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In this work we report on a reduced-order model (ROM) for the system of time-domain
Maxwell’'s equations discretized by a discontinuous Galerkin (DG) method. We leverage
previous results on proper orthogonal decomposition (POD) [1,2], in particular for the
wave equation [3], to propose a POD-based ROM with an adaptive snapshot selection
strategy where the snapshots are produced by a high order discontinuous Galerkin time-
domain (DGTD) solver. The latter is formulated on an unstructured simplicial mesh, and
combines a centered scheme for the definition of the numerical fluxes of the electric and
magnetic fields at element interfaces with a second order leap-frog (LF,) time scheme
for the time integration of the associated semi-discrete equations. The POD-based ROM is
established by projecting (Galerkin projection) the global semi-discrete DG scheme onto
a low-dimensional space generated by the POD basis vectors. Inspired from the approach
followed in [2,3], we derive error bounds for the POD-based ROM that is adapted to our
particular modeling and discretization settings. The adaptive snapshot selection algorithm
exploits the results of this analysis to measure the control error. A snapshot choosing rule
aiming at keeping the error estimate close to a target selection error tolerance is proposed,
which is similar to the standard rules found in adaptive time-stepping ordinary differential
equations (ODEs) solvers. An incremental singular value decomposition (ISVD) algorithm is
used to update the SVD on-the-fly when a new snapshot is available. The purpose of this
adaptive selection strategy is to save memory without storing snapshots, while producing
a smaller error. Numerical experiments for the 2-D time-domain Maxwell’s equations
nicely illustrate the performance of the resulting POD-based ROM with adaptive snapshot
selection.
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1. Introduction
We consider a normalized form of the time-domain Maxwell’s equations in a bounded convex domain € c R3

oH .
MrW-kcurlS =0, inQ x (0, Ty],

i (M
e —curlH=0, inQ x (0, T¢],

where £ and ‘H respectively denote the electric and magnetic fields; T is the final time; & and i, are the relative electric
permittivity and magnetic permeability parameters. Details on how to obtain the normalized form (1) can be found in [4].
The boundary conditions are given by

nx&=0, only,

. . 2
LE,H)=LE™,H™), on Ty, 2)

where I'y NIy =&, Ty UTg =0, and L(E,H) =nx E+Zn x (nx H); n denotes the unit normal vector pointing outward
to 92, £ and HI™ are the incident fields, and Z = ./ji;/&;. The first relation of (2) states a perfect electric conductor
(PEC) condition on I'y;, while the second relation indicates a first order Silver-Miiller absorbing boundary condition (ABC)
on Tg. The initial conditions are £(x,0) = £ (X), H.(X,0) = Ho(X) for x € Q@ ¢ R3, and where &y, Ho denote some given
functions.

The discontinuous Galerkin time-domain (DGTD) method has emerged in the last 15 years as an appealing strategy for
solving the time-domain Maxwell’s equations (1) [5,6], in particular because it shares the advantages of the finite element
time-domain (FETD) and finite volume time-domain (FVTD) methods. A space of basis and test functions is defined as in
the FETD method on one hand, while the equations are satisfied in a sense closer to the FVTD method on the other hand.
Moreover, the DGTD method can deal with general (unstructured, possibly non-conforming) [7] meshes and is an ideal
candidate for designing hp-adaptive solution strategies [8]. Besides, it is easily parallelizable due to its highly local nature.
However, the DGTD method is also a demanding discretization method because of the duplication of the degrees of freedom
(DoFs) on the boundaries of the elements, which is greater than the number of DoFs used by a conforming FETD method for
the same accuracy. Several approaches can be considered to address this issue such as the use of non-conforming meshes
[9] and hybridization of the DG formulation method [10-12] for time-harmonic problems. The alternative approach that we
consider in this work is model order reduction (MOR) [2,13-15]. MOR method is useful for accelerating simulations in many
fields of science and engineering [16-22]. In particular, MOR method is also widely used in the context of electromagnetics
[19,23-32]. The overall goal of MOR can be stated as to reduce the computational requirements while maintaining an
acceptable level of accuracy.

Different kinds of reduced-order models (ROM) have been developed, such as simplified models and data-fit models
[33]. The alternative ROM that we consider in this study is a projection-based model, which proceeds by identifying a re-
duced subspace that is constructed to retain the essential character of the system input-output map [33]. There are many
approaches for constructing the reduced subspace, see [34] for a detailed survey. One of the most studied methods for
establishing the ROM is the proper orthogonal decomposition (POD) method [15], also known as Karhunen-Loéve decom-
position, principal component analysis, or singular value decomposition, which uses the solutions of high fidelity numerical
simulations or experiments at certain time instants, typically called snapshots, to compute a set of POD basis vectors span-
ning a low-dimensional space. The ROM is then created by projecting (Galerkin projection) the selected snapshots onto a
low-dimensional space. The accuracy of the ROM is directly related to the choice of snapshots [3,20,27,30,35,36]. In princi-
ple, one should store the snapshots at each time step in order to completely characterize the high fidelity simulation. This is
not feasible and unnecessary since very little new information will be provided if snapshots are taken close to each other in
time [20,37]. In [35], Luo et al. presented a reduced-order finite volume element (FVE) formulation based on POD method
for parabolic problems, and analyzed the error between the POD-based MOR solution and the usual FVE solution under

the condition €3 = O (N;) with ¢ being the number of the snapshots and N; being the number of all time instances. They
concluded that it is unnecessary to take total transient solutions at all time instances t™ as snapshots. In [27], Kowalski and
Jin considered a POD-based MOR with three snapshot selection techniques including uniform in time, logarithmic technique
with a focus on early time steps and logarithmic technique with a focus on later time steps, for Maxwell’'s equations to
model the performance of a medical device in the human body. They concluded that the optimal snapshot selection scheme
depends on the mathematical model under investigation and the parametric structure of that model. Based on this idea,
in [20,37], Siade et al. presented a simple exponential function for a groundwater POD-based MOR since confined aquifers
reach steady state in an exponential manner. However, this strategy is difficult to directly apply to other PDE models. Some
recent contributions based on an adaptive snapshot selection method for POD-based MOR are presented in [1,30,38,39]. For
example, in [30], Sato and Igarashi propose a novel method which determines the adequate number of snapshots automat-
ically based on the ratio to characterize the sudden change in the error between the time steps t™ and t®*+1 for solving
Maxwell’s equations used to model eddy current problems. In [1], the authors study a novel adaptive snapshot selection
method in time that reduces off-line training cost according an error control mechanism for a simple first-order dynamical
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system. The focus of our work is on a generalized first-order dynamical equations obtained after discretization of (1) us-
ing the non-dissipative high order DGTD method introduced in [40]. This DGTD method is formulated on an unstructured
simplicial mesh, and combines a centered scheme for the definition of the numerical fluxes of the electric and magnetic
fields at element interfaces with a second order leap-frog (LF;) time scheme for the time integration of the associated
semi-discrete equations.

In the adaptive snapshot selection method, a priori error bound between the high fidelity model and the ROM is required.
In [15,41], Kunisch and Volkwein derive a priori error bounds for POD-based methods to solve a class of parabolic partial
differential equations (PDEs). Rathinam and Petzold [13] present a priori error estimates of POD-based MOR and also analyze
the effects of a small perturbation on the low-dimensional space generated by the POD basis for a first-order dynamical
systems. Amsallem and Hermaniuk derive a priori error estimates for Galerkin ROM of the wave equation in [3]. In the
present work, inspired from the approach followed in [2,3,13], we derive error bounds for a POD-based ROM designed for
a first-order dynamical system resulting from a DG discretization of the time-domain Maxwell’s equations. This is achieved
at the semi-discrete level, and at the fully discrete level as well when the semi-discrete POD-based ROM is time integrated
by the LF, scheme. The primary objective of our study is to demonstrate the benefits of the proposed POD-based ROM
of the system of time-domain Maxwell equations discretized by a high order DGTD method (referred as POD-DGTD in the
sequel), with adaptive snapshot selection based on the error analysis. An incremental SVD (ISVD) algorithm, which is the
on-the-fly variant of the SVD [42], is employed for the addition of a snapshot to the POD basis. Besides, we adopted a
snapshot selection rule aiming at keeping the error estimate close to a snapshot selection error tolerance when choosing
the time interval between snapshots in the adaptive algorithm.

As previously noticed, the herein developed theoretical results, albeit being adapted to specific modeling and discretiza-
tion settings, are very similar to the ones initially derived in [2,3]. From our point view, the main originality of our study
lies in the numerical demonstration of the effectiveness of the proposed adaptive POD-DGTD method for the simulation of
time-domain electromagnetic wave propagation in homogeneous media and heterogeneous media as well. From this point
of view, the combined theoretical and numerical results presented hereafter, contribute to strengthen the aforementioned
achievements for the system of time-domain Maxwell equations. Moreover, because the DGTD method is nowadays rec-
ognized as a viable alternative to the widespread finite difference time-domain (FDTD) method [43] when dealing with
electromagnetic wave interaction with general geometries and complex media, we believe that this work will offer a novel
approach for reducing the computational overhead of a classical DG formulation, which is linked to the drawback of a higher
number of degrees of freedom as compared to continuous finite element methods.

The rest of the paper is organized as follows. We briefly recall the DGTD method for solving the time-domain Maxwell’s
equations in Section 2. The POD-based ROM method is established in Section 3. Moreover, a stability analysis of the POD-
based ROM method with LF, time scheme is presented, and error bounds for the ROM are derived in this section. The
ISVD and adaptive snapshot selection algorithms are elaborated in Section 4. Numerical results are presented in Section 5
to show the effectiveness of the proposed method for solving 2-D time-domain Maxwell’s equations. We draw conclusions
in Section 6.

With a few exceptions, we follow the notational conventions used in [28]. Specifically, we use v to denote a scalar
quantity, V, v or V a vector, and A a matrix, I, for the n x n identity matrix, and Opxm for the n x m zero matrix. We will
omit these indices whenever the sizes of I and 0 are apparent from the context. The set of real numbers is denoted by R.
The superscripts -7 and -/ respectively denote the transpose and the time derivative.

2. Discontinuous Galerkin time-domain method

We consider a partition 7, of  into a set of elements K; of size h;j = diam(K;) such that h = m:;lvx h; with Ng the set of
VieNg

indices of the mesh elements. We denote by F,’1 the union of all interior faces of 7y, by FE the union of all boundary faces
of 7, and by F, = F,’1 u F,f the union of all faces. For an element K; € 7Ty, if K; is an adjacent element, F;; is the common
face of K; and K;, where the index j denotes a fictitious element outside the domain when Fj; € Fﬁ. We denote by V; the
set of indices of the face-neighboring elements of the element K;, and by n;; the unit normal vector oriented from K; to
K. For a face Fjj € Fy, we can define the averaging operator {-} as

1
VIg; = E(VHFU +VjiF;)s

where vjg; and vjjg, respectively stand for the traces of v on Fj; from the interior of K; and K;. Note that for any Fj; € Fy,
{V}g; = {v}F;;- Each K; € 7j is assumed to be the image, under a smooth bijective mapping, of a fixed reference element
Ke ={(,1n,0)1&,n,>0,6 +n+ ¢ <1}. For each K; € T, we denote by p; > 0 the local interpolation order, and by
IP,, (K;) the space of nodal polynomials of degree at most p; inside the element K;. In this study, the interpolation order p;
is assumed to be uniform over all the elements, i.e., Vi, j € No, p; = pj = p. We introduce the discontinuous finite element
space defined by

Vi = {ve L2 Q)7 | vk, € [Py, (Ki)I?, VieNg),
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where L%(2) is the space of square integrable functions in the domain €. The functions in V} are continuous inside each

element and discontinuous across the interfaces between elements. For two vectorial functions u,v € [LZ(D)]?, (u,V)p

stands for fD (u-v)d<, and (u, v)r stands for fF (u-v)dl, where D is a convex domain in R3, and F is an interface in R3.
The DG method seeks an approximate solution (Ep, Hy,) in the space V}, x Vj, such that for all K; in 7j

oHp,

(= VK + (curl By, V)i =0, WV € Vp,

a ()
(STW’ V)k; — (curlHp, v)k; =0, Vv e V.

Integration by parts of (3) and then replacing the boundary terms by numerical traces E, and Hy, we have

9Hp ~
(/LTW,V)K,- + (Eh, CUI'lV)Ki — <Eh X 1, v)BK,‘ =0, VVEVh,

0Ep - (@)
(&r—. V), — Hp, curlv)g, + (Hp x 0, V)yg, =0, VYV eE V.

ot ’
Proper choice of numerical traces Ej, and Hj, is essential for the correctness and the convergence of the DG scheme. For the
sake of simplicity, we make use in this study of the centered numerical traces, i.e.,

En ={En}r;, Hn={Hn}r;. Vie Ng, VjeVi,

which is the option adopted and studied in [40]. We denote by (E;, H;) the approximations (Epk,, Hp ;) restricted to the
element Kj. As in a classical finite element setting, the fields E; and H; are linear combinations of the basis vectors on
the element K; with coefficient vectors E; and H;, respectively. For each element K; € 75, a set of scalar basis functions
(@ik)1<k<d; is defined, where d; denotes the number of DoFs inside K; for each spatial dimension. For a 3-D problem, we
have 3d; DoFs per element for each field, and the three vectorial basis functions are defined as

@) = @ik, 0,007, @3 = (0,9, 0)", @3 = (0,0, )", Vie Ng, 1 <k<d.

E; is then locally expanded as

3 d
msm T
= Z Ejj @y =E; @i,
m=1k=1
(E,-]k)lgkgd,-
where E; = | (E%)1<k<q, | and ®; =[], ©3d NOEANE d>,2d MO ,d>i3di]T. The definitions for H; are similar to those
(E3)1<k=d;
for E;. One can obtain the following semi-discrete formulation in K;
JH
M — = —K;E; + > S;E,
0 leV; 5
9E; (5)
eM;— = KiH; — Y SyH,,
at =y

where the 3d; x 3d; block diagonal mass matrix M; = dlag(Ml M2 M3) the 3d; x 3d; block diagonal stiffness matrix
K; = dlag(]K1 ]K2 K3) and the 3d; x 3d; block diagonal surface matrix Sy = diag(S},, Sfl, 83) are defined by their respective
diagonal blocks

(M) e = (<1>,f7, DM,

KM= [(q>m curl ™

i ik + (curl @77, @)k, 1, (6)

ij°’

~ 1

(SPHjk = —(CD,] O X i) Fy,
where the dimension of M’lﬂ K’,“ and g:? are d; x dj, d; x d;, and d; x d,, respectively, m = {1, 2, 3}, and d; denotes the
number of DoFs on the face Fj; € V;. Concerning the time discretization, we adopt the LF, scheme. The combination of the

centered numerical traces in the DG formulation with the LF, scheme for time integration of (6) leads to a non-dissipative
DGTD method [40]. We divide the time interval [0, T¢] into N; equally spaced subintervals as

0=tO <D ... <t(N‘)=Tf,
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where t™ =nAt (n€{0,1,---, N¢}) and At denotes the time step size, which is constrained to a Courant-Friedrichs-Lewy
(CFL) condition [40]. Then, the fully discrete scheme is given by

(n+1) ()

E - (+3) (n+3)

erMi=———— = KiH; —> suH, %,
lev;

H) gt n=0,1--- N —1 (7

H, —H 1 1
/'LrMi—l AL ! = —K,’E?n-i_ ) + Z S”EI(TH_ ),

lev;

In order to construct the POD-based ROM, we need a global formulation of the problem that we state below for the
semi-discrete system (5). By gathering the electric and magnetic DoFs in each element into column vectors of size N =
321‘61\19 d;, denoted by E;, and H, respectively, the local semi-discrete system (5) for each element K; of the mesh can be
transformed into the following global semi-discrete system

oH . —~
urM= b = —KE, + S'E; + S°E, +B°(0).

IEp i hy _ gh (®)
ngW: KH,, — S'H, — S"H,, — B"(¢t),
where M and K are N x N block diagonal matrices, whose diagonal blocks are equal to M; and K;, respectively. S’ is an
N x N block sparse matrix whose non-zero blocks are equal to S;. S" and S¢ are also N x N block diagonal matrices whose
non-zero blocks are respectively equal to S; and —S;; if Fj € F}f N T, assuming that E, =E, and H, =H, on a face of I'j,

from (2). The non-zero blocks of S" and S¢ are respectively equal to Sg and S if Fy € F}f N Ty, where the 3d; x 3d; block

diagonal surface matrix Sg = diag(gg‘],gg‘z, §2’3) and S§ = diag(gfl’], gfl‘z, §fl’3) are defined by their respective diagonal
blocks

@™ e = — 227 (I (@l x ) x ),

N 2 it 1<ms<3.

Si™j = EZi(d’?}, (P x my) x i) .

And one can find that Eh =H, and Eh =E, on a face on I’y from (2). B*(t) = Sincgine _ Seyinc and B () = SincHinc _ ghEinc
are N x 1 time-dependent vectors when Fj; € F,‘f N Tq, where S™ is an N x N block sparse matrix whose non-zero blocks
are equal to Sy; BI(t). BE(t) are N x 1 zero vectors when Fj € F]f N Iy. In particular, M is a symmetric positive definite

matrix, K and S’ are symmetric matrices, and S¢ and S" are skew-symmetric matrices. Besides, S¢ = —S" when I'y = @.
For detailed descriptions of these matrices, see [28].

3. POD-based model order reduction and error estimates

In this section, we present the formulations of the POD-based ROM, and analyze the stability and the error bounds based
on appropriate norms to measure the ROM error at both the semi-discrete and fully discrete levels.

3.1. Reduced-order model

We equidistantly or unevenly extract £ solutions uZ" (0<nj; <---<ng <N, £ K Np) from the transient solutions {“;1}1{20
, ; it1
(u, = g(') ,ﬂ,(:ﬂ) ) of the DGTD method (7) as snapshot vectors. Then, we formulate two N x £ snapshot matrices Ag and
Ay as follows

n ny ng
e A
1 2 7
o WphH L)
All = . . . k] u_Ev H
n1 3 ng
U,y Wy Uy N

Let

u
Ay = Uy |: 2ru><ru Ory x (¢-ru) j| VI, u=E,H, (9)

ON—rw)xry  ON—ri)x () |

be the SVD of Ay, where Uy, and V, are N x N and ¢ x £ unitary matrices, ry is the rank of Ay, and

u .
by =diag(ou,1,0u.2: " * » Oury)>

TuXTu
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with oy,1 > 0y2 > > Oy, > 0 being the singular values of Ay. Given a number dy (u=E, H), the POD method defines
a basis Wy created by the left singular vectors corresponding to the dy greatest singular values of Ay. The reduced-order
approximation of the fields takes the form based on a Galerkin ansatz

E, ~E, = Vgag(t) , H, ~H} = Ugon(t), (10)

where ay(t) € R% (u=E, H) is the state vector of the ROM, and E/, Hj denote the reduced-order solutions. We obtain the
residual vectors by substituting (10) into (8)

{resﬂa) = UM Whay (©) + (K — S)Weag () — ST Ve () — B (0), (1)
rese(t) = &-MWgay (t) — (K — S') Wyan () + S"Tu@u (t) + B (0),
with
@s(0) = {Z:((?) i I;’%z?m (0 = {zﬁff)) i ;g _ Em |
and

~ |, if FP=Tn, = Wy, if FE=Tn,
Vg = e OB Uy = o LB
Wy, if FE =Ty, Wg, if FE =Ty

The residual vectors resy(t) (u=E, H) are required to be orthogonal to the reduced-order space, which is spanned by the
reduced-order basis Wy, by applying the Galerkin projection

Wliresp(t) =0 , Wlresg(t)=0.

The global semi-discrete ROM system is then written as

pr VMW () = Wh(—K + S) Wear(t) + WS Ul (t) + VB (1), 12)
erWIMWgag () = Wl (K — SH)Wyan(t) — WIS Uyan(t) — WIB"(¢),
with the initial conditions
ag(0) = (VM Wg) "W ME;(0), (13)
@ (0) = (WM Wy) W] MH, (0).
The local fully discrete system (7) for each element K; can be transformed into a global system
1
erW - (K—Sf)g,ﬁ”%) - Shﬁ,ﬂ“%) _Bh(nAv),
HtD _goth ' (14)
pM = = (K SOEY 4 SET +B (@ + DA,
By applying the approximation
E}(:l) ~ E}:,(n) _ ‘IJEOlén),
"
we obtain the fully discrete reduced-order model, forn=0,1,---,N; — 1
Sr‘ng\pEM = WK - S) e wTshga Y wTBh (A,
n+3) n+1) (16)
Mr\I/ZIM\IJHaH% = WL(—K+SHUpad" + wlseTea™ + wiBS(n + 1)Ab),
with the initial conditions
ay) = (WEMWg) ' WIME”,
o = (VM) W MH?, i
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Remark 1. The matrices \I{M\PE and \II{IM\IIH in (13) and in (17) are dg x dg and dy x dy respectively, thus of small size.
So their inversion is not computationally expensive, and the POD-DGTD method is still effective even if these matrices are
dense. The inverse of the matrix \DlT,M\l'u (u=E, H) exists because M is a real symmetric positive definite matrix and W,
consists of the left singular vectors corresponding to the dy greatest singular values of Ay. In particular, \Ifﬂ My, is also a
symmetric positive definite matrix.

Remark 2. The general goal of the proposed POD-DGTD method is to reduce the complexity of a full time-domain simu-
lation in order to address problems such as design optimization or uncertainty quantification that will require performing
many simulations. A specific goal is to study the applicability of POD for reducing the complexity of the full time-domain
simulation and running with the same basis for different configurations. The snapshot vectors in this work are chosen from
the full DGTD solutions. However, one may obtain the ensemble of snapshots from physical system trajectories by drawing
samples from experiments and interpolation (or data assimilation). For example, we can run the full DGTD simulation with
a reference parameter, and construct the snapshots and the POD basis. Then we can run the POD-DGTD simulations when
the parameter changes at a much lower cost without running the full DGTD simulation, as we show in the numerical test
for the scattering of a plane wave by a dielectric disk, see Fig. 7.

3.2. Stability analysis

The resulting full DGTD method with LF, time scheme (14) is analyzed in [44] where it is shown that the method is
non-dissipative, conserves a discrete form of the electromagnetic energy and is stable under the CFL condition

2 4
At < =, withdy = (VP =3 (K — ST — S&)(M*) =3,
N

where the matrix M° = oM (o stands for & or u,), | - | denotes a canonical norm of a matrix (Vx, [|AX]| < [[A]/|xX]),
and (-)*% is the inverse square root of a matrix. The stability of the POD-DGTD scheme with the LF, time scheme is now
analyzed by using an energy method, where a quadratic form plays the role of a Lyapunov function of the whole set of
numerical unknowns.

Definition 1. We consider the following discrete electromagnetic energy in the whole domain

r(n+ I\T r,(n— 2)

" [(Er Mgy ™ + @, 2)TMMH 1. (18)

In the following, we shall verify that ®™" is exactly conserved in the absence of the first order Silver-Miiller ABC, i.e.,
AO =@ n+1 — @ =0,

Theorem 1. Using the POD-DGTD scheme (15)-(16) with PEC condition only, the global discrete energy (18) is exactly conserved.
Proof. Based on the definition of the electromagnetic energy, we have

®r,n+] _ @T,ﬂ (a(n+1) +a}(§n)) (\IJ MS’lI/E)(Ol(nH) ](;n))

1 <n+> n+3) _ (=7
+ooy (WM By P ey Y. (19)

n+31 _ @V +a”)
= 2

We denote by aé , and then we have

O — " = At WL K - 5T — Sty
+ At TGN (K + S+ SO wpe "2, (20)
Based on the definition of (8), we have
K=K, S'=(sHT, s"=-s°, and (s*)" = -S°.
Then, one can obtain
"1 @' =0, (21)

which completes the proof. O
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Theorem 2. (CFL condition) Using the POD-DGTD scheme (15)-(16) when 'y = @, the global discrete electromagnetic energy (18) is
a positive definite quadratic form of the unknowns E; and H} if

2 .
At < 7 with d’y = [| (LM W)~ 2 WL (K — ST — S)Wg (W MErwg) =2 ). (22)

(n)

1 _1
Proof. Using the scheme (16) to develop ocl(_?ﬂ) in function of oc](: 2) and o ’, one can get

(n— 2) (n+ )

1
@f-":_(a(”))T(q{MSr\yE)aém+ S(oy )T (UMM wi)oyy

H

(=T (@M Wy )2

(a(n)) (\IJTMSqu )(X(n) 4= ((X
( D\ T (K — §' — §°)wparl”. (23)
We have the following equalities and 1nequa1ities
1 1
S g (WM weyog” = (UM ) T |2,

( (n— 2)) WM el -1 m=1

(n INT

I,

1
5II(‘I’I.II\/JI’“‘IJI-I)Z

RN

( YTWh(K —S' — SO wga” < |—( )T (WL M W) 7 (WM W)~ 2

Wl (K — S'— $¢)Wg (WM Wg) 2 (WIMEr wg) 2o
Atd), n-1

1
||<\IJ£MSHIJE>za‘”)nn(wHM“fwn)za I

Noticing that

TEr 1 IR 1o (n—3) 1 Ter 12 T nir 1om=3) 2
WM W) 2o [ (PRMP W) 2oy 21 < 2 (l(WEM W) 2ot |2+ [ (WRMP U 2y 211,
then one can get
1 Atd! 1 1 Atd', 1ol
O = (1~ ”)||<WEMET\IJE>2aé")||2+50— Ny wEMA ey 2y 212, (24)

This concludes the proof. Expression (22) states a sufficient condition for the stability of the fully discrete reduced-order
model (16). O

3.3. Error estimates

The error estimate for the ROM (12) and (16) will be used as an error control mechanism in the adaptive snapshot
selection algorithm. The error ey(t) = u, —uj (u=E, H) over the time interval [0, Tf] is decomposed as

eu(t) =ey p(t) +eq v (D), (25)
with
ey, p(t) = [1 — Wy (Vg MWy) " Wy M]uy, (26)
eu,v () = Wu[ (UMW) "W Mu, — o (0)].

We decompose RN as

RN = span Wy &M span ®,, u=E, H,

where spanA denotes the subspace spanned by the columns of matrix A, and *™ means that span ®y and span¥, are
orthogonal with respect to M, that is d)lT,M\IJu = 0. We can easily find that the error components ey p(t) and ey v (t) belong
to span ®, and span Wy, respectively.

We first introduce two norms and two operators in order to derive an estimation for the error. For a matrix K, the
K-norm of a vector x and a matrix Y can be defined as

Yx
IXIlgk = VXTKx, Y|k = max ””x””K, vY e RNV vx e RN, (27)
X K
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When the matrix K is a symmetric positive definite matrix, the matrix norm || Y|k is v/Amax(YTKY), where Amax(YTKY)
denotes the maximum eigenvalue of the matrix YTKY. Besides, as in [13], the operators F(T;Y): L2([0, T¢], RN) —
L2([0, Tf1,RN) and G(Tf; Y) : RN — L2([0, Tf], RN) are linear operators if the integral equation

t
X(t) = / Y Dyr)dr +e¥fxy, Y e RNV, x, %9, ue RN, (28)
0
is written as the form
x=F(Ts; Y)u+G(Tg; Y)Xo, (29)

in the interval [0, Ts]. For complete descriptions of the definition of the operators F(T; Y) and G(Tf; Y) see [3,13]. In this
paper, we shall estimate ||X||g based on the matrix theory

Xl < [I1F(Tgs Yl llullg + 1G(Ty: Y) Ik IXollk - (30)

Lemma 1. [3] Given a sequence {d)n},’:';o such that

0<¢n <Bon—1+aAtyy +aAtyy_1, for n>1,
where 8 >0, >0,and Yy, >0(n=0,1,---,N¢). Forn=0,1,---, N¢, ¢, satisfies

N¢ N¢
1 )
¢F <270 + 2l AL(1 + E)]Z(Z BHO_ v, (31)
i=0 i=0
and
Ne N¢ . 1 Ne o N¢
ALY “¢F <2¢0 Y BH 42T f[a(1+ )PP (ALY (ALY v, (32)
j=0 j=0 p i=0 i=0
Proof. Proceeding by induction, one can obtain
n—1
¢n < B"do + A Aty + @ At(1+ ) Y "y, forn>1. (33)
i=0

Equation (33) can be rewritten as follows (because 1+ % >1)

1. < ,
I < B0 + AL+ ) > B (34)

i=0
The lemma is proved by squaring the inequality (34) and then using the Cauchy-Schwarz inequality. O
Theorem 3. Let U, (t) = (E (t), Hy (t)) (t € [0, T]) be the semi-discrete DG solution of (5), and U} (t) = (Ej (t), Hj (1)) (t € [0, T])

be the reduced-order solution of (10), and (12). Then, the error egom(t) = U, (t) — Q;(t) (t € [0, T¢]) for the POD-based ROM in the
semi-discrete setting satisfies

Ty
AT A A~ o~ o~ o~ o~ o~ A~ o~ o~ Al
/ lerom(©)l1Zdt = (IF (T (BTME) " OTRG) |2, 50 1OTR@TVIS) ™ ST WI2 125501 +1)
0
Ty Ty
x / llee, p (6) IRt + / lew,p (O Igdt |, (35)
0 0
with
~ [ 0] =~ [o 0] o [M 0O _ 0 g1 (K — ST —shy
‘I’_[o \yﬂ]’q)_[o @H}’M_[o M]’andR_[u;1(—K+Si+Se) 0 ’

=1 . . . . ==
where M 2 is the square root of the real symmetric positive definite matrix M.
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The proof of Theorem 3 is provided in appendix A. We now consider the error bound for the fully discrete system.
Similarly, the error ef” = E(") Er’(") is decomposed as
e’ =el), +ely, n=0,1,--- Ny, (36)
with
ey’ = [1 — Wg(WEMWg)~'WIMIE," € span &,
eé"{, = \JJE[(\IIEI\\/JI\DE)“\IIEME;”) —aV] € span .

n+3) .
The error ey " is also decomposed as

g+)—e$;)+e$c ' n=0,1,-- N, (37)

with

e,ﬁ 2 [ — W (WM g)~ 1\IJTM]H € span by,

e:ﬁ; 2 Y[ M) 1\DTMH(”+ D _ 0D

n+3)

] € span Wy.

Theorem 4. Let U™ = (E™, H (” ) (n=0,1, -, Ni) be the DGTD solution of (7), and U™ = (E™ H} D) 20,1, Ny)
be the reduced-order solution of (16). Then, the error eg()) M= U(”) ;(n) (n=0,1,---, N¢) for the ROM in the discrete system
satisfies

Nt Nt

ALY eyl < [ 1+2Tpla1 + %)]%AtZeZVf“) (ArZ(ne“) v + ||e§§*p I)? ) (38)

— pard

with
a = max{oq, oy}

I+ AEM 2 {B(@T VD) -1 TR

+ AHB@TMO) L@ M) ST UM |5,
y = IM2(TMP) TR
+ AHE@TMO) L@ M) ST UM |5,
where a1, a2, I, and U are respectively defined as
a1 = [V (I + AtS@TME) 1T LIT(OT ME) ' 0T US (T MD) " dTM 2 ||,
ay = V21 + ACD@TMO) ST LIS M) OTLS(TM®) ' TM? |5,

Lo 0 0] y_[o e 1(K —St—sh
TN -K+ST+s8) o0 |0 0 )

The proof of Theorem 4 is provided in appendix B.

Remark 3. The error estimate of the POD-based ROM in the semi-discrete level (Theorem 3) for the system of time-domain
Maxwell equations discretized by the DG method is not fully novel but used to come to a good snapshot selection, and is
very similar to the ones initially derived in [3], in which the error bound for the first-order dynamical system is derived
at the semi-discrete level. However, the discrete system was obtained after time integration with the average constant
acceleration Newmark scheme is analyzed in [3], while, the error bound for POD-DGTD scheme is derived in the discrete
level when the LF, time scheme is applied in Theorem 4.

Remark 4. From Theorems 3 and 4, the total errors erom(t) (t € [0, Tf]) and el({(;M (j=0,1,---,N;) are only controlled
by the errors projected onto the subspace spanned by @, (u=E, H), i.e, one can estimate the errors for a given set of
snapshots without knowing the solutions of the ROM. These error estimates will be used as the error control mechanism in
the adaptive selection algorithm for choosing snapshots, and to guarantee the low-rank property of the snapshot matrix Ay

(u=E, H). This technique is described in the subsequent section.

Remark 5. In the numerical simulations, one does not need to calculate the coefficients in Theorem 3 and 4, e.g. v, 8 and y.
Instead, one needs to know that the errors are only controlled by the errors projected onto the subspace span &, (u=E, H).
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4. An adaptive algorithm

In this section, an ISVD algorithm for computing the singular vectors on-the-fly [45], and an adaptive selection algorithm
for choosing snapshots are represented.

4.1. Incremental SVD

The ISVD algorithm is an on-the-fly algorithm of the SVD [45]. The underlying idea is to update the POD basis as soon as
a new snapshot is added [46]. In this paper, a modified version of Brand’s ISVD [42] proposed by Oxberry, et al. is adopted
because of its simplicity in implementation and description [1]. A rank-k SVD of a matrix Ay is defined by

Ay = Uy Z,; Vg + Ru, k <ry <min{N, ¢}, (39)

where Uy kE}(’XkVTk is the rank-k SVD similar to (9), Ry € RN*¢ is the error because of rank-k truncation, which equals

to 0 when k = ry. The rank-k SVD matrix is updated when a new snapshot u"“e‘” is available. The POD snapshot matrix is a
low-rank matrix, so we choose k =ry in this work. This ISVD algorithm is derlved from the identity

NMpewy __ u T NMpew
[Au, ;"] = [Uy k Zjes Vy Jo U]

yu ]UT nnew v, 0 T
=[Ugk, I =T Ul yulnew kxk u, kY uk  Ykx1
[Uyk, ( uk Uy )uw, " /pl |:01><k p j| |:01><k 1
su 171V 0 T
=[Uyk, kxk uk kx1 i 40
[Tk 4l |: O1xk pi| |:01 xk 1 (40)

where p = Huﬁ"ew - Uu,kngu"“e‘”H is the length of the orthogonal projection of u"“e‘” onto the subspace with an orthog-
onal basis Uy, q= I — Uy U, w k)uh“e‘” /p is the normalized orthogonal projection of uZ"e‘” onto the subspace with an

orthogonal basis Uy, and 1=TUT kuZ“EW is the projection uZ“eW onto the orthogonal basis Uy k. The matrix in the middle,
which will be denoted by Q, must be diagonalized to update the SVD

EIl<l><l< 1 i su yT
Q= O1xk P = Uk Dk Vi (41)

Then the updated SVD is
=~ wu o [Vak Owa]
[Alh uZnew] = [Uu,k7 q]qukE;:XkVJ,k |:01“v 1><1 ]
xk
, T
— U:}ew Ell neleilew , (42)

Vu.k Okx1

where UV = [U,, k,Q]Uuk Thnew — ZE g-and V&' = |:01><k 1

}?u,k. The SVD matrices are initialized by the fol-

lowing formulations

Ulnlt — uhl /”u21 ” le init __ ”uhl ” Vlnlt (43)

In particular, an SVD truncation tolerance &syp is used to determine if the new snapshot u "“EW is numerically linearly
independent on the columns of Ay. If p < &syp, (42) can be replaced with the truncated forms

U™ = Uy kUu ki1 Dl erlr’ Vo = uk Vg, - (44)

We refer the reader to [42,45] for more details. In this paper, we use the ISVD algorithm to compute the singular vectors
and singular values of the augmented snapshot matrix Ay (u =E, H) on-the-fly, which is described in Algorithm 1.

Remark 6. In Algorithm 1, the cost of the total truncated SVD takes O(N¢k?) time,! and O(k(N + ¢ + k)) memory. In
particular, the truncated SVD is computed in O(N¢k) time, and O(k(N + ¢)) memory for low-rank matrices [42], e.g., the
POD snapshot matrix Ay with k < ry <« N. However, a dense SVD would require O(N¢2 4+ N2¢ + ¢3) time, and at least
O(N? + ¢2 + N¢) [47]. So, the ISVD algorithm is a perfect candidate to save CPU time and memory.

1 @ is a one-column bordered diagonal matrix, so it can be bidiagonalized in O (k?) time [1].
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Algorithm 1 Incremental SVD.

Input: SVD truncation tolerance &syp, new snapshot uﬁ“ew, Uy Py and Vg
Output: UjeW, s®wnew yoew
1: k =dimension of Eka (the numerical rank of the truncate SVD)
2: if k=0 then
3:  Initialize UJeW = Ujnit, swnew — gwinit and yiew — yinit pased on (43)
4: else
5:  Compute the length p, and the vectors q, 1 based on (40)
u
6:  Update the matrices [Uy, ql, [E"X" ! i| and |:V“”‘ OkX1:| based on (40)
. 01k Ii 01k 1
7:  Calculate the matrices Uy g, fi‘xk, and Vy ; based on (41)
8: if p <eé&syp then

9: Update Ug™, £*"W, and V¥ based on (44)
10:  else

11: Update Uge™, =%, and V" based on (42)
12:  end if

13: end if

4.2. Adaptive snapshot selection algorithm

The adaptive snapshot selection method is proposed to gather snapshots on-the-fly. It determines the time interval At;‘
(u=E, H) between snapshots, or the snapshots query time t(‘; (u=E, H), based on an error control mechanism, in a way
similar to adaptive time stepping methods for solving ODEs [48]. The update of the snapshots query time t}; is based
on predicting the growth of the ROM approximation errors ey, p(t};) and ey, p(t}; + At};) because the total errors erom(t)

(te[0,Ty]) and el(zng (j=0,1,---, N¢) are only controlled by the errors projected onto the subspace from Theorems 3 and
4, which is spanned by &, (u=E, H). The ROM approximation error Eu’p(t:; + Ata‘) can be estimated by using the first
order Taylor series expansion

eu p(ty + Aty) =eqy p(ty) + Atge, p(tg) + O(ALy), (45)
with

uy

e, p(t) =[1— xyu(\y{leu)—lxp{,M]¥

,u=EH,

ou
where 3—: (u=E, H) has been defined in (8). The optimal step size is then calculated by using the following formulation

£ T
At;ll opt = ke ( Sl.?al;)ShOtu > ’ At(l]l’ u=EH, (46)

' llew,p(ty + Atg)lIm
where « is a safety factor that is usually set to 0.8 or 0.9, and t is chosen to be either the order of the numerical method

or the order of its embedded estimator [1]. Moreover, because Ata‘ is not allowed to increase nor to decrease too fast, one
can set

Esnapshot
llew,p(tq + At M

ALY ey = MaX{Kmax, MIn{Kmin, & ( )ETY - ALY, (47)
where kmax > 1 and 0 < kpjp < k¥ denote a maximum time step scaling factor and a minimum time step scaling factor,
respectively. Besides, according to a standard rule aiming at keeping the error estimate Heu,p(tc‘ll + At;)HM close to a
snapshot selection error tolerance &spapshot, the time interval Atcl;l is rejected if ||eu,p(t21J + At};)HM > ¥ €snapshot and the time
interval Att‘; is chosen as At; otherwise the time interval At; is accepted. Here, ¢ is an accelerating factor usually taken as
1.2 [49]. The construction of the POD basis is described in Algorithm 2.

5. Numerical experiments

In this section, we present numerical results for the solution of the 2-D time-domain Maxwell equations. More precisely,
we consider the case of transverse magnetic (TM) waves

2 The adaptive method can be performed in parallel to electromagnetic simulation without storing snapshots on the disk.
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Algorithm 2 POD basis construction.

1
Input: SVD truncation tolerance &syp, snapshot selection error tolerance &spapshot, initial conditions E;f) s ﬂ,(f)
Output: ¥y (u=E, H)
1: Initialize t =0, n=0, ! =0.5A¢, t§ =0, and At = At (u=E,H)
2: while t < Ty do
3: if (t+0.5Af) > tf! then

4 Calculate the POD basis Wy = Uj*, and =H, ., = =H"W based on Algorithm 1
5: Update Atfl based on (47)

6: if HeH.P(t; + Atz‘)HM > 035napshot then

7: Update tff =t + At

8 else

9 Update tf! =l + AtHl

10: end if

11:  end if

12: iftztt']5 then

13: Calculate the POD basis Wg = Ug®¥, and Xf = SE"*W based on Algorithm 1
14: Update Atf based on (47)

15: if ”eEAP(t(II5 + Atg)”M > U €snapshot then

16: Update tf = t& + At

17: else

18: Update tf = tf + At§

19: end if

20:  end if

21: Update t =t + At

1
22: Update n=n+1, and compute fields E,(,"> and ﬂ:lnﬂ) based on (7) or (14)

23: end while

OHy OE;,
"ot a9y
9H, OE,
-2, 48
Mr 9t ox (48)

0E, 0H, 0Hy
&r— — —=

at X ay

=0.

The DGTD and POD-DGTD methods have been implemented in Matlab 2013b. In order to assess the numerical accuracy of
the POD-DGTD method with adaptive snapshot selection (termed the adaptive POD-DGTD method), a POD-DGTD method
based on an equispaced snapshot selection algorithm? (termed the equispaced POD-DGTD method) matching the number of
snapshots from the adaptive snapshot ROM, is also implemented (see also [28]). All our tests are performed on a computer
system equipped a Intel Core i5 3.3 GHz CPU and 8 GB memory. The cost of computing the ROM solution with the equis-
paced and adaptive snapshot selection algorithms is nearly the same when the number of snapshots of these two strategies
is the same, and a detailed CPU time comparison between the DGTD method and the equispaced POD-DGTD method is
reported in [28]. So, we do not report CPU time in this work.

5.1. Standing wave in a PEC square cavity

In order to verify the stability of the POD-based ROM with the LF, time scheme, we first consider the propagation of
the (1,1) mode in a PEC square cavity Qg = {(x, y) € [0 m, 1 m] x [0 m, 1 m]} with frequency f =212 MHz and wavelength
A =1.4 m. The exact solution is given by

Hy(x,y,t) = —gsin(rrx)cos(ny)sin(a)t),
Hy(x,y,t)= gcos(nx)sin(ny)sin(a)t), (49)

E;(x,y,t) =sin(mrx)sin(7r y)cos(wt),

where w =27 f is the angular frequency. The simulation time is set to 20 periods of the incident plane wave, which corre-
sponds to 28.3 m (normalized). The simulations are performed using a triangular mesh with 177 nodes and 312 elements,
and mesh size h =1.179 x 10~! m. The snapshot vectors in this experiment are chosen from the full DGTD solutions, and
the adaptive selection method is performed with the error tolerance &spapshot = 103, In the adaptive POD-DGTD method,

3 Firstly, one gets the POD-based ROM for a snapshot selection error tolerance Esnapshot- Then, one can calculate the sampling rate ¢ matching the
dimension of the POD-based ROM. Finally, one can equidistantly extract the ¢ transient solutions from the fully DGTD solutions.
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Fig. 1. Standing wave in a PEC square cavity: time evolution of (a) the energy and (b) the global L? error obtained by the POD-DGTD method with LF, time
scheme. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

we set the maximum time step scaling factor xmax = 10, the minimum time step scaling factor ki, = 0.05, and the SVD
truncation error tolerance is esyp = 1016, These parameters are the same for all our numerical experiments. The time
evolution of the global L? error between the exact and the POD-DGTD solutions and the energy defined in (18) are showed
in Fig. 1, where the [P, approximation denotes the DGTD method of order p (p =1, 2).

It is seen that the global L% error stabilizes to a limit value and the energy is exactly conserved, which illustrates the
stability of the proposed POD-based ROM under CFL-like condition. In addition, the convergence of the DGTD method has
been verified in [28].

5.2. Plane wave propagation in vacuum

We then consider a simple problem consisting of the propagation of a plane wave in vacuum to compare the adaptive
and equispaced POD-DGTD methods. The computational domain is chosen to be the unit square Qg = {(x, y) € [0 m, 1 m] x
[0 m,1 m]} on which the first order Silver-Miiller ABC is applied. The relative permittivity &, and permeability u, are set
to be 1 everywhere. The incident wave is defined as

HY(x,y,t) =0,
HIP(x, y, 1) = —cos(wt — k), v
EC(x, y, t) = cos(wt — kx),

where w = 2x f is the angular frequency with the incident wave frequency f =300 MHz, and k is the wave number. The
total simulation time is set to 10 periods of the incident wave oscillation, which corresponds to 10 m (normalized).

The simulations are performed using a triangular mesh with 2,577 nodes and 4,992 elements, and mesh size h = 2.947 x
1072 m. A convergence study of the adaptive and equispaced POD-DGTD methods is performed with different snapshot
selection error tolerance &spapshot = 1071 (i=0,1,---,15). Fig. 2 (a) shows the numerical convergence of the POD-DGTD
methods, in which L? error is the global error between the DGTD and POD-DGTD solutions that is integrated in all the
elements but not over all the time steps. The presented L? error is the maximum global error over all the time steps. The
number of snapshots of these two strategies is the same.

We can observe in Fig. 2 (a) that the adaptive POD-DGTD method can achieve higher accuracy compared with the
equispaced POD-DGTD method with the same number of snapshots. The number of snapshots of the fields Hy, Hy, and
E, with respect to the snapshot selection error tolerance &spapshot is shown in Fig. 2 (b). Combining Figs. 2 (a) and (b), we
note that the L2 error of the equispaced POD-DGTD method stabilizes to a limit value while the corresponding error of the
adaptive POD-DGTD method can still decrease when the number of snapshots of the field E, increases. We compare in Fig. 3
the time evolution of the electric E; at a selected point with coordinates (x, y) = (0, 1) for the exact solution, the DGTD
solution, and the adaptive and equispaced POD-DGTD solutions for the snapshot selection error tolerance &spapshor = 102
and Espapshot = 10—* with a IP, approximation. A zoom of the solution when t ranges [6.0, 6.2] and [6.5, 6.7] is also provided
in Fig. 3. From Fig. 3, we can find the time evolution of the electric E, obtained by the adaptive or equispaced POD-DGTD
method is more and more accurate as the snapshot selection error tolerance &spapshor becomes smaller. In particular, the
solution obtained by the adaptive POD-DGTD method matches the exact and DGTD solutions very well relative to the
equispaced POD-DGTD method.



120 K. Li et al. / Journal of Computational Physics 396 (2019) 106-128
10° 3 ; , . . . ; 500 . . , . . .
:&“ﬁt 450 | DB b B B B B P
S, I P A S
10 % ?’ﬁ-ﬁ-ﬁ-’ﬁ--ﬁ-ﬁ-ﬁ-’ﬁ--ﬁ-ﬁ-ﬁ 400 | " L2 ,
s A ™ 1 9'
-4 B 2 350 | I ; 1
10 \ \ . = H ’0
: & Baol i P Db DD PP P P
S ‘o R 2 r, O
510° ' ¥ 1 2 250 i s 1
5} [ 5 [ 7 D,
= K\ > 3 200 f g o~ 1
_ 2 i d
10°® NN 1 € 1 ] .9
AN ER L Y o - P - P1, x|
\ y - 4+ =P1 Hy
go|[ P = Adepive. P1 b o-0-0-0-0-9 A At
[| = # = Equispaced, P1 N i = P = P2, Hx
- © = Adaptive, P2 P=b=p - - p 50 ég’ -+ =p2, Hy ]
Ll B - Equispaced, P2 ' -© -p2 Ez
10_ T T i i i i O i i i i i T
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
-log(€snapshot ) -log(€snapshat )
(a) (b)

Fig. 2. Plane wave propagation in vacuum: (a) L? error between the DGTD method and the adaptive or equispaced POD-DGTD method. (b) The number of

snapshots of the fields Hy, Hy, and E versus the snapshot selection error tolerance &spapshot-
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Fig. 3. Plane wave propagation in vacuum: time evolution of the electric E; of the exact solution, the DGTD solution, and the adaptive and equispaced
POD-DGTD solutions at a selected point with coordinates (x, y) = (0, 1) with the snapshot selection error tolerance (a) €snapshot = 1072, (b) Esnapshot = 104,

5.3. Scattering of plane wave by a dielectric disk

We now consider the problem of the scattering of a plane wave by a dielectric disk. The radius of the disk is 0.6 m, and
its relative permittivity and permeability are &1 = 2.25, i1 =1, respectively. The disk is centered at the origin and the
computational domain is artificially truncated by the square Q5 =[—1.6 m, 1.6 m] x [—1.6 m, 1.6 m]. We impose the first
order Silver-Miiller ABC on the square delimiting the domain. The medium exterior to the dielectric disk is assumed to be
vacuum, i.e,, &2 =1, iy 2 = 1. The incident wave is defined in (50). The incident wave frequency, f, is set to f =300 MHz.

The simulations are performed using a triangular mesh with 2,873 nodes, 5,568 elements of which 512 elements are
located inside the dielectric disk, and mesh size h = 9.9 x 102 m. The total simulation time is set to 10 periods of the
incident wave oscillation. The numerical convergence of the adaptive and equispaced POD-DGTD methods with P; and PP,
approximation is displayed in Fig. 4. We can make similar observations from Fig. 4 as from Fig. 2. The time evolution of the
fields Hy and E; at a given point, which are obtained by the DGTD method, and the adaptive and equispaced POD-DGTD
methods for the snapshot selection error tolerance &spapshor = 1072, are shown in Fig. 5. We observe from Fig. 5 that the
time evolution of the Hy, and E, components obtained by the adaptive POD-DGTD method are in good agreement with that
of the DGTD method, while the equispaced POD-DGTD solution is not accurate enough. The distributions of the real part
of E; in the Fourier domain during the last period of oscillation of the incident wave with a P, approximation and the
corresponding field based on the adaptive and equispaced snapshot selection algorithms are shown when &spapshor = 10-6
in Fig. 6.

Finally, we show how the POD-DGTD methods can be potentially applied in real applications. Since we already have
the POD basis and the ROM for sﬁe{ = 2.25, now we can use them instead of the full DGTD formulations to compute the
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and the adaptive and equispaced POD-DGTD methods for the snapshot selection error tolerance &spapshot = 1072,
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Fig. 6. Scattering of plane wave by a dielectric disk: contour lines of the real part of the E; component in the Fourier domain. (a) Solution from the DGTD
method. (b) The solution from the adaptive POD-DGTD method. (c) The solution from the equispaced POD-DGTD method.

electromagnetic fields when &1 ranges [s{f‘{“,sﬁ“]ax] = [1.5,4]. The error is presented in Fig. 7. We can find from Fig. 7
that the POD-DGTD method is applicable in electromagnetic computations with varying parameters. The adaptive snapshot
selection strategy proposed in this paper performs much better that the equispaced snapshot selection strategy. In addition,
we can see that the error of the adaptive POD-DGTD method is also sensitive to the difference between the underlying
parameters and reference parameters. We will consider the parametrized time-dependent problems in the near future.

Some related contributions please refer to [26,50,51].
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Fig. 8. Scattering of a modulated Gaussian by an airfoil profile: (a) L? error for the adaptive and equispaced POD-DGTD method. (b) Number of snapshots
of the fields Hy, Hy, and E, versus the snapshot selection error tolerance &spapshot-

5.4. Scattering of a modulated Gaussian by an airfoil profile

We finally consider the problem of the scattering of a modulated Gaussian by an airfoil profile, which is a cross-section
of a three-dimensional wing of an airplane. The computational domain is chosen to be the rectangle 2 =[—1 m,2 m] x
[—1 m, 1 m]. We impose the first order Silver-Miiller ABC on the rectangle delimiting the domain, while the surface of the
airfoil is assumed to be the PEC condition. In the present case, the wave is considered to be emitted from a localized source
modeled as
g®
lg@)|’
where A is the amplitude of the signal, T = 1.7 x 103 ps, f. = 1.2 GHz, and g(X) is a two-dimensional Gaussian function
with (xo, yo) = (—0.3,0.0) the center of the Gaussian spatial support

t—4r

J.6)=Ae” =

) Sin(27 fo(t — 47))

gx®) = e—ﬂ((X—X0)2+(J/—y0)2)'

Here, the parameter 8 has been chosen such that the source term J$ is strongly localized. In this study, we set 8 =2.5 x 103,
The total simulation time, Ty, is set to Ty =10 m (normalized). Note that there is no analytical solution for this case.

The simulations are performed using a mesh with 8,436 nodes and 16,460 elements, and mesh size h = 3.993 x 1072 m.
The result of a numerical convergence study of the adaptive and equispaced POD-DGTD methods with P; and P, approx-
imation is shown in Fig. 8. We can make similar observations from Fig. 8 as from Figs. 2 and 4. The time evolution of
the fields Hy and E, at a selected point of the mesh for the DGTD method, and the adaptive and equispaced POD-DGTD
methods when &spapshot = 106 with a IP, approximation are shown in Fig. 9. The intensity of the electric field of the DGTD
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Fig. 10. Scattering of a modulated Gaussian by an airfoil profile: time evolution of the intensity of the electric field, |E;|, at time ¢t = 3.20 m. (a) The solution
of the DGTD method. (b) The solution of the adaptive POD-DGTD method. (c) The solution of the equispaced POD-DGTD method.

method and the adaptive and equispaced POD-DGTD methods when &spapshor = 10~% with a IP, approximation are presented
in Fig. 10.

6. Conclusions and outlook

We have proposed and studied a POD-based ROM in combination with a high order DGTD method for the generation of
snapshots, in the context of the numerical solution of the system of time-domain Maxwell equations modeling electromag-
netic wave propagation in homogeneous media and heterogeneous media as well. The DGTD method considered here makes
use of a centered scheme for the definition of the numerical traces of the electric and magnetic fields at element interfaces,
with the LF, scheme for the time integration of the associated semi-discrete equations. The same scheme has been applied
for the time integration of the semi-discrete ROM equations. However, other options could be adopted such as the implicit
Crank-Nicolson scheme. This possibility of using a time integration scheme for the POD-projected semi-discrete system,
which is different from the time scheme adopted in the time-domain method used for generating the snapshots, will be the
subject of a future study with the goal of further improving the overall computational efficiency of the POD-DGTD method.

We proved that the POD-based ROM conserves the discrete electromagnetic energy and it is stable under some CFL-like
stability condition. Error bounds for the proposed POD-based ROM method have been derived at both the semi-discrete and
fully discrete level, which are direct extensions of previously published results for the wave equation [3]. In the same spirit,
by extending the approach described in [1], an adaptive snapshot selection algorithm has been designed, which leverages the
error bounds. In particular, we introduced the weight M to measure the control error and changed the standard snapshot
selection rule to a strategy aiming at keeping the error estimate ||ey, p(t:; + At},‘)HM close to the snapshot selection error
tolerance &spapshor in the adaptive method. An ISVD algorithm has been exploited to update the SVD on-the-fly when a
new snapshot is added. Numerical results on 2-D test problems indicate that the proposed methodology is effective for
electromagnetic computations. Based on these results, we will consider more complex 3-D realistic applications in the near
future. Moreover, several further developments and applications of this POD-DGTD method can be considered among which
Uncertainty Quantification (UQ) is included. Regarding this topic, we plan to investigate multifidelity UQ methods [33],
which leverage low-fidelity models to obtain computational speedups in solving UQ tasks.
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Appendix A. Proof of Theorem 3

Differentiating eg v (t) with respect to time, we get
oEp
at
= Wg{e,  (WEMWE) ' WE[(K — SHH,, — S"H,, — B"(1)]

e y (1) = Wg[(PEMWE) " WEM— — ()]
— e {(WEMWE) 1L (K — ST Whan(t) — S"Unan(t) — B (0)])

=&, ' Wg(WEMWE) WL [(K — ST)(H;, — Waan () — S" (H, — Un@n(0))]. (A1)

According to the definitions of (8) and (25), the eg, y (t) satisfies the equations

. e TWg(WEMWE) WL (K — ST— SMyey(t), if FE =Ty,
v = { e W (W MWg) 1 WI[(K — STep(t) — Steg(t)], if FE =Ty (A2)
Similarly, the ey, v (t) satisfies the equations
e { g (WM Tl (K + S ‘+ S®)eg(t), if FB =T'm, A3)
’ p P WH(UEM W) T (—K + SYeg(t) + S®en(t)], if FP =T.
Based on (13) and (26), we have
egv(0)=0, eyy(0)=0. (A4)
We first consider the situation with F}f = I';y. Substituting (25) into the first relations of (A.2) and (A.3), we get
{e’”(t) = &7 TWE(WIMWE) "W (K — S' — S")(ep p (t) + e,y (1), A5)
el v () = 1y W (WM W) T W (=K + ST+ S°)(eg.p (1) + egv (£)).

According to (A.4) and (A.5), we can easily get the explicit formula of eg y (t) and ey, y (t) based the theory of nonhomoge-
neous and linear differential equations

t

H(t)=/e[@(@TM@)‘1@T]R(t—t)].{@(@TM@)—lﬁTR eg,p(t) \dr, (A6)
ey, p(t)
0

eg,v(t)

where TI1(t) = [EH s

]. Based on the properties of the matrix exponential, (28), and (29), we have

t

() :@/e[(@TM@)*@TR@(Fr)] A@THIS) TR egp(t) Vdt
en,p(t)
0

t
_ @/e[@TM@r@TR@(t—r)] @RS TSRS @TIS) 1 ST (W1} [eE,P(t)]}dr

ey, p(t)
0
= UF(T;; (BTN ' STRE)[(ITMD) ' STRD (@M D) & M 2|(M2 [:”((3}) (A7)
H.P

One can easily get the following inequality based on (27), (30), and (A.7)

Ty Ty Ty
/ ITL(t) |25t = / llee, v (6) I3dt + f llen, v () 1I3gde
0] 0 0

P N e -~ ~ A A A~ gAr~]
< (IF Ty @) T RE) |2, 50 19T RO@TMS) STV 12, 50 )
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Ty Ty
X /||eE,P(t)||2M1df+f||eH,P(t)||Izwdt . (A.8)
0 0

The total error erom(t) satisfies

Ty Ty Ty
[ tesou@1zde = [ exoitgae + [ lencogae (A9)
0 0 0

Because ey p(t) and ey vy (t) (u=E, H) belong to span ®, and span ¥y, (A.9) by using the Pythagorean theorem then be-
comes

Ty Ty Ty
/”eROM(t)”%Mdt: /”eE,P(t)lliﬂdf-i-/||eH,P(t)||2MIdt
0 0 0

Ty Ty
+ /IleE,v(f)IIZMdtJr/IIGH,v(t)IIZMdt . (A.10)
0 0

Theorem 4 is proved by substituting (A.8) into (A.10). If F,f =T, one can get a similar conclusion.

Appendix B. Proof of Theorem 4

Analogously to (A.2) and (A.3), we can obtain
(n+1) (n)
€ev —Cgv
At

e<n+%) e<n+%)
HV — “HvV _ _ i 1 1
S = i (M) T R K ST 50 e ey ),

forn=0,1,---,N;— 1 when Ff =T, and

_ _ i n+d) |+
=& " WE(WEMWE) "W (K — ST — SM)(ey 2" +ey ).

(B.1)

(n+1) (n)
e —e . 41 +1
S EL = e (UMK — S ey 7 ey ) — ST el + el
m+d) @+ (B.2)

hyv —Cny _ _ i 1 1 o+ | @+
S = T (VM) "WHI-K +SDef s +ef'y") +S(ey p° +ey 2 )],

forn=0,1,---,N; — 1 when F}f =Tq. Based on (17), (36), and (37), we have

1
e, =0, ey =0. (B.3)

We first consider problem (B.1), which can be rewritten as

R 1) R o™

[1— AT M) 19T [ (En‘jg)} =[I + AtSPTMD) 1T U] [ (HE;"%)}
€y,v €q,v

R R e(n) N R e(n-H)

+ AtUTMO) ' PTL [ (,ff%)} + AtDTMO) 9T U [ af%)} , (B4)

€y,p H,P

and then, we have

(n+1) (n+3)

(n+3) (n+3)
e’y v + lley, o : o ’

v < B(llegy v + ey " lIm) + Atai(lleg p " lIv + lleg p* liv)

n+1)
+ Ata (el v + lley p2 llv)

(n+1) +1 (n+3)
< Blllef™ I + lleg v In) + Ater(lleg’ s Vllm + ley p2 Ilv)

(n+3)
+ Ata(llel v + lley p° Il (B.5)
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where
B = Mz[I - AtT@TME) T TTLI I + AtT(DT M)~ 1\IJTIU]M 2,
— IM2[1 4+ AtD@TMT) T TTLYL + AcS@T M) ST UV 2 |
>0,
and
o = max{a1, az}.

By selecting

0
do = lleg} llnt + ||eH ) lIn

:0’
and
1 (n+ )

Pne1 = led sV liv + lley v2 I

>0,

ni1 +3) n=01-- N —1, (B.6)

Ui = ey v + ley p? v

>0,

one can obtain the following inequality based on Lemma 1

(G+13) 2 (i+3)
AtZue(” 13 +Ar2ue 1 < AtZ(He(” Ing + lleg 2 lIvp)?
j=0

<2T¢la(1 + —) (AtZﬁ“) AtZ(IIe(’) I+ lel s Iw0? B7)

The total error ”el({ng”iT/ﬂ (j=0,1,---, N;) satisfies

Nt Nt
j G+3) 2
At llexgmlizy =Ar2||e<“||M+Athe I3 (B3)
. ‘ pard

Based on (36), (37), and (B.8), we obtain

Nt Nt
j (J+ )2 (J+ )
ALY el = AtZ et 1124 + Atz leg) 13, + Atz lew p* IRy + Atz [CRERTY

j=0 j=0 j=0
i+1) X G+D
J
< Atz(ne“) I+ lleg o nv)? + (AL e} 13y + AtZ legy® IR)- (B.9)
j=0 j=0
Besides, one can easily get
B<1+yAt<el (B.10)

Theorem 4 is proved by substituting (B.10) into (B.7) and then substituting (B.7) into (B.9). If F,? =T, one can get a similar
conclusion.
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