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using divergence-conforming finite elements for the velocities in the whole domain. Dis-
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1. Introduction

The coupling of Stokes and Darcy equations arises from the modeling of groundwater contamination through streams and
filtration problems [25,19]. In this work, a new numerical method is proposed, that employs divergence-conforming velocity
spaces, i.e. spaces included in H4(). The Darcy flow is discretized by a mixed finite element method and the Stokes flow by
a mixed (velocity-pressure) discontinuous Galerkin (DG) method. The two types of flow are coupled by appropriate interface
conditions, namely mass conservation, balance of forces across the interface and the Beavers-Joseph-Saffman law
[6,30,20-22].

One advantage of our approach is that mass conservation in the sense of HY"(Q) is achieved. In particular, if there are no
sources or sinks, the divergence of the velocity is an L?() function and it is zero in that space (see [12]). This implies that the
divergence of the velocity is pointwise equal to zero inside the mesh cells. Therefore, we refer to this method as strongly con-
servative. It differs from a weakly conservative method, where mass conservation is only guaranteed when testing with func-
tions in the discrete pressure space; the result is usually a scheme which is locally (cellwise) conservative, but not pointwise.

Another advantage is that the bilinear form only involves one term on the interface. Indeed only the tangential compo-
nent of the velocity from the Beavers-Joseph-Saffman law appears in the scheme. Finally this paper proposes and analyzes a
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general framework as the scheme is valid for various DG methods, such as the local discontinuous Galerkin and the interior
penalty methods.

Various numerical methods, such as finite element methods, mixed methods, discontinuous Galerkin methods and com-
binations of these methods, have been studied in the literature. For instance, finite element methods were studied in [14]
and finite element methods coupled with mixed methods have been analyzed in [24]. Primal DG methods using broken
Sobolev spaces are analyzed in [27], and they are coupled with mixed methods in [29]. All of these methods exhibit some
mass loss depending on the accuracy of the discretization, which is the main reason to propose our new scheme. A conform-
ing mixed method is analyzed in [15]. Stabilized methods are considered in [10,11,1].

The plan of the paper is as follows. Section 2 defines the model problem and a corresponding weak formulation. The gen-
eral scheme is described in Section 3. Its analysis is presented in Section 4. Finally, Section 5 shows numerical examples and
conclusions follow.

2. Model problem and weak formulation

Let Q be a bounded polygonal domain in R?, d = 2, 3. We assume that Q is divided into two regions Qs and Qp, each being
a union of polygonal subdomains. Denote by I'sp the polygonal line that is the interface between Qs and €2p. The external
boundaries are defined by

I's=0QNdQs, I'p=02nN0dQp.

In the region Qs the fluid velocity us and fluid pressure ps satisfy the Stokes equations:

- V- (2vD(us)) + Vps =fs, in Qs, (1a)
Vu-s =0, in Qs, (1b)
us=0, on /% (1c)

The deformation tensor is D(us) = § (Vus + (Vus)"). The coefficient v > 0 is the dimensionless fluid viscosity and the function
fs is a body force.
In the region p the fluid velocity up and fluid pressure pp satisfy the Darcy equations:

V'uD :fD7 in .QD7 (2a)
up +KVpp =0, in Qp, (2b)
up-n=0, on Ip. (20)

Here, fp models sinks and sources in the porous medium. The coefficient K> 0 is the dimensionless permeability of the por-
ous medium.

The system of equations is completed by the Beavers-Joseph-Saffman transmissibility conditions at the interface. Let n
and 7 denote unit normal and tangential vectors to I'sp, respectively. We assume that n points outward of Qs. Introducing the
phenomenological friction coefficient y > 0, these conditions read:

Us-n=1up-n,
Ds — 2vD(us)n - n = py, (
K~ "?ug .1 — 2vD(us)n -t = 0.

w W w
A T o
=22

We remark that for three-dimensional domains, Eq. (3b) is satisfied for all tangential vectors to the interface. In order to ob-
tain weak solutions to the set of Egs. (1c), (2a)-(2c), (3a)-(3c) we introduce the spaces

Hv(Q) = {v cX(QV ve LZ(Q)},
Hiv(Q = {u e H™(@Q)|v - n=0o0n aQ}.

In the subdomain s, we have to require additionally, that functions are weakly differentiable. Furthermore, if we use the
space HS“’(Q), pressure functions will be determined only up to a constant. Thus, the function spaces for our weak formula-
tion will be

Q= {q GLZ(Q)I/qux:O},
V= {v € HY(Q)| 0]y, € H' (QS)}.

We also use the standard notation H*(O) for the Sobolev space of order s on a bounded domain O. We use the scalar product
notation and norm on €, boundaries, faces, and subsets of those, namely
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<¢,w)g=/g¢wdx, <¢,w>r=/r¢>@v/ds,

1o =( [ \</>|2dx)”27 It =( [ |¢>\2ds)”2.

The pointwise multiplication operator ¢ ® y refers to the product ¢, the scalar product ¢-y and the double contraction ¢:ys
for scalar, vector and tensor arguments, respectively. The modulus |¢| = /¢ ® ¢ is defined accordingly.
On V and Q, we introduce the bilinear forms

ap(u,v) = (K'u, ), Vu,veV,
s(u,v) =2v(D(u), D(v))o,, Vu,v eV,
a(u,v)=yK 2 us- 1,05 17),, VU, veV, (4)

Q

a(u,v) =ap(u,v) +au,v) +as(u,v), vu,veV,
b(v.q)=—(V-v,q)g, YveV, VgeQ.

Throughout the paper, we use the notation vs = v, . Thus, us-t and vs-7 refer to the tangential traces of u and v taken from
the side of Qs at the interface I'sp. The weak formulation of the problem (1c), (2a)-(2c), (3a)-(3c¢) reads: find (u,p) € Vx Q
such that

a(u, v) +b(v,p) = (fs, v),, YveV,
b(”v q) = (vaq)!Zuv vq € Q

3. Discretization

()

Let T, be a conforming triangulation of €2 such that the interface I'sp is the union of element edges. For any element
T € Tp, we denote by hy its diameter and we denote by h the maximum diameter over all mesh elements. Denote by I
the set of edges that are interior to Qs. Denote by T; the set of mesh elements that belong to Qs.

As above, we use the scalar product and norm notation on Ty, boundaries, faces, and subsets of those, namely

), =Y /u- vdx, (U, v)s =Y /u-yds,
T h F

TeT, Fery,

1/2 1/2
”“m(Z / uzdx) g = |3 [wes)
TeT, v T Fers F

For the discrete spaces, we use pairs of a divergence-conforming velocity space V;, c H3¥(Q) and the matching pressure
space Q C Q, that is of order k (see Table 1 for examples of admissible pairs of finite element spaces). The Stokes operator
is discretized by a DG method. In order to do so, we introduce further notation. The jump of traces of a discontinuous func-
tion v across interior faces of the mesh is denoted by [v]. The following DG norm is used:

o 20 172
1ol = (Vo + & 1003 + 5100, ) ©)

where the parameter ¢ > 0 is the usual penalty parameter of order k*. Note that the notation above applies only to quasi-
uniform meshes of isotropic cells. On non-uniform meshes, this quantity has to be localized, and on anisotropic cells, the cell
size orthogonal to the face should be used and the quotient averaged from both sides, see e.g. [18,23]. For Navier-Stokes
equations, the BDM pair was suggested in [12], the Raviart-Thomas pair in [13] (see also [31]).

3.1. Abstract assumptions

In what follows, we present an analysis that is valid for various DG methods and finite element spaces. Therefore, we will
list conditions on the discretization scheme as a list of assumptions and discuss examples in the following subsection.

Table 1
Velocity spaces and matching pressure spaces.
Triangles/tetrahedra Quadrilaterals/hexahedra
Vi Qn Qn
BDMj+4 Py Py
RTy Py Qx
BDFM.1 Py Py

ABFy Qi
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Assumption 1.

V-V C Q. (7)
Our analysis is based on the existence of a projection operator IIj, that satisfies several properties.

Assumption 2. There exists a projection operator I7y, : Hgi"(Q) — Vy, satisfying the following properties:

1. Let P,:Q — Qy, be the Lz—projection. The commutation property
(q,V-yv), = (Prq,V - v), (8)
holds for all e Vand q € Q.

2. The value of IT,v on a grid cell K depends on the values of v on K and 9K only.
3. I, is stable in L*(Q), H¥"(Q) and L*(I'sp): there exists a constant C; independent of hx and h, such that

[T, < Gl 2]k,
IV - Hyvll < G|V - g (

—
O
o L
=

[TwW)sll g, < CollWsllrg, » (9¢)
for any v € HYY(K) and for any w e (H'(Qs))%.
4. I, is stable in the DG norm: there exists a constant C; independent of h such that
HIn 2y p < Col| V]| - (10)
5. For any u € H**!(Q) and s > 1, there is a constant C, independent of h such that
in(k.s)+1
Hu - HhuHQD < Cahmm( I* HuHHSH(QD)v (113)
in(k,s)+1/2
(s = (Iyu)s) - Ty, < Cah™ 2 g g (11b)
in(k,
lu— Iyt y < Cah™ [l . (11¢)

Now, consider the vector-valued elliptic problem

—-2vV-D(u) =f, in Qs,
u=0, onIs, (12)
2vD(u)n =0, on Isp,

which corresponds to the Stokes problem (1c) without the incompressibility constraint. Without restricting to a particular
method, we abstractly introduce its DG discretization

asp(Up, v) = (f,v), Y veV,. (13)

The bilinear form as, (-,-) may correspond to any DG method fulfilling the following assumption.

Assumption 3. With « the solution to the vector-valued Eq. (12) we make the following assumptions on the discretizing DG
bilinear form asy, (-,):

e Boundedness: there is a constant ¢, independent of v and the mesh size h such that for any u and »in V},

as(tt, 2)] < Vealully |V - (14a)
e Stability: there is a positive constant o independent of v and the mesh size h such that for any u € V,

asp(u,u) = vol[ul},. (14b)
e Consistency: for the solution # above and any v € V}, there holds

ash(l, v) = (f, )q,- (14c)

e Approximation property: if the solution i above belongs to H**!(Qs)?, for some exponent s > 1, then there is a constant C
independent of v and the mesh size h such that for any ve V,

~ ~ in{s.k} ~
|as (& — ITyit, v)| < CVR™™ | ot o 9] (14d)

We combine the DG bilinear form for Stokes domain with the interface and Darcy forms to obtain the discrete bilinear form
ap(u, v) = ap(u, v) + a;(u, v) + as,(u, v). (15)

With this form, we associate the energy norm
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il = (vl + 1Kl + 52K 2w, ) (16)
Formally, the scheme is: find (up,pr) € Vi x Q such that
an(Un, v) +b(v,p) = (fs, V)g, YV € Vi,
b(ur,q) = (fo, @), Vq € Q-

By choosing the spaces Vj, and Q; such that Assumption 1 holds, the second line of this equation implies, that if f, = 0, then
also V - u, =0 inside all grid cells, and thus V - uj, = 0 strongly.

(17)

3.2. Concrete methods

The projection operator in Assumption 2 is commonly known as the Fortin projection (see e.g. [9,16]) for divergence-con-
forming finite element spaces. Examples for such spaces are RT [26], BDM [8], BDFM [7] and the more recent ABF [3] spaces.
They all consist of special polynomial spaces on each mesh cell, together with node functionals and transformations ensuring
global H%"-conformity of the space. The matching pressure spaces are discontinuous piecewise polynomial functions (see
Table 1). While the estimates in L? (9a) and H*" (9b) are classical, the broken H'-estimate (10) can be found in [12,13,17,18].

Discontinuous Galerkin schemes satisfying assumptions are the primal DG methods and the LDG methods [4]. For exam-
ple, we define below the bilinear form asj used in the interior penalty method [2,28] and its variations, which is the method
used in the numerical experiments in Section 5. Further notation is introduced. The pointwise average of a discontinuous
function across interfaces is denoted by {{-}} and for each face F € I'}, a unit normal vector is chosen and denoted formally
by n, below

Asn(U, v) = 2v(D(u), D(v))ys = 2v({{D()} }1n, []) rs — 2v({{D(v)} }r, [u]s + 2 ([[ N +20k (W, v)r

The form asy, satisfies Assumption 3.
In the next section, we analyze the scheme (17).

4. Analysis of the method

We first establish well-posedness of the scheme by proving an inf-sup condition. Then, we derive error estimates in the
energy norm.

Lemma 1. There is a constant > 0 independent of h such that

inf sup 2Zmd) o g1 (18)
<@ opev, 12nllllGnlle =

Proof. Fixing q, € Q, and it is sufficient to show that there is 7, € V}, such that

b(vh,Gn) = lldnel® and [l[onlll < Bldnlo- (19)
By the continuous inf-sup condition on the spaces (H'(), L3(2)), there is a function v (H'(£2))? such that

V.-v=-q, inQ, (20)

v=0, ondQ, (21)

and there is a positive constant Cy such that
IVllg < Collgallg- (22)

Then, we have

b(v.a) = = [ @iV v =il
Let IT,v be the interpolant in Assumption 2. Since Pnqy = q5, we obtain from (8):
b(ITwv,q,) = b(v,q;) = 1G4l
and due to Poincaré’s inequality, as well as (9¢) and (22), there are positive constants C;, C,, C3 such that

HInvllg, < Cillqnllo,
1HTh Vg, < C2llGnllo
HIh vl < Cslidnllo-
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Thus, we conclude that (19) holds with v, = IT,v and

1/2
B=Co(vG+KC a9k ) O (23)

The inf-sup condition (18) and the coercivity assumption (14b) imply by standard arguments (see e.g. [9]) the following
lemma.

Lemma 2. There exists a unique solution (up,pp) € Vi x Qy satisfying (17).

Lemma 3. Let (u,p) and (uy, py,) be the solutions to (5) and (17), respectively. Assume that u € H*'(Q) and p € H*"'(Q) for some
s = 1. Then, there is a constant C independent of the mesh size, v and K, such that

lun — Mqull] < Cmax(K -~ K-72)(1 4+ 9V2)h™™ S ulr . (24)

Proof. Define

n=uy—IHyu, <=u-—Iu, (25)

{=py—Puwp, Y =pP—Pp. (26)
The error equation is: for all v€ V, and q € Qp:

an(n, v) + b(v,{) = an(¢, v) + b(v, %), (27)

b(1,q) =b(¢,q). (28)

Choose v=7 and q = { and use coercivity (14b) of as:
min(1, o0)[[7]][* < an(&, 1) +b(n, 1) = b(,0).
From (7), we have b(#, x) = 0 and from (8), we have b(¢,() = 0. From (14d), we have the bound:

h2 min(s,k

in(s,k 1 : 2 2
s (&) < CVR™ Y e g 11l < 5 Min(T, VI + CVR* ™ s g

The remaining terms are bounded as:

1 . - - .
ap(&,1) + @&, 1) <5 min(1, ) (JIK Y2l + K205 - TlEg) + CIER, + 1Is - TlT)-

We then conclude by combining the bounds above and by using the approximation properties (11a) and (11b). O

Theorem 1. Under the assumptions of Lemma 3 and p € H*1(Q), we obtain for C independent of h, v, K:
[l = ulll < CH™ 9w, K) [l 5
IV u = < CR™™ g,
in(k,
P — pyll < CR™™ (ﬁﬁ(va)”u”HS” @ Pl (52))7
where f is the inf-sup constant from Lemma 1 and

I, K) = (1+v172)(1 + maX(K—lJ(—l/Z)).

Proof. The first bound is obtained by a triangle inequality and (11c) in Assumption 2. The second bound is a consequence of
(7) and approximation properties: for any v € Vj,, we have V - v € Q, and therefore,

\|V~u—V-uh|\2:(V~u—V~uh,V-u—V-v)Q<HV~u—V~uh||\|V~u—V~v||A
Thus

[V -u—=V - uplzg < rylé‘i/rthV U=V V|2

Finally, the error estimate for the pressure is a consequence of the inf-sup condition in Lemma 1. O

5. Numerical results

The numerical results below are computed with the interior penalty method on meshes consisting of squares for simplic-
ity. In that case, the stability limit for ¢ is computable and we take twice this value, namely ¢ = (k + 1)(k + 2)/h, where h is



G. Kanschat, B. Riviére/Journal of Computational Physics 229 (2010) 5933-5943 5939

the length of the cell perpendicular to the edge. We use the viscosity v=1 and y = 0.1 in the Beavers-Joseph-Saffman con-
dition, following [6].

First, we choose a problem with a smooth solution to show that the convergence rates are optimal with respect to mesh
size. To this end, consider a geometry resembling flow through a porous filter as in Fig. 1. We choose no-slip (normal and
tangential velocities prescribed) boundary conditions with a quartic inflow and outflow profile on the left and right bound-
aries of the domain, such that u, and d,u, vanish at the upper and lower boundaries. Thus, we are consistent with the slip
(only normal velocities fixed) boundary condition on the top and bottom and the solution exhibits only mild singularities in
the corners. Note that the slip boundary condition is also the well-posed condition on the normal velocity in the porous med-
ium. Since all flow has to go through the filter in the center, the flow speed there is asymptotically independent of K as K
tends to zero.

Results for the pair RT;/Q;-element and permeability K =10~ are reported in Table 2. Since the exact solution is un-
known, we present the L>-norm of intrinsic errors obtained by taking the difference d, between numerical solutions on con-
secutive grid levels ¢ — 1 and /. Here, level 1 consists of 3 x 3 squares and higher levels are obtained by refining the squares
of the previous levels into four congruent children.

The intrinsic convergence rates are obtained from these by the formula r, = log,(d,_1/d,). Note that in case of geometric
error reduction (constant convergence rates), the intrinsic error is equivalent to the standard error and only differs by a fac-

= =
—= —=
— —
— —
— —
—= —=
= =

Fig. 1. Configuration for smooth solution. Free flow regions left and right separated by a porous medium. No-slip boundary conditions with quartic inflow
and outflow profile left and right, slip at top and bottom.

Table 2
Intrinsic mean quadratic errors and convergence rates for the smooth problem solved with the RT; /Q;-element pair (v=1, K=107%).
level us up Ds pp V-u
Error Rate Error Rate Error Rate Error Rate
2 1.97e-01 - 1.45e-03 - 5.80e+00 - 2.23e+00 - 5.92e-12
3 4.60e—02 2.10 8.29e-05 4.13 3.65e-01 3.99 1.30e-01 4.10 1.79e-12
4 1.30e—-02 1.83 1.82e-05 2.19 8.22e-02 2.15 2.91e-02 2.16 8.11e-13
5 3.43e-03 1.92 4.52e—-06 2.01 2.05e—02 2.00 7.25e—03 2.00 4.68e—13
6 8.90e—-04 1.95 1.14e-06 1.98 5.19e-03 1.98 1.83e-03 1.98 2.17e-13
7 2.27e-04 1.97 2.88e—07 1.99 1.31e-03 1.99 4.62e—04 1.99 1.34e-13
Table 3
Intrinsic convergence rates for higher order elements (v =1, K=10"%).
Degree Level Us up Ds Pp
RT, 3 1.61 3.13 1.92 2.99
4 2.82 3.26 229 3.04
5 2.97 3.12 2.38 3.03
6 3.00 3.04 2.42 3.01
RT3 3 3.73 4.36 3.60 4.36
4 3.80 3.91 3.24 4.00
5 3.85 4.13 3.10 3.99
6 3.88 433 3.04 4.00
RT4 3 4.05 5.50 3.03 532
4 4.03 5.07 3.00 4.98
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tor. The table shows, that in spite of the fact that the energy norm involves the derivatives of us and the field uy itself, the
mean quadratic errors of both converge with the optimal order 2. The same is true for the pressure in both subdomains. Thus,
we conclude that the scheme is well balanced and convergence in the subdomains is not impeded by the coupling.

The boundary conditions in this particular example were chosen such that the solutions for velocity and pressure are
smooth. In Table 3, we show intrinsic convergence rates for higher order elements. The observed rates for the velocities
are k + 1 as predicted; the reduced orders for us with RT, are due to lack of regularity of the solution (see Fig. 2). The pressure
pp exhibits order k + 1, as predicted by the theory for the Raviart-Thomas element for the mixed Laplacian. The convergence
rate for the pressure ps confirms our analysis. We note that trivially the order of convergence of the global pressure corre-
sponds to our error estimates.

Next, we study the robustness of the errors with respect to the permeability K. Fig. 3 clearly shows robustness of the rel-
ative error of the Stokes solution with respect to permeability. The relative error of the Darcy solution decays linearly with

&

ARXRXXXX

maieiedeed)

R e G G g

e85eeS
&

3 4 5 6 7 8 3 4 5 6 7 8

Fig. 3. Relative errors of up (left) and us (right) depending on refinement level for different permeabilities K.

g
g

Fig. 4. Setup for flow in a river bed. The Stokes region is on top and the Darcy region on the bottom. Slip conditions left, right and bottom, no-slip at the top.
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permeability. This is caused by the fact that the norm of up is nearly independent of K (all flow has to go through the filter),
but the error scales with K1

In a second test, we consider an idealized flow in a river bed as depicted in Fig. 4. The free-flow subdomain is on top, the
porous medium at the bottom. On the top boundary, we fix normal and tangential velocities (no-slip), on the others only the
tangential velocity. The quartic inflow and outflow profiles in the Stokes region are chosen such that no singularity is trig-
gered at the interface (u= 9,u = 0). This example differs from the previous in that the flow speed in the porous medium de-
pends strongly on the permeability; for small permeabilities linearly. Since the flow is driven by the flow in the Stokes
subdomain, where errors are expected to be independent of permeability, we expect the absolute errors of the Darcy velocity
to reduce if K tends to zero. Nevertheless, since the solution there diminishes as well, this prediction might be wrong for the
relative error. Indeed, in our experiment the absolute error on fine meshes behaves like K'2, such that the relative error
grows with K12, This is confirmed by Fig. 5.

Finally, we confirm that the method is strongly conservative, even in the case of non-tangential flow across the interface.
To this end, consider the configuration in Fig. 6. The left half of the domain is the free-flow part with Stokes equations, a

1 0
0 K=10"9 —
K=107) =
K=1072
K=10"3
K=107g -
K=10"5 -
",
%\%m
»""».
~
10 10
3 4 5 6 7 8 3 4 5 6 7 8

Fig. 5. Relative errors of up (left) and us (right) in the river bed example depending on refinement level for different permeabilities K.

Fig. 6. Configuration for mass conservation test. The thick boundary on the left half of the domain indicates no-slip, the dashed boundary on the right
prescribed pressure p = 0.

Fig. 7. Velocity field and pressure isolines for the mass conservation test with K=10"%.
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Table 4

Mass flux difference between inflow and outflow side of the domain.
Level K=1072 K=10"* K=10"°
2 1.4e-08 8.5e-10 1.2e-09
3 2.5e-10 2.7e-10 5.1e-11
4 4.5e-10 1.2e—-09 4.7e—09

quadratic inflow profile and no-slip boundary conditions. The Darcy part on the right has slip conditions on the top and bot-
tom and pressure boundary condition p = 0 on the right. Accordingly, the normal flux u - n on the right boundary is a result of
the computation. The velocity and pressure solution for this problem are shown in Fig. 7. It is important to note that such
non-tangential flow across the interface was not experimentally considered in [6]. Tangential flow is sufficient (but not nec-
essary) for the Beavers-Joseph-Saffman law to hold. For non-tangential flows, in particular in filtration problems [25], the
law is still accepted even though there is no experimental evidence that confirms or denies the use of this law. A mathemat-
ical justification of the Beavers-Joseph-Saffman law for non-tangential flow can be obtained by applying homogenization
techniques found in [20,21] according to Mikeli¢ but this will be very technical.

Since the strong, homogeneous, normal boundary conditions on top and bottom assure that no mass is lost there, we use
the difference of the integrals of the normal flux over the left and right boundaries, respectively, to demonstrate the conser-
vation property of our method. With an incoming flux integral of 4/3, the results displayed in Table 4 show clearly that the
mass flux error is close to the computational accuracy and thus confirms the strong conservation property of the method.

6. Conclusions

We presented a uniform finite element method for the coupling of Stokes and Darcy flow. By the use of divergence-con-
forming elements, exact mass conservation is guaranteed. We presented an error norm estimate which is optimal with re-
spect to the approximation spaces, but suggests an imbalance between the subdomains. The results of the numerical
experiments on the other hand indicate, that the scheme is indeed well balanced and convergence orders in L? are the same
for the Stokes and the Darcy part. The proof of this convergence requires more involved analysis and will be postponed to a
future article.
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