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1. Introduction

Developing efficient methods to solve acoustic and elastic scattering problems has proved to be challenging by mathe-
matical and computational means. These problems have a wide range of applications in different disciplines, and therefore
there is a big interest to find efficient methods to solve these problems numerically. Modeling is done by acoustic or elastic
wave equation, depending on the material, and it is often sufficient to consider only time-harmonic solutions. For incom-
pressible fluids, the reduced wave equation is the Helmholtz equation. For linearly elastic material, the Navier equation
can be applied. An approximate solution can be obtained by discretizing these equations using, for example, a finite differ-
ence or finite element method.

Finite element methods have become a popular technique to discretize partial differential equations in complex geom-
etries. It has successfully been used for interior scattering problems like acoustic scattering in a car cabin [1] as well as
for exterior problems. A review [2] gives an overview of recent research on finite element methods for acoustic problems.
Since the paper [3] the research on the construction of absorbing boundary conditions and absorbing layers at the truncation
boundary of the exterior domain has been active; see [2] and references therein. The size of the scattering problems is often
limited in high-frequency problems because the methods become ineffective as the frequency grows. Particularly the finite
element phase shift (pollution) error necessitates finer discretizations for high-frequency problems [4] and thus an increas-
ing memory and computational requirements.
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The resulting systems of linear equations from the discretization of the Helmholtz equation and the Navier equation are
non-Hermitian and indefinite, and for mid-frequency and high-frequency problems, they can be extremely large. These
properties make them a challenge for the current solvers. For two-dimensional problems, it is often feasible to use direct
methods for solving these systems, but three-dimensional problems lead to systems that can not be solved by these methods
with an affordable computing effort. Hence, it is necessary to use iterative methods such as the GMRES method [5] or the Bi-
CGSTAB method [6]. However, these methods require a good preconditioner for the discretized equations in order to have
reasonably fast convergence.

Several preconditioners and iterative solution techniques have been proposed for the discrete Helmholtz and Navier
equations. Domain decomposition methods have been proposed for Helmholtz problems in [7-12], and for elastic problems
in [13-16]. Controllability methods have been proposed for both Helmholtz and Navier problems in [17,18]. Multigrid meth-
ods have been considered for acoustic and elastic problems in [19-22]. With multigrid methods, it is difficult to define a sta-
ble and sufficiently accurate coarse grid problem and smoother for it. For acoustic and elastic problems in homogenous
medium, domain imbedding/fictitious domain methods in [23-26] have been fairly effective, but these methods are pretty
restrictive and not well-suited in general, complicated domains. An incomplete factorization preconditioner has been con-
sidered in [27], for example, and in [28] a tensor product preconditioner is used.

So called natural preconditioning techniques are applicable for many problems including time-harmonic wave equa-
tions [29]. The class of preconditioners based on damped operators that are considered here, is an example of this ap-
proach. A shifted-Laplacian preconditioner with a complex shift, which is called here a damped Helmholtz
preconditioner, was first considered in [30] for the Helmholtz equation. This was a development over the shifted-Laplacian
preconditioner with a real shift previously described in [31]. Already in [32,33] a complex shift was employed, but for a
completely different way and purpose: it was used to transform a singular problem into a non singular one. Here the pur-
pose to introduce a complex shift into a preconditioner for a non singular problem is to enable the effecient use of mul-
tigrid methods.

A damped Helmholtz preconditioner with geometric multigrid was considered in [21]. There, the scattering problems
were posed in a rectangular domain and they were discretized using low-order finite differences. Our earlier study [34]
extended this approach to general shaped two-dimensional domains using linear, quadratic, and cubic finite element dis-
cretizations by applying an algebraic multigrid (AMG) instead of the geometric multigrid to approximate the inversion of
the damped Helmholtz operator. In [35], this method was compared with the previously mentioned controllability
method.

In this paper, a generalization will be proposed to the preconditioner described in [34], an AMG-based damped precon-
ditioner for time-harmonic wave propagation problems in elastic media, i.e. the Navier equation. This preconditioner will be
called a damped Navier preconditioner. Results considering the eigenvalue spectrum of the shifted-Laplacian preconditioned
discretized Helmholtz equation were given in [36] and some of these will be generalized to the Navier equation. Simulations
are carried out in two-dimensional and three-dimensional computational domains including complicated geometries for
both Helmholtz and Navier problems.

This paper is organized as follows. In Section 2 acoustic and elastic wave scattering models and their discretizations are
described. The iterative solution and preconditioning are discussed in Section 3 and mathematical results on the eigenvalue
spectrum are given in Section 4. The algebraic multigrid method employed in the preconditioning is described in Section 5.
Then numerical results are presented in Section 6 and finally, conclusions are given in Section 7.

2. Mathematical formulation
2.1. Wave scattering in fluids

For a time-harmonic pressure of the form p(x, t) = p(x)e~®* with an angular frequency ® and imaginary unit i = v/—1, the
wave scattering in a fluid domain @’ can be described by a Helmholtz equation

1. K.
—-V-=Vp-—=—p=Ff, 1
p P ph=d (M

where k(X) = w/c(X) is the wave number, f;(X) is a time-harmonic sound source and p(x) is fluid density. In inhomogeneous
medium, the wave number k varies depending on location as the sound speed c varies. The boundary of the fluid domain @'
is decomposed into a Dirichlet boundary F{i and an impedance boundary F{. The associated boundary conditions are given by

p=g onr} (2)
and

p .. f

&:wkp on I, (3)

where g;(x) describes a sound source and n(x) is the outer normal vector. Choosing the absorbency coefficient y to be zero
leads to the Neumann boundary condition and y = 1 gives a low-order absorbing boundary condition.
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2.2. Wave scattering in elastic materials

For time-harmonic displacements u(x, t) = e-(x) in a domain €’ consisting of elastic materials, the scattering of time-
harmonic waves can be described by a Navier equation

~0’pa—V-a(t) =1 (4)

where o is the stress tensor, f; is a force term, and p,(X) is the density of the material. Hooke’s law gives a relation between
displacements, and stress and strain forces, thus describing strain tensor ¢ and stress tensor a:

gu) = %(Vu +(Vw)"), o) =AV-u)+2ueu). (5)
Here Lamé parameters / and u are defined as follows:
E Ev
AX) = 204)’ H(X) = T+vd—2v (6)

These depend on Young modulus E(X) and the Poisson ratio v(X) that characterize the elastic behavior of the material. The
speed of pressure wave, ¢, and shear wave, c;, can be expressed as functions of Lamé parameters:

A+2U n
Cp = —5, = ,/% 7
"\ a V o, )

Wavelengths and wave numbers for pressure and shear waves are
2n w
Jps = Cps—, Kps=—. 8
DS DS o’ DS Cp.s ( )

For elastic material in the domain ¢, the following boundary conditions are applied: a Dirichlet boundary condition on I}
and an impedance boundary condition on I';. As with the fluid domain, the boundary of elastic material I = 8¢° is decom-
posed into two non-overlapping parts I'"* = I'; U I'; such that either boundary set can be empty. The Dirichlet boundary con-
dition on Ij is described by

u=g onl3, 9)
where g,(x) describes the vibration source. The impedance boundary condition on I} is approximated by the equation
iywp,Bia+ a(@)n=0 on I3, (10)

where 7 is the absorbency coefficient, i = v—1,B is a 2 x 2 matrix for two-dimensional problems (D = 2) and a 3 x 3 matrix
for three-dimensional problems (D = 3). Choosing the absorbency coefficient y = 0 leads to natural boundary condition and
7 =1 gives an absorbing boundary condition. In component form B has expressions

B; = c,min; + ¢tit;, for D=2 and

11
B = cpmin; + cstitj + GS;5;  for D =3, (an
where ¢, and c; are the speeds of pressure and shear waves given by (7) and n = (n, ..., np)” is the normal vector pointing
out of elastic domain, and t = (¢, ..., tD)T and s = (s, ..., sD)T are tangential vectors on the boundary.
2.3. Weak formulation and finite element discretization
For the weak formulation of the Helmholtz equation, we define a test function space V{) and a solution space Vé as
Vi ={geH" (@):q=gx) on I} (12)
The weak form of (1) reads: Find p € V/, such that
1 ~ = 2 A% 1 . AR : =
—(Vp-Vq-k dx—/—lk ds:/ dx 13
f, P va- g [ Sapads = [ fa (13)
forall g € V{]. Similarly, for the Navier equation, we define a test function space V{ and a solution space Vfg as
Vi ={veH(Q)":v=g/x)on I} (14)
Now, the weak form of (4) reads: Find @ € V; such that
/ (—p, 0 -V + o(1) : 8(‘7))dx—/ iywp B - vds :/ f; - vdx (15)
fod I fod

for all v € Vj.
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For a finite element discretization, a mesh K}, is defined such that Q, = Urex, T The mesh consists of triangles 7 in two-
dimensional and of tetrahedra in three-dimensional problems. Here h denotes the diameter of the largest triangle or tetra-
hedron and Q,ff is an approximation of &'*. For the finite elements of order m discrete test function spaces are

VI ={qeH(Q): Gy, eP"VT€Ky:g=00nTI’,} and (16)
VS ={veH () : V| PVt eK,:v=0o0nT%,}, (17)

where P™ denotes polynomials of order m. Discrete solution spaces VJ‘;_Sh are the same except the zero boundary value on I’ J;‘h
is replaced by approximations of g, and g;. In this paper, linear, quadratic, and cubic finite elements are employed, i.e.
m = 1,2, or 3. For the spaces V}, and V,, Lagrangian polynomials are used as basis functions.

For the analytical study of eigenvalue spectra in Section 4, it is practical to define the following matrices based on the
integrals in (13) and (15):

M = Jet %ﬁhéhdx, M = [ pr’iny ~Vidx,
= Joy V- Vandx, L= [ o) : e(¥y)dx, (18)
= 7fr, (vkppqn)ds, € = *fr,sh PP Bsty - Vi ds,

where pj, € V/ h,uh S Vg,.,, qn € Vh, and v, € V;. Furthermore, let z; = a; + f;i. Similarly to [36], the discretized Helmholtz and
Navier operators have matrix forms

F=L+iC —zMW and S=zL° + ziC — M, (19)
respectively.
Now, let the vector w contain the nodal values of p or @, so that for the Helmholtz problem it has form w = [p1, ..., p,]’,
and for the two-dimensional Navier problem it has form w = [ii}, i, ..., ﬁ’,‘n,ﬂ%]r.

By replacing the spaces, domains, and boundaries in (13) or (15) by their discrete counterparts, the system of linear
equations

Aw = f (20)

is obtained. The complex-value sparse matrix A is given by F or S in (18) and f is a vector resulting from an inhomogeneous
Dirichlet boundary value and/or a non-zero f; in (13) or f; in (15).

The approximation properties of such finite element discretizations for the Helmholtz equation have been studied in [4].
Due to the pollution (phase shift) error, a non-optimal L? error estimate

= llun — ul] < Cik(kh)™™ + Ca(kh)™ (21)

is obtained, where C; and C, are constants. Based on this estimate, larger mesh step sizes can be used when higher order
finite elements are being used, in order to reach the same accuracy level.

3. Iterative solution and damped preconditioner

The matrix A in (20) is indefinite and symmetric, but not Hermitian. For example, the generalized minimal residual
(GMRES) method [5] and the Bi-CGSTAB method [6] are suitable iterative methods for these equations. These and other
applicable iterative methods are described in [37]. The GMRES method minimizes the 2-norm of the residual on Krylov sub-
spaces. This is a desirable property leading to a monotonic reduction of the norm of the residual over iterations, but a dis-
advantage is that all basis vectors for the Krylov subspace needs to be stored. This makes the computational cost of the
GMRES methods grow quadratically with iterations and also causes linear growth in memory requirement. The computa-
tional cost of the Bi-CGSTAB method grows linearly with the iterations and the memory requirement is constant, but the
convergence can be erratic and slower than with the GMRES method. In the numerical experiments, the full GMRES method
is used without restarts.

The convergence of Krylov subspace methods for the system (20) is very slow for medium- and large-scale scattering
problems due to the ill conditioning of A. To improve the conditioning and the speed of convergence, a right preconditioner
denoted by B is introduced. This leads to a preconditioned system

AB'u=f. (22)

Once 1 is solved from this system, the solution u is obtained as u = B 'u. The goal is to find such a preconditioner B that the
matrix AB™' is well conditioned and that vectors can be multiplied by B, i.e. solve systems with B with a small computa-
tional effort. These properties would lead to a fast convergence of the iterative method and to a small overall computational
cost.
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A shifted-Laplacian

2
fd:—v-%v—zz%, (23)

with a complex shift z, = a, + 8,1 was suggested in [30] as a preconditioner for the Helmholtz equation. By choosing o, = 1
and B, to be negative, 7, is the Helmholtz operator in (1) with some additional damping. Using the matrices defined in (18),
the discretization of #, leads to a matrix

Fy=L +id - z,M. (24)

With sufficient damping, systems with F, can be solved much more easily than with F and the conditioning of FF,' can
still be good. The use of different approximations for F;' have been studied in [30,21,38,34]. Here an algebraic multigrid
approximation described in Section 5 is considered.

Our hypothesis is that a similar physical damping can be employed to construct an efficient preconditioner for the Navier
equations. Damping in elastic materials can be modelled by using a complex Young modulus. Multiplying the original Young
modulus E(x) by a complex z, leads to a preconditioning operator

Sy =—-?p— 2,V - o). (25)
The coefficient z, appears also in the impedance boundary condition (10) as follows

iywp,v/z:Ba + z,o(@)ns =0 on I7. (26)
Using the matrices in (18), the discretization of %, leads to the damped Navier preconditioner
St = L’ + 7,iC — M. (27)

4. Spectral analysis for the preconditioned Navier equation

Studying the eigenvalue spectrum of the preconditioned matrix AB™' is an usual way to estimate the convergence of an
iterative method like GMRES. In [36], Theorems 3.1-3.6 give useful information of the eigenvalue spectrum of the precon-
ditioned Helmholtz operator. Some of these results can be generalized to the Navier equation, as will be shown in the
following.

As defined in (19), the matrix of the discretized Navier equation is

S =z,L’ + y/Z7iC* — NP (28)

Here matrices L and C° are symmetric positive semi-definite and M’ is symmetric positive definite, and z; is a complex num-
ber. The case that there are only natural and/or Dirichlet boundary conditions, i.e. C’ = 0, and the material is not absorbing, is
analyzed first. Thus, the matrix S simplifies to

S=zL° - M. (29)
The eigenvalue problem AB 'y = 1y is equivalent to
Ay = (z1l’ - M)y = (2L’ — M)y = 1By, (30)
where y = B™'y. From this, the eigenvalue problem
1-71
Sy — M ) )=
L'y = /My, R (31)

can be derived.
As the matrix L’ is positive semi-definite and M’ is symmetric positive definite, the eigenvalues / are real. The eigenvalue
7 is a function of 1 given by

PR
_BAE (32)
Zy £ — Z,
By the change of variable 2’ = 7!, the form
Z1 — A
= 33
Zy — i ( )

is obtained. This is the same equation of a circle in the complex plane that was found in [36] for the eigenvalue spectrum of
the preconditioned Helmholtz equation. Due to this, the following corollary of Theorems 3.1-3.3 in [36] can be formulated.
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Corollary 1. For the eigenvalues T = 1" + it of the generalized eigenvalue problem Sy = 1Sy, the following statements hold:

e If B, =0, the eigenvalues are located on straight line in the complex plane given by the equation

—BT 4 (0t — )T + By = 0. (34)
o If 8,70, the eigenvalues are located in complex plane on the circle given by
(,L.r B +ﬂ1>2 i (,L.i - OC1>2 _(Pa— B + (2‘2 - 0‘1)2' (35)
2, 2B, (28,)

The center of the circle is at ¢ = 2%% and the radius is R = \% |, where z15 = 012 + B 5.

o If 8,8, > 0, the origin is not enclosed by the circle defined by (35).

The case of impedance boundary conditions with y=0 in (10), i.e. C°+0, is considered next. It is not evident that the results
presented in [36] for the Helmholtz equation with €' 0 are applicable for the Navier equation. However, numerical exper-
iments in Section 6 suggest that similar behavior to the one described by Theorems 3.4-3.6 in [36] holds also here. The fol-
lowing states this as a conjecture.

Conjecture 2. For the eigenvalues T = 7" + it of the generalized eigenvalue problem Sy = 1S4y, the following statements hold:

e If B, = 0, the eigenvalues are located in the half-plane
—rT + (ot — o) T + By = 0. (36)
LIf B, <0, the

Z

1-2 and the radius R = |22
Z2,-25

e If B, > O the eigenvalues are inside or on the circle with the center at ¢ = 2

eigenvalues are outside or on the same circle.

5. Algebraic multigrid based damped preconditioners

The approximation of the inverse of the damped operator B™' given by a multigrid method is denoted by B,t.. In [21],
Erlangga, Oosterlee, and Vuik used one cycle of a geometric multigrid method for this. For low-frequency problems the con-
ditioning of AB,\’,,]G is good. For high-frequency problems the conditioning deteriorates so that the number of Bi-CGSTAB iter-
ations appeares to grow linearly with frequency in [21]. They also showed that this preconditioner is well-suited for
problems with a varying speed of sound. In [34], the geometric multigrid method was replaced by a more generic and more
flexible algebraic multigrid method (AMG). In this paper, an AMG-based on [39] is utilized, using the implementation that is
described in [34], with modifications that make it suitable for vector valued problems, like the Navier equation.

The employed AMG method uses a graph to construct coarse spaces. Here the graph is based on the discretization mesh.
Alternative approach would be to build the graph based on the matrix B. When using linear elements in a scalar problem,
both approaches result in the same graph. For an elastic solid modelled by the Navier equation, the graph is formed without
connections (edges) between displacement components. This choice is made for two reasons: Adding these connections
would cause too rapid coarsening process. Secondly, the error behaves smoothly for each component separately and the
AMG method is especially efficient at reducing smooth error components. The graph therefore consists of separate discon-
nected graphs, one for each displacement component.

For linear finite elements, the initial graph G, is the graph defined by the triangulation. For quadratic and cubic elements,
the graph is defined by a refined mesh. In two-dimensional domains, quadratic triangle elements are divided into four tri-
angles by connecting the midpoints of the edges, and cubic triangle elements are divided into nine triangles. In three-dimen-
sional domains, quadratic tetrahedron elements are divided into eight and cubic tetrahedra into 26 tetrahedra. If the graph
defined by B was used directly with high-order elements, the coarsening procedure would coarsen the graph too rapidly,
leading to an impaired conditioning of AB,\’,,lG and a slower convergence of the GMRES method.

The nodes onto a coarser graph G, are chosen from the nodes of G, as follows. Find the node in G, which has the smallest
degree, i.e. the smallest number of edges associated to it. If there are several such nodes, choose the first one according to the
node numbering. This node is included onto the graph G, ;. Eliminate this node and all its neighbors from the graph G,. Re-
peat this procedure until there are no nodes left in G,. After choosing the nodes on Gy, they are numbered following their
order in the numbering of the nodes on G,.

On coarse levels, different displacement components are chosen to be disconnected. Thus, the restriction matrix is de-
fined blockwise as

R, 0
Rk = . (37)
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The elements of the diagonal blocks of the restriction matrix are defined by the rule

1 for a fine node j which is a coarse node i,
(RL)U = ¢ 1 for a fine node j which is a neighbor of coarse node i and has n neighboring coarse nodes,
0 otherwise,

where fine and coarse refers to the graphs G, and Gy, 1, respectively. The edges of the coarse graph G, are formed using the
restriction matrix R,. Each coarse graph node corresponds to a row in the restriction matrix. There is an edge between two
nodes if and only if the corresponding rows of the restriction matrix have a non-zero element in the same column.

The coarse level matrices are now defined as follows

Bll(l Bll{D
Bi1 =RBi (R, where B, = |: - : | (38)
B’[:l B?D

The usual multigrid W-cycle is used with the AMG method. For preconditioning, the initial approximate solution is zero in
the multigrid algorithm.

At each level, presmoothing and postsmoothing is performed by one underrelaxed Jacobi iteration. At the coarsest level, a
direct solver is used instead of an iterative method.

6. Numerical results

Numerical simulations were carried out on selected example problems. In Subsection 6.1, the eigenvalues of two-dimen-
sional Navier problems are studied and compared with the results presented in Section 4. In Subsection 6.2, the performance
of the method is considered for two-dimensional and three-dimensional Helmholtz and Navier problems by measuring iter-
ation counts required to satisfy a convergence criterion.

The following material parameters are used in tests unless specified otherwise. The Helmholtz problems have domain @’
consisting of air, with the density p; = 1.2 kg/m? and the speed of sound ¢ = 344 m/s. The Navier problems are posed in a
domain € consisting of aluminum with the density p, = 2700 kg/m3, Young modulus E = 7.00 x 10'° Pa, and Poisson ratio
v = 0.33. Meshes were generated using Comsol Multiphysics 3.3 in such a way that the maximum element size is h = 1/10,
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Fig. 1. Eigenvalue plots for the Navier problem in the unit square. The upper plots are for Dirichlet boundary value problems and on the lower plots, the
absorbing boundary conditions are posed. On the left plots, the eigenvalues of AB™! are shown. On the right plots, the eigenvalues of AB,\’,,}; are shown. The
circle is defined by (35). The damping parameters are z; = 1.0 and z, = 1.3 + 0.7i.
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where 2 is the wavelength of slowest wave mode. In the Helmholtz problems, 4 is the length of acoustic waves, and in the
Navier problems, it is the length of shear waves.

6.1. Eigenvalues

In [34], the eigenvalue spectra of the preconditioned system matrices were examined for several two-dimensional
Helmholtz example problems. Here the eigenvalue spectra will be studied, when the system is preconditioned by a damped
preconditioner for two-dimensional and three-dimensional Helmholtz and Navier problems. Two-dimensional problems are
studied in the unit square domain like in [21,34] for the Helmholtz problem. A three-dimensional cube domain will also be
considered for both Helmholtz and Navier problems. Estimates for the eigenvalue spectra of the preconditioned Navier equa-
tion, when Dirichlet or absorbing boundary conditions are posed on boundaries were presented in Section 4. These estimates
will be compared to the numerically obtained eigenvalues.

First, the unit square problem will be considered for the Navier equation. The frequency 2.2 kHz is used in the eigenvalue
study. The eigenvalues of AB™' for the unit square problem with the Dirichlet and absorbing boundary conditions are pre-
sented in Fig. 1. Also the eigenvalues of AB;,}G are plotted for the same problem, where B,. is the algebraic multigrid approx-
imation of B~'. The eigenvalue spectrum for the Navier problem with Dirichlet boundary conditions is distributed exactly on
the circle as (35) describes. It is also seen that the algebraic multigrid does not spread the spectrum much. Most of eigen-
values seem to move slightly closer to the center of the circle.

For the eigenvalue spectra of the problems with the absorbing boundary conditions, it will be shown that the inequality
(36) holds in numerical examples. Similar inequality was proven in [36] to hold for Helmholtz problems. According to the
inequality (36), the eigenvalues should lie inside or outside of the circle depending on the sign of g,. For better conditioning,
B, is always chosen positive. Thus, according to (36), the eigenvalues should lie inside the circle. For the unit square problem
with the absorbing boundary conditions, the conjecture seems to be valid, as can be seen in Fig. 1. The algebraic multigrid
approximation changes the spectrum, but the eigenvalues seem to still lie inside the circle.

For three-dimensional experiments, the cube (0.3 m)? is discretized by using linear finite elements for both Helmholtz
and Navier problems. For the Navier problem, the frequency fis 5 kHz and for the Helmholtz problem, the frequency f is
500 Hz. In Fig. 2, the eigenvalues of AB™' are plotted and in Fig. 3, the eigenvalues of the system with the AMG approximation
of the inverse of the damped operator, AB,\’,,]G, are plotted. Also the circle (35) is drawn in these figures. It is clearly seen in
Fig. 2, that both Corollary 1 and Conjecture 2 holds for this problem.
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Fig. 2. The eigenvalues of AB™'. The upper plots are for the Helmholtz problems and the lower ones are for the Navier problems. The left plots are for the
Dirichlet boundary value problems and the right ones are for problems with absorbing boundary conditions. The damping parameters are z; = 1.0 and
2, = 1.0 + 0.5i for the Helmholtz problems, and they are z; = 1.0 and z, = 1.0 + 0.8i for the Navier problems.
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Fig. 3. The eigenvalues of AB,\’,,‘G. The upper plots are for the Helmholtz problems and the lower ones are for the Navier problems. The left plots are for the
Dirichlet boundary value problems and the right ones are for problems with absorbing boundary conditions. The damping parameters are z; = 1.0 and
7, = 1.0 + 0.5i for the Helmholtz problems, and they are z; = 1.0 and z, = 1.0 + 0.8i for the Navier problems.

6.2. Performance of the preconditioner

The performance of the damped preconditioner with the algebraic multigrid will be reported for several different test
problems. First, a two-dimensional Navier problem is studied in the unit square and three-dimensional Helmholtz and Na-
vier problems are studied in a cube domain. Then, the method is tested on complicated three-dimensional problems: For the
Helmholtz equation, a three-dimensional car cabin domain and a layered wedge domain with a varying speed of sound are
considered. For the Navier equation, a crankshaft geometry defined by a Comsol Multiphysics 3.3 example problem is con-
sidered. The iteration counts give the number of iterations needed to reduce the relative residual to 1075,

In all performance studies with the unit square problems, the absorbing boundary condition given by (10) with y = 1 was
posed on the boundaries. For the Navier equation, the best value for 8, was determined as follows. With several different
frequencies and test problems, solutions were computed using the values 0.1,0.2,...,1.0. The value 8, = 0.8 was selected
as it gave the best convergence among the values which lead to a reliable preconditioner. The value appeared to be rather
problem independent within the selected test problems and frequencies. The Jacobi relaxation parameter w = 0.5 was deter-
mined similarly. For the Helmholtz equation, the parameter values f, = 0.5 and w = 0.5 given in [34] were used, unless
specified otherwise. The same parameter values were used for all element types.

6.2.1. Unit square

The first benchmark for the Navier equation is performed in the unit square domain with a point source in the middle. The
solution was obtained at five different frequencies given in Table 1. The Navier equation was solved with linear and quadratic
finite element discretizations. In Fig. 4, the solution is shown for the four lowest frequencies.

6.2.2. Cube problem

The Helmholtz and Navier problems were solved in the cube (0.3 m)? with a point source in the middle. The performance
of the damped preconditioner was compared to a modified incomplete Cholesky factorization (MIC) preconditioner [27]. The
algorithm presented in [40] is used for the MIC(I) approximation of A~!, where the parameter [ describes the level of fill-in in
the factorization. The values [ = 0 and 1 have been used as bigger Is were uncompetitive as forming incomplete factorization
required much more computation. The performance was measured by the number of GMRES iterations and the total number
of floating point operations (FLOPs) required by the preconditioning. The number of FLOPs is a good measure, as it includes
the initialization process in addition to GMRES iteration. The results are presented in Tables 2 and 3.
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Table 1
The results for the unit square elasticity problem. Iteration counts are given for linear and quadratic finite elements.
f(kHz) Element order

1 2

4.9 26 21
9.8 40 30
19.6 92 60
39.2 213 141
78.4 417 415

Fig. 4. The solution of the unit square elasticity problem at frequencies 4.9 kHz, 9.8 kHz, 19.6 kHz, and 39.2 kHz. The absorbing boundary conditions are

posed on the boundaries.

Table 2

The iteration counts for the cube problem for the Helmholtz and Navier equations. Some counts are missing as the computations were too demanding.
Helmholtz

f(kHz)| AMG MIC(0) MIC(1)

Order— 1 2 3 1 2 1 2
0.5 10 13 16 13 17 8 11
1.0 12 15 18 18 41 11 17
2.0 19 21 24 31 126 16 28
4.0 35 42 55 50 29

Navier

f(kHz)| AMG MIC(0) MIC(1)

Order— 1 2 1 2 1 2
5 20 5 24 70 11 16
10 22 10 38 196 15 25
20 33 20 67 24 48
40 66 107 40

MIC(1) seems to require fewer iterations than AMG, whereas MIC(0) requires more iterations. Especially with linear finite
elements, the convergence with MIC(1) is faster than with AMG and MIC(0), as can be seen in Table 2. However, Table 3
shows that the number of FLOPs with the MIC(1) preconditioner is about twice the number with AMG. This is mainly due
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Table 3
The number of millions of floating point operations (MFLOPs) for the Helmholtz and Navier equations. Some numbers are missing as the computations were too
demanding.

Helmholtz
f(kHz)| AMG MIC(0) MIC(1)
Order— 1 2 3 1 2 1 2
0.5 0.5 7.4 43 0.4 13 0.5 35
1.0 2.1 31 170 2.2 110 29 270
2.0 17 210 1100 24 1800 32 3600
4.0 170 2000 12,000 260 390
Navier
f(kHz)| AMG MIC(0) MIC(1)
Order— 1 2 1 2 1 2
5 6.8 130 7.1 390 8.9 870
10 29 490 47 3700 63 7000
20 230 3500 530 88,000 760 93,000
40 2400 5900 9400
Fig. 5. The solution of the Helmholtz equation at the frequency f = 880 Hz in the three-dimensional car cabin.

Table 4
The number of iterations for the three-dimensional car cabin problem for the Helmholtz equation.
f(Hz) Element order

1 2 3
110 14 17 22
220 17 23 29
440 26 34 46
880 51 72 97

to expensive factorization process before the iteration. With quadratic elements the MIC preconditioner seems to perform
much worse than AMG, both in iteration counts as well as FLOPs. This is true for both Navier and Helmholtz problems.
MIC(1) is also using more memory than AMG, although the difference is not substantial.

6.2.3. Three-dimensional car cabin problem

The car cabin problem is a three-dimensional generalization of the two-dimensional car cabin problem in [34]. The sound
source is modelled as the Dirichlet boundary condition p = 1 posed on the wall behind pedals. The impedance boundary con-
dition (3) with y = 0.2 is posed on the other boundaries. The height of the car cabin is 1.5 m, the width is 1.5 m, and the
length is 3 m. An example solution is plotted in Fig. 5. Iteration counts are reported in Table 4. For this problem also, the
number of iterations grow roughly linearly with respect to the frequency.

6.2.4. Three-dimensional wedge problem for the Helmholtz equation
The three-dimensional wedge problem [41] in the unit cube [0, 1]* is a generalization of a two-dimensional problem stud-
ied in [28,21,34]. In this acoustic scattering problem, the material is inhomogeneous leading to a piece-wise constant speed
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Fig. 6. The solution of the Helmholtz equation at f = 2.5 Hz for the three-dimensional wedge problem.

¥;I:]fte5ration counts for the three-dimensional wedge acoustic scattering problem.
f(kHz) Element order

1 2 3
1.25 23 26 30
25 40 53 88
Table 6
The GMRES iteration counts for the crank shaft vibration problem.
f(kHz) 3 6 9 12 15
Iterations 231 263 223 187 347

Fig. 7. The propagation of elastic waves in a crankshaft at f = 3 kHz. The color scale indicates the amplitude of the displacement, with blue corresponding
to small displacement and red corresponding to large displacement.

of sound. The domain has three layers separated by two planes defined by the equations z=0.1x+ 0.2y + 0.6 and
z=-0.2x — 0.15y + 0.4. The speeds of sound from the top layer to the bottom layer are ¢; = 1,c; =1, and ¢3 = 2. A point
source is placed at (0.5,0,0.5) and the absorbing boundary conditions are posed on the boundaries. In the AMG method,
the Jacobi relaxation parameter is w = 0.3.

The solution of the Helmholtz equation at f = 2.5 Hz is shown in Fig. 6. The iteration counts are reported in Table 5. The
same linear growth can be observed as in the previous problems.

6.2.5. Crankshaft vibration problem
The Navier equation is solved in a complicated three-dimensional domain defined by the crank shaft model from Comsol
Multiphysics 3.3. The length of the crankshaft is 1.0m and it is made of structural steel defined by: the density
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p = 7850 kg/m3, Young modulus E = 2 - 10"" Pa, and Poisson ratio v = 0.33. A tangential vibration source on the left end is
given by the Dirichlet boundary condition u = (1,0, 1). The right end is rigid, i.e. the Dirichlet boundary condition u = (0, 0, 0)
is posed on there. Other boundaries have natural boundary conditions, i.e. the impedance boundary condition (10) with
y = 0. The mesh is made of quadratic finite elements and 300,000 nodes.

The GMRES iteration counts on a range of frequencies are given in Table 6. As there is no absorption, the problem is sin-
gular at some frequencies. Due to this the iteration counts do not behave linearly with respect to the frequency. The solution
at f = 3 kHz is illustrated in Fig. 7.

7. Conclusions

A damped Navier preconditioner based on an algebraic multigrid method was introduced for time-harmonic elasticity
problems. This is a generalization of a shifted-Laplacian preconditioner for the Helmholtz equation. These preconditioners
are efficient for Helmholtz and Navier problems in complicated two-dimensional and three-dimensional domains. High-
er-order finite elements can be used for the discretization and Helmholtz problems can have variable coefficients. The pro-
posed approach is especially well-suited for low-frequency and mid-frequency problems. For high frequencies, iteration
counts grow roughly linearly with respect to the frequency. The same behavior was also observed in [34,21].

The performance was compared to a modified incomplete Cholesky (MIC) preconditioner. The AMG-based damped pre-
conditioner was more efficient as its initialization requires much less computations than the expensive incomplete factor-
ization procedure. Especially with quadratic finite elements, the AMG preconditioner was clearly faster.

The eigenvalues of the preconditioned system were also studied. The earlier results for the Helmholtz equation in [36]
were generalized for the Navier equation. It was shown that the eigenvalues of the preconditioned system with the damped
Navier preconditioner are on a circle in the complex plane for Dirichlet and Neumann boundary value problems. When one
algebraic multigrid cycle is used instead of the exact inverse of the damped Navier operator, the eigenvalues are spread to
some extent, but the conditioning is still fairly good.

Acknowledgements

We thank Dr. Janne Martikainen for making his C++ FEM class library available to us and Dr. Erkki Heikkola for his com-
ments on the manuscript. The research was supported by the Academy of Finland Grants #121271 and #207089, the US Of-
fice of Naval Research Grant N00014-06-1-0067, and the US National Science Foundation Grant DMS-0610661.

References

[1] DJ. Nefske, J. Wolf, L. Howell, Structural-acoustic finite element analysis of the automobile passenger compartment: a review of current practice, J.
Sound Vib. 80 (2) (1982) 247-266.
[2] L.L. Thompson, A review of finite-element methods for time-harmonic acoustics, J. Acoust. Soc. Am. 119 (3) (2006) 1315-1330.
[3] B. Engquist, A. Majda, Absorbing boundary conditions for numerical simulation of waves, Math. Comput. 31 (1977) 629-651.
[4] F. Ihlenburg, Finite element analysis of acoustic scattering, Applied Mathematical Sciences, vol. 132, Springer-Verlag, New York, 1998.
[5] Y. Saad, M.H. Schultz, GMRES: a generalized minimal residual algorithm for solving nonsymmetric linear systems, SIAM J. Sci. Statist. Comput. 7 (3)
(1986) 856-869.
[6] H.A. van der Vorst, Bi-CGSTAB: a fast and smoothly converging variant of Bi-CG for the solution of nonsymmetric linear systems, SIAM ]. Sci. Statist.
Comput. 13 (2) (1992) 631-644.
[7] C. Farhat, A. Macedo, M. Lesoinne, F.-X. Roux, F. Magoulés, A. de La Bourdonnaie, Two-level domain decomposition methods with Lagrange multipliers
for the fast iterative solution of acoustic scattering problems, Comput. Meth. Appl. Mech. Eng. 184 (2-4) (2000) 213-239.
[8] C. Farhat, P. Avery, R. Tezaur, ]. Li, FETI-DPH: a dual-primal domain decomposition method for acoustic scattering, ]. Comput. Acoust. 13 (3) (2005)
499-524.
[9] M.J. Gander, F. Magoulés, F. Nataf, Optimized Schwarz methods without overlap for the Helmholtz equation, SIAM ]. Sci. Comput. 24 (1) (2002) 38-60.
[10] K. Ito, J. Toivanen, A fast iterative solver for scattering by elastic objects in layered media, Appl. Numer. Math. 57 (5-7) (2007) 811-820.
[11] K. Ito, Z. Qiao, ]. Toivanen, A domain decomposition solver for acoustic scattering by elastic objects in layered media, J. Comput. Phys. 227 (19) (2008)
8685-8698.
[12] K. Otto, E. Larsson, Iterative solution of the Helmholtz equation by a second-order method, SIAM J. Matrix Anal. Appl. 21 (1) (1999) 209-229.
[13] LS. Bennethum, X. Feng, A domain decomposition method for solving a Helmholtz-like problem in elasticity based on the Wilson nonconforming
element, RAIRO Model. Math. Anal. Numer. 31 (1) (1997) 1-25.
[14] C.Farhat, ]. Li, An iterative domain decomposition method for the solution of a class of indefinite problems in computational structural dynamics, Appl.
Numer. Math. 54 (2) (2005) 150-166.
[15] F. Collino, S. Ghanemi, P. Joly, Domain decomposition method for harmonic wave propagation: a general presentation, Comput. Meth. Appl. Mech. Eng.
184 (2-4) (2000) 171-211. vistas in domain decomposition and parallel processing in computational mechanics.
[16] E. Faccioli, F. Maggio, A. Quarteroni, A. Tagliani, Spectral-domain decomposition methods for the solution of acoustic and elastic wave equations,
Geophysics 61 (4) (1996) 1160-1174.
[17] E. Heikkola, S. M6nkéld, A. Pennanen, T. Rossi, Controllability method for the Helmholtz equation with higher-order discretizations, J. Comput. Phys.
225 (2) (2007) 1553-1576.
[18] S. Monkéld, E. Heikkola, A. Pennanen, T. Rossi, Time-harmonic elasticity with controllability and higher-order discretization methods, ]. Comput. Phys.
227 (11) (2008) 5513-5534.
[19] A. Brandt, 1. Livshits, Wave-ray multigrid method for standing wave equations, Electron. Trans. Numer. Anal. 6 (1997) 162-181.
[20] H.C. Elman, O.G. Ernst, D.P. O’Leary, A multigrid method enhanced by Krylov subspace iteration for discrete Helmholtz equations, SIAM J. Sci. Comput.
23 (4) (2001) 1291-1315.
[21] Y.A. Erlangga, C.W. Oosterlee, C. Vuik, A novel multigrid based preconditioner for heterogeneous Helmholtz problems, SIAM J. Sci. Comput. 27 (4)
(2006) 1471-1492.
[22] M. Griebel, D. Oeltz, M.A. Schweitzer, An algebraic multigrid method for linear elasticity, SIAM ]. Sci. Comput. 25 (2) (2003) 385-407.



T. Airaksinen et al. /Journal of Computational Physics 228 (2009) 1466-1479 1479

[23] O.G. Ernst, A finite-element capacitance matrix method for exterior Helmholtz problems, Numer. Math. 75 (2) (1996) 175-204.

[24] E. Heikkola, Y.A. Kuznetsov, P. Neittaanmadki, ]. Toivanen, Fictitious domain methods for the numerical solution of two-dimensional scattering
problems, J. Comput. Phys. 145 (1) (1998) 89-109.

[25] E. Heikkola, T. Rossi, J. Toivanen, A parallel fictitious domain method for the three-dimensional Helmholtz equation, SIAM J. Sci. Comput. 24 (5) (2003)
1567-1588.

[26] E. Bécache, P. Joly, C. Tsogka, Fictitious domains, mixed finite elements and perfectly matched layers for 2D elastic wave propagation, J. Comput.
Acoust. 9 (3) (2001) 1175-1201. ultrasonic field synthesis and modeling (Trieste, 1999.

[27] M. Magolu monga Made, Incomplete factorization-based preconditionings for solving the Helmholtz equation, Int. J. Numer. Meth. Eng. 50 (2001)
1077-1101.

[28] R.E. Plessix, W.A. Mulder, Separation-of-variables as a preconditioner for an iterative Helmholtz solver, Appl. Numer. Math. 44 (3) (2003) 385-400.

[29] E. Turkel, Numerical methods and nature, J. Sci. Comput. 28 (2-3) (2006) 549-570.

[30] Y.A. Erlangga, C. Vuik, C.W. Oosterlee, On a class of preconditioners for solving the Helmholtz equation, Appl. Numer. Math. 50 (3-4) (2004) 409-425.

[31] A.L Laird, M.B. Giles, Preconditioned iterative solution of the 2D Helmholtz equation, Technical Report 02/12, Oxford Computer Laboratory, Oxford, UK,
2002.

[32] J.D. Collins, .M. Jin, J.L. Volakis, Eliminating interior resonances in finite element — boundary integral methods for scattering, IEEE Trans. Antennas
Propag. 40 (12) (1992) 1583-1585.

[33] W.D. Murphy, V. Rokhlin, M.S. Vassiliou, Solving electromagnetic scattering problems at resonance frequencies, ]. Appl. Phys. 67 (10) (1990) 6061-
6065.

[34] T. Airaksinen, E. Heikkola, A. Pennanen, J. Toivanen, An algebraic multigrid based shifted-Laplacian preconditioner for the Helmholtz equation, J.
Comput. Phys. 226 (1) (2007) 1196-1210.

[35] T. Airaksinen, S. Monkéld, Comparison between shifted-laplacian preconditioning and controllability method for computational acoustics, J. Comput.
Appl. Math. (2008), accepted for publication.

[36] M. van Gijzen, Y. Erlangga, C. Vuik, Spectral analysis of the discrete Helmholtz operator preconditioned with a shifted Laplacian, SIAM J. Sci. Comput. 29
(5) (2007) 1942-1958.

[37] Y. Saad, Iterative Methods for Sparse Linear Systems, second ed., Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2003.

[38] E. Turkel, Y. Erlangga, Preconditioning a finite element solver of the exterior Helmholtz equation, in: P. Wesseling, E. Oiiate, J. Périaux (Eds.), ECCOMAS
CFD, ECCOMAS, 2006.

[39] F. Kickinger, Algebraic multi-grid for discrete elliptic second-order problems, in: Multigrid Methods V (Stuttgart, 1996), Springer, Berlin, 1998, pp.
157-172.

[40] 1. Gustafsson, Modified incomplete Cholesky (MIC) methods, Preconditioning methods: analysis and applications, Top. Comput. Math., vol. 1, Gordon &
Breach, New York, 1983, pp. 265-293.

[41] C. Vuik, Y. Erlangga, C. Oosterlee, M. van Gijzen, Complex shifted-Laplace preconditioners for the Helmholtz equation, in: C. Vuik (Ed.), Proceedings of
the Ninth Copper Mountain Conference on Iterative Methods, April 2-7, Copper Mountain, CO, USA, 2006.



	A damping preconditioner for time-harmonic wave equations in fluid and elastic material
	Introduction
	Mathematical formulation
	Wave scattering in fluids
	Wave scattering in elastic materials
	Weak formulation and finite element discretization

	Iterative solution and damped preconditioner
	Spectral analysis for the preconditioned Navier equation
	Algebraic multigrid based damped preconditioners
	Numerical results
	Eigenvalues
	Performance of the preconditioner
	Unit square
	Cube problem
	Three-dimensional car cabin problem
	Three-dimensional wedge problem for the Helmholtz equation
	Crankshaft vibration problem


	Conclusions
	Acknowledgements
	References


