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The varying-mass Schrödinger equation (VMSE) has been successfully applied to model 
electronic properties of semiconductor hetero-structures, for example, quantum dots and 
quantum wells. In this paper, we consider VMSE with small random heterogeneities, 
and derive a radiative transfer equation as its asymptotic limit. The main tool is to 
systematically apply the Wigner transform in the classical regime when the rescaled Planck 
constant ε � 1, and expand the Wigner equation to proper orders of ε. As a proof of 
concept, we numerically compute both VMSE and its limiting radiative transfer equation, 
and show that their solutions agree well in the classical regime.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Quantum transport in quantum-size structures has become rather important with the recent progress in crystal growth 
technology and the designing of heterostructure nanoelectronic devices. In these applications, material property is spatially 
dependent and anisotropic, and accordingly, the Schrödinger equation is equipped with an effective mass term to incorporate 
the spatial variation [42,49]. The simulations have been used to understand, for example, the electron dynamics in a crystal 
with slowly varying composition, the current-voltage characteristics of quantum-well resonant tunneling diodes, among 
many others [9,15,16,38,47,50]. The mathematical studies are concentrated on the derivation of the model from the classical 
Schrödinger equation by analyzing the electronic band structure [1,2,12,39,45]. In many of these examples, one cannot 
typically a-priori uniquely determine the effective mass term experimentally, and thus randomness is included to describe 
the inhomogeneity. In other examples, the effective mass needs to be specifically designed for the device to have certain 
desirable property, such as cloaking [53], and for such an inverse problem, a thorough understanding of the forward problem 
with random media is a necessity.

We are interested in deriving the asymptotic limit of the following varying-mass Schrödinger equation

iε∂t uε(t, x) + 1

2
ε2∇x · (mε(t, x)∇xuε(t, x)) = 0 , (1.1)

where t > 0, x ∈ Rd with d ∈ N and ε � 1 is the rescale Planck constant. The varying mass mε is assumed to be random 
and highly oscillatory, with a given covariance matrix in time and space. We shall assume that uε decays fast enough at 
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infinity to validate all the derivations. One goal of the paper is to show that in the ε → 0 regime, the Wigner transform of 
the solution converges to a special radiative transfer equation.

The problem is motivated by a fact that simulating (1.1) is extremely challenging in the classical regime (ε � 1), and 
deriving its asymptotic limit helps in guiding the design of the numerical scheme. The challenges are two-folded. In de-
terministic regime, mε(t, x) is a deterministic highly oscillatory function in (t, x), and the oscillation is seen in the solution 
uε as well. Standard numerical solvers, in order to be accurate, have to resolve the small wavelength in uε(t, x). A typical 
example is the standard finite difference method used in [35,36] that requires a mesh size and time step of order o(ε). 
The time-splitting spectral method [7,8] was developed to solve the Schrödinger equation with constant mass and varying 
potential term, and it fully makes use of the fast Fourier transform (FFT) to enhance computing speed. It does improve the 
mesh size to be of order O(ε) for constant-mass Schrödinger equation, but its application to VMSE does not appear to be 
straightforward. A bigger problem comes from the randomness in mε . Since only the covariance of mε is given, numerically 
one has to find many realizations and compute the deterministic Schrödinger equation before calculating the ensemble 
mean or variance of the solution. The computational cost of each realization, however, increases at least algebraically as 
ε → 0, as details in the random fluctuation become more and more important.

Many works are done to overcome the first difficulty, that is to obtain accurate numerical solutions without mesh re-
solving. One main approach is to explore the WKB-type ansatz, e.g., Gaussian beam methods [25,28] and frozen Gaussian 
approximation [21,33]. To a large extent, one applies the WKB-type ansatz uε(t, x) = A(t, x) exp

(
i S(t,x)

ε

)
and derive the 

eikonal equation for S(t, x) and transport-like equation for A(t, x), with small scale ε eliminated from the dynamics of 
S(t, x) and A(t, x). No such types of methods have been applied to efficiently solve (1.1) in the literature yet, not to men-
tion its application to systems that present randomness. Another competing approach is to firstly derive, directly from the 
equation using the Wigner transform, the asymptotic limit on the theoretical level, and then impose numerical tricks that 
take advantage of the theoretical understandings. The hope is to develop methods that are “asymptotic preserving” (AP), 
meaning the methods preserve the asymptotic limit automatically with mesh size relaxed from small scale requirement. 
Methods such as [7,8,13,14,24,26,27,44] are all of this type.

We use the second approach in this paper. In particular, we are not yet interested in developing AP schemes, but rather 
deriving the asymptotic limit of VMSE (1.1) first using the Wigner transform [18], a main tool in classical theory. The 
literature on deriving the asymptotic equations for wave propagation in random media is very rich [4–6,10,11,13,14,17,19,
34,46]. Most of the work starts with the Schrödinger equation with constant mass, and the randomness and high oscillations 
are introduced through the potential term. When it is the effective mass term that is random and highly oscillatory, the 
process of the derivation is similar but is much more delicate, as will be detailed later in this paper. As a proof of concept, 
we numerically demonstrate the derived radiative transfer equation by computing and comparing its solution to the one of 
VMSE (1.1), and show that the two solutions agree.

We note that the computation of the limiting Wigner equation is rather standard: we apply the standard WENO method. 
To compute VMSE as the reference is significantly harder due to the above listed reasons. To deal with the randomness, we 
employ the recent development in uncertainty quantification, and utilize KL (Karhunen-Loéve) decomposition [32,51] for 
representing the randomness, upon which, Monte Carlo sampling is used for each random component. For a high accuracy, 
a large number of random variables are included to present the fine structure of the randomness, and accordingly, fine 
discretization in the spatial domain is needed. We have not been able to find examples in the literature that study the 
asymptotic limit numerically except an attempt using Monte Carlo solver for wave equation in [6].

The rest of the paper is organized as follows. To better illustrate the derivation, we start with a simpler case where 
mε = m0(t, x) is deterministic, and independent of ε, and derive the limiting radiative transfer equation by the Wigner 
transform in Section 2. In Section 3, we systematically introduce the derivation of the limiting equation for the varying-
mass Schrödinger equation (1.1) with random heterogeneities. We present our numerical validation in Section 4 and make 
conclusive remarks in Section 5.

2. Wigner transform of VMSE in the deterministic setting

As a preparation, in this section, we first derive the classical limit for VMSE (1.1) with deterministic and slow-varying 
mass. The extension to incorporate the randomness is left to Section 3. This is to consider:

iε∂t uε(t, x) + 1

2
ε2∇x · (m0(t, x)∇xuε(t, x)) = 0 , uε(0, x) = uε

I (x) . (2.1)

The varying mass m0 is a real function of x and is independent of ε. It is taken to be deterministic. uε is a complex function 
and is associated with some primary physical quantities. The most basic ones are particle density ρε and current density 
J ε , which are calculated by

ρε(t, x) = |uε(t, x)|2 , Jε(t, x) = εIm
(

m0(t, x)uε(t, x)∇xuε(t, x)
)

.

They are both quadratic functionals of uε(t, x). It is straightforward to derive the following conservation law:

∂tρ
ε + ∇x · Jε = 0 .
2



S. Chen, Q. Li and X. Yang Journal of Computational Physics 438 (2021) 110365
A more general definition of physical observables can be given using phase space symbols and Weyl quantization [22]. To 
make it more explicit, for T > 0, let {a(t)}t∈[0,T ] ⊂ S ′(R2d) be a family of tempered distributions serving as symbols, then 
using Weyl quantization, we can define a family of pseudo-differential operators {aW(t, x, εDx)}t∈[0,T ] on Schwartz space 
S(Rd): for each t ∈ [0, T ]

(aW(t, x, εDx) f )(x) = 1

(2π)d

ˆ

R2d

a

(
t,

x + y

2
, εk

)
f (y)ei(x−y)kdydk , (2.2)

where εDx = −iε∇x . The expectation value of the symbol a(t) at time t is then defined as a quadratic functional of wave 
function uε(t):

a[uε(t)] = 〈uε(t),aW(t, x, εDx)uε(t)
〉
L2 , (2.3)

where 〈·, ·〉L2 denotes the L2-inner product.

Remark 2.1. We consider Schwartz solutions of VMSE (2.1) in the following. Suppose m0 and all its derivatives are bounded, 
i.e., m0 ∈ C∞([0, T ] ×Rd) with

|∂β
t ∂α

x m0(t, x)| ≤ Cα,β ∀α ∈Nd , β ∈N , (t, x) ∈ [0, T ] ×Rd , (2.4)

and that m0 satisfies elliptic condition

m0(t, x) ≥ C > 0, ∀(t, x) ∈ [0, T ] ×Rd , (2.5)

then by the regularity theory of evolution equations [29,30], there is a unique Schwartz solution in C∞([0, T ]; S(Rd)) to 
the VMSE (2.1) with uε

I ∈ S(Rd).

Wigner transform is a technique explored in [41] for the Schrödinger equation with random potential, and has been 
demonstrated as a very powerful tool for investigating the classical limit [18]. Fixed ε > 0, given uε(t) ∈ S(Rd), it is defined 
as a function on the phase space:

W ε(t, x,k) = 1

(2π)d

ˆ

Rd

eikyuε

(
t, x − ε

2
y

)
uε

(
t, x + ε

2
y

)
dy . (2.6)

Here uε is the complex conjugate of uε . Thus, the Wigner transform maps function on S(Rd) to S(R2d). This definition is 
essentially the Fourier transform of〈

x − ε

2
y
∣∣∣uε
〉 〈

uε
∣∣∣x + ε

2
y
〉

in the y variable.
The Wigner transform loses phase information: meaning for any S(t), the Wigner transform defined by uε(t) and that 

defined by uε(t)eiS(t) are the same, and hence cannot capture the phase difference S(t). Moreover, it is not guaranteed that 
W ε(t) is positive, and thus it does not serve directly as the particle density on the phase space. However, the quantum 
expectation of physical observables can be easily recovered using the Wigner function, namely,

a[uε(t)] = 〈uε(t),aW (t, x, εDx)uε(t)〉L2 =
ˆ

R2d

a(t, x,k)W ε(t, x,k)dxdk . (2.7)

In particular, the first and second moments of W ε(t, x, k) in velocity k provide the particle density ρε(t, x) and the 
current density J ε(t, x):ˆ

Rd

W ε(t, x,k)dk = ρε(t, x) ,

ˆ

Rd

m0(t, x)kW ε(t, x,k)dk = Jε(t, x) . (2.8)

By plugging in the Schrödinger equation, we derive the equation satisfied by W ε in the following Lemma.

Lemma 2.2. Suppose uε ∈ C∞([0, T ]; S(Rd)) solves the VMSE (2.1) with m0 satisfying (2.4) and (2.5). Then the Wigner transform 
W ε ∈ C∞([0, T ]; S(R2d)) of uε satisfies the Wigner equation

∂t W ε(t, x,k) + 1

ε
Qε

1W ε(t, x,k) +Qε
2W ε(t, x,k) = εQε

3W ε(t, x,k) ,

W ε(0, x,k) = W ε(x,k) ,

(2.9)
I

3
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where the operators Qε
i ’s are given by

Qε
1W ε(t, x,k) = |k|2

2

ˆ

Rd

eipx

(2π)d
m̃0(t, p)i

[
W ε
(

t, x,k − ε

2
p
)

− W ε
(

t, x,k + ε

2
p
)]

dp (2.10)

Qε
2W ε(t, x,k)

=k

2
·
ˆ

Rd

eipx

(2π)d
m̃0(t, p)

[
∇xW ε

(
t, x,k − ε

2
p
)

+ ∇xW ε
(

t, x,k + ε

2
p
)]

dp (2.11)

Qε
3W ε(t, x,k)

=1

8

ˆ

Rd

eipx

(2π)d
m̃0(t, p)i

[
	xW ε

(
t, x,k − ε

2
p
)

− 	xW ε
(

t, x,k + ε

2
p
)]

dp

+ 1

8

ˆ

Rd

eipx

(2π)d
m̃0(t, p)i|p|2

[
W ε
(

t, x,k − ε

2
p
)

− W ε
(

t, x,k + ε

2
p
)]

dp .

(2.12)

The spatial Fourier transform of m0(t) is defined by

m̃0(t, p) =
ˆ

Rd

e−ipzm0(t, z)dz . (2.13)

In addition, W ε
I is the Wigner transform of initial condition uε

I ∈ S(Rd).

The derivation is rather tedious, and we leave it to Appendix A.
We now turn to the derivation of classical limit. Formally, we let ε → 0 in the operator Q ε

i ’s and obtain:

1

ε
Qε

1W ε(t, x,k) = −|k|2
2

∇xm0(t, x) · ∇k W 0(t, x,k) + O (ε2) ,

and

Qε
2W ε(t, x,k) = m0(t, x)k · ∇xW 0(t, x,k) + O (ε2) .

This leads to the Liouville equation as a limit for (2.9)

∂t W 0(t, x,k) + m0(t, x)k · ∇xW 0(t, x,k) − |k|2
2

∇xm0(t, x) · ∇k W 0(t, x,k) + O (ε2) = 0 . (2.14)

Without the higher order terms, this limiting equation is the push-forward of the initial data

W 0(t, x,k) = W I (θ−t(x,k)) , (2.15)

under the flow that is generated by the Hamiltonian H(t, x, k) = 1
2 m0(t, x)|k|2, with the trajectories θt : R2d → R2d follow 

the ODE:

ẋ = m0(t, x)k , k̇ = −1

2
|k|2∇xm0(t, x) (2.16)

equipped with initial data:

x(0, y, p) = y , k(0, y, p) = p .

The formal derivation above on obtaining asymptotic limit can be made rigorous. Indeed it is a direct consequence of 
the following classical result [18,31]:

Theorem 2.3 (Modification of Theorem 6.1 in [18]). Consider the Cauchy problem

iε∂t uε − (P ε)W(t, x, εDx)uε = 0, uε(0, x) = uε
I (x) , (2.17)

for t > 0, x ∈Rd, where the Weyl operator (P ε)W(t, x, εDx) is associated with the symbol P ε(t, x, k). Assume the symbol satisfies:
4
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i) ∃σ ∈R, for all α, β ∈N0 , there exists Cα,β > 0, such that for all n, m ∈ {1, . . . , d}, and for all ε ∈ (0, ε0], we have∣∣∣∣∣ ∂α+β

∂xα
n ∂kβ

m

P ε(t, x,k)

∣∣∣∣∣≤ Cα,β(1 + |k|)σ−β , (2.18)

for all (t, x, k) ∈ [0, T ] ×R2d,
ii) (P ε)W(t, x, εDx) is essentially self-adjoint on L2(Rd),

iii) P ε(t, x, k) = P 0(t, x, k) + εQ 0(t, x, k) + o(ε) uniformly in C([0, T ]; C∞
loc(R

2d)).

Then, if the initial data uε
I is bounded in L2(Rd), the Wigner transform W ε(t) ∈ S ′(R2d) of uε(t), as ε → 0, converges uniformly on 

[0, T ] (in weak-∗ sense) to the solution of

∂t W 0(t, x,k) + ∇k P 0(x,k) · ∇xW 0(x,k) − ∇x P 0(x,k) · ∇k W 0(t, x,k) = 0 ,

W 0(0, x,k) = W 0
I (x,k) ,

(2.19)

where the initial data W 0
I is the (weak-∗) limit of Wigner transform of uε

I as ε → 0. Furthermore, if the initial data uε
I is ε-oscillatory, 

of which we refer to [18] for the definition, then the particle density

ρε(t, x) = |uε(t, x)|2 → ρ0(t, x) =
ˆ

Rd

W 0(t, x,k)dk ,

uniformly on [0, T ] as well.

Our theorem for VMSE is a direct corollary of the theorem above, applied on the equation with varying mass:

Theorem 2.4. Suppose the mass m0 satisfies (2.4) and elliptic condition (2.5), then the Wigner transform W ε(t) of uε(t), the solution 
to VMSE (2.1) with initial condition uε

I ∈ S(Rd), converges uniformly on [0, T ] (in weak-∗ sense) to the measure W 0(t) ∈ S ′(Rd)

that solves:

∂t W 0(t, x,k) + m0(t, x)k · ∇xW 0(t, x,k) − |k|2
2

∇xm0(t, x) · ∇k W 0(t, x,k) = 0 ,

W 0(0, x,k) = W 0
I (x,k) ,

(2.20)

with the initial data W 0
I being the (weak-∗) limit of Wigner transform of uε

I .

Proof. This is a direct corollary of the previous theorem. To prove it amounts to deriving the symbol for the equation and 
justifying the assumptions on the symbols. To derive the symbol, we first compare VSME with

iε∂t uε − (P ε)W(t, x, εDx)uε = 0 . (2.21)

Then

((P ε)W(t, x, εDx)uε)(x) = −1

2
ε2∇x · (m0(t, x)∇xuε(t, x))

= −1

2
ε2∇xm0(t, x) · ∇xuε(t, x) − 1

2
ε2m0(t, x)	xuε(t, x) .

(2.22)

Recall first the connection between the left symbol and differential operator:

(P ε
l (t, x, εDx)uε)(x) = 1

(2π)d

ˆ

R2d

P ε
l (t, x, εk) f (y)ei(x−y)kdydk ,

we have the left symbol for (P ε)W(t, x, εDx) to be

P ε
l (t, x,k) = −ε

2
ik · ∇xm0(t, x) + 1

2
m0(t, x)|k|2 . (2.23)

We then recall the change of quantization formula [37] that connects the left symbol and the Weyl symbol:

P ε(t, x,k) ∼
∑

α∈Nd

(−1)|α|ε|α|

i|α|α! ∂α
k ∂α

θ P ε
l

(
t, x + 1

2
θ,k

)∣∣∣∣
θ=0

, (2.24)

to finally obtain:
5
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P ε(t, x,k) = 1

2
m0(t, x)|k|2 + 1

8
ε2	xm0(t, x) . (2.25)

This symbol apparently satisfies the three assumptions in Theorem 2.3 given the condition of m0 in (2.4), with P 0(t, x, k) =
1
2 m0(t, x)|k|2. This concludes the proof. �
Remark 2.5. The results in [18] are vastly general, and its application in our setting can also be extended greatly. Indeed, 
the derivation for the VMSE with a potential term is also straightforward. Let the VMSE be:

iε∂t uε(t, x) = −1

2
ε2∇x · (m0(t, x)∇xuε(t, x)) + V (t, x)uε(t, x) , uε(0, x) = uε

I (x) , (2.26)

then the Weyl symbol, according to our derivation is then given by

P ε(x,k) = 1

2
m0(t, x)|k|2 + 1

8
ε2	xm0(t, x) + V (t, x) , (2.27)

with P 0(t, x, k) = 1
2 m0(t, x)|k|2 + V (t, x). The P 0 is indeed the Hamiltonian in kinetic limit. With smoothness condition of 

both m0 and V , the asymptotic limit becomes:

∂t W 0 + m0k · ∇xW 0 − |k|2
2

∇xm0 · ∇k W 0 − ∇x V · ∇k W 0 = 0 . (2.28)

3. Semi-classical limit for VMSE with random perturbation

We consider the VMSE where the effective mass involves random perturbation, namely:

iε∂t uε + 1

2
ε2∇x · (mε(t, x)∇xuε) = 0, (3.1)

where the effective mass is

mε(t, x) = m0(t, x) + √
εm1(t/ε, x/ε) . (3.2)

While the leading order m0 is assumed to be deterministic and smooth, we allow the random perturbation m1(t, x) to 
present small scales at ε. While the scale for the perturbation is at the order of 

√
ε , the oscillation is at the order of ε for 

both t and x. Furthermore we assume m1 is mean-zero and stationary in both t and x with the correlation function R(t, x):

R(t, x) = E[m1(s, z)m1(t + s, x + z)] ∀x, z ∈Rd and t, s ∈R . (3.3)

Taking the Fourier transform of the function in both time and space, one has:

R̂(ω, p) =
ˆ

Rd+1

e−iωs−ipz R(s, z)dsdz , (3.4)

then it is straightforward to show:

E[m̃1(τ , p)m̂1(ω,q)] = (2π)de−iωτ R̂(ω, p)δ(p + q), (3.5)

and

R̂(−ω, p) = R̂(ω, p) , and R̂(ω,−p) = R̂(ω, p) .

We dedicate this section to the derivation of the classical limit of the equation above. We will show that

Main Result 3.1. In the zero limit of ε, the Wigner transform of uε(t), which is the solution to the VMSE (3.1) with varying random 
mass (3.2), solves the radiative transfer equation:

∂t W 0 + m0k · ∇xW 0 − k2

2
∇xm0 · ∇k W 0 = 1

(2π)d

ˆ

Rd

1

4
(p · k)2 R̂

(m0

2
(p2 − k2), p − k

)
[W 0(p) − W 0(k)]dp . (3.6)

Derivation. In view of (2.9) in Lemma 2.2, noting that m0 → m0 + √
εm1, the Wigner equation (3.1) is transformed to

∂t W ε + 1
Qε

1W ε +Qε
2W ε + 1√ P1W ε + √

εP2W ε = εQε
3W ε + ε3/2P3W ε , (3.7)
ε ε

6
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where the operators Qε
i ’s are defined in (2.10)-(2.12), and Pi ’s are their counterparts defined by m1:

P1W ε(t, x,k) =|k|2
2

ˆ

Rd

eipξ

(2π)d
m̃1(τ , p)i

[
W ε

(
k − 1

2
p

)
− W ε

(
k + 1

2
p

)]
dp

− 1

8

ˆ

Rd

eipξ

(2π)d
m̃1(τ , p)i|p|2

[
W ε

(
k − 1

2
p

)
− W ε

(
k + 1

2
p

)]
dp ,

(3.8)

P2W ε(t, x,k) = k

2
·
ˆ

Rd

eipξ

(2π)d
m̃1(τ , p)

[
∇xW ε

(
k − 1

2
p

)
+ ∇xW ε

(
k + 1

2
p

)]
dp , (3.9)

and

P3W ε(t, x,k) =1

8

ˆ

Rd

eipξ

(2π)d
m̃1(τ , p)i

[
	xW ε

(
k − 1

2
p

)
− 	xW ε

(
k + 1

2
p

)]
dp , (3.10)

where we use the fast variables

τ = t

ε
, ξ = x

ε
.

Explicitly spelling out the fast variables in W ε , one has:

W ε(t, x,k) → W ε(t, τ , x, ξ,k) , ∇x → ∇x + 1

ε
∇ξ , ∂t → ∂t + 1

ε
∂τ ,

and thus the leading orders in (3.7) become:

1

ε
Qε

1W ε = −|k|2
2

∇xm0 · ∇k W ε +O(ε2),

Qε
2W ε = 1

ε
m0k · ∇ξ W ε + m0k · ∇xW ε +O(ε),

εQε
3W ε = −1

8
∇xm0 · ∇k(	ξ W ε) +O(ε),

and

√
εP2W ε = 1√

ε
P2

(
∂

∂ξ

)
W ε +O(

√
ε),

ε3/2P3W ε = 1√
ε
P3

(
∂

∂ξ

)
W ε +O(

√
ε) .

To perform the asymptotic expansion of the equation, we first write the ansatz

W ε = W (0) + √
εW (1) + εW (2) + · · · . (3.11)

By plugging the expansion above into (3.7), we have, at the order of O(1/ε):

∂τ W (0) + m0k · ∇ξ W (0) = 0 , (3.12)

which suggests W (0) having no dependence on τ and ξ , the fast variables. The next order is O(1/
√

ε), and the equation 
writes:

∂τ W (1) + m0k · ∇ξ W (1)

=1

i

ˆ

Rd

eipξ

(2π)d
m̃1(τ , p)

( |k|2
2

− |p|2
8

)[
W (0)

(
k − 1

2
p

)
− W (0)

(
k + 1

2
p

)]
dp .

(3.13)

Since the only τ dependence on the right hand side is in m̃1(τ , p), the equation can be solved explicitly using the Fourier 
transform:

i(2π)d+1W (1)(t, τ , x, ξ,k)

=
ˆ

eipξ+iωτ m̂1(ω, p)(4|k|2 − |p|2) [
W (0)

(
k − p )− W (0)

(
k + p )]

dpdω ,
(3.14)
8(iω + im0k · p + θ) 2 2

7
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where θ is a regularization parameter, to be sent to 0 in the end, and m̂1(ω, p) is the space-time Fourier transform of m1:

m̂1(ω, p) =
ˆ

R

e−iτωm̃1(τ , p)dτ . (3.15)

The following order is O(1) and is the order we use to close:

∂t W (0) + m0k · ∇xW (0) − k2

2
∇xm0 · ∇k W (0)

+ ∂τ W (2) + m0k · ∇ξ W (2) +P1W (1) +P2

(
∂

∂ξ

)
W (1) = P3

(
∂

∂ξ

)
W (1) .

(3.16)

Noticing

E[∂τ W (2) + m0k · ∇ξ W (2)] = 0 , (3.17)

we eliminate the dependence on W (2) in the equation and arrive at:

∂t W (0) + m0k · ∇xW (0) − k2

2
∇xm0 · ∇k W (0)

= −E[P1W (1)] −E

[
P2

(
∂

∂ξ

)
W (1)

]
+E

[
P3

(
∂

∂ξ

)
W (1)

]
.

(3.18)

Getting the simplified version of the equation and showing the radiative transfer equation limit amounts to analyzing 
the terms on the right respectively. Since they are quite similar, we only present the calculation of terms corresponding 
to P3 below. It essentially comes from plugging in W (1) formula in (3.14) into it. For example, E 

[
P3

(
∂
∂ξ

)
W (1)

]
can be 

simplified as:

E

[
P3

(
∂

∂ξ

)
W (1)

]

= 1

8
E

⎡
⎢⎣ˆ
Rd

eipξ

(2π)d
m̃1(τ , p)i

[
	ξ W (1)

(
k − 1

2
p

)
− 	ξ W (1)

(
k + 1

2
p

)]
dp

⎤
⎥⎦

= 1

8

1

(2π)d+1

ˆ

Rd+1

−|p − k|2(p · k)R̂(ω, p − k)
θ

(ω − m0
2 (p2 − k2))2 + θ2

[W (0)(k) − W (0)(p)]dωdp

θ→0−−−→ 1

(2π)d

ˆ

Rd+1

−|p − k|2
8

1

2
(p · k)R̂

(m0

2
(p2 − k2), p − k

)
[W (0)(k) − W (0)(p)]dp ,

(3.19)

where we used

lim
θ→0

θ

x2 + θ2
= πδ(x) .

Other terms in (3.18) can be similarly treated. The term corresponding to operator P1 becomes:

−E[P1W (1)]

= − |k|2
2

E

[ˆ
Rd

eipξ

(2π)d
m̃1(τ , p)i

[
W (1)

(
k − 1

2
p

)
− W (1)

(
k + 1

2
p

)]
dp

]

+ 1

8
E

⎡
⎢⎣ˆ
Rd

eipξ

(2π)d
m̃1(τ , p)i|p|2

[
W (1)

(
k − 1

2
p

)
− W (1)

(
k + 1

2
p

)]
dp

⎤
⎥⎦

= − |k|2
2

1

(2π)d

ˆ

Rd+1

1

2
(p · k)R̂

(m0

2
(p2 − k2), p − k

)
[W (0)(k) − W (0)(p)]dp

+ 1

8

1

(2π)d

ˆ

d+1

|p − k|2 1

2
(p · k)R̂

(m0

2
(p2 − k2), p − k

)
[W (0)(k) − W (0)(p)]dp ,

(3.20)
R

8
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and the term corresponding to operator P2 becomes:

−E

[
P2

(
∂

∂ξ

)
W (1)

]

= − k

2
·E
⎡
⎢⎣ˆ
Rd

eipξ

(2π)d
m̃1(τ , p)

[
∇ξ W (1)

(
k − 1

2
p

)
+ ∇ξ W (1)

(
k + 1

2
p

)]
dp

⎤
⎥⎦

= − k

2
· 1

(2π)d

ˆ

Rd+1

(p − k)
1

2
(p · k)R̂

(m0

2
(p2 − k2), p − k

)
[W (0)(k) − W (0)(p)]dp .

(3.21)

Inserting (3.19)-(3.21) into (3.18) and simplify, we have the leading order asymptotic limit of (3.7), concluding the proposi-
tion. �
Remark 3.2. With the formal derivation at hand, Main Result 3.1 can be potentially made rigorous with the perturbed test 
function technique as shown in [5,40]. This is, however, beyond the focus of this article. According to the conditions listed 
in [5] for the Schrödinger equation with random potential, to have the weak-∗ convergence in L∞([0, T ]; S ′(R2d)) in our 
case here, it is expected that the Fourier transform of m1 is a Markov process on the space of measures with bounded total 
variation and uniformly bounded support. Other conditions may be needed as well. We leave the rigorous justification to 
the future research.

4. Numerical result

As a proof of concept, we provide some numerical evidences for Theorem 2.4 and Main Result 3.1, the two results 
respectively address situations with mε being completely deterministic and mε having random fluctuations.

4.1. Illustration of Theorem 2.4

We present numerical evidence for Theorem 2.4 in this subsection.

4.1.1. Numerical setup
According to the theorem, the Wigner transform of solution to VMSE satisfies, in the leading order, the Liouville equation.
To compare the wave functions of VMSE and its Wigner limit, we evaluate the following two macroscopic quantities:

ρ0(t, x) =
ˆ

W 0(t, x,k)dk , ρε(t, x) = |uε(t, x)|2 ,

J 0(t, x) = m0(t, x)

ˆ
kW 0(t, x,k)dk , Jε(t, x) = εIm

(
m0(t, x)uε(t, x)∇xuε(t, x)

)
.

(4.1)

As a computational setup, we set � = [0, L] × [0, T ], and choose the spatial mesh size 	x = L/M with M being an even 
integer. The time step is denoted by 	t . The spatial and temporal grid points are denoted by x j = j	x, j = 0, 1, · · · , M , and 
tn = n	t, n = 0, 1, 2, · · · . The initial data for Schrödinger equation has a Gaussian form:

uε
I (x) = exp

(
−A(x − x0)

2 + i

ε
p0x

)
. (4.2)

The periodic boundary conditions are imposed

uε(t,0) = uε(t, L), ∂xuε(t,0) = ∂xuε(t, L) . (4.3)

In computation we will set L to be large enough and the periodic boundary condition plays minimum role.
Correspondingly, the transport equation (2.20) has initial data:

W 0
I (x,k) = exp(−2A(x − x0)

2)δ(k − p0) . (4.4)

For Schrödinger equation with potential term (2.26), we use standard Finite Difference method with the discretization 
resolved, namely 	x = O (ε) and 	t = o(ε). The Crank-Nicolson is applied in time, and spectral method is applied to treat 
spacial discretization [7], namely: let U ε,n

j be the approximation of uε(x j, tn), then

U ε,n+1
j − U ε,n

j

	t
= iε

4

(
Ds

x(m
n+1/2
0 Ds

xU ε,n+1)|x j + Ds
x(m

n+1/2
0 Ds

xU ε,n)|x j

)

− i
V n+1/2

j

U ε,n+1
j + U ε,n

j

(4.5)
ε 2

9
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with

U ε,n+1
0 = U ε,n+1

M , U ε,n+1
1 = U ε,n+1

M+1 , U ε,0
j = uε

0(x j), ∀ j .

Here the super-index n is for time, while the lower-index j is for spatial grid point. We sample M grid points in the domain 
[0, L]. The differential-operator Ds

x is computed through spectral method:

Ds
xU |x=x j = 1

M

M/2−1∑
l=−M/2

iμl Ûle
iμl x j , (4.6)

with

Ûl =
M−1∑
j=0

U je
−iμl x j , l = − M

2
, . . . ,

M

2
− 1 . (4.7)

To compute the deterministic Liouville equation (2.28), we use the particle method, that is to compute a large number 
of ODE systems:{

ẋ = −km0(T − t, x)

k̇ = |k|2
2 ∂xm0(T − t, x) + V (T − t, x) ,

0 ≤ t ≤ T , x(0) = y,k(0) = p . (4.8)

The final solution is W 0(T , y, p) = W I (x(T ), k(T )). The equations (4.8) for trajectory can be efficiently solved with typical 
ODE solvers. See also [48,52] for the discussions of the regularized delta function.

4.1.2. Numerical examples
We have two examples below. In the first examples, we set L = 1.25 and T = 0.5. For the initial data (4.2) and (4.4), we 

take A = 27, p0 = 1 and x0 = 0.25. In the first example, we set

m0(t, x) = (1 + 0.2 sin(2πx))(1 + 0.2 cos(2πt)) , V 0(t, x) = 0 . (4.9)

To compute Liouville equation, we set the spatial size 	x = 2−10 and the frequency step 	k = 2−10. The system (4.8) is
computed using MATLAB adaptive ODE solver with a prescribed error accuracy 10−8. To compute VMSE, we set ε = 2−n and 
we use the discretization:

	t = 2−1.2n−3, 	x = 2−n−2 , (4.10)

that resolves the scales.
In Fig. 1 we show the solution to the transport equation (2.20) at different time snapshots. The results are presented 

both on the phase space, and on the physical domain, where we plot the density and the flux term. We then compare the 
Schrödinger equation solution and the limiting Liouville equation solution. In Fig. 2a–Fig. 2b we present both the comparison 
of the density ρ0 and ρε with different ε, and the comparison of the flux J 0 and J ε with different ε. The convergence rate 
is also shown in Fig. 2c and Fig. 2d, with the error quantified according to the following:

Errερ =
ˆ

R

|ρ0 − ρε|dx , ErrεJ =
ˆ

R

| J 0 − Jε|dx (4.11)

where we recall:

J 0(t, x) = m0(t, x)

ˆ
kW 0(t, x,k)dk , Jε(t, x) = εIm

(
m0(t, x)uε(t, x)∇xuε(t, x)

)
.

According to the numerical solution, the errors decay at a rate of O (ε2).
In the second example, we consider a more practical setting. The effective mass and the external potential terms are 

selected to resemble a resonant tunneling diode, adopted from [42,43], as are shown in Fig. 3a. We choose L = 2 and 
T = 0.5. The effective mass m0 is set to be

m0(x) =

⎧⎪⎪⎨
⎪⎪⎩

1 − 0.5 exp
(

2−6
(

4
0.252 − 1

(0.75−x)(x−0.5)

))
, 0.5 < x < 0.75

1 − 0.5 exp
(

2−6
(

4
0.252 − 1

(1.25−x)(x−1)

))
, 1 < x < 1.25

0 , otherwise ,

(4.12)

and the potential V 0 is
10
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Fig. 1. The left column shows the contour of W 0 in phase space and the right column shows the particle density ρ0 = ´
W 0dk and current density 

J 0 = m0
´

kW 0dk. The mass m0 (4.9) is t-dependent.

V 0(x) =

⎧⎪⎪⎨
⎪⎪⎩

exp
(

2−6
(

4
0.252 − 1

(0.75−x)(x−0.5)

))
, 0.5 < x < 0.75

exp
(

2−6
(

4
0.252 − 1

(1.25−x)(x−1)

))
, 1 < x < 1.25

0 , otherwise .

(4.13)

Note that in the original paper [42,43], both terms are piece-wise constants. The discontinuity is beyond what we analyze 
in our paper and we smooth the transitions.
11
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Fig. 2. The plots (a)-(b) compare particle density ρε with ρ0 and current density Jε with J 0 at T = 0.5 for different ε. The plots (c)-(d) show the errors 
Errε

ρ and Errε
J as a function of ε. The decay rate suggests that both errors are of O (ε2). The mass m0 (4.9) is t-dependent and potential V 0 = 0.

We use the same initial data as the first example, and set the spatial size 	x = 2−10 and the frequency step 	k = 2−10

in the computation of Liouville equation. We set the rescaled Planck constant ε = 2−n in VMSE and the discretization is 
chosen to be

	t = 2−1.5n−3, 	x = 2−n−2 , (4.14)

that resolves the scales. In Fig. 4 we show the solution to the transport equation (2.28). In Fig. 5a we compare ρ0 and ρε

with different ε, and in Fig. 5b we compare J 0 and J ε . In Fig. 5c and Fig. 5d, we show the convergence of Errερ and ErrεJ as 
a function of ε. According to the plot, the errors still decay at a rate of O (ε2).

4.2. Illustration of Main Result 3.1

We show the numerical results on illustrating Main Result 3.1 here, namely, we will compute VMSE with small ε and 
random mass, and compare the numerical results, when taking expectation values, with that of the limiting radiative transfer 
equation.

4.2.1. Numerical setup
As a set-up, we take the computational domain to be � = [0, L] × [0, T ], and set the correlation function to be:

R(t, x) = E[m1(s, z)m1(t + s, x + z)] = D2 exp(−t/a − x/b) , (4.15)

where a > 0, b > 0 and D2 is the variance of m1.
12
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Fig. 3. The diagram of the potential V 0(x) (4.13) and the effective mass m0(x) (4.12) of the resonant tunneling diode.

We choose the initial data to have a Gaussian form:

uε
I (x) = exp

(
−A(x − x0)

2 + i

ε
p0x

)
. (4.16)

The periodic boundary conditions are imposed

uε(t,0) = uε(t, L), ∂xuε(t,0) = ∂xuε(t, L) . (4.17)

Correspondingly the transport equation (3.6) has the initial data:

W 0
I (x,k) = exp(−2A(x − x0)

2)δ(k − p0) , (4.18)

and it is equipped with periodic conditions:

W (t,0,k) = W (t, L,k), for t > 0 and all k ∈R. (4.19)

Similar to the previous subsection, L is set to be large enough and the periodic boundary condition plays minimum role.
The computation of the limiting radiative transfer equation is rather straightforward. Due to the form of the correlation 

function (4.15), one has

R̂(ω, p) = 4abD2

(1 + a2ω2)(1 + b2 p2)
. (4.20)

Since m0 is a deterministic slow-varying function, the equation composes of two transport terms, which we use a fifth-order 
WENO scheme [23], and a collision operator, which we apply the trapezoidal rule to approximate.

There are more numerical difficulties regarding the computation of VMSE. The challenge is two-folded: dealing with the 
randomness, and resolving the high oscillation. To handle the randomness, we perform the Karhunen-Loéve expansion by 
setting [32]

m1(t/ε, x/ε) = D
∞∑

i, j=1

√
λε

i σ
ε
j ψε

i (t)φε
j (x)ξi j, (4.21)

where ξi j are i.i.d. random variables with

E[ξi j] = 0 , E[ξ2
i j] = 1, ∀i, j = 1,2, · · · .

The form of ξ depends on the field, and we numerically use either uniformly distributed random variable or Gaussian 
random variable. λε

i and σε
j are descending eigenvalues corresponding eigenfunctions ψε

i and φε
j :

Tˆ
e− |t−s|

aε ψε
i (s)ds = λε

i ψ
ε
j (t) ,

Lˆ
e− |x−z|

bε φε
j (z)dz = σε

j φε
j (x) . (4.22)
0 0

13
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Fig. 4. The left column shows the contour of W 0 in phase space and the right column shows the particle density ρ0 = ´
W 0dk and current density 

J 0 = m0
´

kW 0dk. The mass m0 (4.12) and potential V 0 (4.13).

For the particular form of R defined in (4.15), it is shown in [51] that

λε
i = 2aε

1 + a2ε2 w2
, σ ε

j = 2bε

1 + b2ε2 v2
,

i j

14
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Fig. 5. The plots (a)(b) compare particle density ρε with ρ0 and current density Jε with J 0 at T = 0.5 for different ε. The plots (c)(d) show the errors 
Errε

ρ and Errε
J as a function of ε. The decay rate suggests that both errors are of O (ε2). The mass m0 (4.12) and potential V 0 (4.13).

ψε
i (t) =

⎧⎪⎪⎨
⎪⎪⎩

sin(wi(t − T /2))

/√
T
2 − sin(wi T )

2wi
, if i is even ,

cos(wi(t − T /2))

/√
T
2 + sin(wi T )

2wi
, if i is odd ,

(4.23)

φε
j (x) =

⎧⎪⎪⎨
⎪⎪⎩

sin(v j(x − L/2))

/√
L
2 − sin(v j L)

2v j
, if j is even ,

cos(v j(x − L/2))

/√
L
2 + sin(v j L)

2v j
, if j is odd ,

where wi and v j are solutions to{
aεwi + tan(wi

T
2 ) = 0, for even i ,

1 − aεwi tan(wi
T
2 ) = 0, for odd i ,{

bεv j + tan(v j
L
2 ) = 0, for even j ,

1 − bεv j tan(v j
L
2 ) = 0, for odd j .

(4.24)

Numerically we perform Monte Carlo, that is to sample a large number of N configurations of ξi j which give rise to 
N configuration of m1. For these deterministic m1, we compute the deterministic VMSE, and take the ensemble mean and 
variance in the end.

For Schrödinger equation, the Crank-Nicolson and spectral method are applied as in the previous section with the scales 
resolved: 	x = O (ε) and 	t = o(ε). Note that m1 is already deterministic for each Monte Carlo sample.

Numerically to illustrate theorem Main Result 3.1, we mainly compare the macroscopic quantities. In particular we will 
compare the particle density and the current density, that is to compare
15



S. Chen, Q. Li and X. Yang Journal of Computational Physics 438 (2021) 110365
ρ0(t, x) =
ˆ

W 0(t, x,k)dk , E[ρε(t, x)] = E[|uε(t, x)|2] ≈ 1

N

N∑
i=1

|uε
i (t, x)|2 , (4.25)

and

J 0(t, x) =
ˆ

m0(t, x)kW 0(t, x,k)dk ,

E[ Jε(t, x)] = E[εIm
(

mε(t, x)uε(t, x)∇xuε(t, x)
)
]

≈ 1

N

N∑
i=1

εIm
(

mε
i (t, x)uε

i (t, x)Ds
xuε

i (t, x)
)

.

(4.26)

4.2.2. Numerical examples
We demonstrate two numerical examples: one to illustrates Main Result 3.1 where VMSE has the right scaling, and in 

the second example we use the wrong perturbation scaling simply to observe the difference.
In the first example, we set � = [0, 1.625] × [0, 0.4], and the parameters in R(t, x) (defined in (4.15)) are a = b = 100. 

For the initial data (4.16) and (4.18), we take A = 28 and x0 = 0.3, and set m0 = 1. To compute RTE, we set 	x = 	k = 2−10

and 	t = 2−12. To compute VMSE, we set ε = 2−n and we use the discretization:

	t = 2−1.2n−3, 	x = 2−n−2 . (4.27)

The KL series is truncated at Nε
KL finite terms with√

(λε
i σ

ε
j )Nε

KL
/λε

1σ
ε
1 < 2−9 . (4.28)

As i and j increase, the oscillations in the associated eigenfunctions φ and ψ also increase, but the choice of 	x, 	t
ensures that these oscillations are resolved. For ε = 2−6, 2−8, 2−10 respectively, Nε

KL = 663, 3157, 27968 to ensure (4.28). 
10000 Monte Carlo samples are used in total.

In Fig. 6 we show the solution to the transport equation (3.6) at three specific times for D = 1.5 and p0 = 1.5.
In Fig. 7 we show that for different pairs of (D, p0), the numerical solution to RTE and numerical solution to VMSE are 

rather close for ε = 2−10.
It is fairly straightforward to observe the convergence of VMSE to RTE as ε → 0. Such convergence can also be quantified. 

Define the error:

Errερ =
ˆ

R

|ρ0 −E[ρε]|dx , ErrεJ =
ˆ

R

| J 0 −E[ Jε]|dx (4.29)

In Fig. 8a we compare ρ0 and E[ρε], J 0 and E[ J ε] with different ε, fixing D = 1.5 and p0 = 1.5. In Fig. 8b, we show the 
convergence of Errερ and ErrεJ as a function of ε for both Gaussian and uniform distributed variable ξi j . According to the 
plot, the error decays at a rate of O (ε) – this is stronger than our ansatz where W (1) is assumed to be at the order of 

√
ε. 

This suggests that E[W (1))] is of higher order than 
√

ε, but is not yet proved. We also note that although we do not have 
theoretical result on the convergence of J ε , it is nevertheless observed numerically.

Although we do not derive the equation for the standard deviation, we do numerically investigate the statistics of ρ and 
J . In particular, we set ξi j ’s to be Gaussian random variables, and we plot, in Fig. 9a and Fig. 9b the standard deviation 
σ [ρε] and σ [ J ε] for different ε, and in Fig. 9c and Fig. 9d, the covariance at t = 0.4. The two quantities are defined as 
follows:

σ [ρε(t, x)] ≈
√√√√ 1

N − 1

N∑
i=1

(ρε
i (t, x) −E[ρε(t, x)])2 ,

σ [ Jε(t, x)] ≈
√√√√ 1

N − 1

N∑
i=1

( Jεi (t, x) −E[ Jε(t, x)])2 ,

and

Cov(ρε(t, x),ρε(t, y)) ≈ 1

N − 1

N∑
i=1

(ρε
i (t, x) −E[ρε(t, x)])(ρε

i (t, y) −E[ρε(t, y)]) ,

Cov( Jε(t, x), Jε(t, y)) ≈ 1

N − 1

N∑
( Jεi (t, x) −E[ Jε(t, x)])( Jεi (t, y) −E[ Jε(t, y)]) .

(4.30)
i=1

16



Fig. 6. The left column shows the contour of W 0 in phase space and the right column shows the particle density ρ0 = ´
W 0dk and the current density 

J 0 = m0
´

kW 0dk.

In the computation we set D = 1.5 in the correlation function (3.3) and p0 = 1.5 in the initial data. Numerically we observe 
that with smaller ε we have high standard deviation at the wave-packet center. We leave the mathematical justification to 
the future research.

Finally we compare the CPU time of computing the limiting RTE and the reference Schrödinger equation. With the 
discretization mentioned above, it takes 5.8 ×103s to compute the RTE. In Table 1 we list the cost of solving the Schrödinger 
equation. It suggests that for ε < 2−9 one should switch to computing RTE as the limit for numerical efficiency. We consider 
N = 10, 000 is big enough to have an accurate approximation of the statistical quantities.
S. Chen, Q. Li and X. Yang Journal of Computational Physics 438 (2021) 110365
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Fig. 7. The plot (a) shows the particle density E[ρε] (ε = 2−10) and ρ0 = ´
W 0dk at t = 0.4 with different (D, p0) pairs. The plot (b) shows the current 

density E[ Jε] (ε = 2−10) and J 0 = m0
´

kW 0dk at t = 0.4 with different (D, p0) pairs.

Fig. 8. (a) The plot compares particle density E[ρε] (current density E[ Jε], respectively) with ρ0 ( J 0, respectively), defined in (4.25) and (4.26) at t = 0.4
for different ε and different random distribution of ξi j . (b) The plot shows the L1-error (4.29) as a function of ε. Both Gaussian and Uniform distributions 
are used to sample ξi j . The decay rate suggests that Errε

ρ and Errε
J are both of O (ε).

Table 1
CPU time for computing 10,000 samples for VMSE with different ε and ξi j ’s being Gaussian random variables.

− log2 ε 6 7 8 9 10

CPU Time (s) 2.96 × 103 7.74 × 103 2.47 × 104 4.25 × 105 2.01 × 106
18
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Fig. 9. The plots (a)(b) show the standard deviation of particle density σ [ρε] and current density σ [ Jε] at t = 0.4 for different ε. The plot (c) from left to 
right show the covariance Cov(ρε(x), ρε(y)) at t = 0.4 for ε = 2−6 , 2−8 , 2−10, respectively. The plot (d) shows the covariance Cov( Jε(x), Jε(y)) at t = 0.4
for the same ε as (c). The random variables ξi j ’s are chosen to be standard Gaussian random variables.

In the second example, we purposely choose m1 not to have the correct scaling as what we use in the derivation. In 
the derivation, we need the random perturbation to be have the order of O (

√
ε). This is a very typical scaling for the 

Schrödinger equation with random potential that leads to radiative transfer limit. Different scales may lead to different 
limits, as seen in [3,19,20]. For the VMSE, one would also expect O (

√
ε) to be also critical. In the following, we consider 

the VMSE with O (ε) scale in random perturbation

mε(t, x) = m0(t, x) + εm1(t/ε, x/ε) , (4.31)

and the VMSE with O (ε0.4) scale in random mass

mε(t, x) = m0(t, x) + ε0.4m1(t/ε, x/ε) . (4.32)

Here m1(t, x) is taken to be Gaussian random field with correlation function (4.15). In Fig. 10a, we compare ρ0 in RTE limit 
and E[ρε] of VMSE with mass (4.31), fixing D = 1.5 and p0 = 1.5. VMSE is computed using 10000 Monte Carlo samples 
and Nε

KL = 663, 3157, 27968 for ε = 2−6, 2−8, 2−10 respectively to ensure (4.28). It can be seen that the scattering produced 
by random perturbation is smaller in the limit ε → 0, which is also indicated in the standard deviation Fig. 10b.

In Fig. 11a, we plot E[ρε] of VMSE with mass (4.32), fixing D = 1.5 and p0 = 1.5. VMSE is computed in the same way 
as before. The standard deviations are plotted in Fig. 11b. A much larger random scattering is now observed for this scale.
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Fig. 10. (a) The plot compares particle density E[ρε] for different ε with ρ0, defined in (4.25) at t = 0.4. (b) The plot shows the standard deviation of 
particle density σ [ρε] at t = 0.4 for different ε. The random perturbation is of O (ε) scale (4.31) with Gaussian ξi j in the two plots.

Fig. 11. (a) The plot compares particle density E[ρε] for different ε with ρ0, defined in (4.25) at t = 0.4. (b) The plot shows the standard deviation of 
particle density σ [ρε] at t = 0.4 for different ε. The random perturbation is of O (ε0.4) scale (4.32) with Gaussian ξi j in the two plots.

5. Conclusion

In this paper, we systematically derived the radiative transfer equation for the solution to the varying-mass Schrödinger 
equation (VMSE) with random heterogeneities. In specific, we consider VMSE in the classical regime (the rescaled Planck 
constant ε � 1), and expand the corresponding Wigner equation to proper orders to obtain the asymptotic limit. We verify 
the derivation by numerically computing both VMSE and radiative transfer equations, and showing that the two solutions 
agree well.
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Appendix A. Proof of Lemma 2.2

The proof of (2.9) is direct computation using the VMSE (2.1) and integration by parts. Notice that

∂t W ε = 1

(2π)d

ˆ

Rd

eiky∂t uε(t, y)uε(t, y)dy + 1

(2π)d

ˆ

Rd

eikyuε(t, y)∂t uε(t, y)dy , (A.1)

we have, plugging in (2.1):

∂t W ε = iε

2(2π)d

ˆ

Rd

eiky∇x ·
(

m0

(
t, x − ε

2
y
)

∇xuε
(

t, x − ε

2
y
))

uε
(

t, x + ε

2
y
)

dy

− iε

2(2π)d

ˆ

Rd

eiky∇x ·
(

m0

(
t, x + ε

2
y
)

∇xuε
(

t, x + ε

2
y
))

uε
(

t, x − ε

2
y
)

dy

:= iε

2(2π)d
M1 − iε

2(2π)d
M2 .

(A.2)

Noting that t serves as a parameter and doesn’t affect the derivation, we suppress the t-dependence in the following.
Since the two terms M1 and M2 are conjugate with y → −y for the second term, we only study the first one. With 

integration by parts:

M1 =2

ε

ˆ

Rd

[
∇y(eiky) · ∇xuε

(
x − ε

2
y
)]

m0

(
x − ε

2
y
)

uε
(

x + ε

2
y
)

dy

+ 2

ε

ˆ

Rd

eikym0

(
x − ε

2
y
)

∇xuε
(

x − ε

2
y
)

· ∇yuε
(

x + ε

2
y
)

dy

:=I1 + I2 .

(A.3)

We treat the I1 and I2 respectively in the following. Perform integration by parts again to I1

I1 = 4

ε2

ˆ

Rd

	y(eiky)m0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

+ 4

ε2

ˆ

Rd

∇y(eiky) · ∇ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

+ 2

ε

ˆ

Rd

[
∇y(eiky) · ∇xuε

(
x + ε

2
y
)]

m0

(
x − ε

2
y
)

uε
(

x − ε

2
y
)

dy

:=I11 + I12 + I13 .

(A.4)

Note that I1 and the last term I13 can be combined so that a complete x-gradient of uε
(
x − ε

2 y
)

uε
(
x + ε

2 y
)

is available, 
namely one arrives at a formula for I1

I1 =1

2
I1 + 1

2
(I11 + I12 + I13) = 1

2
(I1 + I13) + 1

2
(I11 + I12)

= 2

ε2

ˆ

Rd

	y(eiky)m0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

+ 2

ε2

ˆ

Rd

∇yeiky · ∇ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

+1

ε

ˆ

d

∇y(eiky) · ∇x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

m0

(
x − ε

2
y
)

dy .

(A.5)
R
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For I2 in (A.3), integration by parts against ∇xuε
(
x − ε

2 y
)

produces

I2 = 4

ε2

ˆ

Rd

[
∇y(eiky) · ∇yuε

(
x + ε

2
y
)]

m0

(
x − ε

2
y
)

uε
(

x − ε

2
y
)

dy

+ 4

ε2

ˆ

Rd

eiky
[
∇ym0

(
x − ε

2
y
)

· ∇yuε
(

x + ε

2
y
)]

uε
(

x − ε

2
y
)

dy

+
ˆ

Rd

eikym0

(
x − ε

2
y
)

uε
(

x − ε

2
y
)

	xuε
(

x + ε

2
y
)

dy := I21 + I22 + I23 .

(A.6)

On the other hand, integration by parts against ∇y uε
(
x + ε

2 y
)

gives

I2 = 4

ε2

ˆ

Rd

[
∇y(eiky) · ∇yuε

(
x − ε

2
y
)]

m0

(
x − ε

2
y
)

uε
(

x + ε

2
y
)

dy

+ 4

ε2

ˆ

Rd

eiky
[
∇ym0

(
x − ε

2
y
)

· ∇yuε
(

x − ε

2
y
)]

uε
(

x + ε

2
y
)

dy

+
ˆ

Rd

eikym0

(
x − ε

2
y
)

uε
(

x + ε

2
y
)

	xuε
(

x − ε

2
y
)

dy := I ′21 + I ′22 + I ′23 .

(A.7)

Note that I21 and I ′21 can be combined after another integration by parts

I21 + I ′21 = − 4

ε2

ˆ

Rd

∇y(eiky) · ∇ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

− 4

ε2

ˆ

Rd

m0

(
x − ε

2
y
)

	y(eiky)
[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy .

(A.8)

I22 and I ′22 can be combined similarly

I22 + I ′22 = − 4

ε2

ˆ

Rd

∇y(eiky) · ∇ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

− 4

ε2

ˆ

Rd

eiky	ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy .

(A.9)

Hence using (A.6)-(A.9) and the trick in (A.5), one derives the formula for I2 in (A.3)

I2 =1

4
(I21 + I22 + I23) + 1

2
I2 + 1

4
(I ′21 + I ′22 + I ′23)

=
(

1

4
I23 + 1

2
I2 + 1

4
I ′23

)
+ 1

4
(I21 + I ′21) + 1

4
(I22 + I ′22)

=1

4

ˆ

Rd

eikym0

(
x − ε

2
y
)

	x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

− 2

ε2

ˆ

Rd

∇y(eiky) · ∇ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

− 1

ε2

ˆ

Rd

m0

(
x − ε

2
y
)

	y(eiky)
[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

− 1

ε2

ˆ

Rd

eiky	ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy .

(A.10)

Finally from (A.5) and (A.10), one gets
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M1 =1

4

ˆ

Rd

eikym0

(
x − ε

2
y
)

	x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

+ 1

ε

ˆ

Rd

m0

(
x − ε

2
y
)

∇y(eiky) · ∇x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

+ 1

ε2

ˆ

Rd

m0

(
x − ε

2
y
)

	y(eiky)
[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

− 1

ε2

ˆ

Rd

eiky	ym0

(
x − ε

2
y
)[

uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy

:=T1 + T2 + T3 + T4 .

(A.11)

All the Ti terms can be explicitly expressed by the Wigner transform (2.6). In particular:

T1 =
ˆ

Rd

eipxm̃0(p)	xW ε
(

x,k − ε

2
p
)

dp ,

T2 =
ˆ

Rd

eipxm̃0(p)ik · ∇xW ε
(

x,k − ε

2
p
)

dp ,

T3 =
ˆ

Rd

−|k|2eipxm̃0(p)W ε
(

x,k − ε

2
p
)

dp ,

T4 = ε2
ˆ

Rd

|p|2eipxm̃0(p)W ε
(

x,k − ε

2
p
)

dp .

(A.12)

We use T1 as an example to show this. Recalling:

	xW ε(x,k) = 1

(2π)d

ˆ
eiky	x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy ,

we haveˆ

Rd

eipxm̃0(p)	xW ε
(

x,k − ε

2
p
)

dp

= 1

(2π)d

˚
eipxe−ipzm0(z)ei(k− ε

2 p)y	x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dzdpdy ,

=
ˆ

Rd

eikym0

(
x − ε

2
y
)

	x

[
uε
(

x − ε

2
y
)

uε
(

x + ε

2
y
)]

dy = 1

4
T1 ,

(A.13)

where we used the fact that

δ(x) = 1

(2π)d

ˆ

Rd

eixzdz , and
1

(2π)d

¨
f (x)eixzdzdx = f (0) . (A.14)

Using (A.12), we get

M1 =1

4

ˆ

Rd

eipxm̃0(p)	xW ε
(

x,k − ε

2
p
)

dp

+ 1

ε

ˆ

Rd

eipxm̃0(p)ik · ∇xW ε
(

x,k − ε

2
p
)

dp

+
ˆ

Rd

|p|2eipxm̃0(p)W ε
(

x,k − ε

2
p
)

dp

− 1

ε2

ˆ

d

|k|2eipxm̃0(p)W ε
(

x,k − ε

2
p
)

dp .

(A.15)
R
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By the conjugate argument, one gets, setting p → −p:

M2 =1

4

ˆ

Rd

eipxm̃0(p)	xW ε
(

x,k + ε

2
p
)

dp

− 1

ε

ˆ

Rd

eipxm̃0(p)ik · ∇xW ε
(

x,k + ε

2
p
)

dp

+
ˆ

Rd

|p|2eipxm̃0(p)W ε
(

x,k + ε

2
p
)

dp

− 1

ε2

ˆ

Rd

|k|2eipxm̃0(p)W ε
(

x,k + ε

2
p
)

dp .

(A.16)

Finally, substitute (A.15) and (A.16) into (A.2), and we arrive at the Wigner equation in (2.9).
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