source (x0, t0), is given 
as

G(x, t; x0, t0) ≈ 1

(2π)3

∫
R3

e−ιx0·kG W K B J (x, t; t0, k)dk, t > t0, (11)

with

G W K B J (x, t; t0, k) = eι|k|τ (x, t; t0,k)

∞∑
m=0

Am(x, t; t0, k)(ι|k|)−m, (12)

where τ is the phase, {Am}∞m=0 are the amplitude terms, and G W K B J satisfies

∂2
t G W K B J − c2(x)∇2G W K B J = 0, (x, t) ∈R3 × (t0, ∞),

lim
t→t+0

G W K B J (x, t; t0, k) = eιx·k, x ∈ R3. (13)

Remark 1. If the initial wave u0(x) is given as u0(x) = A(x) exp(ιωτ (x)), where A(x) and τ (x) stand for the amplitude and 
phase, respectively, and ω is the high frequency, the WKBJ approximation (12) is recast as,

G W K B J (x, t; t0, k) = eιωτ (x, t; t0,k)
∞∑

m=0

Am(x, t; t0, k)(ιω)−m, (14)

and it satisfies,

∂2
t G W K B J − c2(x)∇2G W K B J = 0, (x, t) ∈R3 × (t0, ∞),

lim
t→t+0

G W K B J (x, t; t0, k) = eιωx·k, x ∈R3. (15)

Then the Green’s function is approximated as,

G(x, t; x0, t0) ≈ ω3

(2π)3

∫
R3

e−ιωx0·kG W K B J (x, t; t0, k)dk, t > t0. (16)

Since the WKBJ approximation of the Green’s function G is generally valid only for a short period of time while the 
phase and amplitude terms are smooth [13,14], we can propagate the waves by formula (9) for a short period of time, i.e., 
for t ∈ [t0, t0 + �t] with �t sufficiently small [20,25,27,37,39]. This process can be repeated such that the waves can be 
propagated for a long time [25,27], i.e.,

u(x, t) =
∫
R3

G(x, t; x0, tn)u(x0, tn)dx0, tn < t ≤ tn+1, (17)

with tn = n�t for n = 0, 1, . . . . Here and after, the subscripts of u1,2 are omitted for notational simplicity.
With the WKBJ approximation of the Green’s functions, we have a short-time propagator for the waves, i.e.,

u(x, t) ≈
∫
R3

1

(2π)3

∫
R3

e−ιx0·keι|k|τ (x, t; tn,k)

×
∞∑

m=0

Am(x, t; tn, k)(ι|k|)−mu(x0, tn)dk dx0

=
∞∑

m=0

∫
R3

eι|k|τ (x, t; tn,k) Am(x, t; tn, k)(ι|k|)−mû(k, tn)dk,

(18)

for tn < t ≤ tn+1 (n = 0, 1, . . . ).
4
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2.2. Phase and amplitude in WKBJ approximation

In order to utilize formulas (17) and (18) to propagate the waves, we need to compute the phase τ and the amplitude 
terms {Am}∞m=0. The phase and amplitude terms can be determined though an eikonal equation and a recurrent system of 
transport equations, respectively, which can be derived by substituting the WKBJ ansatz (12) into (13) and collecting the 
terms in the same order of |k| [18,24,25,30,31].

The eikonal equation is given as,

(τt(x, t; tn, k))2 − c2(x)|∇τ (x, t; tn, k)|2 = 0, t > tn,

τ (x, tn; tn, k) = x · k

|k| ,
(19)

which yields,

τt(x, t; tn, k) ∓ c(x)|∇τ (x, t; tn, k)| = 0, t > tn,

τ (x, tn; tn, k) = x · k

|k| ,
(20)

where the minus sign corresponds to the phase for the forward-propagating wave, and the positive sign corresponds to the 
phase for the backward-propagating wave.

The recurrent system of transport equations for {Am(x, t; tn, k)}∞m=0 is given as: for m ≥ −1, for the forward-propagating 
wave, we have,

(Am+1)t − c(x)
∇τ · ∇ Am+1

|∇τ | − c2(x)�τ − τtt

2c(x)|∇τ | Am+1 − c2(x)�Am − (Am)tt

2c(x)|∇τ | = 0, t > tn,

Am+1(x, tn; tn, k) = δ(m + 1),

(21)

and for the backward-propagating waves, we have,

(Am+1)t + c(x)
∇τ · ∇ Am+1

|∇τ | + c2(x)�τ − τtt

2c(x)|∇τ | Am+1 + c2(x)�Am − (Am)tt

2c(x)|∇τ | = 0, t > tn,

Am+1(x, tn; tn, k) = δ(m + 1),

(22)

where A−1 ≡ 0, and δ(x) is related to the Kroneker delta function δx,0 that is 1 if x = 0 and 0 if x 
= 0.

2.3. Analytic solutions to eikonal and transport equations

Solving equations (20), (21) and (22) with a mesh-based numerical method will incur a heavy computational burden, 
since they must be computed at every time step for all k ∈ R3. Instead, we will employ the analytic approaches based on 
short-time Taylor series expansions to obtain analytic approximations for the phase and amplitudes [20,25,29]. Assume we 
want to compute the phase and amplitudes at t = tn + �t , we will expand them as Taylor series at tn , i.e.,

τ (x, t; tn; k) =
∞∑

�=0

τ�(x; tn; k)(�t)�,

Am(x, t; tn; k) =
∞∑

�=0

Am�(x; tn; k)(�t)�, m ≥ 0,

(23)

with the expansion terms, {τ�}∞�=0 and {Am�}∞�=0, to be determined.
Substituting the Taylor series of τ into the eikonal equation (20) and collecting terms in the same order of �t , we can 

determine {τ�} term by term, i.e.,

τ0 = x · k

|k| ,

τ1 = ±c(x),

and τ� (� ≥ 2) can be determined similarly.
Substituting the Taylor series of A0 into the transport equations (21) and (22) and collecting terms in the same order of 

�t , we can determine {A0�} term by term, i.e.,

A00 = 1,

A01 = ∓1 ∇c(x) · k
,

2 |k|
5
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and A0� (� ≥ 2) can be determined similarly.
Similarly, Am� (� ≥ 0, m ≥ 1) can be determined by collecting terms in the same order of �t after being substituted into 

the transport equations (21) and (22).

2.4. A short-time propagator

With the short-time Taylor series expansions, we can obtain analytic approximations for the phase and amplitudes up to 
any order of accuracy in �t , following which we can approximate the Green’s functions within the WKBJ approximation [25,
27]. We will use second-order accurate Taylor expansions for τ and A0 in the one-term WKBJ approximation to approximate 
the Green’s function.

The second-order accurate Taylor expansions for τ and A0 are given as

τ = τ0 + τ1�t + O (�t2),

A0 = A00 + A01�t + O (�t2),
(24)

i.e.,

τ (x, t; tn, k) = x · k

|k| ± c(x)�t + O (�t2),

A0(x, t; tn, k) = 1 ∓ �t

2

∇c(x) · k

|k| + O (�t2).

(25)

Then the first-order short-time propagator for the waves is given as,

u(x, t) ≈
∫
R3

eι(x·k±c(x)|k|�t)û(k, tn)dk

∓ �t

2

3∑
i=1

cxi

∫
R3

ki

|k|eι(x·k±c(x)|k|�t)û(k, tn)dk, tn < t ≤ tn+1,

(26)

with k ≡ (k1, k2, k3). If c is constant, it reduces to equation (7), i.e.,

u(x, t) ≈ F−1
{

e±ιc|k|�tF{u(x, tn)}
}

, tn < t ≤ tn+1, (27)

where F−1 is the inverse Fourier transform defined as,

F−1 {û(k, t)
}=
∫
R3

eιx·kû(k, t)dk.

The integrals in the first-order short-time propagator (26) must be approximated and evaluated, which will have com-
plexity O (N2) if they are computed directly. Instead, we can explore the lowrank structures embedded in these integrals and 
construct lowrank approximations as in [19,20,27,37] such that they can be computed with FFT and relevant matrix-matrix 
multiplications with complexity O (tε N), where tε is the low rank for a prescribed accuracy requirement ε > 0.

Remark 2. The short-time propagator in [20,37,39] is closely related to (26) in that it involves only the first term on the 
right hand side of (26). In other words, in the WKBJ approximation, the amplitude is approximated as A0 ≈ 1 in [20,37,39].

Remark 3. Higher order short-time propagators can be derived similarly as (26) by using more terms in the WKBJ approxi-
mation and higher order Taylor expansions for the phase and amplitude terms. For example, for a second-order short-time 
propagator, the two-term WKBJ approximation is needed to approximate the Green’s function and third-order accurate 
Taylor expansions are required to approximate the phase and amplitude terms, i.e.,

u(x, t ≡ tn + �t) ≈
∫
R3

eι|k|τ (x, t; tn,k)û(k, tn)dk

+
∫
R3

eι|k|τ (x, t; tn,k) A0(x, t; tn, k)û(k, tn)dk

+
∫

3

eι|k|τ (x, t; tn,k) 1

ι|k| A1(x, t; tn, k)û(k, tn)dk,
R

6
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and

τ ≈ τ0 + τ1�t + τ2�t2 + O (�t3),

A0 ≈ A00 + A01�t + A02�t2 + O (�t3),

A1 ≈ A10 + A11�t + A12�t2 + O (�t3),

with τ0, τ1, τ2, A00, A01, A02, A10, A11 and A12 derived analytically in the Taylor expansions.

2.5. Short-time propagator with perfectly matched layers

In order to apply the formula (26) or (27) as the short-time propagator for propagating the waves numerically, we need 
to limit our computation to a bounded domain of interest, unless the waves are compactly supported. For truncating the 
infinite domain into a bounded subdomain, we will use the perfectly matched layers (PML) technique that is implemented 
by complex coordinate stretching transform [5,10].

Without loss of generality, we define the computational domain as � ≡ [x1,min, x1,max] ×[x2,min, x2,max] ×[x3,min, x3,max]. 
We adopt the absorbing profile function [1,5,10,40],

σi(xi) =

⎧⎪⎪⎨
⎪⎪⎩

Ci exp
(

exp(−1/p)
p−1

)
, p = xi−xi,min

ηi
, xi ∈ [xi,min, xi,min + ηi],

0, xi ∈ [xi,min + ηi, xi,max − ηi]
Ci exp

(
exp(−1/p)

p−1

)
, p = − xi−xi,max

ηi
, xi ∈ [xi,max − ηi, xi,max],

(28)

and

si(xi) = 1

1 ∓ ıσi(xi)
, (29)

for i = 1, 2, 3, where ηi is the width of the PML layer in the xi−direction, Ci is constant, and the ∓ correspond to the 
forward-propagating and backward-propagating waves, respectively. The PML technique replaces the partial derivatives ∂xi

in equation (1) with si(xi)∂xi , which alters equation (1) to become

∂2
t u(x, t) = c2(x)

3∑
i=1

si(xi)∂xi

(
si(xi)∂xi u(x, t)

)
, (x, t) ∈ R3 × (0, ∞). (30)

With the substitution,

u(x, t) = ψ(x, t)√
s1(x1)s2(x2)s3(x3)

, (31)

we have the modified wave equation with PMLs given as

∂2
t ψ(x, t) = c2(x)

3∑
i=1

s2
i (xi)∂

2
xi
ψ(x, t) + w(x, t)ψ(x, t), (32)

where,

w(x, t) = c2(x)

(
3∑

i=1

(s′(xi))
2

4
− si(xi)s′′(xi)

2

)
. (33)

The time propagator for the forward- and backward-propagating parts of ψ , based on Huygens’ principle, is given simi-
larly as (17), where the Green’s function G(x, t; x0, tn) for a generic source (x0, tn) is chosen to satisfy

∂2
t G − c2(x)

3∑
i=1

s2
i (xi)∂

2
xi

G − wG = 0, (x, t) ∈R3 × (tn, ∞),

lim
t→t+n

G(x, t; x0, tn) = δ(x − x0), x ∈R3,

G(x, t; x0, tn) = 0, (x, t) ∈R3 × (−∞, tn).

(34)

Similarly, we will approximate the Green’s function with the WKBJ approximations as in (11), which results in a short-
time propagator that can be repeatedly applied to propagate the waves for a long time, i.e.,
7
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ψ(x, t) =
∫
�

G(x, t; x0, tn)ψ(x0, tn)dx0, tn < t ≤ tn+1, (35)

with tn = n�t for n = 0, 1, . . . .
The modified eikonal equation for the phase τ is given as,

∂tτ (x, t; tn, k) ∓ c(x)

√√√√ 3∑
i=1

s2
i (xi)(τxi (x, t; tn, k))2 = 0, t > tn,

τ (x, tn; tn, k) = x · k

|k| .

(36)

The recurrent system of modified transport equations for the amplitudes {Am(x, t; tn, k)}∞m=0 is given as,

2τt(Am+1)t − 2c2(x)

3∑
i=1

s2
i (xi)τxi (Am+1)xi −

(
c2(x)

3∑
i=1

s2
i (xi)τxi xi − τtt

)
Am+1

− c2(x)

3∑
i=1

s2
i (xi)(Am)xi xi + (Am)tt − w(x, t)Am = 0, t > tn,

Am+1(x, tn; tn, k) = δ(m + 1),

(37)

for m ≥ −1 and A−1 ≡ 0.
We will again approximate the solutions to equations (36) and (37) analytically through Taylor series expansions as in 

Section 2.3, and obtain second-order accurate Taylor expansions as in (24), i.e.,

τ (x, t; tn, k) = x · k

|k| ± �t

|k| c(x)

√√√√ 3∑
i=1

s2
i (xi)k2

i + O (�t)2,

A0(x, t; tn, k) = 1 − �t
|k|
2

∑3
i=1 si(xi)ki(τ1)xi∑3

i=1 s2
i (xi)k2

i

+ O (�t2).

(38)

Then, we have the first-order short-time propagator, from (35), given as,

ψ(x, t) ≈
∫
�

eιx·k E±(x, k)ψ̂(k, tn)dk

∓ �t

2

3∑
i=1

cxi (x)si(xi)

∫
�

eιx·k F ±
1,i(x, k)ψ̂(k, tn)dk

∓ �t

2
c(x)

3∑
i=1

s2
i (xi)s′

i(xi)

∫
�

eιx·k F ±
2,i(x, k)ψ̂(k, tn)dk,

(39)

for tn+1 ≥ t > tn (n = 0, 1, . . . ), where,

E±(x, k) = exp

⎛
⎝±ι�tc(x)

√√√√ 3∑
i=1

s2
i (xi)k2

i

⎞
⎠ ,

F ±
1,i(x, k) = ki√∑3

j=1 s2
j (x j)k2

j

E±(x, k),

F ±
2,i(x, k) = k3

i

(
∑3

j=1 s2
j (x j)k2

j )
3/2

E±(x, k),

(40)

for i = 1, 2, 3.
We will use formula (39) as the propagator for propagating the forward-propagating and backward-propagating waves.
8
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2.6. Numerical implementations

We assume the domain of computation � is covered by a uniform mesh x̃ ≡ {xlmn ≡ (x1,l, x2,m, x3,n)} with

{x1,l = x1,min + (l − 1)�x1}N1+1
l=1 ,

{x2,m = x2,min + (m − 1)�x2}N2+1
m=1 ,

{x3,n = x3,min + (n − 1)�x3}N3+1
n=1 ,

and �xi = (xi,max − xi,min)/Ni for i = 1, 2, 3. For the phase domain, we assume it is covered by a uniform mesh k̃ ≡ {kpqr ≡
(k1,p, k2,q, k3,r)} with

{k1,p = (p − 1)�k1}N1/2
p=−N1/2+1,

{k2,q = (q − 1)�k2}N2/2
q=−N2/2+1,

{k3,r = (r − 1)�k3}N3/2
r=−N3/2+1,

and �ki = 2π/(xi,max −xi,min) for i = 1, 2, 3. And for notational simplicity, we denote �x ≡ �x1�x2�x3, �k ≡ �k1�k2�k3, 
ψlmn(t) ≡ ψ(xlmn, t) and ψ̂pqr(t) ≡ ψ̂(kpqr, t).

The Fourier transform is discretized as

ψ̂pqr(tn) ≈ �x

(2π)3

∑
l,m,n

exp
(−ιxlmn · kpqr

)
ψlmn(tn), (41)

which can be computed efficiently by FFT.
The first-order short-time propagator (39) is discretized as,

ψlmn(t) ≈ �k
∑
p,q,r

exp
(
ιxlmn · kpqr

)
E±(xlmn, kpqr)ψ̂pqr(tn)

∓ �t�k

2

3∑
i=1

cxi (xlmn)si

∑
p,q,r

exp
(
ιxlmn · kpqr

)
F ±

i,1(xlmn, kpqr)ψ̂pqr(tn)

∓ �t�k

2
c(xlmn)

3∑
i=1

s2
i s′

i

∑
p,q,r

exp
(
ιxlmn · kpqr

)
F ±

i,2(xlmn, kpqr)ψ̂pqr(tn).

(42)

Direct evaluation of the summations in (42) for computing {ψlmn(t)} has complexity O (N2) with N =∏3
i=1(Ni + 1), which 

is generally too high for practical applications. To alleviate the computational cost, we will explore the lowrank structures 
[19,22,23] and construct the lowrank approximations for E±(x̃, k̃), F ±

i,1(x̃, k̃) (i = 1, 2, 3), and F ±
i,2(x̃, k̃) (i = 1, 2, 3).

2.6.1. Lowrank approximations
For constructing the lowrank approximations, we will employ the randomized pivoted QR factorization approach intro-

duced in [19]. For a generic matrix A(x̃, ̃k), the desired lowrank approximation is given as

A ≈ A(x̃, k̃
dom

)D A(x̃dom
, k̃), (43)

where x̃dom ⊂ x̃ denotes the set of principal rows of A, k̃
dom ⊂ k̃ denotes the set of principal columns of A, and D is 

an appropriate matrix. The size of x̃dom and k̃
dom

is O (tε) with tε the low rank for a prescribed accuracy requirement 
∞ � ε > 0. And D is of size O (tε) × O (tε). The randomized pivoted QR factorization approach generates the lowrank 
approximation in the following way [19],

1. Determine principal columns k̃
dom

. We randomly select a subset of the rows of A, denoted as �1 with size |�1| = O (tε), 
and compute the pivoted QR factorization,

A(�1, �1) = Q 1 R1,

where �1 is a permutation of the columns of A such that the diagonal of R1 is decreasing in magnitude. We then 
determine the entries of the diagonal of R1 which are greater than ε , and set k̃

dom
to be the columns of A that are 

associated with these entries.
9
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2. Determine principal rows x̃dom . We randomly select a subset of the columns of A, denoted as �2 with size |�2| = O (tε), 
and compute the pivoted QR factorization of A∗ ,

A(�2, �2) = R∗
2 Q ∗

2 ,

where �2 is a permutation of the columns of A∗ such that the diagonal of R2 is decreasing in magnitude. We then find 
the entries of the diagonal of R2 which are greater than ε , and set x̃dom to be the columns of A∗ that are associated 
with these entries.

3. Compute matrix D . We randomly select sets of rows and columns as �1 and �2 respectively, with sizes |�1| = O (tε) and 
|�2| = O (tε), and compute D as

D = (A(�1, k̃
dom

))† A(�1, �2)(A(x̃dom
, �2))

†, (44)

where ()† refers to the pseudo-inverse.

The sizes |�1| and |�2| are often chosen to be larger than |�1| and |�2| [19].
We will apply this approach to generate lowrank approximations for E±(x̃, k̃), F ±

i,1(x̃, k̃), and F ±
i,2(x̃, k̃) (i = 1, 2, 3), 

which are denoted as

E±(x̃, k̃) ≈ E±(x̃, k̃
dom

)D E E±(x̃dom
, k̃),

F ±
i,1(x̃, k̃) ≈ F ±

i,1(x̃, k̃
dom

)D Fi,1 F ±
i,1(x̃dom

, k̃),

F ±
i,2(x̃, k̃) ≈ F ±

i,2(x̃, k̃
dom

)D Fi,2 F ±
i,2(x̃dom

, k̃).

(45)

Here, k̃
dom

and x̃dom are generally different for E± , F ±
i,1 and F ±

i,2; we use same notations only for notional simplicity.
With the lowrank approximations, the formula (42) is approximated as

ψ(x̃, t) ≈ �k
|k̃dom|∑

j=1

E±(x̃, kdom
j )

|x̃dom|∑
l=1

dE
jl K E

l (x̃)

∓ �t�k

2

3∑
i=1

cxi (x̃)si

|k̃dom|∑
j=1

F ±
i,1(x̃, kdom

j )

|x̃dom|∑
l=1

d
Fi,1
jl K

Fi,1
l (x̃)

∓ �t�k

2
c(x̃)

3∑
i=1

s2
i s′

i

|k̃dom|∑
j=1

F ±
i,2(x̃, kdom

j )

|x̃dom|∑
l=1

d
Fi,2
jl K

Fi,2
l (x̃),

(46)

where,

x̃dom ≡ {xdom
l }, k̃

dom ≡ {kdom
j }, D E ≡ [dE

jl], D Fi,1 ≡ [dFi,1
jl ], D Fi,2 ≡ [dFi,2

jl ],
and

K E
l (x̃) ≡

∑
p,q,r

exp
(
ιx̃ · kpqr

)
E±(xdom

l , kpqr)ψ̂pqr(tn),

K
Fi,1
l (x̃) ≡

∑
p,q,r

exp
(
ιx̃ · kpqr

)
F ±

i,1(xdom
l , kpqr)ψ̂pqr(tn),

K
Fi,2
l (x̃) ≡

∑
p,q,r

exp
(
ιx̃ · kpqr

)
F ±

i,2(xdom
l , kpqr)ψ̂pqr(tn).

(47)

Note that K E
l (x̃), K

Fi,1
l (x̃) and K

Fi,2
l (x̃) can be computed efficiently by FFT.

2.6.2. The algorithm: asymptotic Green’s function method
With the short-time propagator and lowrank approximations, i.e., (46) and (47), we summarize the asymptotic Green’s 

function method for computing the waves of equation (32).
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Table 1
1D example: order of accuracy at final time T = 0.5 for Method I. Accuracy is mea-
sured in both 2− and ∞−norms. �t = �x/2, C = 0.5 for the PML, |�1| = |�2| = 20, 
|�1| = |�2| = 30, ε = 10−8. uN denotes the numerical solution with the mesh consist-
ing of N + 1 spatial points.

N ‖u2N − uN ‖∞ log2

( ‖u2N −uN ‖∞‖u4N −u2N ‖∞

)
‖u2N − uN‖2 log2

( ‖u2N −uN ‖2‖u4N −u2N ‖2

)
c(x) = exp(−x2)

27 3.2215e-03 – 1.9322e-03 –
28 1.6405e-03 0.9736 9.7325e-04 0.9894
29 8.2835e-04 0.9859 4.8740e-04 0.9977
210 4.1757e-04 0.9882 2.4601e-04 0.9864
211 2.0643e-04 1.0164 1.2141e-04 1.0188

c(x) = 0.2 + sin2(x − 1)

27 4.5555e-03 – 3.2237e-03 –
28 2.2835e-03 0.9964 1.6115e-03 1.0003
29 1.1375e-03 1.0054 8.0573e-04 1.0001
210 5.7007e-04 0.9967 4.0367e-04 0.9971
211 2.8319e-04 1.0094 2.0161e-04 1.0016

Algorithm 1 (Asymptotic Green’s function method).

1. Apply the randomized pivoted QR factorization for generating the lowrank approximations in (45).
2. For n = 0, 1, 2, . . . with tn = n�t ,

• Apply FFT to compute ψ̂(k̃, tn) through formula (41);
• Apply formulas (46) and (47) with FFT to compute ψ(x̃, tn + �t).

Algorithm 1 is expected to be first-order accurate since the second-order accurate Taylor expansions and one-term WKBJ 
approximation are used. The complexity of Step 1 is O (t2

ε N), and the complexity of Step 2 is O (tε N log N) per time step. 
Numerical experiments will be presented to demonstrate the method.

3. Numerical experiments

In this section, we present one-dimensional (1D), two-dimensional (2D), and three-dimensional (3D) numerical exper-
iments to demonstrate the proposed method. We will refer to Algorithm 1 as “Method I”, and the method in [20,37] as 
“Method II”. For the 1D experiments, we will further compare the numerical solutions with those computed by the θ -
method [15]. For all the experiments, we present results for the full wave u = (u1 + u2)/2. Wherever applicable, the units 
used in the numerical experiments are kilometers for length and seconds for time.

3.1. 1D examples

We present several synthetic 1D experiments to check the accuracy and efficiency of Method I.
We consider two cases of wave velocity, c(x) = exp(−x2) and c(x) = 0.2 + sin2(x − 1). The domain of interest is [−2, 2], 

and the computational domain is � = [−4, 4] with η = 2 for the width of the PML. For all the experiments, the initial 
condition is,

u(x, 0) = exp
(
−x2/0.08

)
.

Table 1 shows the accuracy in the domain of interest of Method I, from which we observe that Method I is first-order 
accurate in �t . Table 2 shows the CPU times per time step for both Method I and Method II, from which we observe that 
their complexity is O (N log N) at each time step. In general, Method I consumes slightly more CPU time than Method II, 
which is expected since Method I uses an extra term in the Taylor expansion to improve the accuracy of the amplitude. 
Table 3 demonstrates the number of principal rows and columns in the lowrank approximations, where we only present 
results for the matrix E± , and others are similar. From this table, we observe that the low ranks depend monotonically 
on �t/�x. Fig. 1 shows the numerical plots of both Method I and Method II, with comparisons to the θ -method, from 
which we observe that Method I has the potential to improve the accuracy of the amplitude of the wave, compared with
Method II.

3.2. 2D examples

We present 2D examples to demonstrate the proposed method.
We first check the accuracy of Method I using two synthetic velocity models. The domain of interest is [−2, 2]2, and the 

computational domain is � = [−4, 4]2 with η1 = η2 = 2 for the PMLs. The initial condition is given as
J. Mayfield, Y. Gao and S. Luo Journal of Computational Physics 446 (2021) 110655
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Table 2
Averaged CPU times per time step for
Method I and Method II, with the 
same parameters as in Table 1.

N Method I Method II

c(x) = exp(−x2)

27 1.8244e-03 8.6678e-04
28 2.5113e-03 1.0788e-03
29 5.3742e-03 1.9003e-03
210 5.1456e-03 4.0153e-03
211 9.2970e-03 7.9436e-03

c(x) = 0.2 + sin2(x − 1)

27 1.4511e-03 8.5581e-04
28 2.3951e-03 1.0809e-03
29 3.4161e-03 2.6050e-03
210 6.4289e-03 5.4605e-03
211 7.2329e-03 7.9694e-03

Table 3
1D example: number of principal rows/columns of E±(x̃, k̃), N = 210, |�1| = |�2| =
20, |�1| = |�1| = 30.

c(x) = exp(−x2)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 5 5 4 4 4 4 3 3
C = 0.5 5 5 5 4 4 4 3 3
C = 0.25 5 5 4 4 4 4 3 3

ε = 10−7 C = 1 6 6 5 5 5 5 4 4
C = 0.5 6 6 5 5 5 5 4 4
C = 0.25 6 6 5 5 5 5 4 4

ε = 10−9 C = 1 7 7 6 6 5 5 5 5
C = 0.5 7 7 6 5 6 5 5 5
C = 0.25 7 7 6 6 5 6 5 5

c(x) = 0.2 + sin2(x − 1)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 6 5 5 5 4 4 4 4
C = 0.5 5 5 4 5 4 4 4 4
C = 0.25 5 5 4 5 4 4 4 3

ε = 10−7 C = 1 7 7 6 6 5 5 5 5
C = 0.5 7 7 6 6 5 5 4 4
C = 0.25 6 6 5 5 5 5 4 4

ε = 10−9 C = 1 8 8 7 7 6 6 5 5
C = 0.5 8 8 7 7 6 6 5 5
C = 0.25 7 8 6 7 6 6 5 5

Fig. 1. 1D example: numerical plots of real part of u at final time T = 0.5. Left: c(x) = exp(−x2), Right: c(x) = 0.2 + sin2(x − 1). Reference solution is 
computed using the θ -method.
12
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Table 4
2D example: order of accuracy at final time T = 0.5 for Method I. Accuracy is measured in 
both 2− and ∞−norms. �t = �x/2, C1 = C2 = 0.5 for the PML, |�1| = |�2| = 30, |�1| =
|�1| = 50, ε = 10−8. uN denotes the numerical solution with the mesh consisting of (N1 +
1)(N2 + 1) spatial points.

N1 × N2 ‖u2N − uN‖∞ log2

( ‖u2N −uN ‖∞‖u4N −u2N ‖∞

)
‖u2N − uN‖2 log2

( ‖u2N −uN ‖2‖u4N −u2N ‖2

)
c(x1, x2) = exp(−x2

1 − x2
2)

24 × 24 2.4424e-01 – 1.6519e-01 –
25 × 25 4.3133e-02 2.5014 3.8505e-02 2.1010
26 × 26 8.4637e-03 2.3494 7.0094e-03 2.4577
27 × 27 3.4038e-03 1.3142 3.1938e-03 1.1340
28 × 28 1.5120e-03 1.1706 1.5546e-03 1.0387

c(x1, x2) = 0.2 + sin2(0.5x1 + 0.5x2)

24 × 24 2.7480e-01 – 1.5620e-01 –
25 × 25 1.2442e-02 4.4651 4.3246e-03 5.1747
26 × 26 1.1829e-03 3.3948 8.4538e-04 2.3549
27 × 27 5.9155e-04 0.9997 4.1251e-04 1.0352
28 × 28 2.8610e-04 1.0480 1.9840e-04 1.0560

Table 5
Averaged CPU times per time step for
Method I and Method II, with the same 
parameters as in Table 4.

N1 × N2 Method I Method II

c(x1, x2) = exp(−x2
1 − x2

2)

24 × 24 2.0130e-02 3.7437e-03
25 × 25 4.1706e-02 9.7394e-03
26 × 26 9.1768e-02 1.9895e-02
27 × 27 3.7928e-01 6.3670e-02
28 × 28 1.6749e+00 2.7196e-01

c(x1, x2) = 0.2 + sin2(0.5x1 + 0.5x2)

24 × 24 2.5407e-02 7.1136e-03
25 × 25 6.4611e-02 1.6993e-02
26 × 26 1.4040e-01 4.6523e-02
27 × 27 6.8776e-01 1.2895e-01
28 × 28 2.6871e+00 6.3098e-01

u(x1, x2, 0) = exp
(
−(x2

1 + x2
2)/0.08

)
.

Table 4 shows the accuracy of Method I with the two choices of wave velocity. Table 5 shows the CPU times per time step 
for both Method I and Method II. From Table 4, we observe that Method I is first-order accurate in �t , and from Table 5, we 
observe that both Method I and Method II have complexity O (N log N) at each time step. In general, Method I consumes 
more CPU time than Method II as expected, since Method I uses extra terms to improve the accuracy of the amplitude. 
Table 6 shows the number of principal rows and columns for the matrix E± , from which we observe that the low ranks 
depend monotonically on �t/{�x1, �x2}.

We further demonstrate the proposed method using the benchmark Marmousi model [6] and BPTTI 2007 quasi-P velocity 
model [16] from the geophysics community. Fig. 2 and Fig. 3 show the numerical simulation for the original Marmousi 
model and the smoothed Marmousi model, where a sampled window is adopted as the wave velocity. Table 7 shows the 
number of principal rows and columns for the matrix E± , from which we observe that the low ranks depend monotonically 
on �t/{�x1, �x2}. Fig. 4 and Fig. 5 show the numerical simulation for the BPTTI 2007 quasi-P velocity model, where two 
sampled windows of this model are adopted as the wave velocity. Table 8 shows the number of principal rows and columns 
for the matrix E± , from which we observe that the low ranks depend monotonically on �t/{�x1, �x2}.

From Figs. 2, 3, 4 and 5, we observe that the numerical solutions of Method I and Method II generally match well, which 
verifies the accuracy of Method I.

3.3. 3D examples

We present several examples to demonstrate the applicability of Algorithm 1 for 3D problems.
We first use two synthetic velocity models. The domain of interest is [−2, 2]3, and the computational domain is � =

[−4, 4]3, with η1 = η2 = η3 = 2 for the PMLs. The initial condition is given as

u(x1, x2, x3, 0) = exp
(
−(x2

1 + x2
2 + x2

3)/0.08
)

.
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Table 6
2D example: number of principal rows/columns of E±(x, k), Ni = 32, Ci = C , for i =
1, 2. |�1| = |�2| = 40, |�1| = |�2| = 50.

c(x1, x2) = exp(−x2
1 − x2

2)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 7 7 7 4 6 5 5 4
C = 0.5 7 6 7 4 5 5 5 4
C = 0.25 6 4 6 5 5 4 4 4

ε = 10−7 C = 1 11 9 11 8 9 8 8 7
C = 0.5 10 9 8 8 8 7 7 6
C = 0.25 10 8 8 5 7 7 7 6

ε = 10−9 C = 1 15 12 14 12 13 10 12 8
C = 0.5 14 12 13 10 11 10 10 9
C = 0.25 12 9 12 9 11 9 9 7

c(x1, x2) = 0.2 + sin2(0.5x1 + 0.5x2)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 22 21 19 16 15 14 12 13
C = 0.5 18 19 15 14 11 11 11 10
C = 0.25 15 16 12 12 10 10 8 8

ε = 10−7 C = 1 32 30 27 26 22 21 19 17
C = 0.5 26 26 22 21 18 17 15 15
C = 0.25 22 22 19 18 16 16 13 12

ε = 10−9 C = 1 39 35 34 30 30 27 26 25
C = 0.5 33 32 31 28 25 24 21 21
C = 0.25 29 29 25 24 22 20 18 17

Fig. 2. 2D example with original Marmousi velocity model: real part of the wave at final time T = 0.3. �xi = 0.024. �t = �xi/16, Ci = 0.5, ηi = 1.5, for 
i = 1, 2. |�1| = |�2| = 40, |�1| = |�2| = 70, ε = 10−10. From Left to Right: sampled window of the original Marmousi velocity model (data is re-centered 
for simplicity); wave by Method I; and wave by Method II, respectively. (For interpretation of the colors in the figures, the reader is referred to the web 
version of this article.)

Fig. 3. 2D example with smoothed Marmousi velocity model: real part of the wave at final time T = 0.3. �xi = 0.024. �t = �xi/16, Ci = 0.5, ηi = 1.5, for 
i = 1, 2. |�1| = |�2| = 40, |�1| = |�2| = 70, ε = 10−10. From Left to Right: a smoothed velocity from Fig. 2(a); wave by Method I; and wave by Method II, 
respectively.

Table 9 shows the numbers of principal rows and columns for the matrix E± for the two choices of velocity model. From 
this table, we also observe that the low ranks depend monotonically on �t/{�x1, �x2, �x3}.

We further apply Algorithm 1 to a synthetic model constructed with the smoothed Marmousi model by choosing a 
window of the smoothed Marmousi velocity model in 2D and constantly extrapolating it along the x3−axis, which is shown 
in Fig. 6. Fig. 7 shows the numerical simulation by both Method I and Method II.

We finally apply Algorithm 1 to a sampled region of the 3D SEG-EAGE salt and overthrust benchmark velocity model 
[36], shown in Fig. 8. The numerical simulation by both Method I and Method II is given in Fig. 9.
J. Mayfield, Y. Gao and S. Luo Journal of Computational Physics 446 (2021) 110655
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Fig. 4. 2D example with BPTTI 2007 quasi-P velocity model (Window I): real part of wave at final time T = 1.2. �xi = 0.05. �t = �xi/16, Ci = 0.5, ηi = 3, 
for i = 1, 2. |�1| = |�2| = 40, |�1| = |�2| = 70, ε = 10−10. From Left to Right: a sampled window of BPTTI 2007 quasi-P velocity model (data is re-centered 
for simplicity); wavefield by Method I; and wave by Method II, respectively.

Fig. 5. 2D example with BPTTI 2007 quasi-P velocity model (Window II): real part of wave at final time T = 1.2. �xi = 0.05. �t = �xi/16, Ci = 0.5, ηi = 3, 
for i = 1, 2. |�1| = |�2| = 40, |�1| = |�2| = 70, ε = 10−10. From Left to Right: a sampled window of BPTTI 2007 quasi-P velocity model (data is re-centered 
for simplicity); wavefield by Method I; and wave by Method II, respectively.

Fig. 6. Marmousi smooth velocity model extended to 3D.

Fig. 7. 3D example: synthetic model constructed from the smoothed Marmousi model. �xi = 0.0720. �t = �xi/16. Ci = 0.5, ηi = 1.5, for i = 1, 2, 3. 
|�1| = |�2| = 50, |�1| = |�2| = 80, ε = 10−5. From Left to Right: real part of the wave at x3 = −0.4220, 0, 0.4220, respectively, propagated to final time 
T = 0.1. Top: Method I; Bottom: Method II.
15
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Table 7
2D example with Marmousi velocity model: number of principal rows/columns of 
E±(x̃, k̃), |�1| = |�2| = 80, |�1| = |�2| = 100. Ci = C , for i = 1, 2.

Marmousi model (original)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 43 40 32 27 25 22 19 18
C = 0.5 35 33 27 24 20 19 16 15
C = 0.25 30 27 21 20 16 16 14 13

ε = 10−7 C = 1 60 50 47 43 36 34 29 27
C = 0.5 48 44 37 34 29 27 24 23
C = 0.25 41 36 31 28 24 23 21 18

ε = 10−9 C = 1 73 65 62 51 49 43 41 38
C = 0.5 62 55 50 47 40 37 33 30
C = 0.25 54 49 41 38 33 30 27 25

Marmousi model (smoothed)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 41 39 31 28 23 22 19 18
C = 0.5 34 32 25 24 19 19 15 15
C = 0.25 27 25 20 20 15 15 12 12

ε = 10−7 C = 1 59 51 44 41 35 33 28 28
C = 0.5 47 46 36 34 28 27 23 22
C = 0.25 40 38 29 29 22 22 19 17

ε = 10−9 C = 1 76 64 60 51 48 46 39 37
C = 0.5 60 57 48 43 39 37 32 30
C = 0.25 51 47 38 38 31 30 27 25

Table 8
2D example with BPTTI 2007 quasi-P velocity model: number of principal rows/
columns of E±(x̃, k̃), |�1| = |�2| = 80, |�1| = |�2| = 100. Ci = C , for i = 1, 2.

BPTTI 2007 (Window I)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 41 34 31 27 23 22 19 18
C = 0.5 32 30 23 23 19 18 16 14
C = 0.25 28 25 19 19 15 16 13 12

ε = 10−7 C = 1 58 41 44 40 36 31 29 27
C = 0.5 47 36 36 33 28 26 23 22
C = 0.25 38 30 29 28 22 22 19 17

ε = 10−9 C = 1 75 52 58 43 49 39 40 36
C = 0.5 61 45 47 41 39 32 32 29
C = 0.25 51 38 38 36 30 30 25 24

BPTTI 2007 (Window II)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 40 34 30 27 23 22 19 18
C = 0.5 33 29 24 23 18 18 16 15
C = 0.25 27 24 19 19 15 16 11 12

ε = 10−7 C = 1 58 45 44 37 35 29 28 26
C = 0.5 45 40 36 32 27 25 22 21
C = 0.25 38 34 28 28 22 22 18 17

ε = 10−9 C = 1 72 44 61 42 46 39 40 37
C = 0.5 60 49 48 42 38 33 32 29
C = 0.25 51 46 39 36 31 30 26 24

From Figs. 7 and 9, we observe that the numerical solutions of Method I and Method II generally match well, which 
verifies the accuracy of Method I.

3.4. Discussion of numerical experiments

From the numerical experiments, we observe that
16
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Table 9
3D example: number of principal rows/columns of E±(x̃, k̃). Ni = 32, Ci = C , for 
i = 1, 2. For the exponential velocity, |�1| = |�2| = 40, |�1| = |�2| = 50. For the sinu-
soidal velocity, |�1| = |�2| = 60, |�1| = |�2| = 75.

c(x1, x2, x3) = exp(−x2
1 − x2

2 − x3
3)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 10 6 10 5 8 5 7 5
C = 0.5 9 5 8 6 7 5 6 5
C = 0.25 8 6 7 5 6 5 6 4

c(x1, x2, x3) = 0.2 + sin2(0.5x1 + 0.5x2 + 0.5x3)

�t = �x/2 �t = �x/4 �t = �x/8 �t = �x/16

ε = 10−5 C = 1 57 53 51 47 44 38 38 32
C = 0.5 47 42 40 36 30 26 25 24
C = 0.25 36 37 29 28 23 21 19 18

Fig. 8. A sampled region of the 3D SEG-EAGE salt and overthrust model [36]. The velocity is re-scaled and re-centered to domain [−1,1]3 for simplicity.

Fig. 9. 3D example: 3D SEG-EAGE salt velocity model [36]. �xi = 0.06. �t = �xi/16. Ci = 0.5, ηi = 0.5, for i = 1, 2, 3. |�1| = |�2| = 50, |�1| = |�2| = 80, 
ε = 10−5. From Left to Right: real part of the wave at x3 = −0.69, −0.09, 0.69, respectively, propagated to final time T = 0.1. Top: Method I; Bottom:
Method II.

• The proposed method is first-order accurate in �t , provided that the error from the lowrank approximations is not 
dominant.

• In the proposed method, we can choose �t = O ({�x1, �x2, �x3}).
• The complexity per time step of the proposed method is O (tε N log N) with N the number of spatial points and tε the 

low rank corresponding to a prescribed accuracy requirement ε > 0. For given ε , tε depends on �t/{�x1, �x2, �x3}
monotonically.

• We remark that the efficiency of the proposed method can be improved if parallel implementation is applied in that it 
can be parallelized with respect to the points in x̃dom .
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4. Conclusions

We present an asymptotic Green’s function method for propagating the waves through the linear scalar wave equation. 
The wave is split into its forward-propagating and backward-propagating parts. After that, the method which combines 
Huygens’ principle, that provides the mechanism for propagating the wave through an integral with Green’s functions, 
with WKBJ approximations, that provide short-time approximations for the Green’s functions, is designed to propagate 
the forward-propagating and backward-propagating waves. The phase and amplitude in the WKBJ approximation for the 
Green’s function are approximated analytically with second-order accurate Taylor expansions as solutions to the eikonal 
equation and a recurrent system of transport equations, respectively, such that the resulting integral can be approximated 
and evaluated by fast Fourier transform after appropriate lowrank approximations generated by a randomized pivoted QR 
factorization. The method is first-order accurate, and has complexity O (tε N log N) with N the number of simulation points 
and tε the lowrank for a prescribed accuracy requirement ε > 0. Numerical experiments are presented to demonstrate the 
methods. The method will be extended to simulate the wave propagation with a body force, and further to the seismic 
wave propagation through elastic wave equations in a future work.
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