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1. Introduction

In the 1970s, Van Leer published a series of articles under the title “Towards the Ultimate Conservative Difference
Scheme”, in which a family of higher-order, yet monotonicity preserving, upwind-biased schemes for hyperbolic conserva-
tion laws was developed [1-3]. These schemes can be regarded as higher-order sequels to Godunov’s method [4]. Although
originally formulated by Godunov as a finite-difference method updating point values, it is customary to present it as a
finite-volume method with initial values in each cell taken constant at the cell-averaged level, and interface fluxes com-
puted by a Riemann solver to create upwind bias. Van Leer discovered that higher-order upwind-biased schemes will result
from reconstructing a linear or quadratic initial-value distribution in each cell by matching it to the average values in the
cell and its direct neighbors. The interface flux is again taken from a Riemann solver. A code based on linear distributions in
the cells was developed by Woodward and Van Leer [3] under the name MUSCL, or Monotonic Upstream-centered Scheme
for Conservation Laws.

All schemes in the series “Towards...” are full space-time discretizations. In the MUSCL scheme, accurate time derivatives
of the interface fluxes are computed based on characteristic theory, in order to center the fluxes in time. In 1980, Steve
Hancock (Physics International, San Leandro, CA) pointed out that characteristic theory is not needed and formulated a
simple predictor-corrector method as reported in Ref. [5] that is still being used [6]. The preferred approach, though, is to
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regard the MUSCL-type initial-value representation as a semi-discretization and combine it with multi-stage time-marching
[7]; this is suited for both time-accurate and steady-state calculations.

The discretization principle of reconstructing initial values from cell averages followed by an upwind flux calculation
has become known as the MUSCL approach; schemes built upon it are called MUSCL-type schemes or just MUSCL schemes.
MUSCL schemes are finite-volume schemes; their nonlinear finite-difference version, with the solution given by point values,
was developed by Osher and Shu [8,9] in the context of WENO schemes. Instead of reconstructing the solution in a cell from
solution averages in the vicinity, we may choose to store cell-based moments of the solution as independent variables; such
methods are called Discontinuous Galerkin methods [2,10]. There also are mixed methods with lower moments stored
independently and higher derivatives obtained by reconstruction, in order to limit the number of independent variables
[11,12].

The schemes in the series “Towards...” form a one-parameter family known as the “k-schemes”, after the parameter «.
Its useful range is (—1,1), with k = —1 generating the fully one-sided second-order scheme [1,13], and k = 1 yielding
(unstable) central differencing; the MUSCL code was based on the choice k =0, which for a linear flux generates Fromm'’s
advection scheme [14]. All k-schemes are second-order accurate except for x = 1/3, which yields third-order accuracy on a
uniform grid. This has made x = 1/3 a popular choice; for example, NASA’s CFL3D code, developed by Anderson, Thomas,
Walters and Van Leer [15,16] is based on it. Higher-order accuracy can be achieved on a wider upwind-biased stencil; see,
for instance, Ullrich [17], who achieves fourth-order accuracy on the “cubed sphere”.

In spite of its popularity, the choice k = 1/3 has led to confusion and controversy. At stake is the alleged third-order
accuracy of the scheme: from its publication onward there have been “Third-order deniers”, i.e., researchers who maintain
the scheme is only second-order accurate [18-21]. The authors of Ref. [19] even go so far as to announce it in their title:
“Non-Existence of Third Order MUSCL Schemes”. A milder judgement is found in Ref. [22], where the author argues that the
MUSCL scheme can be third-order accurate with x = 1/3, if only for steady conservation laws. Other authors do support
the notion of third-order accuracy for x = 1/3, but they derive a truncation error only for a linear advection equation
and/or numerically demonstrate third-order accuracy only for linear and weakly nonlinear problems [23-26]. On the other
hand, some argue that third-order accuracy is actually obtained with ¥ = 1/2 [27-29]. In today’s language, this may be
called “fake news”; it is not without danger. Imagine a student of CFD programming the x = 1/3 scheme and getting only
second-order-accurate results. Having read such an article will not motivate the student to search for the bug in the code.

The root cause of all this confusion is that the authors do not consistently follow the rules for designing or analyzing
either a finite-difference method or a finite-volume method. At some stage in their design or analysis, they inadvertently
regard a point value as a cell-averaged value, or vice versa. Since a solution value at a point and the average value in a
cell centered on that point differ by O (h?), where h is the mesh width, the result of such a mix-up is often a second-order
error in the solution. Exceptions to this rule are found only among schemes meant for marching to a steady solution.

The above examples of confusion regarding the third-order MUSCL scheme are taken from research papers; unfortunately,
the confusion has also crept into textbooks on CFD. Authors of textbooks in general appear to be aware of the distinction
between point values and cell-averaged values (see, e.g., Ref. [30], page 66 and Ref. [31], page 192) and, so long as they stick
to describing the second-order finite-volume MUSCL scheme from Ref. [3], they do not err. However, in three well-known
books [32-34] that do describe and analyze the third-order finite-volume MUSCL scheme, the truncation-error derived ends
up being one for a pointwise update scheme. This can only lead to the incorrect conclusion that the scheme is third-order
accurate only for linear or weakly nonlinear problems.

This paper attempts to put an end, once and for all, to the false notion that the k-scheme with x =1/3 is only second-
order accurate. In order to achieve this, we will proceed in the most thorough manner. In Section 2, we introduce the
k-family, presenting both its finite-difference and finite-volume forms, and show the relation between the two. In Section
3, we list various potential pitfalls resulting from confusing point values with cell-averaged values at different stages of the
design or analysis process, and the authors that fell into some of these. Section 4 contains numerical experiments with « -
schemes illustrating both correct and incorrect uses of the finite-volume and finite-difference approach. The paper concludes
with firm recommendations on how to achieve third-order accuracy at all output times, or just in the steady state.

Note that the distrust in MUSCL's third-order accuracy already exists with the scheme implemented on a uniform grid,;
uniform spacing is therefore assumed throughout our analysis. To preserve this third-order accuracy on a nonuniform grid
is an entirely different matter, which will be discussed elsewhere (see, e.g., Refs. [35-37] for successful demonstrations of
high-order MUSCL schemes on unstructured grids). Furthermore, throughout the paper, we only analyze and test “clean”
MUSCL schemes free of limiters, as these devices obscure the accuracy of the underlying scheme.

The adverse effect on accuracy of confusing cell averages with point values and vice versa is not unique to the MUSCL
scheme with kappa = 1/3. It is a potential danger to any conservative scheme of higher than second-order accuracy. By
going into considerable detail for the third-order MUSCL scheme in the series of Pitfall-sections, we trust that the reader
will understand how to avoid similar pitfalls when dealing with a different higher-order scheme.
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2. The k -family of upwind biased schemes
2.1. Notation and definitions

In this section, we restrict ourselves to the discussion of a single one-dimensional nonlinear or linear conservation law
of the form,
ou df(u)

+ =

at X

with the associated characteristic speed df (u)/du = a(u) assumed to be positive everywhere. We may do this because the
issue at hand exists in one dimension, is not influenced by the number of conservation laws in the hyperbolic system,
and neither to the upwind switch in the numerical flux formula. Discretizations of Eqn. (1) are made on a uniform grid
with x; = jh, representing either a grid point or the center of a finite-volume cell extending from xj_12 =x; —h/2 to
Xj+1/2 =X;j + h/2. Point values of the solution and the flux will be denoted by u; and f;, cell averages by u; and Tj. In
the present limited context, we shall call a scheme a finite-difference (FD) scheme when it updates point values; when it
updates cell-averaged values, we shall call it a finite-volume (FV) scheme.! Certain mixed or hybrid forms are suited for
marching to a steady solution; these appear in Sections 3.6-3.10.

0, (1)

2.2. Finite-difference form

The k-scheme introduced in Ref. [1] is a space-time finite-difference discretization of a linear conservation law; we
therefore need some extra notation. The updated point solution will be denoted by u/, the time step is 7, and the CFL
number at /h, with constant a, is denoted by v. For brevity, we introduce the backward-differencing operator Au; =u; —
uj_1, and similarly for other grid functions. The «-scheme derives from the backward method of characteristics:

ujzu(xj—ar), ()

where the right-hand side is evaluated at the initial time level. In general, the point x; —at is not a grid point, so inter-
polation between grid-point values is needed. Using the upwind-biased stencil (j — 2, j — 1, j, j + 1), which allows cubic
interpolation, the k-scheme becomes:

v(14— V) (Aujsr — Auj_1)—KV(] — Vi(l —2v)

For x = 1/3, the scheme is third-order accurate. One may verify this by inserting the following values for v: 2, 1, 0 and
-1; the right-hand side of Eqn. (3) will then assume the values u;j_, uj_1, uj and uj,q, respectively, i.e., the cubic goes
through all four grid-point values.

To reduce this scheme to a semi-discretization, we bring the first term on the right, u;, to the left, divide both sides by
7, and take the limit for T — 0. The result is:

J—q. _ L
u' =uj—vAu;

(Aujy1 —2AUj + Auj_y). (3)

&=—EA{u-+1(Au' +Au-)+£(Au- —Au-)} (4)
dt h J 4 Jj+1 J 4 Jj+1 J .

The expression between braces is an approximation of the solution at x;i1,2. For k¥ =1/3, however, it is not the most
accurate approximation possible, given the values of u;_1, u; and ujq. Rather, it is the value that, when differenced across
point j and multiplied by a/h, yields the best approximation of % in the point j. We shall come back to this in Section 3 under
Pitfall 1. For future reference we write

1
FEB = fi+ (A S+ M)+ T (A S = Afp, f=au, (5)

where the superscript FD indicates it is part of a finite-difference scheme.

Next, we allow the flux to be a nonlinear function of u, but we stay with the pointwise equation (1). To reduce the
choice of schemes, we apply the constraint that the approximation of Z—£ must vanish if the flux is constant on the grid;
this automatically produces the conservation form. Without loss of generality, we may write:

de _ 1

E_—E{aAf];l-i-(]—(X—ﬂ)Afj+/3Afj+1}’ ©

where « and B are constants. This may be rewritten as

! In the wider context of multidimensional computations on unstructured grids, an alternative definition is often used. A scheme is called FV if the
spatial residual is integrated over a finite volume; it is called FD if the residual is evaluated pointwise [38]. This uncouples the definitions from the solution
representation.
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du; 1 B—« a+p
d—t’ =—7A {fj + 5 (Af + Af) + ——(Afj - Afj)] : (7)

But we know what the constants in Eqn. (7) are from the linear case; they appear in Eqns. (4) and (5). Again, the expression

between braces is an approximation for x =1/3 (not the most accurate one) of the flux value at xj,1,,. So, for any flux,
linear or nonlinear, we have

1 K
=it A+ A+ 7 (Afjm = Af). (8)
2.3. Finite-volume form

We are now ready to move to the finite-volume approach. For this purpose, we assume, before spatial discretization, a
full initial-value distribution u(x) is given. We broaden the definition of the backward-differencing operator:

Aux) =u(x) —u(x—h), 9)
and rewrite Eqn. (4) as:
0 1 1
) =2 {f(x) + AT+ ATOT+ STA Gt h) - Af(x)]} . (10)

To arrive at a finite-volume scheme, simply integrate this equation from x;_1, to Xj;1/2 and divide by h; this operation
changes all point values into cell averages:
ou; 1 — 1 — — K — _
T;:_EA{fj+Z[Afj+l+Afj]+Z[Afj+l_Afj]}- (11)

This is our first attempt to designing an FV scheme. Three things stand out:

1. The differencing operator in the FD scheme (4) is identical to the one in the finite-volume scheme (11). In the former,
the operator is applied to point values of f, in the latter it is applied to cell averages of f.

2. The expression between braces is an approximation of the flux at x; 1/, with the maximum accuracy for k =1/3; we
shall prove this further below. For future reference we write:

- 1 _ _ _ _
(2 =Ti+ 78T 1+ AT+ Z1AT 11 — AT)) (12)

3. This is not a practical scheme since it uses cell-averaged flux values f that are not readily available in a finite-volume
scheme. Rather, it is the solution average u that is available in each cell. To obtain f;, one first has to reconstruct the

initial-value distribution in cell j from the cell averages in cells j — 1, j and j+ 1, then compute 7]‘ from it analytically
or by numerical integration. The second step, however, is redundant, as we may immediately obtain fjq,2 from uj;q/2

- and that is the MUSCL approach. Moreover, obtaining Tjﬂ spreads the stencil beyond that of the x-scheme.

We shall now show how to reconstruct u(x) in cell j and vicinity so that it matches the cell averages in cells j — 1, j
and j + 1. To this purpose, it is most convenient [2,13] to expand the solution in terms of Legendre polynomials scaled to
the interval (xj_1/2,Xj11/2). We therefore introduce the local nondimensional coordinate &:

2
SZH(X—X]'), Xj_3/2 <X <Xjy3/2, (13)

and the first three polynomials Po(&) =1, P1(£) =&, P(£) = £2 — 1/3; these are orthogonal on the interval (—1,1). We
write, using fresh coefficients:

1
u(€)=a+ﬁ€+y(§2—§>, —3<§<3, (14)
and find the coefficients through the following constraints:

) 1
H,-=5fu<s>ds=a, (15)

-1

. 3
= [utds —a+26+4y. (16)

1
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-1

_ 1
uj_1=§/u(‘§)d§=ot—2/3+4y. (17)
-3
From Equations (16) and (17), we find:

1 _ _

ﬂ:Z(uj-H_uj—l), (18)
1 _ o

V=§(uj+1—zuj+uj—l)- (19)

So, the reconstructed initial-value distribution in the cell j becomes:

_ 1 _ _ 1 _ _ 1
U(E)Zuj-l—z(ujﬂ—Uj—1)§+§(uj+1—2Uj+uj—1)<$2—§>, -1<&<1. (20)
The value of ujq/ is found by inserting £ = 1:
_ 1 _ _ 1 _ _
Uj+1/2=Uj+Z(AUj+1+Auj)+ﬁ(Auj+1—Auj)- (21)

If we replace the coefficient 1/12 of the second-order term by « /4, we retrieve the value of uj,q,> used in the x-scheme
(4). The MUSCL approach thus is defined by the following equations:

N — K _ _
uf_‘,'_/l/2=Uj+Z(AUj+] +A”j)+z(A“j+1 — ATIj)

_ 11—k  _ 1+k  _
:u1+TAu1+TAu1+1 (22)

FV FV
12 = F Wi ). (23)

We note that Eqn. (12) is identical to Eqn. (22) with u replaced by f, showing the equivalence of flux reconstruction from
f-values and solution reconstruction from u-values. Looking back farther, to Eqn. (8), we see that the same reconstruction
operator is used in the FD flux formula, applied to point values of the flux. We shall come back to this observation in
Section 3.13. The equality of the coefficients in flux and solution reconstruction is not special to MUSCL schemes; the above
derivation can be easily extended to conservative schemes of any order.

2.4. Proof of third-order accuracy for k =1/3

We may now turn to the matter of the order of accuracy of the MUSCL FV scheme with x = 1/3. We know it is at least
second-order accurate because the interface value (22) is exact if the initial values in cells j — 2 through j+ 1 are given by
one and the same quadratic polynomial. But is it third-order accurate?

To investigate this, let us assume the initial-value distribution in cells j — 2 through j+ 1 is a cubic polynomial. When
reconstructing the initial values in cell j after discretization, we must add a term proportional to 33u/9x3h3, with spatial
variation given by the next Legendre polynomial, P3(¢) = £3 — 3/5¢, in order not to affect the value of uj, which is exact.
Hence, we write:

_ 1 3
u@) =u;+pE+y (sz - 5) + Ellgh? <s3 - gs) , —3<E£<3, (24)
where 8’ and y’ are modified coefficients. The third derivative of u will not be discretized, as that would expand the stencil
of the scheme. Both uyyy and the numerical constant €, which need not be specified, are constant on the stencil. The two
remaining constraints are:

3
_ 1 _ 44
Ujtq zi/u(g)dé:=uj+2l3/+4y/+?€uxxxh3, (25)
1
17 44
Ujq= 5/u(g)dg =u;—28 +4y — ?eumfﬁ. (26)
-3

The new coefficients are:
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1 22 22
/ - - 3 3
B = Z(uj+1 —Uj_1)— 5 €Uyxh”™ =B — S'Euxxxh ) (27)

1 _ —_
V/:g(uj+1_2uj+uj—1):7/- (28)

It is seen that the coefficient B8 has become contaminated by the third-order term; y has not changed. Inserting these
values into Eqn. (24) yields:

u =7+ pe+y (-3 ) rewat { (£ - 26) - Te] . 1261 (29)
and the interface value at j+ 1/2, which is exact, becomes:

usty, = u]ﬂ‘r/l/z — AeUyh, (30)
where uﬂ/m is taken from Eqn. (22), with « = 1/3. Similarly, we find:

us®y =uf-l’1/2 — deuyh’. (31)

Consider first the case of a linear flux, f = au. Both MUSCL-fluxes in Equations (30) and (31) would have a third-order
error, but in the flux difference across cell j these errors would cancel, making the flux difference exact. The scheme would
therefore be third-order accurate. If the flux is nonlinear, we expand it around its exact value:

ad
f(u5X1/2) = f(uj‘)j_]/z) + 4€uxxxh3 (8—£> + O(he)y (32)
j+1/2

and the flux difference across cell j becomes:

F F X X af 8f
a1 j+1/2 ou j—1/2

3% f
=t = it + deuyh® (W) (”?fﬂ/z - U?fuz) + 0(h®)
j

82
= fj‘rl/z - fffuz + 4€Uxxxuxh4 (3%) + O(hs)- (33)
J

The purely nonlinear error in the scheme’s flux difference across cell j appears to be proportional to h*, an order higher
than the degree of the initial-value polynomial, hence the MUSCL scheme with x =1/3 is third-order accurate.

3. Pitfalls
3.1. Overview

In the previous section, we analyzed both the finite-difference and the finite-volume version of the x-family of schemes
while being careful to keep the two approaches separated. Both versions are conservative, meaning that unique fluxes are
defined halfway between the grid points or, equivalently, at cell interfaces. When designing such a numerical flux, there is
a subtle difference between the FD and FV approaches in the way accuracy is achieved. In the FD approach, we look for
the flux that, when differenced across a grid point, produces the most accurate approximation of d f/dx in the point. In the
FV approach, one simply looks for the most accurate flux. When these approaches are inadvertently mixed, loss of accuracy
results. When programming a « -scheme (or one with a wider stencil, aiming at higher than third-order accuracy), it is most
prudent to adhere to the following rules:

1. For an FD scheme, use only pointwise data (initial values, solution values, source values) and construct interface fluxes
only by direct flux reconstruction;
2. For an FV scheme, use only cell-averaged data and construct interface fluxes only by solution reconstruction.

With kappa = 1/3, one will be sure to achieve third-order accuracy. While these rules are safe, they are overly restrictive,
limiting the programmer to schemes (8) and (23). There are examples of schemes using a mix of direct flux reconstruction
and solution reconstruction that nevertheless are third-order accurate in solving both steady and unsteady problems (skip
to Table 3). And there are schemes that mix point values and cell averages and still achieve third-order accuracy in the

6
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steady state (skip to Table 4). Below we list a range of pitfalls that may occur when one deviates from the above ground
rules. Specifically, mixing reconstruction approaches may bring on Pitfalls 1 through 4.

When a source term s(u, x) is added to the conservation law (1), more opportunities for inconsistency arise. In an FD
scheme, which updates point values, the source term should generally be evaluated at a grid point; in an FV scheme, which
updates cell averages, the source term should be cell-averaged. Mixing up these choices will cause loss of accuracy. This is
illustrated in Pitfall 6. If, however, the scheme is used solely to march to a steady state, a mixed or hybrid discretization in
some cases may improve the accuracy of the steady solution. This surprising fact is illustrated in Pitfall 5 and also plays a
role in Pitfalls 6, 7 and 8.

Furthermore, there are pre- and post-processing errors that may be made, for instance, starting an FV calculation with
pointwise instead of cell-averaged values, or comparing the cell-averaged values of an FV calculation with the point values
of a reference solution. These are covered in Pitfalls 8 and 9, respectively.

Finally, Pitfalls 10 and 11 expose certain mistakes in the application of MUSCL. In Pitfall 10, the FV MUSCL scheme is
applied to pointwise data, a common error; this changes it into an FD scheme that is third-order accurate only for linear
and weakly nonlinear problems. In Pitfall 11, the FD version of MUSCL is erroneously mixed with an FV update, rendering
the method third-order accurate only for steady - albeit nonlinear - problems.

3.2. Pitfall 1: Wrong choice of k (= 1/2) for maximum-accuracy FD scheme

Researcher X plans to design a most accurate upwind-biased FD scheme. He has heard of flux reconstruction and begins
with reconstructing a distribution of f centered on grid-point j:
f(x)=fj+fj+1—fjf1 1fim—2fi+fia

2h 2 h?
this is the most accurate distribution one can obtain using the data in points j — 1, j and j+ 1, so X expects the highest
order of accuracy, i.e., third-order accuracy, to be delivered by the interface flux:

fitm1 = fim1 . fim1—2fj+ fi
4 + 8 )

This flux yields a perfectly valid FD scheme: it is the FD x-scheme with x = 1/2, of second-order accuracy. X has made
the mistake of maximizing the accuracy of fj 1/, instead of maximizing the accuracy of (3 f/dx);, which would require
k = 1/3. X finds that his numerical tests return only second-order accurate solutions.

Two incorrect conclusions are made by X. Before the test results have come in, he insists that k = 1/2 not k = 1/3, gives
third-order accuracy. After the test results have come in, he concludes that no scheme of the x-family can be third-order
accurate. Both conclusions are found in the literature: the first one in Refs. [18,20,21], the second one in Ref. [19].

Nonetheless, third-order accuracy is hiding in the above scheme. Because the interface flux has the maximum accuracy,
the flux difference fjy1/2 — fj—1,2 can be used to update not u; but u; with third-order accuracy:

(x—xj) + (x—xj)% (34)

firrp=fi+ G2)

U fiv12 = fi-12 3
e RS o Y C I VN Y E 36
ot h +0m) (36)

This is of little practical use since the scheme is not meant to update u; but the point-value u;. We may try to eliminate

u; from this expression using the relation:

Ujpr —2Uj+Ujq
24

Uj=uj+ + 0(hY), (37)

from which follows:
ouj ouj 1 /ouj ouj duj_
duy _ouj ( 1 0y U

at ot 24

ot at ot

) + 0(h%). (38)
This suggests that obtaining "()L[J requires solving a tridiagonal system.> Within the margin of the target scheme’s truncation
error, though, we may eliminate the time derivatives in the second-order term using the first-order upwind or Godunov
scheme:

ou;j Afj

— =———=+40¢(h); 39

oc = n TO0 (39)

Eqn. (38) then becomes explicit:

ouj ou;j 1
a_tlza_tf_ﬁ(AfjH —2Afj+Afj_1) +0@m). (40)

2 Recovering uj from u; actually is a deconvolution process; for a full treatment of the theory, with applications to FV schemes, see Refs. [39,40].
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Combining (40) with (36) yields the following update scheme for u;:

ouj 1 Afjp1—Afjq 1 1 3

et A [N PO i e LY (L [V P 41

at h[ fi+ 4 s : fi+1 (41)
where

AP fi=Afj1 —20f;+ Afja. (42)

Thus, the correction term resulting from the difference between u; and u; in the end reduces the coefficient of A3 fj;
from 1/8, or /4 with k =1/2, to 1/12, or « /4 with k =1/3, i.e., the third-order scheme is recovered.

Obviously, it is more practical to use x = 1/3 in the flux formula from the start. Still, the notion that a correction term
may exist restoring third-order accuracy in a scheme designed with x = 1/2 has merit. Indeed, in Ref. [41], such a correction
term is proposed; see further under Pitfall 5.

3.3. Pitfall 2: Mixing FV with FD approach; k = 1/2

Researcher Y has the same idea as X but does not know about direct flux reconstruction. She reconstructs u, finding:

Ui —Uj_1 Ujyrq1—2Uj+Ui_1q
Uji1p=Uj+ i+ 2 i1 j+ 81 izt (43)

fiv12 = fujr1y2), (44)

in the fashion of MUSCL. The resulting scheme in fact is a MUSCL scheme with ¥ = 1/2, applied to point values instead of
cell averages, and it does produce a second-order solution of u; (see further below). This suggests the following thought
experiment: Assume the point values u; happen to be the cell averages of a different initial-value distribution v(x), that is,

uj="vj. (45)
Then scheme (43), (44) may be regarded as a regular MUSCL scheme with x = 1/2 solving a slightly modified initial-value
problem, namely, one with initial point values v; related to u; by:
Vi1 —2Vj+Vjq
24
This relation can be made explicit without changing its order of approximation:

Uj=v,=vj+ +0(hY. (46)

V=7, — Vit1 —2Vi+ Vi —uj— Ujp1 —2uj+Ujq
24 24
Eqn. (47) may be used at any time-level to approximately obtain the point values underlying the cell-averaged solution.
Scheme defined by (43) and (44) thus solves two initial-value problems: one with initial values uj, the other one with
initial values v;.
Is it possible to design a local correction term that restores third-order accuracy? To investigate this, we expand the flux
f(ujy1/2) with respect to the point j, making frequent use of the Roe-average [42] of the characteristic speed a(u):

+ 0(h%). (47)

F(v)— f(u)=a(u,v)(v—u), a(u,u)=au). (48)

We may write:
fWjy1p) = fj) +auj, ujp12)Wjr12 —uj)

3AUj+]
3 )

AUj
= fj+a(u;j, uj+1/2)T +a(uj, ujy1/2)

1 3 1
=fi+ ga(uj—Luj)Auj + ga(uj,uj+1)AUj+1 + 3 {la(uj ujzayn) —a(uj_1,uj} Auj

3
+ > {auj ujp2) —atuj, uj)} Aujyg,

8
1 3
:fj+§Afj+§Afj+l+NLE~ (49)
The first three terms on the right hand side form the desired value ij] /20 the remainder is the purely nonlinear error,

abbreviated as NLE. To estimate the NLE, we first convert the Roe averages to local values. To begin with, we have:

8
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h (0 3
5 + O[(h/2)?]
. _ . 2 0xX .
atug, g1 = 2T h<au)“”“ — =aj1/a+ O[(h/2)%]. (50)
Ujr12 =Uj 5 (5%) 114 + OLR/2)]
In the same way, we find
auj_1,ujr12) =aj_12 + O[(h/2)%], a(uj,uji1) =aj+ O[(h/2)%]. (51)

Note that the error terms in Eqns. (50) and (51) scale differently and will not approximately cancel when subtracted from
one another. We may now estimate the NLE:

1 3
NLE = 3 [auj, ujy1/2) —a(uj_q,uj)] Auj+ 3 [auj, ujy12) —a(uj, ujpn)] Aujyq

1[3h 3[h
=2 [I(ax) - O(hﬂ [hwoj+ o0 ] - = [me) I o<h2>} [ +om)]
=0(h>). (52)
The purely nonlinear term is an order higher in h than the k-term in ij] /20 SO the scheme is second-order accurate, as
anticipated. Moreover, adding the correction term
1 .3
—=—=A"fj1, (53)

24

to the flux difference across cell j will make it a third-order scheme. See further under Pitfall 5, where a source term is
added.

3.4. Pitfall 3: Incorrect use of solution reconstruction in FD scheme; k = 1/3

Researcher Z wants to design an FD scheme with third-order accuracy. He knows he must use ¥ = 1/3 but is not familiar
with flux reconstruction. His scheme is a MUSCL scheme applied to point values:

—K 14+«
TAU} + TAU]’+‘1, (54)

fiv12 = fWjz1,2), (55)

where « is understood to have the value 1/3. It is a third-order scheme if we regard the values u; as cell averages of
a modified initial-value distribution v(x) with grid values v;, as in the previous Pitfall. But is it third-order accurate as
an FD scheme for updating u;? The value of uj,1/; obtained for x = 1/3 is not quadratically correct (compare to flux
reconstruction in Eqn. (34)), and so there is no reason to expect of the scheme an exceptional accuracy.

Following the derivation presented in Pitfall 2, we arrive at the generalization of Eqn. (49):

Ujt12 =Uj+

3(1 —«) 1+«
fivip= fffl/z + [T(ax)j—l/s(ux)j—l/Z - ?(ax)j+3/8(ux)j+1/2:| h? 4+ 0(h)

1/1
=ffhn+yg (5 - K) (@) j+1/8(ux) jh* + 0 (). (56)
We see that the k-term in fJFJrDl/Z is swamped by the nonlinear truncation error for all values of k¥ except x = 1/2; those
schemes can therefore not be called x-schemes. The case k = 1/2 was analyzed under Pitfall 2 and was found to be second-
order accurate, with the possibility of adding a correction term that produces third-order accuracy.

We conclude that using the FV version of the k-scheme to update a solution given by point values never achieves higher
accuracy than second order. This explains why in the CFD literature, e.g., in Ref. [19], one finds the statement that MUSCL
cannot be third-order accurate. It is based on improper use of the FV operator.

Note that Z's scheme becomes the third-order FD scheme for linear equations with x = 1/3 because a is a constant and
solution reconstruction is then equivalent to flux reconstruction. This is another source of confusion: in some references,
MUSCL-type schemes applied to point values are claimed to be third- or higher-order accurate based on accuracy verification
studies performed for linear equations only [23-26]. It has been observed that high-order accuracy can still be achieved
with those schemes for nonlinear equations if the targeted solution has a small enough variation to effectively linearize the
equation [43]. See also Ref. [44] for a discussion of similar schemes of WENO type.

9
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3.5. Pitfall 4: Incorrect use of flux reconstruction in FV scheme; k =1/3

Researcher Q wants to program an FV scheme for solving her favorite equations. She knows about MUSCL and the
preference for x = 1/3, but also has heard about direct flux reconstruction. Applying the latter method becomes her pitfall
because she does not appreciate the difference between the average of the flux and the flux of the average. Instead of
reconstructing fj1/2 from cell averages Tj, admittedly not a practical method (see Sec. 2, Eqn. (12) and below), she
reconstructs it from values of f(uj):

Af(Ujp) +Af))
4

fEY = F@p + + 5 A ), (57)

which would be correct only in the case of a linear flux function. To demonstrate the difference between fj and f(u;), we
interpolate both u and f quadratically from point values and find:

Ujpr1 —2Uj+Ujq

uj=uj 0 (h%), 58
uj=uj+ 54 +0(h") (58)
Fi=p+ L2t i 2’;’ ity o, (59)
To compute f(u;), we use the expansion technique from Pitfall 2 and arrive at:
= 1 f 2,2 3
1@ =T 5 Gz ) @it 00 (60)

The purely nonlinear term in f(u;) gives fji1,2 an error 0 (h?), so the scheme is not a genuine x-scheme and will only be
second-order accurate.

The alternate view is to regard the cell averages ui; updated by the scheme as point values of a distribution v(x); then
the FV scheme changes into a legitimate FD scheme with flux reconstruction for ¥k = 1/3, i.e., a third-order scheme. The
scheme then solves a slightly different initial-value problem, as we have:

B Vi1 —2Vj+Vj_1

4
- +0(h). (61)

Vi=uj, Uj=Vj

Is the use of f(u;) as an estimate of f(u;) or Tj entirely without merit? Suppose Q had used solution reconstruction from
u with « =1/2 and limited the use of f(u;) to a flux-correction term:

N () (62)
In this second-order term, it does not matter that f(u;) is not equal to Tj or f(uj); the error made in the term is only
0 (h*). One might therefore expect the resulting FV scheme to be third-order accurate. In the alternate view, the scheme’s
flux function reduces to the flux function of Pitfall 2 with the correction term from Pitfall 1, yielding third-order accuracy;
this is the basis of Leonard’s QUICKEST scheme [45], see Pitfall 5.

An analysis of the flux function reveals, again, that it contains a second-order, purely nonlinear error term, so third-
order accuracy is not achieved. Moreover, no matter how the flux function is divided up into a reconstruction step and a
correction step, i.e.,, no matter which value of « is used in the reconstruction, third-order accuracy is unattainable. To prove
this, we may adapt the analysis given under Pitfall 3. In the solution-reconstruction step, we first write the lead term u; as
the point value u; plus an approximate convolution term Azuj+1/24; the latter term is then included in the «-term:

1, _ _ K 5 ,
uj+1/2:uj+Z(Auj+1+Auj)+ZA2uj+1+O(h4), k' =K +1/6. (63)

Next, we realize that, within a margin O (h?), all differences of u;j in Eqn. (63) may be replaced by differences of point
values u:

1 K’
Ujsip=uj+ (Auji1+ Auj) + ZAzqu + 0%, k' =«x+1/6. (64)

Thus, we have reduced the analysis to that of Pitfall 3, with a modified «-value. It follows that x¥’= 1/2, hence k¥ =1/3,
is the only value that allows of flux correction toward third-order accuracy - but for that value the scheme already is
third-order accurate. The exceptional value x = 1/2 for FD schemes appears to correspond to the value x = 1/3 for FV
schemes.

Yet, Eqn. (63) suggests there is another way to utilize f(u;) in an FV scheme. If we reduce the solution-reconstruction
step to the deconvolution of the lead term u; and then compute f;:

10
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_ 1 5
fj=f<uj_ﬁA2uj+1>+O(h4), (65)
we may compute the missing part of the flux function using f(u;):
—_ 1 Afjp)+Af@)  « _
fiva=f (10— o A% ) + =2 L+ — A f @)+ O ). (66)
24 4 4
But f; may also be written as follows:
r 1 2p— 4
fj:fj_ﬂA fjt1)+ 0%, (67)
so that Eqn. (66) can also be written as:
= | Af@jr)+Af@)  « _
firip =T+ == =54 A @) + O, (68)
r = 1 2 T o 2c— R4
fi=f uj_ﬂA Uj1 +ﬂA f@jp) + 00, (69)

This is as close as one can get to the FV flux function (12) at limited computational expense. For k = 1/3, it has a third-order
truncation error; the deconvolution of u; and reconvolution of f; in Eqn. (69) eliminates the purely nonlinear second-order
errors that plague the fluxes (57) and (60). Note that these operations have not spread the stencil of the flux formula.

3.6. Pitfall 5: Hybrid scheme

Researcher R wants to develop an FV scheme, complete with source term, but does not want to give up the point-valued
solution. He starts from the extended conservation law:

ou af

— 4+ — =5(u,x), 70

ot T o = SWX (70)
and correctly integrates it over a finite-volume cell, yielding:

ou;j 1 _

Ttl :—E(fj+1/2—fj—1/2)+5jEResj, (71)

where Res stands for “residual”. The residual is computed with fji1/,, obtained by quadratic solution reconstruction from
point values, as in Pitfall 2, Eqn. (44); the source term is averaged over the cell. Because the solution is given in grid points,
R has no other choice than to apply the residual to u;. The scheme thus becomes:

ouj 1/ rv FV -
W:_E( j+1/2_fj71/2)+5jv (72)
where fj.FJer/z is given by Eqn. (23). This is an example of a hybrid scheme, combining a pointwise solution with a cell-

averaged source term; its utility remains to be discovered. To the disappointment of R, this scheme gives only second-order
accurate results. We readily understand this upon rewriting Eqn. (71) as:

duj+0h?)
at -

which is valid regardless how accurately the residual is calculated. Subsequently, using scheme (72) to march to a steady
state afforded by the source term, R is surprised to find that the steady solution is third-order accurate, after all. He has
iteratively solved, within round-off error, the equation Res; =0 for all j, or

Res;, (73)

1 _
h (fjﬂ/l/z - ij—V1/z) =S5j- (74)

The truncation error in each flux and in the source term is O (h3): so is the error in the divided flux difference. The balance
between the flux difference and the source term is exact, so the O (h3) error must be in the solution itself.

R now aspires to make the time accurate scheme also third-order accurate. He realizes that he has to correct for the
difference between u; and u; but does not want to tamper with the established code; instead he formulates a correction
term, to be added to the RHS of scheme (72). Starting from

0, L(3 g8

= — - 0 (h%, 75
at — ot 24\ ot at 8t)+() (75)
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he arrives at the following corrected scheme:

i 1
—; = Resj— o, (Resj41 —2Resj + Resj_1). (76)
Not only does the correction term contain the flux correction (40) to make the switch from x =1/2 to k = 1/3 (see Pitfall 1,
Eqn. (41)), it also includes the term —A2§j+1/24 that changes the source term from s; to s;. The scheme is now comparable
to the FD «-scheme with « = 1/3, flux reconstruction and pointwise source term; it is third-order accurate.

The correction term in (76) is a convenient choice but widens the stencil with two points. In such a case, one always
wonders if the extra information could not have been put to a better use, specifically, to make the upwind-biased scheme
fourth- or fifth-order accurate. Within the original stencil, the correction term could be evaluated as (A3 fiv1— A25j+1)/24.

The above scenario closely follows the work of Leonard? [41]. Scheme (72) compares to Leonard’s QUICK scheme, and
scheme (76) compares to his QUICKEST scheme.

Eqn. (72) is also the scheme with which Burg [28] achieved third-order accuracy with k = 1/2 in solving a one-
dimensional nonlinear steady-state problem. Clearly, Burg’s U-MUSCL scheme cannot be third-order accurate in an unsteady
simulation, regardless of the time-integration scheme used, and not even in one dimension.

Another way to convert the QUICK scheme into one that is third-order accurate at any time is to actually use the FV
residual to update uj, as in Eqn. (71). The scheme is now an FV scheme, with the solution stored as cell averages, but we
may still choose to compute the fluxes from point values. We obtain these auxiliary point values from a variation on Eqn.
(47):

1
uj=1;— ﬁAzﬁj—l-O(h‘l). (77)

To see the effect of this conversion, we insert Eqn. (77) into Eqn. (43) and find:

2 =T+ (A + AT) + = A% L2 a1 A A%, 78
u1+1/2—U1+Z( Ujyr + u])‘i‘ﬁ u]+1_ﬁ Z( Ujyo + u]+1)—|—§ Ujta (- (78)
We observe two things: (1) the residual stencil will spread into cells j —3 and j + 2; (2) the new solution value at xj1/2
equals the value (22) appearing in the FV MUSCL scheme with x = 1/3, augmented by third- and fourth-order terms that
do not make the scheme more accurate. Clearly, using the original MUSCL scheme is preferable.

3.7. Pitfall 6: Another hybrid scheme; incorrect source-term discretization

Researcher Z from Pitfall 3 has learned about second-order accurate schemes producing third-order accurate steady
solutions. He adds a source term to his FD code, evaluated pointwise, and has the code march to a steady state on several
grids. The refinement study shows that the pointwise results are still second-order accurate.

Z has used the proper source term for an FD scheme but not for getting the benefit of third-order accuracy in the steady
state. Had he used a cell-averaged source term, he would have found that the steady numerical solution, compared to the
cell-averaged exact solution, indeed has a third-order error. In the steady state, it does not matter whether the cell values
were originally designated point values or cell averages. Provided that the source term is cell-averaged, k = 1/3 will bring
third-order accuracy with respect to the cell-averaged exact solution, and x = 1/2 will bring third-order accuracy with
respect to the point values of the exact solution. The latter is the case of the U-MUSCL scheme of Burg [28] and also of the
QUICK scheme of Leonard [41]; see Pitfall 5.

Disappointed, Z decides to try his luck with an FV scheme. To convert his FD scheme, with k = 1/3 and solution recon-
struction, into an FV MUSCL scheme, all he has to do is start from cell-averaged initial values and at output time compare
the numerical values to the cell-averaged exact solution. To his relief, he finds his scheme has become third-order accurate.
But when he switches on the source term and marches to a steady state, the scheme reverts to the second order.

Z has forgotten to change the point-valued source term held over from his FD code to a cell-averaged source term. As
he has become more assertive since his recent success, he realizes his oversight and finally achieves third-order accuracy in
the steady state using a cell-averaged source term. From now on, he tells his students to stay away from FD schemes and
embrace the FV method.

Note that Z would have obtained third-order accurate solutions with x = 1/3 and a pointwise source term, had he
restricted himself to solving a linear equation. As mentioned under Pitfall 3, multiple references claim third-order accuracy
based only on an analysis of linear or weakly nonlinear advection [28,23-26,43] (see Pitfall 10). To his credit, researcher Z
did not step into that one.

3 Leonard considers QUICK as an FV scheme; in the context of the present paper, we must call it an FV-FD hybrid. QUICKEST, again, is an FD scheme; the
FV aspect is completely undone by the correction term.

12



B. van Leer and H. Nishikawa Journal of Computational Physics 446 (2021) 110640

3.8. Pitfall 7: Yet another hybrid scheme; post-processing error

Researcher Q from Pitfall 4 also has learned that some second-order accurate discretizations surprisingly produce third-
order accurate steady solutions. She adds to her FV code a source term s(x), correctly cell-averaged, and has the code march
in time until the residual bottoms at round-off level. A grid-refinement study shows that the results are still second-order
accurate. She sends the program and output files to her graduate student C, to have her look for a bug or irregularity.

The output file for each grid has a column with the point values of the exact solution, a column with the exact cell
averages, computed from the point values by quadrature, and a column with the cell values of the numerical solution. C
does not find anything remarkable in the data, nor can she find any bug in the code. She decides to go to the source.

From the original paper by researcher R, she learns he has combined an FD scheme with a cell-averaged source term.
Perhaps, she thinks, “I should do the opposite: combine my FV code with a pointwise source term”. And so she does, but
the converged steady solutions still differ O(h?) with the cell-averaged exact solution. When looking at the new data, C
observes that on each grid the numerical cell values are closer to the pointwise exact solution than to the cell-averaged
exact solution. She recomputes the error norms with respect to the pointwise exact solution and finds that the errors now
decay as h3, lending a happy ending to this Pitfall.

The discrete operator in Q’s FV scheme is identical to the one in the FD scheme with flux reconstruction for « = 1/3,
see Eqn. (8). The latter is meant to act on pointwise initial values. If given cell-averaged initial values but a pointwise
source value, it still will reach the steady pointwise solution with third-order accuracy because the steady solution does
not depend on the initial-value distribution. The next FV scheme in Pitfall 4, with flux correction (62), will behave similarly
when provided with a pointwise source term. The last FV scheme from Pitfall 4, with flux given by Eqns. (68) and (69),
is third-order accurate for all times when provided with a cell-averaged source term, but it produces only a second-order
accurate steady solution when combined with a pointwise source term. Reason: the expression for fj in Eqn. (69) reduces

to fj + 0 (h?) when all cell averages of u are replaced by point values.
3.9. Pitfall 8: Post-processing error

Researcher S is interested in accurately finding steady solutions generated by a source term s(x). She programs the
MUSCL FV method with solution reconstruction for arbitrary «, and correctly cell-averages the source term. Her initial-value
discretization, though, does not include cell averaging; she merely chooses point values of a function far removed from the
steady solution, in order to challenge the scheme.

S first takes x = 1/3, aiming at third-order accuracy, and has the scheme march in time on a sequence of grids. Having
reached the known steady state within round-off error, she makes her mistake: she compares the numerical solution values
to point values of the known steady solution instead of cell-averaged values. Thus she finds her solution to be only second-
order accurate.

Next, she makes the calculation with k = 1/2 and now finds her steady solution to be third-order accurate, when
compared to the point values of the exact solution. (We know from Pitfall 5 why this is so.) When publishing these results,
she makes the assertion that MUSCL is second-order accurate with k = 1/3 and third-order accurate with x =1/2.

Had S post-processed correctly, she would have made the reverse conclusion. The cell values of her steady solution for
k =1/3 would have shown third-order accuracy when compared to the cell-averaged exact solution. In contrast, the cell
values of her steady solution for k = 1/2 would have shown second-order accuracy when compared with the cell-averaged
exact solution. The analysis presented in Ref. [28] is an example of such confusion.

3.10. Pitfall 9: Pre-processing error

When Researcher S from Pitfall 8 presents her results at a conference, someone in the audience warns her that her
conclusions are premature and that she should try to solve a time-dependent problem. She heeds this advice and now finds
that for both values of « the numerical solutions are second-order accurate.

Unfortunately, S is not well-positioned to do time-accurate calculations with FV schemes. Not only will she make the
post-processing error from Pitfall 8, she also makes a pre-processing error: her code still starts a calculation with point
values instead of cell averages of the given continuous initial-value function. There is no chance she will uncover the true
accuracy of MUSCL FV with « = 1/3. For the tests with x = 1/2, the pre- and post-processing errors do not matter; these
are of the same order as the truncation error of the scheme. With pointwise initial values, the scheme will be identical to
QUICK, discussed under Pitfall 5, which is second-order accurate in the absence of flux correction.

3.11. Pitfall 10: Good intentions, faulty analysis I

Researcher T is enthusiastic about MUSCL and wants to show, once and for all, that it is third-order accurate for k =1/3.
He works thoroughly, starting out with a linear truncation-error analysis. Alas, he applies the MUSCL operator, including
solution reconstruction, to point values of the solution, as in an FD scheme, instead of to cell averages, as in an FV scheme;

this mistake does not immediately show up because for a linear flux, f =au, a constant, there is no difference between
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solution reconstruction and direct flux reconstruction. So, his analysis indicates third-order accuracy and he confirms this
with numerical tests of linear advection.

Encouraged by these results, he changes the flux into Burgers’ flux, f =u?/2, adds a pointwise source term s(x), and
solves the steady problem on a sequence of grids. To his disappointment, the results are now only second-order accurate. T
tries to salvage the experiment by choosing as the steady solution a constant ug plus a perturbation with small amplitude
€, thus making the problem only weakly nonlinear. Indeed, for sufficiently small €, he does recover third-order conver-
gence. His published conclusion is that MUSCL with x = 1/3 is third-order accurate only for weakly nonlinear steady-state
problems.

T has followed the tracks of Researcher Z, stepping into Pitfalls 3 and 6. His final conclusion can be readily understood:
for small €, his scheme has two competing major components in the truncation error: a quasilinear® error ~ e¢h? and a
purely nonlinear error ~ €2h?; see Eqn. (56). If h > Ce /ug, where C is a small constant, the quasilinear error dominates and
cubic convergence is observed; if h < Ce/ug the nonlinear error dominates and convergence is only quadratic. This Pitfall is
analyzed in more detail and illustrated numerically in Section 4.4.

The incorrect application of FV k-schemes to a point-valued solution, as in the above example, or, equivalently, the use
of solution reconstruction in an FD scheme, is a major source of false statements about MUSCL's accuracy. Sometimes the
authors omit indicating what choice of data they use, but their incorrect analysis results are tell-tale. This is the case in
Ref. [19], which bears the title: “Non-Existence of Third Order MUSCL Schemes”. Furthermore, in three textbooks on CFD
[32-34] that include an analysis of the third-order MUSCL scheme, the authors choose to discuss and analyze the MUSCL and
QUICK schemes in the same framework; this inevitably leads to tacit application of the third-order MUSCL operator to point
values. There also are authors [26,46,47] who claim to have extended MUSCL to the fourth order of accuracy, although their
claim is supported only by linear and weakly nonlinear numerical test results. It is doubtful that their schemes are fourth-
order accurate for fully nonlinear problems, especially because there is evidence that they, too, have treated their solution
data as point values. Nevertheless, some of their test results show increased resolution compared to those obtainable on
the same grid with a second-order method. A truly fourth-order extension of FV MUSCL is described in Ref. [17], with
applications to atmospheric flow over the “cubed” sphere (the outward projection of a cube’s Cartesian surface grid onto
the circumscribed sphere).

3.12. Pitfall 11: Good intentions, faulty analysis II

Researcher Y has learned a lot about CFD since her first attempt to construct an accurate scheme, described in Pitfall 2,
and decides to give it another try. She starts out with the finite-volume form of the conservation law:

ou  Afjp
at h
and as the numerical flux function fj;1,2, she takes ]F Jﬂ 2 from Eqn. (8), direct flux reconstruction from point values via
the x-formula, with the intent to use x = 1/3. Thus, the scheme becomes hybrid, and some work needs to be done to make

this a fully pointwise update scheme. A truncation-error analysis produces the following approximate equation representing
the scheme in a point:

Sj, (79)

h? h? 1 h? 13
ut‘f‘fx‘f‘ﬂutxx'f‘Z(K_g) fxxx—s‘f‘ﬂsxx‘f'o( ). (80)
It is seen that the contribution to the truncation error by the flux term indeed vanishes for x = 1/3, but now the term
~ Uy is particularly worrisome. It may be approximated by AZ(u;) j+1/24, but that makes the update scheme implicit.
Moreover, it indicates that third order accuracy may only be attained in the steady state, when all time derivatives vanish.
Note that in that case, third-order accuracy is achieved for x = 1/2 rather than ¥ = 1/3. In the end, Y drops both the terms
~ Uxx and ~ Syx, Wwhen writing her computer code, i.e., she abandons the cell-averaging of u; and the source term. To her
surprise, her numerical experiments produce both steady and unsteady solutions with third-order accuracy. We know why:
she has rediscovered the standard FD scheme with k =1/3.

The above derivation of the hybrid scheme (79), found in Ref. [22], is a faulty attempt to obtain an FV scheme starting
from (8); the correct derivation, given in Section 2.3, leads to Eqn. (11). To correctly change (79) back into an FD scheme,
we start from the representative equation (80), and simplify it to:

ur+ fr=s+0(h%. (81)
Apply the operator (h%/24)32/8x* to both sides of it and subtract the resulting equation from (79). The terms ~ sy and
~ sxx have the effect of reducing (uj); and s; back to their point values (uj); and sj, while the term ~ fyx changes the
coefficient k /4 in the flux function to «’/4 = (k — 1/6)/4. This means Y could have simulated her hybrid scheme with

4 Quasilinear: linear in f, although nonlinear in u.
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a regular FD scheme incorporating ¥’ = 1/3 — 1/6 = 1/6, which indeed does not yield third-order accuracy. By choosing
k' =1/3, or k =1/2, her hybrid scheme would have become third-order accurate in unsteady calculations - but the scheme
would remain difficult to execute.

The value x = 1/2 also appears in the hybrid schemes discussed in Pitfalls 1 and 5; the latter scheme is QUICK; it
uses solution reconstruction for its flux but behaves similarly to one that uses flux reconstruction. The scheme is actually
third-order accurate for unsteady calculations in its hybrid form, but again is difficult to execute. By applying the same
deconvolution procedure as done above to scheme (79), we can reduce QUICK to an FD scheme; this decreases the effective
value of ¥ to 1/2 —1/6 = 1/3; in other words, the hybrid QUICK scheme is equivalent to the FD scheme with x =1/3,
confirming its third-order accuracy.

The appearance of the value k = 1/2 in the analysis of schemes that are wanting in some way, is no accident. We
therefore end this parade of Pitfalls with some observations on the significance of this value, and the associated role of
deconvolution in both FV and FD schemes.

3.13. A final question: Why are the reconstruction operators for third-order accurate FD and FV the same?

It is somewhat surprising that the differencing operator for flux reconstruction in the third-order accurate FD k-scheme
is identical to the one used for solution reconstruction in third-order accurate MUSCL. Both reconstructions feature x = 1/3.
Although this is evident from the derivation of the FV scheme from the FD version, given in Section 2.3 (see Eqn. (11)),
additional clarification may be welcome.

The basis lies in the fact that both FD and FV schemes use the same quadratic interpolant, for flux and solution recon-
struction, respectively. This is the most accurate reconstruction possible using values from cells j — 1, j, and j + 1, and the
only way to achieve third-order accuracy in the scheme. Because of this, and in order to realize the maximum accuracy, the
residual formed from differencing the interface flux across cell j,

Res,; = fiv12 — fj—1/2, (82)
h
must be regarded as an FV residual in both schemes.

Quadratic interpolation of point values of the flux is described in Pitfall 1, Eqn.(35); quadratic interpolation of point
values of the solution is described in Pitfall 2, Eqn. (43). In both cases, the reconstructed interface value, of flux and solution,
respectively, is given by the standard formula with ¥ = 1/2. Yet, in the final form of the schemes, the value ¥ = 1/3 appears
in both. The reason is that in both schemes at some point, a deconvolution is needed from cell average to point value.

In the FD scheme, which updates point values, it is the residual itself that must be converted, because it represents the
time derivative of the cell-averaged solution, du;/dt, not du;/dt. How to do this without increasing the scheme’s stencil is
described in Pitfall 1, Eqn. (41). The result is a flux-correction term that has the effect of lowering « from 1/2 to 1/3.

In the FV scheme, the FV residual is appropriate because the solution is stored as a cell average. A consequence is that
the quadratic solution reconstruction must use cell averages rather than point values; as shown in Eqn. (37), these differ by
0 (h?). No adjustment is needed in the first- and second-order terms of the quadratic polynomial as replacing point values
with average values produces errors that fall within the truncation error of the reconstruction. The lead term u;, though,
must be deconvoluted according to Eqn. (47); this introduces the by now well-known second-order term that lowers k from
1/2 to 1/3.

4. Numerical results
4.1. Schemes and notations

We proceed with testing all distinct schemes described earlier on their order of accuracy. All schemes are capable of
producing second-order results in time-accurate and steady-state calculations; some achieve third-order accuracy.” Below
are two tables with the schemes in their order of appearance in the Pitfalls. The schemes in Table 1 from Pitfalls 1-4 do not
include a source term; they are tested on the time-dependent problem of Sec. 4.2. They are second-order accurate, except
MUSCL(1/3) and its FD counterpart, but some can be corrected to yield third-order accuracy. The schemes in Table 2 from
Pitfalls 5-9 include a source term and are tested on the steady-state problem of Sec. 4.3. They all yield third-order accuracy,
bar pre- or postprocessing errors and except one scheme that is third-order accurate only for linear and weakly nonlinear
problems. The following abbreviations are used henceforth.

5 Note that, to ensure third-order accuracy will be observable, the initial values and final solutions of any numerical test problem must be at least three
times continuously differentiable.
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Table 1
List of schemes for unsteady problem. Incorrect pre- or/and postprocessing will lower OoA to 2 for any third-order
scheme. Note: (149) in FV-FR(1/3,(149)) should be understood as (66), i.e., the use of the flux reconstruction (66).

Scheme Reconstr. FC possible? 00A Pitfall # Comment
unsteady

FD-FR(1/2) (34) yes (40) 2 1
FD-FR(1/2)-FC (34) included (40) 3in uj 1 Identical to FD-FR(1/3).
FD-FR(1/3) (8) 3inuj 1,4, 11 FD counterpart of MUSCL(1/3).
FD-SR(1/2) (43) yes (40) 2 2
FD-SR(1/2)-FC (43) included (40) 3inuj 2
FD-SR(1/3) (4) 2 3 Not a true FD x-scheme.
FV-SR(1/3) (23) 3inuj 3,6 MUSCL(1/3).
FV-FR(1/3) (57) 2 4 FR by f(u;) is incorrect;

not a true FV k-scheme.
FV-SR(1/2)-FC (23) included (62) 2 4 FC by f(u;) is correct;

still not a x-scheme.
FV-FR(1/3,(149)) (66) 3inuj 4 Flux function approximates Eqn. (12).

FD: Finite difference scheme; solution given as point values.

FV: Finite volume scheme; solution given as cell-averages.

FR: Flux reconstruction; fj;1,, computed by direct flux reconstruction.
The «-value is indicated in parentheses.

SR: Solution reconstruction; fj1,2 computed as f(uj11/2), where uj; 1, is obtained
by solution reconstruction. The «-value is indicated in parentheses.

FC: Flux correction; included is a flux-correction term raising the order of accuracy from 2 to 3.

SP: Source term included, pointwise evaluated.

SA: Source term included, cell-averaged.

SC: Source-term correction; included is a correction term to convert the source term
from cell-averaged to pointwise.

MUSCL: FV scheme with solution reconstruction; the x-value in parentheses.
0oA: Order of accuracy.

Example: FD-SR(1/2)-SA indicates a finite-difference scheme of the x-family with solution reconstruction using k =1/2
and including a cell-averaged source term; FD-SR(1/2)-FC-SA/SC is the same scheme modified by flux-and source correction
terms. These are Leonard’s QUICK and QUICKEST schemes, respectively. See Ref. [45].

4.2. Unsteady problem

We consider a time-dependent problem governed by Burgers’ equation ( f = u2/2) with initial values,

ux,0)=1.5+sin(2wrx), xe[0,1], (83)

and periodic boundary conditions; thus no special boundary schemes are required. The initial values and final solution at
time t =ty =0.1 are shown in Figs. 1(a) and 1(b), respectively.

The solution will develop a shock at time t; = max,(du(x, 0)/9x)~1 =1/2m); at t = ty it is still continuous. The solution
and, therefore, the characteristic speed df /du = u are always positive, as required by the analysis of Section 2. All schemes
are integrated in time by the three-stage SSP Runge-Kutta scheme [48] for a total of 1000 time steps with a constant time
step At = 0.0001. To verify its order of accuracy, we have each scheme solve the problem on a series of grids with the
number of cells n =127, 255,511, 1023, 2047. On the finest grid, the maximum CFL number found in the solution equals
maxy u(X)At/h =2.5x0.0001/(1/2047) ~ 0.512, less than the stability limit 1.0 of the multistage method used; this implies
stability on all coarser grids. All schemes in Table 1 are tested except FD-FR(1/2)-FC because it is identical to FD-FR(1/3).

To establish the accuracy of the FD, FV, and hybrid schemes, we need both the point values and cell-averaged values of
the solution in each cell at the initial and final time. At t =0, we have by (83),

uj=1.5+sin(2wx;), (84)

— 1 . .

uj=15+ — sin(rrh) sin(27x;). (85)
The solution at the final time is obtained by the backward method of characteristics:

ux, tr) =u(x,0), (86)
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Iiasl:lzfzschemes for steady problem. Incorrect postprocessing will lower OoA to 2 for any third-order scheme.
Scheme Reconstr. FC possible? Source OoA Pitfall # Comment
term unsteady steady
FD-SR(1/2)-SA (43) yes (40) 5 2 inuj 3in u;j 5 Hybrid scheme, QUICK.
FD-SR(1/2)-FC-SA-SC (43) included (40) Sj 3inuj 3in uj 5 QUICKEST; not tested.
FD-FR(1/2)-SA (34) yes (40) 5 2 in uj 3in uj 5,11 Hybrid scheme

similar to QUICK.

FV-SR(1/2)-SA (23) 5 2 3inu; 58 MUSCL(1/2)-SA,
identical to QUICK
in steady state.

FD-SR(1/3)-SA (4) Sj 2 3inuj 6 Hybrid scheme;
becomes
MUSCL(1/3)-SA
in steady state.

FD-SR(1/3)-SP (4) s 2 2 10 3d-order only
for linear and
weakly nonlinear
problems.

FV-SR(1/3)-SA (23) 5 3inu;j 3inuj 6,89 MUSCL(1/3)-SA,
incorrect post- or/and
preprocessing lowers
O0A to 2.

FV-FR(1/3)-SP (57) Sj 2 3in uj 7 Hybrid scheme;
becomes FD-FR(1/3)-SP
in steady state.

FV-SR(1/2)-FC-SP (23) included (62) Sj 2 3in uj 7 Hybrid scheme;
becomes
FD-SR(1/2)-FC-SP
in steady state.

FV-FR(1/3,(149))-SA (66) Sj 3inu;j 3in u;j 7,10 Not suited for
hybridization.
FD-FR(1/3)-SP (8) Sj 3inuj 3in u;j 7,10 FD counterpart

of MUSCL(1/3)-SA.

Xx=x—tu(x,0). (87)
This pair of equations can easily be solved iteratively with a fixed-point method:

¥ =x—tru®@, 0, ' =x (88)
For the cell average in cell j at time t; we find:

1 Xj+1/2
E(tf):E f u(x, ty)dx (89)

Xj—1/2

Xj+1/2

1 / |, UE0)
h LY

)(xmﬂ (90)

Xj-1/2

ty

=15
+ 2hm

{COS(27T)~C]'_1/2) — COS(27T)~(J'+1/2)} |:l.5 {sin(2n5cj+1/2) — sin(2n5cj_1/2)}

1. - . -
+ E {SlH(47TXj+]/2) — sm(4rrxj_1/2)}} . (91)

Thus, to evaluate the cell averages of the solution at time ty, we only need to iterate at the cell faces. It follows that we
will know the point values and cell averages on all grids if we iterate at all cell centers and cell faces of the finest grid.
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251 /-\.-
5 15¢ N
1 s
o Initial values ™ 3 —— Final solution
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T x
(a) Initial values. (b) Final solution.

Fig. 1. Initial values and final solution for the case of the unsteady Burgers equation. (a) Initial values, (b) Final solution at t =tf =0.1.

To emphasize the distinction between cell averages and point values, we compute error norms of the numerical solution
with respect to both the exact pointwise (superscript p) and cell averaged (superscript a) solutions. We always use the
maximum or Ly, norm:

L% = max lwj —u§et, (92)
a —exact
Loo:j:%nza?s n|Wj_uj [, (93)

here w; denotes a numerical solution, specifically, w; = u; for schemes updating point values and w; = u; for those
updating cell averages.

We first solve the problem with the proper initial-value discretizations: point values for FD schemes and cell averages for
FV schemes. Fig. 2(a) shows the convergence of the maximum error with respect to the cell-averaged exact solution, Eqn.
(93). As expected, only MUSCL(1/3) (= FV-SR(1/3)) and FV-FR(1/3,(149)) achieve third-order accuracy. On the other hand,
the maximum error (92) with respect to the pointwise exact solution, displayed in Fig. 2(b), shows third-order convergence
only for FD-FR(1/3) and FD-SR(1/2)-FC, again as expected. These results confirm that all other would-be third-order schemes
from Pitfalls 1-4 are faulty.

Next, we solve the same problem with inconsistent initial-value discretizations: cell averages for FD schemes, point
values for FV schemes. These tests fall under Pitfall 9, “Pre-processing error”. Indeed, the results in Fig. 3(a) for cell-average
errors show that MUSCL(1/3) and FV-FR(1/3,(149)) no longer are third-order accurate. Now, however, FD-SR(1/3) becomes
third-order accurate as it has become MUSCL(1/3), having the same SR operator applied to cell averages from the start.
From the pointwise errors, shown in Fig. 3(b), we see that FD-FR(1/3) and FD-SR(1/2)-FC are no longer third-order accurate,
while FV-FR(1/3) and FV-SR(1/2)-FC now yield third-order accuracy. The former has become FD-FR(1/3), having the same FR
operator applied to point values from the start, the latter has become FD-SR(1/2)-FC for a similar reason.

4.3. Steady problem

The steady-state problem we consider is governed again by Burgers’ equation and has, as its asymptotic solution, the
periodic initial-value distribution of the earlier time-dependent problem:

uss =1.5+sinQmx), x<[0,1]. (94)
The source term that leads to this steady state is
dugs(x) .

S(x) = uss(x) o 7 [3cos(2mx) + sin(4mx)]. (95)

We find the steady numerical solutions by starting from the discretized steady exact solution and iterating with the FD or
FV scheme using, for efficiency, an implicit but conservative time-marching method. The unit domain is discretized with n
cells, n =62, 126, 254, 510. Caution is needed when solving a periodic steady-state problem, as the solution is not anchored
to a fixed boundary value. Instead, the domain sum of the discrete solution values, whether u; or uj, is conserved and
necessarily should start out with its exact steady-state value, in this case 1.5. To prevent the sum from drifting away from
this value due to rounding errors, it is advisable to regularly reset the conservation-sum value by subtracting the drift,
divided by n, from each cell value.
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Fig. 2. Grid convergence of two different error norms for the schemes of Table 1 applied to the unsteady Burgers problem, with correct initial-value
discretization type.
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Fig. 3. Grid convergence of two different error norms for the schemes of Table 1 applied to the unsteady Burgers problem, with inconsistent initial-value
discretization type.

Provided that the conservation sum is given the correct value, it does not matter in these steady-state tests what the
precise initial values are, so we need not make a distinction between initial discretization choices. Instead, we emphasize
the importance of the source-term discretization, by running two series of tests, one with pointwise source term values:

sj = [3cos(2x;j) + sin(4mx;)], (96)

and one with cell-averaged source-term values:

6sin(rrh) cos(2mwx;) + sin(2mwh) sin(4mw x;)
Sj= .
2h

As before, the maximum solution errors are computed with respect to both the pointwise and cell-averaged steady-state

solutions. Note that, among the schemes from Table 2, not all produce distinct steady solutions. QUICKEST was not tested
since in essence it is the same as FD-SR(1/2)-FC-SP.

Figs. 4(a) and 4(b) show error-convergence results for all schemes from Table 2 when cell-averaged source-term values

are used. For Fig. 4(a), the error was measured with respect to the cell-averaged exact steady solution. Three schemes

(97)

19



B. van Leer and H. Nishikawa Journal of Computational Physics 446 (2021) 110640

-35¢ -3.5
5 oaf 5 4
g b5
$ 45| £ 45
5 st E 5
g Slope 2 2 Slope 2
s 557 = =Slope 3 5 -5.5 = = Slope 3
—O-FD-FR(1/2) g —O-FD-FR(1/2)
§ 6 ﬁ—FD FR(1/3) 3 -6f ﬁ—FD -FR(1/3)
ﬁg . FD-SR(1/2) 2 . FD-SR(1/2)
3 | / FD-SR(1/3) _g_ FD-SR(1/3)
2657 A .X_ FV-FR(1/3) 265 FV-FR(1/3)
S FV-FR(1/3,(149)) S FV-FR(1/3,(149))
S 7r X -- FV-SR(1/2) S 7t Tgipvfsr{(m)
@ FV-SR(1/3) @ FV-SR(1/3)
75+ @ FV-SR(1/2)-FC 75+t @ FV-SR(1/2)-FC
28 26 24 22 —2 -1.8 -1.6 28 26 24 -22 —2 -1.8 -1.6
Log(heff) Logp(heff)

(a) Steady results for LS, (maximum error with respect (b) Steady results for L%, (maximum error with respect
to cell-averaged exact steady solution). to pointwise exact steady solution).

Fig. 4. Grid convergence of two different error norms for the schemes of Table 2 applied to the steady Burgers problem, with cell-averaged source term.
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Fig. 5. Grid convergence of two different error norms for the schemes of Table 2 applied to the steady Burgers problem, with pointwise source term.

show third-order convergence MUSCL(1/3)-SA (= FV-SR(1/3)-SA), FV-FR(1/3,(149))-SA, as expected, and FD-SR(1/3)-SA; the
latter scheme becomes identical to MUSCL in the steady state. The pointwise errors are presented in Fig. 4(b); again, three
schemes are found to be third-order accurate:

e FD-SR(1/2)-SA or QUICK [45], the original hybrid scheme,

e FD-FR(1/2)-SA, a hybrid scheme formed by combining the FD scheme from Pitfall 1 with a cell-averaged source term,

e MUSCL(1/2)-SA (= FV-SR(1/2)-SA), a regular MUSCL scheme of second-order accuracy that becomes identical to QUICK
in the steady state.

Note that FD-FR(1/3) is no longer third-order accurate when supplemented with a cell-averaged source term, an example of
Pitfall 6.

Figs. 5(a) and 5(b) show error-convergence results for the schemes from Table 2 when pointwise source-term values are
used. For Fig. 5(a), the error was measured with respect to the cell-averaged exact steady solution. It is seen that none
of the schemes achieves third-order accuracy, demonstrating, among other things, that MUSCL(1/3) loses its third-order
accuracy when supplemented with a point-valued source term (Pitfall 6). Finally, pointwise errors are shown in Fig. 5(b).
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Three schemes achieve third-order convergence: FD-FR(1/3)-SP, as expected, FV-FR(1/3)-SP, and FV-SR(1/2)-FC-SP; the latter
two become identical to FD-FR(1/3)-SP and FD-SR(1/2)-FC-SP, respectively, in the steady state.

4.4. Weakly nonlinear steady problem

This section illustrates Pitfall 10, in which a weakly nonlinear steady problem figures. We modify the steady problem of
Section 4.3 by bringing a smallness parameter € into the steady solution:

Uss(x) =1.5+€sin(mrx), xe[0,1]. (98)
The source term that leads to this steady state is
d
S(x) = uss(X) u(sjsx(x) =me[3cos(2mx) — e sin(4mx)]. (99)

Following Researcher T, we incorrectly implement MUSCL(1/3), by applying it to pointwise initial values and supplementing
it with a pointwise source term. In this way, the scheme becomes identical to FD-SR(1/3)-SP, which is second-order accurate
in the fully nonlinear regime; see Pitfalls 3 and 6. In the weakly nonlinear regime, an interesting phenomenon occurs, as
seen in Fig. 6(a). It shows the grid convergence of the L; error norm,’ Lf =(1/n) Z’}=1 |u — ugs|j, for FD-SR(1/3)-SP, one
other scheme of similar behavior, and a third-order comparison scheme. For the first scheme, we observe that the log-log
plot of the error as a function of decreasing cell width h has a slope —3 between grid 1 (h =1/30) and grid 2 (h =1/62),
and a slope —2 between grid 4 (h = 1/254) and grid 6 (h = 1/1022). Between grids 2 and 4, a transition occurs. This
behavior can be predicted by a truncation-error analysis similar to the one in Pitfall 3. As derived in the Appendix, for every
€, there is a unique value h(¢) of the cell width for which the amplitudes of second- and third-order truncation error
components are equal; we may define this value as the center of the transition region; we find:

€
he(e) = m7 (100)
or:
l=6n<1+1>. (101)
ht €

The value of € used in the weakly nonlinear test of scheme FD-SR(1/3)-SP is 0.16, yielding h; = 1/137, clearly inside of the
transition as Fig. 6 shows.

The other curve with similar behavior in Fig. 6(a) is for scheme FV-FR(1/3,(149))-SP, incorrectly applied to pointwise
initial and source values. The scheme is third-order accurate for a linear flux, when applied to pointwise initial and source
values (it then is identical to FD-SR(1/3)-SP), but reduces to second order accurate when the problem becomes nonlin-
ear; this is because Eqn. (69) becomes meaningless if all u-values are replaced by point values. The equation produces a
purely nonlinear error ~ h? in fij+1/2, equal to the one for FD-SR(1/3)-SP, but no purely nonlinear error ~ h3 owing to
the symmetry of the difference operators in Eqn. (69). The quasilinear truncation error in fj1/ is again the same as for
FD-SR(1/3)-SP. The net effect is that the third-order error for FV-FR(1/3,(149)) is somewhat greater than for FD-SR(1/3)-SP
and the transition moves to smaller h, the equation for h;(¢) becomes:

! 6 1,8 (102)
hee ~ " (e " 3)’
So that h:(0.16) = 1/168, also inside of the scheme’s transition region.

The third graph in Fig. 6(a) is for scheme FD-FR(1/3)-SP, properly applied to pointwise initial and source values: it is
third-order accurate for the whole range of grids. It has the same quasilinear error as the other two schemes but none of
the nonlinear errors. Although the nonlinear error ~ h3 lowers the quasilinear error of scheme FD-SR(1/3)-SP, the nonlinear
error ~ h% negates that effect for all but the coarsest grids, h < 1/5. Thus, FD-FR(1/3)-SP is better off without those nonlinear
errors and has the lowest error of all three schemes tested.

From the above truncation-error analysis, we would expect the entire curve for FV-FR(1/3,(149))-SP to lie slightly above
and to the right of the curve for FD-SR(1/3)-SP, but this is not the case: the curves intersect, and so does the curve for
FD-FR(1/3)-SP, which supposedly has the lowest error of the three. This confirms that the error in fx does not represent the
error in u in detail.

To pursue this matter further, we computed the error — s(xj) on all grids for the three schemes, and in
each case obtained the pointwise-error norm Lf =(1/n) Z?:] lerror|;. The results are plotted in Fig. 6(b). The three curves

(Afj+l/2)u:u35
h

6 This norm is more suited to bring out subtle solution differences than the maximum norm; the latter would emphasize local errors that do not
necessarily occur in the same location for the different schemes.
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Fig. 6. Grid convergence of solution and flux-derivative errors for some FD schemes applied to the weakly nonlinear steady Burgers problem, with pointwise
source term.

are so close together that it is hard to determine their relative position; therefore, an enlargement of the region between
the second and third grids is provided in Fig. 6(c). It can now be seen that FV-FR(1/3,(149)) indeed has the largest error,
followed by FD-SR(1/3)-SP and FD-FR(1/3)-SP, successively.

5. Conclusions

In the preceding sections, we have done away with misconceptions regarding the accuracy of MUSCL schemes. We have
shown by analysis and numerical experiments that the FV MUSCL scheme with x = 1/3 and the related FD version both are
third-order accurate for all times. The confusion arises because there are some hybrid FD-FV schemes with x = 1/2 that are
third-order accurate when marched to a steady solution but second-order accurate when marching in time.

We summarize our results by listing all schemes that are third-order accurate when marching in time (Table 3) and all,
mostly hybrid, schemes that achieve third-order accuracy only in the steady state (Table 4). Note that for some of the latter
kind, the solution discretization in the accurate steady state may have switched from point value to cell average or vice
versa. The schemes in Table 3 are assumed to be combined with a third- or higher-order time-marching method; those in
Table 4 may be combined with any effective marching method.

A final remark: the above schemes, even when programmed correctly, may produce disappointing results if pre- or
post-processing have been done incorrectly. Specifically, for time-accurate FV calculations, the initial values must be cell-
averaged, and output must be compared to a cell-averaged exact solution; for time-accurate FD calculations, the initial
values and reference solution must be point-valued. For steady-state calculations, the type of initial-value discretization
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Table 3

Schemes that are third-order accurate at all times.
Scheme Comment
FD-FR(1/3)-SP FD counterpart of MUSCL(1/3)-SA
FD-SR(1/2)-FC-SP Unique combination of SR and FC in an FD scheme
FD-SR(1/2)-FC-SA-SC QUICKEST [45], the same as FD-FR(1/3)-SP within O (h%)
FV-SR(1/3)-SA MUSCL(1/3)-SA
FV-FR(1/3,(149))-SA Close approximation to basic FV scheme (11)

Table 4

Schemes that are third-order accurate only in steady state.
Scheme Comment
FD-FR(1/2)-SA Hybrid; steady point values are third-order accurate.
FD-SR(1/2)-SA Hybrid, QUICK[31], steady point values are third-order accurate.
FV-SR(1/2)-SA MUSCL(1/2)-SA, not hybrid; steady point values are

third-order accurate; identical to QUICK in steady state.

FD-SR(1/3)-SA Hybrid; steady cell averages are third-order accurate;
identical to MUSCL(1/3)-SA in steady state;
the non-hybrid form (with SP instead of SA) is not a x-scheme.

FV-FR(1/3)-SP Fluxes computed as f(u;); hybrid; steady point values are
third-order accurate; identical to FD-FR(1/3)-SP in steady state;
the non-hybrid form (with SA instead of SP) is not a x-scheme.

FV-SR(1/2)-FC-SP Flux correction using f(u;); hybrid; steady point values are third-order
accurate; identical to FD-SR(1/2)-FC-SP in steady state;
the non-hybrid form (with SA instead of SP) is not a x-scheme.

does not matter, but in the steady state it does. In Table 4, the discretization type that carries the highest accuracy is
indicated. For all FV schemes it switches to point values, for one FD scheme it switches to cell averages. The reference
solution should be discretized accordingly.
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Appendix. Derivation of a critical mesh size for transition from third- to second-order accuracy in the weakly nonlinear
test

We repeat the analysis in Pitfall 3 for the specific case of Burgers’ equation

d v)— f(u u+v
f=u?/2, a:—f, a(u,v):f() fw _u+t ) (103)
du v—u 2
Isolating the flux f ].F Jﬁ /2 obtained by direct flux reconstruction leads to:
1—« 14+«
fj+1/2 = f}rﬂ/z + T(u}sﬁuz - uj—l)(uj - uj—]) + T(uf'iuz - uj+1)(uj+] - uj)! (104)
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where the superscript SR denotes solution reconstruction:

Auj+ Au; K
fff“ + A, (105)

The last equation may also be written in the following ways:

SR _
Uiyp=uj+

Aujpy 11—k
- ——A%u;j 106
5 1 j+1 (106)

SR .
wsk oy =uj+

n Auj n 1+«
=U; e

) 4
We use Eqns. (106) and (107) to develop the terms in Eqn. (104) proportional to uj1 —u; and uj —uj_1, respectively, and

arrive at the following expression for the purely nonlinear error in fji1/2:

Alujyg. (107)

PNLEj 12 =

l—i—/{[ Aujpr 1—«

1—«x[3Au; 1+«
" A o Azuj+1]Auj+1+ [ :

7 7 3 AZUJ+1:|AUJ'

1/1 1
=2 (5 - /c) [Aupn? + @up?| - 2 (1-5) [dupn? - aup?]
1
= 55 (1= K)(Auj)? (108)

Note that this is the exact discrete purely nonlinear error in fji1,2; we shall further use its continuum representation
PNLE(x)”:

1/1 1
PNLE(js1/2) = 5 (5 - K) ()2h? — " (1 _ %) (ttytt) ;i + O (). (109)

In an FD scheme, the flux derivative, rather than the interface flux, carries the accuracy of the scheme (see Sections 3.2 and
3.13), so we must analyze the error in A fj 1/,/h:

Afjri _ Aijfl/z + (PNLEy);, (110)
h h
where:
(PNLEy); = 1 <1 - K) (Ulln) i — 1 (1 - f) [(uxtix)x]jh + O (h%). (111)
22 4 2

Next we turn to computing the quasilinear error in A fj1,2/h, which also is the full error in A ijl/z/h, with:

Alfig+A%f ok
M+—A3fj+1. (112)

FD
Afifip=Af+ 1 2

A straightforward Taylor expansion of f about x; produces the quasilinear error Q LE(x) in Aijf]/z/h:

1
EAfJF£1/2 =(fx)j+ QLE(x))

h? 1
= (f0j + (1 =30 fw) 75 + 5 (1 =€) Frowe) i +omh
h? 1 3 4
=(fyj+0 —3K)(fxxx)jﬁ + g(l — 1)[(UUy)xex] jh” + O (h7). (113)

For the total truncation error TTE(x) in A fj,1,2/h, we therefore find:

7 Here u(x) is to be regarded as a C® fit to the discrete data u;.
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TTE(x)) = QLE(Xj) + (PNLEy);

1-« 1 K
= {T[(uuom] i= 7 (1=3) [t j} n

2
+ 1 (1 - K) (uxuxx)jh2 + 1 - 3K)(fxxx)jh_ + O(h4)- (114)
2\2 12
The truncation error in A f ].F+D1 /2 /h is related to the error in u; (not readily available in a steady-state problem) and has the
expected structure. To determine where the transition from third- to second-order accuracy occurs, it suffices to consider
the balance of terms in TTE.

When the numerical solution has become steady, there are several ways to interpret TTE as a flux-derivative error. The
expression A fji1/2/h — (9 fss/3x)j is not one of these, because it vanishes in the steady state:

Afijr12/h=5sj=(3fss/3x); inthe steady state. (115)
But we may use these relations to obtain:
a(f — fss)
(%) = —TTE(Xj) = —{TTE@U(®) = Uss (X)) }xoy, + O (h). (116)
J

And, since Eqn. (114) is valid for any pair of functions u, f(u), we may insert u = ug and obtain:
AU —fsdirp _ o AUs)jriz _

h ! h
It is seen that these two error measures differ by O (h*). Henceforth we shall use the second one since it is readily com-

putable. We are now ready to get specific. Into Eqn. (117), we insert the value k = 1/3, and ug according to Eqn. (98). The
result is (subscript j omitted):

(Res;),_y,, = —{TTEUR) = ttss (X)) }ey; - (117)

—Res(x) =TTE(x) = 2m)%€ [%{1.5 sin(27wx) — 4€ cos(4mx)} + 25—4e cos(4nx)] 3

3
@T)” 2 Ginamaon? + 0 (1)

= (21”2 )46[1.5(sin(27rx) — e cos(4mx)|h> — %62 sin(4x)h? 4+ 0 (h*). (118)

The error is built up from two wave forms with amplitudes ~ h3 and ~ h?:
Amplitude ~ h3 = @e(l +e)h3, (119)
Amplitude ~ h? = %éh? (120)

For every €, there is a unique value h;(¢) of the cell width for which the amplitudes of the two error components are equal;
we may define this value as the center of the transition region; we find:

€

he(€) = ——, (121)
67 (1+¢€)
or:
1 1
— =6 (-+1). (122)
ht €
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