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Abstract

Our purpose is to derive a hybrid model for particle systems which combines a kinetic description of the fast particles
with a fluid description of the thermal ones. In the present work, fast particles will be described through a collisional
kinetic equation of Boltzmann-BGK type while thermal particles will be modeled by means of a system of Euler type
equations. Then, we construct a numerical scheme for this model. This scheme satisfies exact conservation properties.
We validate the approach by presenting various numerical tests.
© 2004 Elsevier Inc. All rights reserved.

Keywords: BGK equation; Euler equations; Entropy minimization principle; Kinetic-hydrodynamic coupling; Numerical schemes

1. Introduction

In rarefied gas dynamics, for strongly non-equilibrium situations, fluid models are inappropriate and one
must resort to a kinetic description such as that provided by the Boltzmann equation. But the cost of the
numerical resolution of this model is very prohibitive in terms of both CPU time and memory storage. We
refer the reader to [2,4,26], etc. In the present work, we propose a hybrid kinetic/fluid model describing the
evolution of slow (or thermal) particles by means of a fluid model, and restricting the use of the kinetic
model to the modeling of fast (or suprathermal) particles.

Fluid dynamical descriptions are based on the assumption that the mean free path of a particle is very
small compared to the typical macroscopic length. In this case, the distribution function of the particles
approaches a local equilibrium represented by a maxwellian, the parameters of which are the fluid variables
(density, mean velocity and temperature). The evolution of the fluid variables is governed by the Euler or
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Navier—Stokes equations. More precisely, if 7 is the Knudsen number (ratio of the particle mean free path
to the typical macroscopic scale), an expansion of the solution of the Boltzmann equation in power of t can
be performed (Hilbert or Chapman—Enskog expansion [8,9]). At the leading order in 7, the distribution
function is approximated by a maxwellian whose parameters obey the Euler equations. If the next order is
retained, the fluid parameters solve the compressible Navier—-Stokes equations, where the diffusion terms
(viscosity and heat conductivity) are of the order of . When 7 is small without being very small, the Navier—
Stokes equations offer a quite good compromise between physical accuracy and numerical efficiency.
However, when t becomes larger, the Navier-Stokes equations break down, as well as any model at-
tempting to take into account higher order powers in t (like e.g. the Burnett equations).

Our model is aimed at transition regimes, where T = O(1), when the Navier-Stokes equations surely
break down. In such a situation, one must resort to the resolution of the full kinetic equation.

Solving a kinetic equation requires the discretization of large number of variables (3 dimensions in
position, 3 dimensions in velocity plus the time). Moreover, a kinetic equation very often involves stiff terms
in the collision operator and its computational cost is often quite expensive. To overcome these problems,
probably the most efficient method is the Monte-Carlo method (cf. [4,18,26], etc.). Some deterministic
methods (cf. [7,15,22,29], etc.) have been recently developed with some success. Nevertheless, the search for
models which would give a good approximation of the physics at a reasonable computer cost is still not
complete. Our work is a contribution in this direction. It partly relies on Levermore’s entropy minimization
approach (see [21]), which was used to develop higher order moment hierachies, in the spirit of earlier work
by Grad [16,17] or Miiller and Ruggeri [25]. Related approaches can be also be found in [14] where half
moment expansions are used.

In this paper, we present a hybrid kinetic/fluid model based on a domain decomposition method in the
velocity variable. In order to simplify the presentation, we consider a Bathnagar-Gross—-Krook (BGK)
model (instead of the full Boltzmann operator) as a starting point (see [3]). The unknown distribution
function f = f(t,x,v) depends on time ¢ > 0, on space x € R?, and on velocity v € R, d = 1,2,3, and
solves

of 1
iy, = (M —T). 1.1
o TV VS = (M= f) (1.1)
My is the maxwellian with the same moments as f, i.e.
Mg (0) = —"— exp o= (12)
T anry o7 | '

where n,u, T (the density, mean velocity and temperature) satisfy:
n= / f(v) do,
Rd
nu:/ vf (v) do, (1.3)
Rc/
dnT :/ v — u*f (v) do.
Rd
In other words, .# ) is defined as the only maxwellian whose parameters n,u, T are such that

1 1
/Rd f(v) | v |dv= | My(v)| v |do (1.4)

U|2 R4 |U‘2
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Finally, 7 > 0 represents a scaled relaxation time. Eq. (1.1) is written in scaled variables, the time and space
scales being related to the problem under consideration (e.g. the domain size). Eq. (1.1) is supplemented
with an initial condition f{,_g) = fo.

Our model relies on the assumption that the particles can be clearly grouped into two categories. The
first category consists of thermal particles, whose distribution function is close to a maxwellian. The second
category is that of suprathermal or energetic particles. They are supposed to represent a small proportion of
the total number of particles. On the other hand, their distribution function can be anything. Of course,
there are situations where such an assumption is clearly untrue (for instance, the case of two interpene-
trating particle beams for which the distribution function is the sum of two maxwellians of nearly equal
weights), but our belief is this assumption is satisfied in many cases of practical interest. We shall give some
examples later on. Following this assumption, we choose a domain B; in velocity space (most often a ball
centered in u and with radius #+/T, where u and T are a velocity and a temperature to be conveniently
chosen, and Z is a fixed number). We suppose that the particle distribution function can be approximated
by a maxwellian inside B;. Therefore, we make the Ansatz that the solution of (1.1) can be approximated by

o ﬂl, UEB],
f—{f‘z, UGBzZRd\Bl, (15>

where ./ is a maxwellian. In practice, u and T are space and time dependent functions. They are chosen to
be the mean velocity and the temperature of f.

Let (ny,u;,T;) be the parameters of .#,. On should note that u; # u and T} # T in general. We must
derive a set of fluid equations for (n;,u;, 7;) from the BGK model (1.1), as well as a kinetic equation for f>.
The way we achieve this task is by taking the moment equations of (1.1) on the domain B;. We obtain
conservation equations for the mass, momentum and energy of the thermal particles i.e. those contained in
B,. As usual, these equations are not closed. To close the system, we use Levermore’s entropy minimization
strategy [21] and take the distribution function in B; to be the maxwellian .#,, which minimizes the entropy
of the thermal particles, subject to the constraints of given mass, momentum and energy in B;. The so-
obtained system differs from the standard Euler equations in the expression of the fluxes on the one hand
(because these fluxes are integrated over B; only) and in the coupling with the BGK equation which de-
scribes the evolution of the distribution function f5. This coupling is due first to the collision operator
(collisions may ‘“‘send” particles from By to B, and vice versa), but also, to the fact that ¥ and T are de-
pending on (¢,x). Therefore, the variations of the fluid domain in space and time induce fluxes of particles
from B; to B, and vice versa. These fluxes appear as source and sink terms depending on f, in the Euler
equations, and as boundary conditions depending on .#, at the boundary of B, for f;.

We must point out how important it is for a numerical discretization to respect a perfect flux balance
between the two sets of equations (the Euler equations on B, and the BGK equation on B;). Otherwise,
there might exist local sources or sinks of mass, momentum and energy which is obviously unphysical.

We shall present a numerical strategy which respects this balance perfectly. It relies first on a full time,
space and velocity discretization of the BGK equation by a conservative finite volume scheme. Then, the
analogue of the decomposition (1.5) is performed in the discrete distribution function; the discrete moment
equations are obtained for the thermal particles and a discrete entropy minimization principle is used to
close the equations.

In this paper, we try to demonstrate the validity of the hybrid approach against the full kinetic equation.
Therefore, we do not try to optimize the numerical efficiency and at this stage, our hybrid model is still
more costly than (or at least as costly as) a direct finite volume simulation of the BGK equation. The reason
is that the computation of the numerical fluxes for the Euler equations is done by discrete integration of the
maxwellian on the mesh discretization of the phase space. Therefore, the storage requirements and com-
putational complexity of the method is the same as for the resolution of the full BGK equation by a de-
terministic method.
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Cost reduction will be obtained by two means: a faster computation of the numerical fluxes, possibly
involving some pre-storage on the one hand, and a Lagrangian (particle type) discretization of the dis-
tribution function on B,. These concepts will be developed in future work.

We now outline some similar approaches in the literature. First this approach was developed for dif-
fusion equations in [10], and for hydrodynamics equations in [11]. It bears some similarities with the so-
called 6f method [6,27]. However, the 6f approach relies on writing the distribution function as
f = M + 6f with .4 a maxwellian whose parameters are solutions of the standard Euler equations and éf
satisfies a perturbation equation involving some approximations. Therefore, everywhere in velocity space,
there is a superposition of a thermal distribution function .# and a non-thermal part /. The idea of using
moments over sub-regions of velocity space is also present in [14]. Most hybrid kinetic/fluid approaches
used so far are based on a domain-decomposition in position space: a fluid model is used except in specific
regions where the flow is identified as being far from equilibrium, and where a kinetic model is used (cf.
[5,23,24], etc.). Then, suitable interface conditions are set up at the kinetic/fluid interface. Sometimes, an
overlap of the kinetic and fluid regions is performed.

Levermore’s moment hierarchy of models [21] is sometimes used as an alternative to kinetic models. This
approach has been pioneered by Grad [16] and has been thoroughly investigated in the physics literature by
Muiiller and Ruggeri [25]. It has been applied to rarefied gas dynamics by [19,22,24], semiconductor physics
(see [1]), etc. The entropy minimization approach, which founds Levermore’s approach as well as the
present work, has also found applications to deterministic numerical methods for the BGK equation, like
e.g. in [22].

The paper is organized as follows. In Section 2, the hybrid model is derived following the ideas outlined
above. In Section 3, its fully conservative numerical discretization is proposed. For the sake of simplicity,
we restrict to a one-dimensional model on both space and velocity. In Section 4, results of numerical
simulations are presented. A few technical points are developed in Appendices A, B and C.

2. Derivation of the hybrid model
Our starting point is the Boltzmann—-BGK equation (1.1) and (1.2). Let us introduce some notations.

Definition 2.1. For all function g : RY — R, we define for i = 1,2:

oy Jgl) ifveB,
gi(v) = { 0 otherwise,

where B, is defined by B; = {v € R s.t. [v — u| < #/T} and B, = R?\ By.

Remark 2.2. Later on, # and T will be chosen as the mean velocity and temperature of the distribution
function f over R’

Our goal is to approximate (1.1) and (1.2) by a fluid/kinetic model. Associated to the solution f to (1.1)
and (1.2), the distribution function f> is the unknown of the kinetic part of the hybrid model. On the other
hand, the fluid part must be a closed system of (d 4 2) equations satisfied by the moments of f; on Bj; they
are given by U; = (ny, P;,2W;)" such that

1 ny

/f](v) v |do=| P | =U, (2.1)
By ElR 2
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with n; the density, P, the momentum and W] the total energy of f; on B,. Integrating (1.1) on B
against the vector of conserved quantities m(v) = (1,v,|0]*)" with respect to the velocity variable v € B,
leads to a non-closed system of equations for U;. This is the well-known “moment closure problem”
in kinetic theory. To close these equations, we shall use Levermore’s strategy, based on the entropy
minimization principle (see [21]). However, the present situation is different from that investigated by
Levermore, in that the velocity set of integration is bounded, and the approach requires a few minor
adjustments.
First, we introduce the entropy functional related to the domain B;:

Hi(g) = /B g(v)log(g(v)) dv Vg >0,

and the corresponding entropy minimization problem,

Given n; >0, P, € RY, W, >0, find a non-negative function .#, on B,
realizing the following minimum:

Minq Hi(g),g = 0s.t. [, gv)| v Jdv=| P
o’ 2W;

If (2.2) has a solution, then the system of moments U; derived from (1.1) and (1.2) can be closed by a
distribution function that coincides with that solution. This closure strategy, as pointed out by Levermore
[21], ensures the hyperbolicity of the so-obtained system (here, if # and T are chosen a priori). The following
proposition solves the entropy minimization problem (2.2) (following results in [20]):

Proposition 2.3. The entropy minimization problem (2.2) has a solution if and only if

P <2m W, (2.3)
2m W, — P P
LN+ ‘u__l < AT, (2.4)
n n
Moreover, under conditions (2.3) and (2.4), the solution is unique and is a maxwellian function:
M () = exp(t - m(v)) = exp(Zh + 2} v+ AleP), (2.5)
where 2! = (2(1), ii, )v;)T € R is uniquely determined by the following relation:
n
/ exp(A - m@))m(v)dv= | P with m(v) = (1,0, |0])". (2.6)
By 2W

For the proof, we refer the reader to Appendix A.
The so-obtained distribution .#, of the form (2.5), is used to close our moment system. We are now able
to write the hybrid model. For this purpose, let us first introduce some notations. The quantities,

Vo, v
Ve | = | Ai(v)vm(v)dv= [ 4 i(v)| v®V |do, (2.7)
sz] /Bl 1(v)vm(v) do /Bl (v TU|2; v
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are the moment fluxes, with m(v) = (1, v, [v]*)". The term,

o - . 0
F(U)Z@(%), w1th@:a+v-vx, (2.8)

is a force which results from the space and time variations of By as we shall see later on. Now, if we denote
by S(u, #+/T) the boundary of By, which, in the case we consider, is a sphere of center u and radius %+/T,
we can introduce the following sets:

S. ={veS(u,#/T) st. F(v) -7 <0}, (2.9)

S, ={ve S, #/T) s.t. F(v) - ¥ > 0}, (2.10)

where V is the outward unit normal to S(u, #+/T). If dS(v) is the Euclidean surface element on S(u, 2/T),
we can then define the following boundary outgoing and incoming semi-fluxes:

L,

Ln | = / Fo) - 300, (0)m(v) dS(v),
2Ly, 5.

Gnl .

G | = [ [F(v)-V]fa(v)m(v) dS(v)
2Gy, s-

(where “L” is for “loss’ and “G” for “gain”: we shall see that they enter as loss and gain terms in the Euler
equations). If we take the moments of (1.1), make the approximation f; ~ .#, given by (2.5) and (2.6), and
if we couple the so-obtained closed system to the restriction of (1.1) to B, (where f is again replaced by .#,
on By), then we obtain the following hybrid model.

Proposition 2.4. With the previous notations, the hybrid fluidlkinetic model of unknowns (ny, Py, Wi, f>) is
written as

o [m W, 1 nM —n, Ly, G,
al oV Vp | = T PO—P | = | Lp | +| Gn |,
wi Y, wh —m Ly, G,
0 1
%—&-U-foz:?Qz(fz,ﬂl)a (2.11)

with the following boundary conditions:
fo(v) = AM(v) YveS,.
The moments (ny, Py, Wl)T are given by (2.1). Moreover, the collision term is given by

Qz(f27 %l) = (‘W[J/l-%—fz]l(v) —f‘z(l))% vE BZa

where My, +s,) (Whose parameters are the density, mean velocity and temperature of M\ + f>) satisfies

| tnom do= [ a0)+ pme) do
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Moreover, we denote

e
pa()l) _ /B M 15 (0)m(v) d,
2w :

with m(v) = (1,0, |U|2)T~

Remark 2.5. Under the assumption that ¥ and T are chosen a priori, the fluid part of the hybrid model is
hyperbolic. This is a simple consequence of Levermore’s result (see [21]).

Proof. We integrate (1.1) with respect to v on By, after multiplication by (1, v, |v|2)T. We get

1 1
af _1 — v v v
/atU(lv)d”/&”'vxf(v)(lj]z)d“—f [ f)()(lv|2>d~ (2.12)

First, we recall the notation

U= | filv do=| P L i=12 (2.13)
Lol (5)

for the moments of f;, i = 1,2, and introduce similar notations for the fluxes,

= <|v|)dv o

Let us consider the left-hand side of (2.12). If we exchange derivatives and integrals, there appear some
boundary terms. To compute them, we use a change of variables that transforms B, into the fixed ball
B(0,1) of radius 1 and whose center is 0

v—u

AT

We then set f;(z,x,v) = g1(¢,x,w), and obtain

[ G va)moran [ (S @I T+ i Ve )i on
ot B(0,1) 0

6/ . 0 _
=— gmedw—/ g1=— (m(w)J) dw
& yon & (w) o 15, (m(w)J)
+vx./ (R\/Tw + u)giin(w)J dw—/ @V,
B(0,1) B(

0,1)

w= (2.14)

((R/Tw + wyin(w)J) dw — / @V, - (Fy(w)m(w)J) dw
B(0,1)

+ / Fy(w) - Vgum(w)J dS(w), (2.15)
S(0,1)
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where V is the outward unit normal to B(0, 1)
o 1 . 0
Fiw) = = 5 (#vTw+u), with 2, = o+ @VIw+u) -V, (2.16)

is a force term, and

1
m(w) = ( RATw+u )
|2/ Tw + uf’

Finally,

J=@JT), d=1,23,

is the Jacobian of the change of variables (2.14). Some calculations (which are developed in Appendix B)
show that the sum of the second, the fourth and the fifth terms of (2.15) vanishes. So, if we return to the
original v variable, we obtain

/(%+v Vrfl)m(v) v= aat flm()dv+V /vflm dv+/§( E(v) - ¥fim(v) dS(v),

u/T)
(2.17)

where F(v) is the force (2.16) expressed in terms of v,

F(p) — v—u ith 9 :9 .

F(v) @(@\/z) with & Pyl Vs
Now, using (2.12) and (2.17), we obtain the following moment system:

oU, 1 o

G Ve o) =1 [ (@ = @) do— [ @) iAom() ds

T /s S(ua/T)

The boundary terms represent the exchange fluxes between the kinetic and the fluid zones. We decompose
these boundary terms into outgoing semi-fluxes:

/ Fo) -1 (0)m(v) dS,
S+
and incoming semi-fluxes:
/ IF(v) - 31 (0)m(v) dS. (2.18)
This last term (2.18) takes into account particles fluxes from B, to By; these fluxes are due to the variation of

the ball By. Therefore, these incoming particles are modeled by f> and, using the boundary conditions,
(2.18) becomes

| F©)- 51 me) as.

Now, we make the approximation fi(v) ~ .#,(v) Vv € B;, where .4, is given by (2.5) and (2.6) (with
ny, Py, Wi defined by (2.13)). Then, we obtain the first part of (2.11); the coupling with the restriction of (1.1)
to B, (where f| is always approximated by .#) leads to the hybrid model (2.11). O
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3. Numerical schemes for the hybrid model

In this section, we present a numerical scheme for the hybrid model (2.11). The main difficulty comes
from the dependence of B; = {v € R? s.t. [v—u| <#/T} on both time and space. As pointed out in
Section 1, the variations of B; in position and time induce fluxes of particles from B, to B, and vice versa.
Then the mass, momentum and energy fluxes into B, must be exactly balanced by the same fluxes out of B,
otherwise unphysical source or sink terms will appear. To ensure these conservations at the discrete level,
we first start from a fully discretized version of the BGK equation in position, velocity and time, and
perform the domain decomposition and passage to the fluid quantities on B, directly on the discrete
equations. The motion of the ball B, which takes into account the evolution of the mean velocity u and the
temperature 7T, is performed at the end of each discretization step.

For the sake of simplicity, we restrict to a one-dimensional problem in both position and velocity space,
with a cartesian grid x; = iAx, v; = kAv, i,k € Z, while " = nAt is the time discretization, n € N. Like in
the continuous case (see Section 2), our starting point is the BGK equation. We first discretize (1.1) and
(1.2) on the full velocity space, following the strategy developed in [22]. We approximate f(¢",x;, v;) by f}}
such that

n n n n At n n n
le:rl e — v Ax[ fi—l,k] Ur Ax[ e — Sk ] |:éazk fi,k}v (3.1
with v = (v; £ |ui|) and where (&7, ),, realizes the following minimum:
Min{ ng log(gx)Av, g = 0 s.t. kagkAv = UI,”}, (3.2)
kez kez

with the prescribed moments Uy =}, flymiAv and my, = (1, vy, |vg|). In [22], it is shown that the operator
(&7, — f}) 1s an approximation of the BGK operator. In particular, thanks to Theorem 3.1 of [22], (67, )c,
has an exponential form provided that the prescribed moments U!" are strictly realizable (i.e. U is the mo-
ment vector of a strictly positive discrete function). In this case, the discrete equilibrium is &7}, = exp( “my),

where o € R’ is the solution of the discrete moment problem (see Appendix C for more detalls)

ka exp mk)Av = Un (33)
kez
We note that (3.1) can be viewed as a first order finite volume method for the BGK equation (1.1) and (1.2).
Now, in order to decompose the velocity domain, we have to define a discretized version of the ball B;.
In the remainder of this paper, we shall choose u and T as the global mean velocity u(z,x) and temperature
T(t,x), respectively. They are approximated at point x; and at time #* by

P

u=— (3.4)
. 20t — (P

I == (3.5)

where n!, P! and W are the mass, momentum and energy at x; and ¢", and are such that

n"

1

ur=|{ B | = fimdv.
2w kez
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n

Then, at position x; and time ¢*, (B;)]

; can be approximated by the following discrete set:

A ={k € Zs.t. v =kAv satisfies v, —u| < AT}, (3.6)

where # is an arbitrary parameter.
We introduce the moments of (f}}),., on the set 7 according to

U= 3 A,

ke
and the restriction of (f7}),., on Z\ A7}

o [ it ke Z A,
ik ™1 0 otherwise.

We are going to present an algorithm which, from the knowledge of 7}, U}, f3,, at time ', computes
AU o) at time ¢!, based on the moments of (3.1).
First, the discrete fluxes on #7 of an arbitrary discrete distribution function (g),., are denoted by

$l,.(2) = Y vimgiA, (3.7)

ket

and the moments of (&7,),., on A7/ are written as

Ul = Z m &7 Av.

kex!

To close our discrete moment systems, we shall approximate f7} on 7 by the solution (/' ;);.,» of the
following minimization problem, with the prescribed moments Uy,

Min Z grlog(gi)Av, g = 0 s.t. Z migAv = U}, 5. (3.8)

ke kex!

Note that (3.8) differs from (3.2) in that the summations are carried over the set #7 instead of Z. This
problem is solved in the same way as (3.2). Indeed, if the prescribed moments U}, are strictly realizable,
A7, has the following exponential form .41, = exp(/]; - m;), where ], € R’ is the solution of the dis-
crete moment problem '

> mpexp(2y, - m)Av = UY,. (3.9)
Now, we first take the moments of (3.1) on "} and close the resulting equations by the discrete entropy

minimization problem (3.8). In a next step, we shall “move” the set 47 into a new one, 4 "1 First, let us
introduce the moments Uy'/' of /7' on the ball %7}

rm+1 __ n+1
urr = g myf Av,

ke
as well as the restriction of /7' onto the complement Z \ %

anrl = j(ln/jl if k g %7,
2,ik 0 otherwise.
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If we take the discrete moments of (3.1) on ", and close the resulting moment equations by the solution

Sl =2 MY 4, Vh € A7) of the discrete entropy minimization problem (3.8) on the one hand, and take the
restriction of (3.1) on Z \ /! on the other hand, we obtain

rn n At n n n n n
Ul,i+l = Uli T AL [(blu—('ﬂl,i) - ¢1,i,+(%l,i—l +f2j—1)}

ot 1) — o )]+ o, - ], (3.10)
~zanrk1 = foik — U 2; [ 2ik (ﬂ'{l 1kt lk)}
- UZ% [(%rll,m,k "‘fzrfm,k) _fZVl,i,k} Ar [571{ ﬁ,k} (3.11)

Let us remark that Ut and fz”fkl are intermediate variables that only take account the space variation of
A" through the fluxes.

The next step of the algorithm is to consider the time variation of #”/. To that purpose, we construct
(/%m) res the discrete distribution solution to (3.8) with the prescribed moments U”+1 Then we define an
approximation of ;! for all k € Z, solution to (3.1) by f" such that

~_n+1 ” 3.12
Jik 7l otherwise. (3.12)

B {J/’;j} if ke,
Hence, the discrete moments of fi’fk“ are an approximation of U"*!. At this level, u"*!, 7" and #~ l'.’“ can
then be defined through (3.4) and (3.5) (with # replaced by n + 1). The unknowns at the next time step are
finally

Uit =" mfi A, (3.13)
ke_}(;wrl
=S - (3.14)

The following proposition presents some properties of the above scheme.

Proposition 3.1. Egs. (3.10)—(3.14) give a numerical scheme that preserves the total mass, momentum and
energy. Moreover, let (f%),,c, be a strictly positive initial condition

[ >0 Vkez, viel.

Let us denote by A a bounded discrete velocity domain which is an approximation of Z. If the following
condition on the time step is fulfilled:

1 ||
At(f—&—r]{g}(m)) <1, (3.15)

then the kinetic sequence (f3,,),~ o defined by the above scheme, satisfies

fii>0 Yn=0, i€Z ke \ A" (3.16)
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Proof. We first prove the conservation property of the scheme. For this purpose, we introduce the discrete
moments of (f3,,),

n __ n
Uy, = E mif3;  Av.

kez\ A"

Let us multiply (3.11) by m; = (1,v;,v2)" and sum over k € Z \ A"

rn n At n n n
Z mkfszlAv =U;, - Ax Z Uzmk< 2ik T (fz,i—l,k + ‘ﬂl,i—l,k))Av
keZ\ A" ke\A"
At 7 , , At .
e Z Uy My, ((%1,#17/( +f21,i+1,k) - fzril:/c) Av| + T Z (mkgi,k)AU - U;i .
kEZ\A™ kEZ\A™

(3.17)

If we add (3.17) with (3.10), and sum up over i € Z, the discrete fluxes vanish. As well, the discrete collision
operator vanishes. Then, if we note

rn+l Tn+1
Ui = E, mfy A,

kez\A™
we obtain
DO+ T =Y (U + U3,
i€Z i€Z

The second step of the algorithm (3.13) and (3.14) preserves the macroscopic quantities, so that we finally
obtain

E Uin-%—l _ § :len —_
i€z icZ

where C is a constant, only depending on the initial discrete mass, momentum and energy.
In order to show the positivity of the sequence (f3,;), ¢, let us write (3.11) as follows:

o At At LA Ar
21+k1 = (1 _7_|Uk| ) 21k+ k Ax%“ 1k+vk Axfz’ kU Ax/%lmk
At
vaxleH,A— & forall ke o\ A7,
with the notations: vif = l‘i‘”’" ,and " is a bounded discrete velocity domain. The strict positivity of ”fkl is
ensured if
At At
1———|vk|— 0 Vkex,Vie
T

holds. Then, if we suppose the existence of ,ﬂ’l’ﬂl{ Vk € 27, which is positive because it is a maxwellian,
relations (3.13) and (3.14) ensure the positivity of fz”f,} El

Remark 3.2. The property (3.16) of the above numerical scheme allows us to show that & j’,fl, and %’{f}(
have an exponential form with respect to k. Indeed, the strict positivity of (fz”jr,j) (under the condition on the

time step (3.15) of proposition 3.1 ensures that U’ is the moment vector of a strictly positive discrete
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function (see (3.13)). According to [22], this implies that U"*! is also a moment vector of a discrete max-
wellian function é’;’zl, which uniquely solves the discrete entropy minimization problem (3.2). The same is
true for the moments U

The resolution of the discrete entropy minimization problems (3.2) and (3.8) are classical ([22,24]). For
the sake of completeness, this step is detailed in Appendix C.

4. Numerical results

In this section, we present numerical tests to illustrate the capabilities of the method. We validate our
method on one-dimensional flows (shock tube problems). We also investigate the influence of the numerical
parameters. Note that in this section, we go back to an equation using physical variables. In particular, 7 is
the relaxation time, ¢,x, v are, respectively, the time, space and velocity variables.

Numerically, the boundary conditions are treated by a classical ghost cell technique (see [31]). A Di-
richlet or a reflecting condition is imposed in the ghost cell according to the test case.

Computations by means of the BGK model and the hybrid model take about the same amount of CPU
time (slightly more for the hybrid model). However, at this stage, we did not try to optimize the numerical
efficiency but wanted first to test the hybrid methodology in the most straightforward way. Indeed, the
numerical fluxes (3.7) for the Euler equations are calculated by discrete integration of the maxwellian on
phase space. Therefore, the complexity of the method is the same as for the resolution of the BGK model.
Some pre-storage of these numerical fluxes will reduce the CPU time. Also, shifting from a finite volume
method to a particle method for the discretization of the kinetic part should also greatly improve the ef-
ficiency of the method.

4.1. Shock tube problem: basic test problem

We study a one-dimensional stationary shock wave (see [4,22]). The flow is initialized with two max-
wellian states related by the discrete Rankine—-Hugoniot relations. Let us detail these discrete Rankine—
Hugoniot relations.

For a given left state Up, we must find a right state Ui such that there exists a stationary solution of the
discrete BGK model (3.1), i.e.

ofi 1.,
ngr=—(6— 1) VkeZ, (4.18)

with the boundary conditions
ﬁ{(—OO) = gk,L and ﬂ("‘OO) = gk,Ru

where >, , mi 6L Av = Uy and ), _, mi & g Av = Ur. Multiplying (4.18) by m; and summing on k € Z, we
see that Uy and Ur must necessarily satisfy the following discrete Rankine-Hugoniot relations:

Z Ukmkéék"LAU = Z Ukmk(D@/(‘RAU.

keZ kez

To solve this problem, we use a Newton iterative algorithm in order to compute the downstream values of
n,u, T as functions of the upstream ones.

We have used the following values for the mass density n; = 6.63 x 107¢ kgm™3, the mean velocity
up = 2551 ms™', and temperature T; = 293 K, of the upstream flow. The gas considered is argon (the
molecular mass m, equals 66.3 x 10727 kg). These values yield a shock Mach number equal to 6. The
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computational domain is [0,L], L =1 m whereas the velocity domain takes into account the discrete ve-
locities between vy, = (—5600) ms™' and vy = 8200 ms~!. A one-dimensional grid of 200 cells in space
and 200 cells in velocity is used. The constant parameter # is taken equal to 2 and t equals 3 x 107> s.

In Figs. 1-3, we present the normalized profiles (¢ — q1.)/(¢qr — q1) for ¢ = n (the mass density), ¢ = u
(the mean velocity) and ¢ = T (the temperature) as functions of the normalized space variable x// (where /
is the mean free path of the upstream flow (! = 7+/RTy, where R is the gas constant)). These figures display
the results obtained by the hybrid model, by the full BGK equation (discretized by (3.1)) and by the Euler
equations (discretized following [13]). The velocity set (given by [Umin, Umax]) ensures that the left and right
maxwellians are correctly represented. The stationary shock wave of the Euler equations is situated at
x = 0.5 m. In Figs. 1-3, we can see that the hybrid model is closer to the BGK model than to the Euler
equations, but the shock wave of the hybrid model is stiffer than that of the BGK model. The hybrid model
has an intermediate behaviour between the Euler equations and the BGK model, as could be expected.

The distribution functions computed by the hybrid model at locations upstream (x = 0.1 m), within
(x =0.5 m) and downstream (x = 0.9 m) the shock are plotted in Fig. 4 as functions of the velocity
U € [Umin, Umax]- When the flow is at equilibrium (upstream and downstream the shock), the distribution
functions are very well approximated by the hybrid model. Inside the shock, the hybrid model computes an
intermediate maxwellian between the upstream and downstream maxwellians, with a jump at the boundary
of the ball v = ky (wWhere kg is s.t. B| = [ko, k1]). The departure from equilibrium of the distribution function
inside the shock is not accurately enough described by the hybrid model. In Fig. 5, we can see the distri-
bution functions of the hybrid model and of the full BGK model within the shock, as functions of the
velocity; we can see a jump at v =k, for the hybrid model; this is a discontinuity between the kinetic
unknown f, and the maxwellian .#.

In Fig. 6, we present the distribution functions of the hybrid model and of the full BGK model, as
functions of the velocity, at x = 0.54 m. The BGK distribution function has two humps of comparable size
whereas a maxwellian (with one hump only) takes place for the hybrid model. This figure shows the limit of
our approach. Indeed, the hybrid model makes some errors in describing the distribution function inside
the shock.

— = BGK model
— Hybrid model

*— Euler equations

normalized density
(=)
W
I

0
-60 -40 20 40 60

Fig. 1. Stationary shock: normalized mass density as a function of x//, x € [0,L]. The Mach number of the flow is 6. Comparison
between the BGK model (dashed line), the hybrid model (continuous) and the Euler equations (stars).
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Fig. 2. Stationary shock: normalized mean velocity as a function of x//, x € [0,L]. The Mach number of the flow is 6. Comparison
between the BGK model (dashed line), the hybrid model (continuous) and the Euler equations (stars).
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Fig. 3. Stationary shock: normalized temperature as a function of x//, x € [0,L]. The Mach number of the flow is 6. Comparison
between the BGK model (dashed line), the hybrid model (continuous) and the Euler equations (stars).

4.2. Shock tube problem: influence of the numerical parameters

In this section, we present the influence of the numerical parameters on both the macroscopic and
microscopic quantities. First, we study the influence of the velocity discretization, while the other pa-
rameters are kept fixed to the values Ax = 1/200, Z = 2, t = 3 x 107 s and At = 6 x 1077; Fig. 7 represents
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Fig. 4. Stationary shock: distribution functions as functions of the velocity v € [Umin, Umax]. The Mach number of the flow is 6. Dis-

tribution functions upstream the shock (x = 0.1 m) (dashed line), inside the shock (x = 0.5 m) (continuous line) and downstream the
shock (x = 0.9 m) (stars) are presented. By = |ko, k1] is the fluid zone at x = 0.5 m.
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Fig. 5. Stationary shock: distribution functions as functions of the velocity v € [Umin, Umax]. The Mach number of the flow is 6. Dis-

tribution functions within the shock (x = 0.5 m). Comparison between the full BGK model (dashed line) and the hybrid model
(continuous). By = [ko, k] is the fluid zone at x = 0.5 m.

the normalized mass density as a function of the normalized space variable x//, x € [0,L], (L = 1 m), where
[ is the upstream mean free path, obtained by the hybrid model with different velocity discretizations. We
can see that the increase of the number of discrete velocities does not improve the results significantly.
Nevertheless, a minimal number of discrete points in velocity space is needed. Indeed, we need a sufficient
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Fig. 6. Stationary shock wave: distribution functions as functions of the velocity v € [Umin, Umax|- The Mach number of the flow is 6. The
distribution functions at x = 0.54 m are represented. Comparison between the full BGK model (dashed line) and the hybrid model
(continuous).
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Fig. 7. Stationary shock: influence of the number of discrete velocities on the normalized mass density as a function of x/I, x € [0, L].
The Mach number of the flow is 6. Results obtained with 100 (continuous line), 200 (dotted line) and 400 discrete velocities (dashed
line) are presented.

number of discrete velocities in the discrete ball in order to solve the discrete moment problem (3.8) (see
Appendix C).

We also study the influence of the space discretization. Fig. 8 represents the normalized mass density as a
function of the normalized space variable x//, x € [0, L], obtained with different values of Ax (and with
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Fig. 8. Stationary shock: influence of the space discretization on the normalized mass density as a function of x//, x € [0, L]. The Mach
number of the flow is 6. Results obtained with 50 (dotted line), 100 (dashed line), 200 (continuous), 400 (dashed and dotted line) and
500 mesh points (thick continuous line) are presented.

A =2,7=73x1073s, 200 discrete velocities and Az = 6 x 10~7). We can see that the shock becomes stiffer
as Ax is decreased, up to % = ﬁ. The same behaviour is observed for the mean velocity and the temper-

ature. The value Ax = 2(‘)—0 seems to be a good compromise between accuracy and computer time.

normalized density
(=)
wn

0 \ \
-10 -5 0 5 10
x/1

Fig. 9. Stationary shock: influence of the time step on the normalized mass density as a function of x//, x € [0, L]. The Mach number
of the flow is 6. Results obtained with A (continuous), A¢/2 (dashed and dotted line), A¢/5 (dotted line) and Az/10 (thick dashed line)
are presented (At = 6 x 1077).
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The variation of At does not improve the results (with Z = 2, t = 3 x 1073 s, 200 discrete velocities and
Ax = 1/200). Indeed, the condition (3.15) imposes a small time step which already gives some quite good
results (At = 6 x 1077). In Fig. 9, we can see the normalized mass density as a function of the normalized
space variable x/I, x € [0, L], obtained by the hybrid model with different values of At.

Once the numerical parameters are chosen properly, we investigate the influence of the parameter # on
both the macroscopic and microscopic quantities. The parameter £ is a kind of cutover between max-
wellian and kinetic solvers. By varying £, we cross between the pure fluid description (large £) to the full
kinetic one (small ). The other parameters are taken as follows: T = 3 x 107 s, Az = 6 x 1077, 200 discrete
velocities and Ax = ﬁ For instance, on Fig. 10, we plot the distribution functions within the shock (x = 0.5
m) as functions of the velocity v € [Unin, Umay] for the hybrid model with various values of %, and for the full
BGK model. In the same way, in Fig. 11, the normalized mass density profile is plotted as a function of the
normalized space variable x// for the hybrid model (for different value of %) and for the full BGK model in
comparison. When Z is small (Z = 0.5 or Z = 1), both microscopic and macroscopic quantities are in good
agreement with results given by the BGK model. On the contrary, as Z is growing, the macroscopic profiles
(Fig. 11 and the same is true for the mean velocity and the temperature) become less smooth and tend
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Fig. 10. Stationary shock: influence of the parameter % on the normalized mass density as a function of x//, x € [0, L]. The Mach
number of the flow is 6.
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Fig. 11. Stationary shock: influence of the parameter # on the normalized mass density as a function of x//, x € [0,L]. The Mach
number of the flow is 6.

towards the results given by the Euler equations. In the same way, the distribution function inside the shock
given by the hybrid model is very close to that given by the BGK model for small values of # (# = 0.5 or
2 =1 for example). When £ is greater (# = 3), the distribution function (Fig. 10) becomes a maxwellian
(like that given by the Euler equations). In this case, the hybrid model does not describe accurately the
results of the BGK model. As pointed out in Section 1, we focused on the validation of the hybrid model
without any consideration about the numerical cost. In particular, the numerical cost does not depend on
. The a priori choice of #Z = 2 seems to be a good compromise. Note that the parameter # may depend on
the space variable x. This allows to choose a suitable %, which is small at locations where the flow is known
to be far from equilibrium and large when the flow is close to the equilibrium. For example, in the case of a
stationary shock wave, a smaller # can be used within the shock while a larger Z is sufficient to describe the
flow far from the shock.

Finally, in Fig. 12, we have plotted the inverse of the shock-wave thickness as a function of the upstream
Mach number (see [4,22]). We define the shock-wave thickness, for instance for the mass density, by the
length Lg s.t.

nr —np

Lo—=_R "L
: (%)max’
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Fig. 12. Shock-wave thickness as a function of the Mach number.

where ng and ny, are the downstream and upstream mass densities, respectively. As mentioned above, when
R is large (# = 3,4), the shock-wave thickness of the hybrid model is smaller than that of the BGK model.
When #2 = 0.5 or # =1, the thickness Lg of the hybrid model is comparable with that of the BGK
model. Our results seem to be in good agreement with the experimental data, up to Mach 5 or Mach 6 (see
[4,22]).
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Fig. 13. Sod shock tube problem: mass density as a function of x € [0,L]. Comparison between the BGK model (continuous), the
hybrid model (circles) and the exact solution of the Euler equations (dashed line).
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Fig. 14. Sod shock tube problem: mean velocity as a function of x € [0, L]. Comparison between the BGK model (continuous), the
hybrid model (circles) and the exact solution of the Euler equations (dashed line).

4.3. Sod shock tube problem

In this section, we present an other numerical test, the Sod shock tube problem (see [28,30]). We compare
the hybrid model to the discrete BGK model (3.1) and to the exact solution of the Sod shock tube problem.
The initial conditions are the following: the mass density n; = 1 kgm™3, the mean velocity #;, = 0 ms~! and
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Fig. 15. Sod shock tube problem: pressure as a function of x € [0, L]. Comparison between the BGK model (continuous), the hybrid
model (circles) and the exact solution of the Euler equations (dashed line).
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Fig. 16. Unsteady shock: mass density as a function of the space variable x € [0,2.5] m. Comparison between the BGK model (dashed
line), the hybrid model (continuous) and the Euler equations (dashed and dotted line).

the pressure pp = 10° Pa for x € [0,L/2], L =1 m, and the mass density ng = 0.125 kgm~3, the mean

velocity ug = 0 ms~! and the pressure pr = 10* Pa for x € [L/2, L] The numerical parameters are: 200 cells
in space (Ax = 1,/200), 100 cells in velocity (Av = 15) and At = 2.5 x 107¢. Moreover, t = 107> sand # = 2.
The solution is observed at 0.52 ms.

Figs. 13-15, respectively, represent the mass density, mean velocity and pressure (circles) profiles as
functions of the space variable x for the hybrid model. We have also plotted the numerical solution of the
BGK model (continuous curves) and the exact solution of the Euler equations (discontinuous curves). We
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Fig. 17. Unsteady shock: mean velocity as a function of the space variable x € [0,2.5] m. Comparison between the BGK model (dashed
line), the hybrid model (continuous) and the Euler equations (dashed and dotted line).
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Fig. 18. Unsteady shock: temperature as a function of the space variable x € [0, 2.5] m. Comparison between the BGK model (dashed
line), the hybrid model (continuous) and the Euler equations (dashed and dotted line).
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Fig. 19. Unsteady shock: influence of the parameter # on the mass density as a function of the space variable x € [0,2.5] m.



800 N. Crouseilles et al. | Journal of Computational Physics 199 (2004) 776-808

see that the rarefaction wave, the contact discontinuity and the shock wave are well described by the hybrid
model. The hybrid numerical solution can be nearly superimposed on the BGK solution. In Fig. 14, we can
see a bump at the contact discontinuity level. This bump seems to remain even when the time, space and
velocity steps decrease (see [28]).

4.4. Unsteady shock problem

We compare the results obtained by our hybrid model, with those obtained by the full BGK model and
by the Euler equations, in the case of an unsteady shock wave (see [4,7,15]).

The calculations are made in an unsteady fashion by using a classical procedure to produce a shock. At
the beginning, the flow is uniform with a mass density » = 107 kgm~3, a mean velocity u = —900 ms~! and
a temperature 7 = 273 K. The gas considered is argon, as in the steady case (see Section 4.1); at x = 0 m, we
put a specular wall and at x = 2.5 m, an incoming distribution equal to a maxwellian with parameters
(n,u, T) is imposed in the ghost cell. We look at the solution when the shock arrives at a distance 1.6 m of
the wall, which corresponds to ¢ = 1.64 ms.

The space domain [0, 2.5] m is discretized using 500 mesh points, and we consider 140 discrete velocities
in [—4000,4000] ms~!'. Moreover, t = 3 x 107> s and # = 2. In Figs. 16-18, comparison between the three
models are made on the macroscopic profiles (mass density, mean velocity and temperature). As in the
steady case, the hybrid model has an intermediate behaviour between the BGK model and the Euler
equations.

In Fig. 19, we study the influence of the parameter % on the mass density. When Z is small (#Z = 1), the
results obtained thanks to the hybrid model are nearly superimposed on those given by the BGK model. On
the contrary, as Z is growing, our hybrid model gets closer to the Euler equations. The same conclusions
hold for the mean velocity and the temperature.

5. Conclusion

First, we have presented a new hybrid model to describe systems of particles which are far from equi-
librium. This model is based on a domain decomposition in velocity space and a fluid approximation of the
solution of the kinetic equation for small velocities, based on a entropy minimization principle. The as-
sociated moment problems are rigoursly treated.

Second, we give a discrete version to this hybrid model. In particular, we obtain a numerical scheme
preserving the total mass, momentum and energy of the system. Numerical results show that this method
gives accurate results for the computation of transition regimes. In such regimes, the Euler or Navier—
Stokes models are known to be insufficient to describe the flow. So far, our hybrid strategy is as costly as a
direct resolution of the BGK model. Optimization procedure will be investigated in future work. However,
the present work is a basis for the development of intermediate models between kinetic and fluid ones
aiming at the description of transition regimes.

The approach will be further extended to more realistic collision operator. Moreover, the effect of an
electrical field will be incorporated. These extensions will be the subject of future works.
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Appendix A. Resolution of the entropy minimization problem

This section is devoted to the resolution of the entropy minimization problem (2.2). We shall prove that
(2.2) has a unique solution provided that the prescribed moments satisfy some constraints that will be
precised later on. In order to make this statement precise, wee first need to specify what is known as the
moment realizability problem: what necessary and sufficient conditions have to be satisfied by the pre-
scribed moments ny, P, W; so that the moment problem:

Find a non-negative function .#; on B; such that

1 np
Jo A0 (0)| v |do=| P (A1)
Ik 2,

admits at least one solution? When the moment realizability problem is solvable, the question is then: what
are the necessary and sufficient conditions on ny, P, W] so that the entropy minimization problem (2.2)
admits a solution?

The proof is similar to that of [12] which uses results of [20]. To make the conditions such that (2.2)
admits a solution explicit, we will use the following result borrowed from [20] (Theorems 7.1 and A.1).

Theorem A.1 (cf. [20]). Let Q be an open subset of R, d =1,2,3; consider N + 1 independent moment
functions (a;(x), i = 0..N) of the variable x € Q (where Q is an open subset of R?), satisfying

i (x)]

=>0and —————
ay(x) and T ()

—0 as|x| > +oco0 fori=0.N-1.
Let D be the following functional domain:
D= {20 #0and [ |(1+ay()f ()] dv < +o0)
Q

For any f € D, we consider the moment vector u(f) = (o, ys - - -, iy )(f) defined by
ulf) = / a(x)f (x) dx, with a = (ag,ay, . ..,ay)".
Q

The exponential functions are the functions of the form

exp;(x) = exp(oao(x) + Lia1(x) + - - - + Avay(x)), (A.2)
with . = (29,21, ...,y) € RNTY. We then define the following subset of RV :

A={2eR"! st exp, € D},
and denote 0A its boundary. Finally, we note

E ={exp, s.t. L€ A}.

(1) Then the following moment problem:
For p e R find f € D s.t. u(f) =p

admits a solution if and only if, for all B € RV \ {0}, we have

f-a(x)<0ae = p-p<O.
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(i) Assume that A # (O and ANOA = (. Then u(D) = u(E) ie.
For all p € u(D), there is an unique A € A s.t. u(exp,) = p.

Moreover, the entropy minimization problem

Min{ /Qflogfdx, f=0s.t ,u(f)—p}

is uniquely solvable for all p € u(D).
Using this theorem, we will prove Proposition 2.3.

Proof of Proposition 2.3. Thanks to (ii) of Theorem A.1, we only have to show that the moment problem has

a solution in the form of an exponential function. In fact, here we have 4 = R**? and 4 N 04 = (). To show

that the moment problem has a solution in the form of an exponential function, we use (i) of Theorem A.1.
To get conditions (2.3) and (2.4), we first rewrite the moment problem (A.1) as follows:

1 n
i Py —un;
find f s.t. /f(v) /T | dv = /T
; e 7 (W = 2u- P+ luf*ny)

The change of variables w = (v — u)/%+/T leads to

1 M,
[ ravmusn w o=@y ). (A3)
B(0,1) |w|2 M,

with B(0, 1) the unit ball and
MO = ny,

Pl—unl
M, = =
T oavT

2w —2u- P+ ul'm

M, 7T

We will prove that (A.3) has a solution. For that purpose, we use assertion (i) of Theorem A.1 with
Q=B(0,1) and

aw) =1, a(w)=w (a €R?) and ay(w)=|w[".

Theorem A.l1 says that (A.3) has a solution if and only if, for all (f,,f,,f,)s.t. By + B
w = B,y|w|> <0 Yw € B(0,1), we have

ﬁoMO + ,31 M + ﬁ2M2 <0.
Passing in polar coordinates in the first inequality, we obtain

Bo+ By w+ Bolw|” = By + By |[w] cos 0 + B,|w|>  Yw € B(0,1), VO € [0, 2n]. (A4)
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The second member of (A.4) is negative Vw € B(0,1) V0 € [0, 2] if and only if B, + |B,|X + B,X? is negative
VX €[0,1] (we set X = |w|).

We now characterize the set € = {(B,, B, B>) s.t. By + |B11X + BX> <0 VX € [0,1]}. Looking at the
asymptotic behaviour when X goes to zero and to 1, we get: , <0 and 5, + || + f, < 0. For the function
F(X) = By + |B|X + B,X? to be negative for all X € [0, 1], it is necessary and sufficient that its maximum
remains negative. We then compute the maximum of the function F. If the critical point X = ‘ﬁ 1 belongs
to [0,1], F(X) <0 is equivalent to F(X) <0,VX € [0 1] (because of the strict concavity of F(B2 < 0)). On
the other hand, if X ¢ [0, 1], max(F(0), F(1 )) <0 is an equivalent condition to F(X)<0,VX € [0,1]. W
find: F(X) = f, — (|,*/48,). Therefore,

%{(ﬁmﬁnﬂz)/(lzﬂ—ﬁlzle[o’]] and B, — |f}}|2<0>

<ﬁo<0 Bo+ 111+ pr <0, 2B g o, 11)}

) Zﬁ

Assertion (i) of Theorem A.l says that for all f € 4, we have M, + B, - M, + ,M, <0, or equivalently
BoMo + | B ||My| + p,M> < 0.

If we first consider fs.t. —|B,|/2B, €[0,1] and f, — (|p,]°/4B,) <0, ie. fs.t. < —|p,|/2 and
Bo < |B,|°/4B,, this is equivalent to saying that for all f, < —|f,|/2, we have

"“ Mo B+ oo <0

For a fixed §, s.t. f, < — ‘ , consider the function G : R — R such that

G(|B]) = BiI*Mo + 4B, | By | 1M, +4[’)§M2~

For the function G to be positive (because f# > 0), it is necessary and sufficient that its minimum is
positive. As G(0) = 0 and G(+00) = +oo, this minimum is reached at a finite value of |f,| = 0. If |,| = 0,
then:

G (IB1]) = 2|p1 Mo + 4B, By |IMi| = 0 V|| > 0.

By passing to the limit |$;| — 0, we obtain f§, > 0 which is a contradiction. Then || > 0 and therefore
G'(|p;]) = 0. This gives

23, | M, |

0

.32

Bl =— and  G([B]) = - (VoMo — ML)

The necessary and sufficient condition is G(|ﬁl ) = 0 which is equivalent to: MyM, — |M;|* > 0.
Let us consider now f s.t. f,<0 and By + |f,| + f, <0 and —|f,|/2f, € [0, 1]. Combining the three
inequalities, we obtain: i, < — (|f,| + f,) and f8, > "J“ . Recall that we must prove, for all these f:

BoMo + |By|[Mi] + B,M2 < 0.
Thanks to f, < — (|8,| + B,), this is equivalent to saying that for all , > —|f,|/2, we have:
\Bil(IM1] — Mo) + By (M — M) < 0.
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By passing to the limit |f,| and , — 400, we obtain the following conditions:
M2 QMO and |M1| <M0

Moreover, the inequality |, |(|M;| — My) + B, (M> — Mp) <0 is satisfied Vf, s.t. f, > —|f,|/2. So, it follows
that My — 2|M;| + M, > 0.
Finally, the necessary and sufficient conditions on (M, M, M,) reads

My <My, |M|"<MM,, My—2|M|+M, >0 and [M|<M,.

We can easily show that the first two conditions imply the last two ones. Therefore, the moment problem
(A.1) admits a solution in D if and only if

2W1—2z~P|+n1|g|2<9?2In1, |P1|2<2W1n1. g

Appendix B. Calculations relative to the proof of Proposition 2.4

In this section, we prove that expression (2.15) can be simplified. Indeed, the volumic terms preceded by
the minus sign in (2.15) vanish. More precisely, we show that

0 S,
— (7 I 7 —
N () ) + V- (2T + wyin(w)] ) + V- ((w)Fy ()] ) =0, (B.1)
where 7m(w) is the vector of the conserved quantities in the w variable
1
) = | #/Twru |,
|2/ Tw + uf’

J is the Jacobian J = (#y/T)", d = 1,2,3, and F(w) is the force term given by (2.16). Let us calculate the
divergence of this force term:

V- Fi(w) = — @\/_[,@fvx u+d<§ u+§i’ﬁw)-vx>9?ﬁ

+ R\Tw - vx(gz\/f)} (B.2)

Now, we investigate the mass component, i.e. when m(w) = 1. In this case, (B.1) is written as

%_‘j +V,- ((%\/zw + y)J) + V- (FI(W)J)
_ dag’ét@ (VD) +s9. (#y/Twtu) +d(2y/Twtu) - VD) (AVT) +09. - (Fiw).
Thanks to the expression (B.2), this term is equal to zero.

The momentum component corresponds to m(w) = #+/Tw + u. Let us detail the calculations of the
three terms of (B.1). The first one gives

% (m(w)J) =J < a’gw) ) +d (g + .@@w) 692;/1 (#\/T)""
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whereas the second one becomes (with i(w) = u + #/T):

v, (rh(w)rh(w)J)

(ﬁz(w)ih( )V, )J +J[(Vx : rh(w))rh

Finally, the last term can be written as follows

v, - (rh(w)ﬁl (W)J) - J(vwﬁz(w))ﬁl(w) +J(VW -y (w))rh(w).

If we use (B.2) in the last term, we find

vw-(m( )E ) JR\/TF\ (w \/_[,@fvx u+d<§ u+9?@w)-vx>,@\/i
+ R\/Tw - vx(,%\/f)] m(w)

J[(j u+ A Tw) - )@w@m}_é’_@[gg@vx-g
+ d(% + (u+ 2\/Tw) - vx)@ﬁ + R\ Tw - Vx(ﬂ\/i)}%(w)

If we develop and sum these three terms, we can see that they vanish
Finally, let us calculate the third component (the energy component). In this case, m(w) is equal to
AT 2

lu+ 2+/T|". We then denote |u + 2+/T|" by /(w). As in the momentum calculations, we investigate each of
the three terms of (B.1). For the first term, we have

2 (i) =2 VD /7 + o) D ()

and for the second term of (B.1), where m(w) = |u + #/T|*, we find

(H@f ) (WY, - (u+ R\/T) +J(u+ RJT) - Viiin(w) + i

Finally, the third term of (B.1) can be developed as follows

v, (ﬁi(w)ﬁ(w)J) = Jin(w)V,, - F(

w)(u+2\T)-V.J

~

w) +JE(w) - V,iin(w)

= —J’h(w {@ﬁvx u+d(%+ (u+ R\/Tw) -vx>9?\/i+%\/iw-vx(92\/j)

K + (u+R\/Tw) - )u—&—e@ﬁw} (u+ 2\/Tw)R\/T
(w)

oR/T
%/_{ VIV, -u+d 5 + (u+ 2\/Tw) -V R\/T

~

v 2

&%
’ﬂ
93|c»

K

+ R\ Tw -V 1\/_} [%\FTW —&-%’ﬁw}

—QJ[((er%\/fw)- u+2\/—w) u+2\/7’w}

The sum of these three terms vanish. We conclude that (B.1) vanishes
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Appendix C. Numerical resolution of discrete moment and entropy problems

As in the continuous case, the discrete entropy minimization problem requires the resolution of a dis-
crete moment problem. First, for numerical reasons, we must restrict the discrete velocity space Z to a finite
discrete set. Let .7 be the following set of indices:

A = {k € N such that k <2K}, (C.1)
where K > 0 is given. We then define a discrete velocity set ¥~ of R by
v ={v. = (k—K)Av, k € A},

where Av is the velocity step, Av > 0. Three minimization problems take place in our scheme: (3.2), (3.8)
and in the second step of the algorithm, (3.8) with prescribed moments U l”l“ The first one (3.2) determines

- At the continuous level, we have seen that &7, has an exponential form (2.5). At the discrete level, we
use a result of [22] stating that this property remams true provided that the set (C.1) contains at least three
points (which is not very restrictive) and the prescribed discrete moments U} are strictly realizable, i.e. U/ is
the moment vector of a strictly positive discrete function (which is fulfilled thanks to proposition 3.1 and
Remark 3.2). Consequently, thanks to this result, we let:

& =exp(of -my), Vk € A,

So, it is sufficient to solve the following discrete moment problem:

> exp(of - my) = U} (C2)

{ Find o/ € R® such that for U’ € R® given
ke

As well as for (3.8), if 7 contains more than three points and the prescribed discrete moments U}, are
strictly realizable (which is satisfied thanks to proposition 3.1 and Remark 3.2), the second minimization
problem (3.8) yields ., which also has an exponential form:

ﬂ’lqlk exp(}"’]l‘i ' mk) Vk € %ln

So, we only have to solve the following discrete moment problem:

Find 7], € R’ such that for U}, € R’ given
> exp(4y, -mp) = U, (C.3)

kex}

Let us now pay attention to the resolution of the third minimization problem (3.8) with prescribed moments
U{’j' It allows us to obtain /%ﬁ/l( Vk € A"} in the second step of the algorithm. We have to solve (3.8) with
prescribed moments U 1 Nevertheless, we do not know if the prescribed moments U"+1 are satisfied by a
strictly positive dlscrete dlstrlbutlon So, we can not apply the result of [22]. The problem is different and we
are faced with a discrete moment realizability problem; we are seeking conditions on U”Jrl so that there
exists a strictly positive discrete distribution, the moments of which should be equal to U”jl. However, the
restriction on the time step ensures that U”+1 is not “far” from Uy, which is strictly realizable; consequently,
in practice, we solve this entropy minimization problem in the same way as the two previous entropy
minimization problems, i.e. solving the discrete associated moment problem:

Find 2;' € R’ such that for U}'7' € R? given
5 exp(itt! - my) = 07, (C4)

kex™
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Consequently, the computation of these three discrete entropy minimization problems does not require the
resolution of some expensive minimization problems. Indeed, it is sufficient to solve the associated discrete
moment problems (C.2), (C.3) and (C.4).

Let us now consider the numerical resolution of the discrete moment problems (C.2), (C.3) and (C.4).
Several strategies can be used to solve them (see [24] or [22]). We have chosen here a Newton algorithm.
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