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on the manifold. While the problem of finding a polynomial of two variables with total
degree <n given the values of the polynomial and some of its derivatives at exactly the
same number of points as the dimension of the polynomial space is sometimes impossible,
we show that such a problem always has a solution in a very general situation if the degree

f\(/(l?;vlvrif; Sobolev norm of the polynomials is sufficiently large. We give estimates on how large the degree should

Birkhoff interpolation be, and give explicit constructions for such a polynomial even in a far more general case.

Data-defined manifolds As the number of sampling points at which the data is available increases, our polynomials

Diffusion polynomials converge to the target function on the set where the sampling points are dense. Numerical
examples in single and double precision show that this method is stable, efficient, and of
high-order.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The subject of Lagrange interpolation of univariate functions is a very old one. Thus, one starts with an (infinite) inter-
polation matrix X whose n-th column consists of n real numbers x; ,, k=1, ---,n. It is well known that for any matrix Z
whose n-th column consists of n real numbers z; ,, k=1, --- ,n, there exists a sequence of polynomials L,(X, Z) of degree
<n—1 such that Ly(X, Z; Xkn) = Zkn, k=1,---,n. In the case when each zy, = f(x,) for some continuous function f,
then it is customary to denote L,(X, Z) by L,(X, f). It is also well known that for any X c [—1, 1], there exists a continu-
ous function f:[—1,1] — R such that the sequence L,(X, f) does not converge in the uniform norm [1]. This situation is
similar to the theory of trigonometric Fourier series, where the Fourier projections of a function do not always converge to
the function in the uniform norm, but one can construct summability operators to obtain convergence [2].

Several interpolatory analogues of such summability operators are studied in the literature. For example, if x;, =
cos((2k — ) /(2n)), k=1,---,n, f:[—1,1] — R is continuous, and one constructs a sequence of polynomials F,(f) of
degree <2n — 1 such that Fn(xXyn) = f(Xk.n), and F}(xk) =0, then the sequence F,(f)— f uniformly on [—1,1] [1].
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In 1906, Birkhoff initiated a study of interpolation in a more general setting, known now as Birkhoff interpolation [3].
For each column of the matrix X, one considers an incidence matrix E whose entries are in {0, 1}. If the number of 1's in
E is N, one seeks a polynomial By of degree < N — 1 such that B;j)(xk’n) = Yj.kn if the (k, j)-th entry in E is 1. Clearly,
such a polynomial may or may not exist. The conditions under which it exists and is unique is the topic of a great deal
of research [4]. As expected, the problems are much harder in the multivariate setting [5,6]. For example, it is not always
possible to find a bivariate polynomial P of total degree 2 (with 6 parameters) such that P and its derivatives up to order
2 take given values (also 6 conditions).

A great deal of research on this subject is focused on forming a “square” system and determining whether or not the
system is solvable for most point distributions. Since there is not always an obvious choice of interpolation space, the space
can be constructed in multiple ways. For example, monomial bases [7-9], Newton-type bases [10,7], and cardinal bases [11]
have been studied by various authors. Obtaining a unique solution, though, does not ensure convergence to the underlying
function when the data become dense. Although some of the previously cited articles have numerical examples, not all of
them computed the maximum difference between the test function and its approximation in a suitable domain, and we
do not know of any general provably convergent technique for the Birkhoff problem on scattered data points in arbitrary
domains.

If we do not require that the dimension of the polynomial space match exactly the number of 1's in the incidence
matrix, then it is possible to guarantee not just existence, but also give explicit algorithms and prove the convergence of
the resulting polynomials. In the case of interpolation based on the values of the polynomials alone, this has been observed
in a series of papers [12-14]. The purpose of this paper is to generalize these results for Birkhoff-like interpolation for the
so called diffusion polynomials.

One of our motivations is to study numerical solutions of a system of linear partial differential equations. Given differ-
ential operators L, on a manifold X (and its boundary), the collocation method involves finding a “polynomial” (i.e., an
element of a suitably chosen finite dimensional space) P for which the values of Ly(P) are known at some grid points. We
view this question as a generalized Birkhoff interpolation problem, except that we do not require the dimension of the space
to be exactly equal to the conditions. On general manifolds, one does not always have standard grids such as equidistant
grid on a Euclidean space. Therefore mesh-free methods require a solution of such interpolation problems on scattered data;
i.e.,, when one cannot prescribe the location of the grid points in advance. There are many efforts to reconstruct a function
from scattered data; see [15] for one example. The papers [16-18] present work relating to function approximation on
the sphere. We show the feasibility of the solution of such interpolation problems provided the dimension of the space is
sufficiently high, inversely proportional to the minimal separation among the grid points. We will prove that such solutions
can be constructed as minimizers of an optimization problem, and prove that these solutions will converge to the target
function at limit points of the grid points. An application of these ideas is already demonstrated in [19].

The main results are presented in Section 2, while the overall assumptions are discussed in Section 3. Preparatory results
are developed in Sections 4-6 and are used to prove the main theorems in Section 7. Finally, numerical simulations are
given in Section 8. We show that the standard divergence phenomenon is overcome in both one and two dimensions.
We also numerically demonstrate the high-order convergence of our method. Furthermore we present results using both
single and double precision to show that the high ill-conditioning associated with high order methods can be successfully
overcome using our efficient numerical techniques.

2. Main results

We wish to study the problem of interpolation of derivative information in a somewhat abstract manner, to accommo-
date several examples. The most elementary among these is interpolation by multivariate trigonometric polynomials. Other
examples include the problem of interpolation by spherical polynomials, or by linear combinations of the eigenfunctions of
some elliptic differential operator on a smooth manifold.

Let X be a metric measure space with a probability measure p* and metric p. In this paper, a measure will mean a
complete, sigma-finite, Borel measure, signed or positive. For a measure v, |v| denotes its total variation measure. If v is a
measure, and f : X — R is v-measurable, we define

1/p

/If(x)l"dlvl(X) ifl<p<oo.
||f||v;p: X

[v| —esssup|f(x)], if p = o0.
xeX

The symbol LP (v) will denote the space of all f such that || f|l,.p < oo, where two functions are considered equal if they are
equal |v|-almost everywhere. If v = u*, we will often omit the mention of the measure from the notation, if we feel that
this should not cause any confusion; e.g., | fllp = | fllu*p, L? = LP(u*). The space of uniformly continuous and bounded
functions on X will be denoted by UBC. For 1 < p < oo, we define the dual exponent p’ by 1/p +1/p’ =1 as usual.

Let {1} be increasing sequence of nonnegative numbers with Ao =0, and {¢y} be an orthonormal set (of real valued
functions) in L2 N UBC. We define the space
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[y =span {¢y: Ay <n}, n>0,I,={0}, n<O0.

We will write

Moo = | M.

n>0

The elements of I1,, have been referred to as diffusion polynomials in [20], and we will use the same terminology. If
P € Iy, we will refer to n as the degree of P, or more precisely that P is of degree < n. From the definition, we do not
require A to be integers. The LP closure of the IT,, will be denoted by XP.

Example 2.1 (The trigonometric case). Let ¢ > 1 be an integer. The space X is the torus (quotient group) T? =R%/(2w Z9), p is
the arc-length, and p* is the normalized Lebesgue measure. We take {)A;} to be an enumeration of multi-integers in Zi
such that m comes before j if either |m|; < [j|2 and if |m|; = [j|2, then m comes before j in the alphabetical ordering. If the
multi-integer corresponding to Ay is Kk, the corresponding ¢’s are cos(k-o), sin(k - o). In this case, XP =LP if 1 < p < o0,
and X is the set of all continuous functions on T9.

Example 2.2 (The manifold case). Let X be a compact Riemannian manifold, p be the geodesic distance, ©* be the Riemann
measure. We take Aj to be the square roots of eigenvalues of a self-adjoint, second order, regular elliptic differential operator
on X, and ¢ to be the corresponding eigenfunction. The precise nature of the space XP will depend upon the manifold and
the elliptic operator.

Example 2.3 (The 2-sphere). If X is the 2 dimensional Euclidean sphere S?, we may choose each ¢ to be one of the or-
thonormalized spherical harmonics and Ay =k, the degree of this polynomial. This emphasizes in particular, that A;’s do
not have to be the eigenvalues of any predetermined differential/integral operator. Indeed, in our abstract setting of metric
measure spaces, there is no notion of a differentiability structure.

In the absence of any concrete structure, we will need to make several assumptions on the system E = (X, p, u*, {A¢},
{¢r}). These are formulated precisely in Section 3. For the clarity of exposition, we will now assume that these are all
satisfied. In particular, the symbol q used in the following discussion is defined in (3.4).

Next, we define the smoothness classes needed in order to state our theorems. In the trigonometric case, the Sobolev
space W), 4 is defined as the space of all functions f : T — C for which (|k|2 +1)#/2f (k) = f®) (k) for some f®) € LP(T9).
In our abstract case, the role of |k|, is played by A,. However, we would like to introduce a greater flexibility in the
definition of the Sobolev class.

If feLl, we define

fao) :=/f(y)¢k(y)du*(y), k=0,1,--.. (2.1)
X

To include such multipliers as (A2 + 1)#/2 or (Ax 4+ 1)#, we use a mask of type g, defined below in Definition 2.1. In the
sequel, S will be a fixed integer.

Definition 2.1. Let 8 € R. A function b : R — R will be called a mask of type g if b is an even, S+ 1 times continuously
differentiable function (for some integer S > q) such that for t > 0, b(t) = (1 +t) " #F,(logt) for some Fj, : R — R such that
IF,® ()] <c(b), teR, k=0,1,---,S+1, and Fy(t) > c1(b), t e R.

If B €R, b is a mask of type $, and f € LP, we say that a function f € W, if there exists f® e [P such that
b f®U) = F,  k=0,1,---. (22)
We will write
1w, = 1F . (2.3)

In [21], we have shown that if 8 > q/p, and b is a mask of type B, then for every y € X, there exists ¢, := G(b;0,y) € xv'
such that (Y, ¢r) =b(A)é(¥), k=0,1,---. Moreover,

sup |G(b; o, Yl <c. (2.4)
yeX
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It is then easy to check by comparison of coefficients that if f € W then for almost all x € X:

foo = / Gb: %, y) FO () (). (2.5)
X

As a prelude to our main theorem, we formulate first a Golomb-Weinberger-type theorem in our general setting. The
theorem gives an explicit expression for a solution of the interpolation problem:

Given linear operators Ly, k =1, --- , R, each defined on W5, p, such that point evaluations are well-defined on the range of each Ly,
pointsy, e X, £=1,---,M, and data fy , € C, find a function g € W; p such that Ly(g)(ye) = fre. k=1,--- ,R, £=1,--- /M.

The Golomb-Weinberger-type theorem gives a solution as a linear combination of the kernel defined in (2.6) below. Let
b be a mask of type 8 > q/2. Then b? is a mask of type 28 > q. We define

G, y) =Y b0’ (y). (2.6)

j=0

Clearly, G, treated either as a function of x or y, is a function in W j.

Theorem 2.1. Let R, M > 1 be integers, each Ly, k =1, --- , R, be a linear operator defined on W j, such that point evaluations are
well defined on the range of Ly. Let y, € X, £=1,--- , M, and { fx ¢}k=1,... R, ¢=1,-.,m C C. We assume that there exist ¢y j € W p,
k=1,---,R, j=1,---, M, such that the following condition holds: Fori=1,--- ,R,£=1,--- , M,
|1, dfi=k j=¢,
Li(@x,)(ye) = { 0 otherwise (27)
Then the problem
minimize || g® ||z subject to Li(8) (o) = fee. k=1, R, £=1,--- M, (2.8)
has a solution of the form
R M
PR =YY ajli1Gy,n), xeX, (29)
k=1 j=1

where, the expression Ly 1G(yj, x) means that the operator Ly is applied to the 1-st variable in G, and the resulting function is
evaluated at (y j, x).

In the trigonometric case, when b(t) = (t2 + 1) #/2, the kernel G takes the form

Z(lk@ +1)7P exp(ik - x).
KkeZ

A straightforward computation of this series may be slow for small values of 8, and in any case, introduces a truncation er-
ror. Therefore, we are interested in solving the interpolation problem directly using the diffusion polynomials (trigonometric
polynomials in the trigonometric case). Toward this goal, we first introduce some further terminology.

Constant convention: In the sequel, c, c1, - - - will denote generic positive constants independent of any obvious variables such as the
degree n, or the target function, etc. Their values may be different at different occurrences, even within the same formula. The symbol
A ~ B means that c1A < B < A.

We will consider an interpolation matrix, by which we mean a sequence {Y,}2, of subsets
M
Yn={yjn};2: n=12.--.

This is not a matrix in the usual sense of the word, but the terminology captures the spirit of a similar notion in the theory
of classical polynomial interpolation. For any subset C C X, we define its minimal separation by

nC)=_ min p(x,y). (2.10)
x,yeC, x#£y
We will write

Nn=1n(Yn), n=1,---. (2.11)
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Our main theorem is the following.

Theorem 2.2. We assume each of the conditions listed in Section 3, where some of the notation used here is explained. Let 1 < p < oo,
B > maxi<k<g qik +q/p, b be a mask of type B, f € W, p. Then there exists an integer N* with N* ~ n,ﬂ and a mapping P* =P} :
Wp » — M= such that for every f € Wp p,

Lk(P*(f))(.VJ,n)=Lk(f)(.yj,ﬂ)s j=1a'“7Mﬂ’ k=]!“"R’ (212)

and

If =P*(Nllw,, <cinf{llf —Tlw,, : T €Mn-}. (213)

In particular, there exists P =Py : W, j — Ty« such that
IP(Hllw,, =min{[[Pllw,, : Lk(P)(Yen) = Le(F)(Yen), £=1,---  Mp, k=1,--- R} (214)

We observe that the sets Y, do not necessarily become dense in X as n — oo. In this case, it is clearly impossible to
give a construction of the operators P;; based entirely on Y, that satisfies the global convergence implied by (2.14). The
second part of Theorem 2.2 helps us to find an interpolatory diffusion polynomial whose W , norm is under control on X.
Therefore, we do not expect that the sequence P,(f) to converge to f on X. However, the sequence converges at limit
points of Yp's.

Theorem 2.3. With the set up as in Theorem 2.2, if xo € X is a limit point of the family {Yy}, then f(xo) is a limit point of {P,(f)(y) :
yeYnp,n=12,---}

Theorem 2.3 follows from a much general principle “feasibility implies convergence”, which is formulated more precisely
in Theorem 7.1 below.

3. Assumptions
3.1. The space

Let X be a non-empty set, p be a metric defined on X, and u* be a complete, positive, Borel measure with p©*(X) =1.
We fix a non-decreasing sequence {A};2, of nonnegative numbers such that Ao =0, and A 1 oo as k — oo. Also, we
fix a system of continuous, bounded, and integrable functions {¢};2,, orthonormal with respect to u*; namely, for all
nonnegative integers j, k,

1, ifj=k

/ P(X)pj(X)dp™ (x) = { 0. otherwise. (3.1)
X

We will assume that ¢g(x) =1 for all x € X.
In our context, the role of polynomials will be played by diffusion polynomials, which are finite linear combinations
of {¢;}. In particular, an element of
T :=span{¢; : 1j < n}

will be called a diffusion polynomial of degree < n.
We will formulate our assumptions in terms of a formal heat kernel. The heat kernel on X is defined formally by

Ki(x,y) =) exp(—2 D¢ (0e(y),  x.yeX, t>0. (3.2)
k=0

Although K; satisfies the semigroup property, and in light of the fact that A9 =0, ¢o(x) =1, we have formally

/Kt(x, ydu*y) =1, xeX, (3.3)
X

yet K; may not be the heat kernel in the classical sense. In particular, we need not assume K; to be nonnegative.

Definition 3.1. The system E = (X, p, ", {Ar}p2 o, {Brlie) is called a data-defined space if each of the following conditions
are satisfied.
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1. For each x € X and r > 0, the ball B(x, r) is compact.
2. There exist ¢ > 0 and k3 > 0 such that the following power growth bound condition holds:

W BxMN=u"{yeX:pk,y) <r}) <kri, xeX, r>0. (3.4)

3. The series defining K;(x, y) converges for every t € (0,1 and x, y € X. Further, with g as above, there exist «3,x4 > 0
such that the following Gaussian upper bound holds:

p(x, y)?

IKe(x, y)| < k3t™9? exp (—m "

), xyeX, 0<t<1. (3.5)

There is a great deal of discussion in the literature on the validity of the conditions in the above definition and their
relationship with many other objects related to the quasi-metric space in question, (cf. for example, [22-25]). In particular, it
is shown in [22, Section 5.5] that all the conditions defining a data-defined space are satisfied in the case of any complete,
connected Riemannian manifold with non-negative Ricci curvature. It is shown in [26] that our assumption on the heat
kernel is valid in the case when X is a complete Riemannian manifold with bounded geometry, and {—A?}, respectively
{¢;}, are eigenvalues, respectively eigenfunctions, for a uniformly elliptic second order differential operator satisfying certain
technical conditions.

The bounds on the heat kernel are closely connected with the measures of the balls B(x, r). For example, using (3.5),
Proposition 4.2 below, and the fact that

/ |Ke(x, YIdp™(y) = / Kex, pdu*(y) =1,  xeX,
X X
it is not difficult to deduce as in [25] that

w*B(x, 1)) >crd, 0<r<1. (3.6)
In many of the examples cited above, the kernel K; also satisfies a lower bound to match the upper bound in (3.5). In this
case, Grigoryan [25] has also shown that (3.4) is satisfied for 0 <r < 1.
We remark that the estimates (3.4) and (3.6) together imply that p* satisfies the homogeneity condition
W B, R) <c1(R/MIn*Bx, ), xeX,re(0,1], R>0, (3.7)

where ¢1 > 0 is a suitable constant.
3.2. The operators Ly

In this sub-section, we state our assumptions on the linear operators L. For a bivariate function F : X x X — R, we will
denote

L1 F(x, y) i=LF(x, y) i= (Le(F (o, y)(X), Lo F(x, y) == (Li(F (X, 0)) (¥)-

We fix n, letting n = 1, be the minimum separation between the M = M, points in Yj.

1. We assume that each L is closed linear operator; i.e., if f; — f in LP, and Ly(fm) — g in LP, then f is in the domain
of L, and Ly (f) =g.

2. We assume that each Lj is local; i.e., if f(x) =0 for almost all x in an open subset U of X, then L,(f)(x) =0 for almost
all xeU.

3. There exists g > 0 such that

2
X,
L1 Ke(x, y)| < ct=@F90/2 exp <—c1 ¥> , xyeX, 0<t<l. (3.8)
4. Foreachk=1,--- R, j=1,---, M, there exists ¢ j € Wy, such that each of the following conditions holds:
41 Fori=1,---,
Li(¢,j) =0, i#k, i=1,---,R. (3.9)
42. Fori=1,---,¢=1,---, M,
1, ifi=k j=¢,
L1(¢k,1)()’£) - { 0, Otherwise. (3.]0)
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4.3. ¢y qb,ib]) are both supported on a neighborhood of y; with diameter <7/3.
4.4. We have

b _
g Moo < cntF. (3.11)
We remark that for any x € X, there is at most one j such that p(x, y;) <n/3, and hence,

¢k’g(x):0, 67&]7 ]levM (312)

In the case when X is the torus, and each L is a mixed partial derivative DI for some multi-integer j, the construction
of functions ¢y ; is given in [27]. The bounds (3.11) are established there in the case when 8 is an even integer. If X is
a manifold (sphere in particular), and 7 is less than its inradius, (Aﬁ,qﬁk) are the eigenfunctions of the Laplace-Beltrami
operator, and 8 is an even integer, then the same construction works via exponential coordinates. A slightly more general
scenario involving other second order partial differential operators holds also in view of our results in [28]. When the
operators Ly are given by

L(f. =Y ajxD fx), (313)
lil<ak

then one needs to make some assumptions on the matrices (aij(y¢))e=1,...,m,|jl<q, SO that the constructions given in [27]
can be used to construct the desired ¢y ;.

4. Preparatory results

The proof of Theorem 2.2 is much more involved than those of the other theorems. The goal of this section is to prove
a number of auxiliary results which will lead to the proof of Theorem 2.2.

4.1. Regular measures

We start by introducing the concept of what we have called d-regular measures, and some of their properties.

Definition 4.1. Let v be any measure on X with |V[(X) < oo, d > 0. We say that v is d-regular if

v(Bx, d) <cd!, xeX (4.1)

The infimum of all constants ¢ which work in (4.1) will be denoted by [[|V]|g.4-

For example, (3.4) implies that u* is d-regular for every d > 0, and ||u*||lg,¢ < ¢ for all d > 0 with c independent of d.
In the sequel, when thinking of ©«* as a regular measure, we will pass to a limit, and use d = 0. In the following lemma, we
give another example.

Lemma 4.1. Let C = {y1,---, ym} C X, 0 < 1 < 2 be the minimal separation amongst the y;’s (cf. (2.10)), T be the measure that
associates the mass n? with each y ;. Then v is n-regular, and ||t |I[r,y < c, where c is a constant independent of 1.

Proof. Let xg € X, and by relabeling if necessary, let C N B(xg, ) = {y1,---,y;}. Then the caps B(y;,n/2) are mutually
disjoint, and their union is contained in B(xq, 317/2). We recall from (3.6) that n? < ciu*(B(y;,n/2)) and from (3.4) that
W (B(xo,3n/2)) < cani. Therefore, we deduce that

J
TBxo, M) = Jn? <1y W B(y;.n/2) =cp* (U,L]IB%(yj, n/2)) sap*Bx.3n/2) <cen’. O
j=1

The following proposition [29, Theorem 5.5(a), Proposition 5.6] lists some equivalent conditions for a measure to be a
regular measure.

Proposition 4.1. Let N, d > 0, v be a signed or positive finite Borel measure.

(a) If v is d-regular, then for eachr > 0 and x € X,

WIB&. 1) <cllvilgg w* BE,r+d) <crllvilga+d)T. (4.2)

Conversely, if for some A > 0, |v|(B(x, 1)) < A(r + d)? for each r > 0 and x € X, then v is d-regular, and ||v|||g.q < 29A.
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(b) Foreachy > 1,

ViR, yd < c1(y + DUIVIIRG < c1(y + DIy UIVIIR,yds (4.3)
where cq is the constant appearing in (4.2).
(c) Let N > 1. If v is 1/N-regular, then ||P||,.p < c1 |||v|||}3{f/N|\P||M*;pfor all P e Iy and 1 < p < oo. Conversely, if for some A > 0
and1<p < oo, [Plly;p < AVP|P||,px.p forall P € T, then v is 1/N-regular, and [|v||g,1/n < C2A.

Next, we recall a very general proposition [29, Proposition 6.5] helping us to estimate integrals of quantities such as the
right hand side of (4.28).

Proposition 4.2. Let d > 0, and v be a d-regular measure. If g1 : [0, 00) — [0, 00) is a nonincreasing function, then for any N > 0,
r>0xeX

zq + d q 7
N / g1 (Npex i) = 2 ED / g1(uwut~ du. (44)
A(x,1) TN/2
In particular, if S > q,
d +d/ni
N i) < ci(c (/r)s)? v llR.d, (4.5)
max(1, (Np(x, ))5) — max(1, (rN/2)5-9)
A(x,1)
and
d
NI MO e+ (NI liras (4.6)

J max(1, (Np(x, ¥))5)

4.2. Localized kernels

Localized kernels form the main ingredient in our proofs. To obtain these kernels, we will use the following Tauberian
theorem ([30, Theorem 4.3]) with different choices of the function H.

Theorem 4.1. Let 1™ be an extended complex valued measure on [0, co), and *({0}) = 0. We assume that there exist Q ,r > 0, such
that each of the following conditions are satisfied.

1.
Iitllg = sup 100D (47)
uel0.00) (U+2)Q
2. There are constants c, C > 0, such that
/ exp(—u’ydu* )| < cit™Cexp(—r?/0llutllq.  0<t=<1. (48)
R
Let H : [0,00) - R, S > Q + 1 be an integer, and suppose that there exists a measure H'®1 such that
00
H(u) = /(v2 —uHIdHBN(v),  ueR, (4.9)
0
and
00 00
Vo s(H) = max /(v +2)2v25d HB (v), /(v +2)2vSdIHS|(v) | < . (4.10)
0 0
Then forn > 1,
00
[ Hmant | < e s vo sl llo. (411)

0
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We observe that if H is compactly supported, has S + 1 continuous derivatives, and is constant in a neighborhood of 0,
then the Taylor formula used with u — H(,/u) shows that the representation (4.9) holds with HS! being the S-th derivative
of u — H(/u), and we have

Vo.s(H)<c max max|H® )| =c||H]|s. (412)
0<k<S+1 ueR

The following proposition summarizes some general results which we will use in our proofs later. If {1}, {1}]} are sequences
of bounded functions on X, we define formally

- o i -
S ({yj}, {¥j}, H &, Y)ZZH(#> Yi)Y;(y). (4.13)

j=0

It is convenient to set

QoY (Wih Hix y) = Y ¥j(09(y).

jirj=0

Proposition 4.3. Let {1}, {&j} be sequences of bounded functions on X, H be as in Theorem 4.1, and for x, y € X,

> Wievimli <, u=1, (414)
Jihj<u
Y exp(=250¥; 0% () < cit”Cexp(—p(x, ) /D),  0<t<1. (415)
j=0
Then
nQ

[ ®n((ys) (7). Hix )| = c VostH), =1 (416)

max(1, (np(x, y))*)
Further, if d > 0 and v is a d-regular measure, then forxe X,r >0,n>1and 1 <p < oo,

ci(c+(d/nNhg
max(1, (rN/2)5—9)

| DV}, (¥}, H; x, y)ld|v](y) <n?1 Ivilr.aVa,s(H), (4.17)

Ax,1)

/I%({lﬁj}, (Wi Hy %, )IPdvl(y) < c (1 + md)D) n®P = |vlllg.aVq.s (H)P. (4.18)
X

Proof. For each x, y € X, we apply Theorem 4.1 with the measure
iy (0, W)=Y iV,
j:Aj<u

The estimate (4.14) (respectively, (4.15), (4.16)) is equivalent to (4.7) (respectively, (4.8), (4.11)). The estimates (4.17) and
(4.18) follow from (4.16) and a straightforward application of (4.5) and (4.6) respectively. O

Corresponding to the formal kernel in (4.13), we have the formal operator:

on(; (Y}, {¥jh H; fox) = f Oa((¥ih (05} Hyx, ) f(y)dv(y),  fel',n>0, xeX. (4.19)
X

It is convenient to define

oo {yi}, (¥}, H; f,x) = f Qo({yih ¥}, Hix, ) f(ndv(y),  fel', xeX. (4.20)
X

The following proposition lists some norm estimates for these operators.
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Proposition 4.4. We assume the set up as in Proposition 4.3. Let v1 be a dy-regular measure, v, be a d1-regular measure,and 1 <p <

r < oo. Then for f € LP(vy)

lon(r; (Wi (5} Hs F)lluyer < ¢ (€1 + dD)D v llr.a,)
x ((c1 4+ md)D v llg.g,) /" NQ-THAA/=1m gy

(4.21)

Proof. In this proof, we will abbreviate ®,({y;}, {1/71-}, H;x,y) by ®;(x,y) and on(v1; {¥}}, {&j}, H; f) by on(f). Without
loss of generality, we may assume also that Vs o (H) =1, and v; are positive measures. Using Hélder inequality and (4.18),

we deduce that for x € X,

lon(f, %] < / [P (x, MDAV (Y) = [1Pn(X, ) lvy;pr | fllvg:p
X

1/p’ — ’
<c(c1 4 dDHIvillra )P nQ Y Flluyp;

ie.,

1/p’ _ /
100 () lly:00 < € (€1 + @dDD V1 lr.a,) " 7P| fllv,.p.
This proves (4.21) when r = oco.
In particular, with p = oo,
00 () llvy:00 < clc1 4+ @ADDNVINR. 4RSI f loy:c0-

Switching the roles of {v;} and {1/71-} in (4.18) (used with v, in place of v, r =1), the estimate becomes

/ |®n (%, y)|dva(x) < c(c1 + (nd2)T) V2 lllg.a,n % .
X

Therefore,

10wyt < / / |®n . Y)I1LF ()1 (1)dva(x) = / f (@ YIdV200 ¥ 1 D)ldvi (y)
X

X X X
<c(c1 4+ md)DV2lllR.ayn® N Fllvg:1-

In view of the Riesz-Thorin interpolation theorem [31, Theorem 1.1.1], (4.23) and (4.24) lead to

Ion(Plly:p < € (€1 4 @dDDIVillRar) P (€1 + @d)DIv2llgay) P 0@ U fllvyp, 1< p <oo.

Hence, using (4.22), we obtain for 1 <r <r < o0,

/ jow(f. 0 vy (x) = / 0w (f.0) [P lon(f. 0)Pdv2(0) < low (P}, 2 lon(HIL
X X

<c((c1+ @dDHIvillra) P (1 + md)HlIvilliga )"
((c1+ (d)D) [[v2lg.a,) n' Q- VPIC=PHQDpy g7

This leads to (4.21) when r < oo, and completes the proof. O

(4.22)

(4.23)

(4.24)

(4.25)

In the sequel, we fix an infinitely differentiable, even function h : R — R, nonincreasing on [0, co), such that h(t) =1
if |t] <1/2, and h(t) =0 if |t| > 1. We will write g(t) = h(t) — h(2t). The following identities will be used often without

reference: For integers n,k > 0,

k [k
h (2—> =h(k) +;g(2j) :

(3)+ 2 5(5)-

j=n+1

(4.26)

We summarize the localization properties of three kernels which we will use in our proofs. Let b be a mask of type g € R.

In the sequel, if n > 0, we will write b, (t) = b(nt).
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Proposition4.5. Let x, y e X,n,N>1,k=1,--- ,R,d > 0, v be a d-regular measure, 1 < p <r < co. We have
nd 1/p ’
&, (h;x, y)| <c . || @n(h: x, 5 <c((c1 + md)D||v n?/?’, 427
[Pn(h; X, )| < max(1, (Ip . 7)) | Pn( lvip = c((c1+ @)D v]ig.q) (4.27)
nq’HIk 1/P _ / ’
[Li,1®n(h; x, ¥)| <c Lk, 1®@n(h; X, 0)[lv:p < ¢ ((c1 4+ )V Ig,q) " nI=9P, (4.28)

max(1, np(x, y))5)’

and
b B nq+qk
Li1P X, <cN~ s
[Lk,1Pn(gbn;: x, ¥)| max(1, (np(x, y))s)
1 _ e
L1 ®n(gbn; X, O)llv:p < ¢ ((c1+ )V llIg.a) /P n9=9/P'N=F. (4.29)
Further, with the set up as in Proposition 4.4, and writing C1 = (c1 + (nd1)9)[lv1lllr ¢, and C2 = (c1 + (nd2)D) |2 lllr.4,, we have
1/p ~1 _
015 b5 Fllvgr < cCY/P Ym0 /P=10 ) £ (4.30)
1/p’ ~1 _
ILkon (013 h; f)lluyer < €Cy/P €Y/ naHa/P=1my £y (4.31)
and
1/p’ ~1 _ _
ILkon (V1; €bN; F)lluy:r < €Cy/P €/ nata/P=1DN=F) £y (4.32)

Proof. In view of Proposition 4.3, the first estimate in (4.27) (respectively, (4.28)) follows from (4.12) and (3.5) (respec-
tively, (3.8)). The second estimate in (4.27) follows from (4.18) with the choices 1/7j =V =¢;j, H=h, by observing from (3.5)
that Q =g, and from (4.12) that Vs q(H) < c. Proposition 4.4 yields (4.30) with the same choices.

The second estimate in (4.28) follows similarly, except with the choice 1[7] = Ly¢; and the observation that (3.8) implies
that Q = q + qx. Proposition 4.4 yields (4.31) with the same choices.

It is easy to verify by induction that

dk dk
tkﬁ(ﬂ +6)Pb(t)| = tkﬂFb(logt) <c(b)ca, t>0.k=0,--- .8,

and hence, for N > 1,

dk
tkﬁ((l/N—H)ﬂbN(t)) <cb)eoN#, t>0,k=0,---,S+1. (4.33)

Since b(t)~! is a mask of type —pB, we record that

dk
t"ﬁ((l/N—i-t)ﬁbN(t))_l <c(b)eNP,  t>0,k=0,---,S+1. (4.34)

Finally, if g: R — R is any compactly supported, S times continuously differentiable function, such that g(t) = 0 on some
neighborhood of 0 then (4.33), (4.34) imply

lgbnllls <c(b, ©N7P, llg/bnllls <c(b. NP, N=1. (4.35)
In particular, (4.12), and (4.35) imply that Vs q (gbn) < cN~#. The first estimate in (4.29) follows from Proposition 4.3.
The second estimate follows similarly to the second estimate in (4.28). The estimate (4.32) follows from Proposition 4.4 as
with (4.31). O
5. Integral representation

The objective of this section is to prove

Theorem 5.1. Let 1 < p < 00, B > MaXi<k<m Gk +q/p, and f € Wp . Then for every x € X,

Li(f, %) = f L 1G(x, y) f O (ndp*(y). (5.1)
X
Moreover, fork=1,--- R,

I f = on(h; F)lloo < cn IB=VPY FO 0L f — Lyon(h; f)lloo < cn9E=0=1/P)) g®)) (5.2)
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Our proof of Theorem 5.1 requires two inequalities: the Bernstein inequality and the Nikolskii inequality.
The Bernstein inequality is the following.

Lemma5.1. Let 1 <k < R. Then
ILk(P)Ilp < cn®||P||p, Pellp, n>1. (5.3)

Proof. If P € I, then a straightforward calculation using the orthogonality of {¢} and the facts that h(t) =1 if |t| < 1/2
and P (k) =0 if k > n shows that for x € X,

mm=f¢mm&ywme%w=on%mm, xeX. (5.4)
X

Therefore, Ly P = Lo, (*; h; P). We now apply (4.31) with 2n in place of n, v, = v; = u* (so that dy =d =0, lvillla; = 1),
and r = p. This leads to (5.3). O

The Nikolskii inequality is the following.
Lemma5.2.Ifn>0,P eIl;, 1 <p<r<oothen
1Pl < cn?/P=1 Py, (5.5)
Proof. We apply (4.30) with 2n in place of n, v, = vy = u* (so that dy =dy =0, llvjllg; = 1), and P in place of f to obtain

lloan(*; h; Py < cnd/P=10 1Py,

The estimate (5.5) follows from (5.4). O
We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. In this proof only, let L denote any of the operators L, and A be the corresponding g, as defined
in (5.3). We observe using (2.2) that

035 (gbyi: ) = 03 (g3 ).
In view of (4.35), we deduce that for integers j > 1,

025 (& F)llp = 05 (gbais FO)Ip <27 F O, (5.6)

Since 0,j(g; f) € II,;, (5.5) implies that
o5 (8; F)lloo < 27 TEVP FO (5.7)
Hence, (5.3) shows that

Loy (g; f)lleo < c27IB=AZYPY| F O (5.8)

Using the second identity in (4.26), we deduce (5.2) easily from (5.7) and (5.8). In particular, since L is a closed operator,
this shows that for x € X,

L(f, )= Loy (g f,0) =) Loy (ghys; f®, %),

j=0 j=0

with the convergence being uniform. This leads to (5.1). O
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6. An approximation result

The purpose of this section is to prove the following result, analogous to [12, Theorem 6.3].

Theorem 6.1. Let 1 < p < 00, f > maxq<k<g gk + q/p’, and

R M
Y =) Y ajlkiG, 0,  xeX (61)

k=1 j=1

There exists an integer N* ~ n~1 such that for n > N*,
1
W — on(h; W)|Ip < EH\IJ”p- (6.2)

As in [12], the main problem is to relate |W||, and the coefficients cy j, via oom(g; W). The main technical problem is
the following. The mapping y + oam(g; Lx1G(y, x)) is not in ITym. So, we cannot use an analogue of [12, Proposition 6.3]
to obtain a full estimate of the form [12, Theorem 6.2(b)]. The following Proposition 6.1 (which we will call the coefficient
inequalities) serves as a substitute.

In order to state the coefficient inequalities, we will use the following notations: a; = (a1, - - - , ax,j), and
M
W) =Y LGy, xeX, (63)
j=1

so that & = Z,le Wy.. For any sequence d,

1/p
Il = { [T} i sp<oo,
SUP1 <j<oo 14l if p = oo,

with a Euclidean vector extended to a sequence by padding with 0’s. The coefficient inequalities are given in the following
proposition.

Proposition 6.1. Let 1 < p <oo,and 1 <k <R.

(a) Forinteger m with 2™n > 1, we have

llogm (g; W)l < c2M@=FHI/P) ay |, (6.4)
(b) We have
lagllp < cn®PHa/P g, (6.5)

(c) For integer m with 2™n > 1, we have

R
lloam (g: W), <y QMmH AP g, (6.6)
k=1
and
R
S el < cnP P . (6.7)
k=1

Proof. The proof of part (a) mimics that of [12, Theorem 6.2(a)]. We observe that for x € X,

o (g; Lk, 1G(Yj,0),X) = Zg(?»i/zm)b()»i)Lk(¢i)(Yj)¢i (%) = Li,1 Pam (gbam; ¥, X).

1

Using (4.29) with p=1, v=p* (so that d =0, ||v[|g.q = 1), we obtain

lloam (g; Lk 1G (v, o)1 < 2™ @A), (6.8)



162 S. Chandrasekaran et al. / Journal of Computational Physics 365 (2018) 149-172
Therefore,

M
lloam (g: Wi)ll1 < Y lax, jllloam (g; La G (v, o)l < 2™ % Pjay ;. (6.9)
j=1

Next, we use (4.29) again with 2™ > n~!

d=mn, lItllg,y <c) to deduce that

in place of n, p=1 and v to be the measure 7 as defined in Lemma 4.1 (so that

M
Y loan(g; LGy o)l| = n’q/ |oam (g: Li,1G (0, y))dT(y)
j=1 00 X 00
< sz(QWLQk*lS)(] 4 (2mn)q)(2mn)*q < c2M@+a—p) (6.10)
Therefore,

M
lloam (g Widlloo < Y Ik, jlllo2m (g: Lk 1G(Y . 0) oo
j=1

M

< Nalloo | D loam(g: L1 G(yj. o) < c2™@H =P jap . (6.11)

j=1 0

The estimate (6.4) follows from (6.9) and (6.11) by an application of the Riesz-Thorin interpolation theorem [31, Theo-
rem 1.1.1] to the operator ay — V.
To prove part (b), we fix k, and find d € RM such that

(@, d) =llacllp,  ldllpy =1. (6.12)

We then recall the functions ¢y ; defined in the assumptions on Ly, and set
M
b
F(x) = Zdjqb,ﬁ’}.(x), xeX.
j=1

We estimate ||F||,,. We consider the case when 1 < p’ < oo, the case when p’ = oo is only simpler. Since each ¢,Eb; is

supported on a neighborhood of y; with diameter < #/3, for any given x € X, there is at most one j’ such that ¢,£b])., (x) #0.
Then

’ / b ’
FIP =1dj P g} (1P,
and thus, for any x € X,

M
IFeOIP =Y 1dj1P 1 (01P' (613)

j=1

Since each gb,E’_J} is supported on a neighborhood of y; with diameter <#/3, (3.11) and (3.4) shows that

b 4 b / A/
/ ) 1P dpa* () < / (e 1P dpa” (x) < ey PP,
X B(yj.n/3)
Consequently, (6.13) implies that
IF|l, < cnptale’, (6.14)

Next, using Theorem 5.1 and (2.7) from the assumptions on L, we obtain that for any k' =1, --- R,

M
/ L1 Gy OFdp* (0 =Y d; / Lie 1G (Y 09 (X)dj* ()
X X
dp, ifk' =k,
0, otherwise.

j=1
M

=Y djLe (b)) (yj) = {
j=1
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Consequently, the definition (6.12) of d shows that

R M M
/ VEOFQd 0= Y avy f LGy, OFdu* (0 = ) ag jdjy = llalp-

X K=1j=1 % =1
Together with (6.14), this shows that

lallp = / WEF @A x) < [Wlp | Flly < cp®PHaP | w),.
X

This proves part (b).
Part (c) is a straightforward consequence of parts (a) and (b) and the fact that ¥ = Z,f:] Y. O

Proof of Theorem 6.1. In this proof, let A = maxj<x<g qx. In light of (4.26) and (6.6) we obtain for N > L, B>A+q/p
that
R

W —om: W< > llogm(@Wlp<cy > @B PP w|, <y @A,
m=N+1 k=1m=N+1

If n>2N+1 then

I — on(h; W)llp <c_inf [W—Pll,<c inf W= P, <c|¥—om(h: W), <c2@VmA= AP w,.
Pellp2 PEHZN

We may choose N so that 2N ~ p~!

N*=2N+1_

and the rightmost expression above is < (1/2)||¥||,. Then we have proved (6.2) with

7. Proofs of the main results

Proof of Theorem 2.1. We define the inner product

k) S5 (k
(g1, 22) Zg1()gz(<)'

b(h)?
We wish to show first that there exist the coefficients ai j such that

LiP(ye)= fie. €=1,---,Mp, i=1,--- R, (7.1)

and with this choice, P is the solution of the minimization problem (2.8).
We observe that

DN dijdieLiol1G(yj y) =Y b)Y di L@yt = 0.

k,j i,£ v=0 k,j

If the infinite sum is equal to O, then

> di L@ (y)) =0, v=0.1,--
k. j

Consequently, for every x € X,

0= b)Y di jLi( @)Y )pv () =Y di jLi1G(y;, ).

v=0 k,j k. j
Next, we observe by a straightforward calculation that for any f in the domain of the Lj’s,
(Le1G(y, o), f) = Le(HH(¥)- (7.2)
So, for each i and ¢,
di e = Li(¢i,0) (Vo) = <Z di,iLk,1G(yj, 0), ¢i,£> =
k, j

Thus, the matrix of the system of equations (7.1) is positive definite, and hence, (2.9) has a unique solution given by P.
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Let g be another candidate for the minimization problem. Then

(P,g—P)=D aj(Lk1G(yj,0), g~ Py =Y aj(Li(@ ) — L(P)(¥)
k,j k,j

=Y j () = L(FH(yj) =0.
k,j

Hence,

lg®12=(g,8)=(g—P,g—P)+ (P, P)> | PD|3.

This proves that P is the solution of the minimization problem. O

Proof of Theorem 2.2. This proof is almost verbatim the same as the proof of [12, Theorem 5.1]. We will point out only the
differences. We will omit the notation n in our proof as in the other paper. Let a € REM be a row-major ordering of the
matrix (ag, j)k=1,... R, j=1,-.,m- We define

R M
Nallfn =Y.k jle1Gj.0)| - (7.3)
k=1 j=l p/
In view of (6.7) this is a norm on RRM, Let N* be chosen so that Theorem 6.1 holds with p’ in place of p, and D be the
dimension of ITy+. For d € RP, we define

lidillp == | Y bGj~'djg;| - (7.4)
)Lj<N* P

In place of F&9 in the proof in [12], we need F('/%_ In place of the matrix A in [12], we take the matrix appropriate
for the interpolation problem which we are dealing with; i.e.,, a matrix indexed by (k, j) and m so that the ((k, j), m)-th
entry is Li(¢m)(y ;). The rest of the proof is the same as in [12] with obvious minor changes; e.g., X in place of [—m, ]9,
bivariate kernels in place of convolutions, etc. O

We will prove Theorem 2.3 in much greater generality for future reference in the form of Theorem 7.1 below.

Let X be a separable Banach space with norm || o ||, X* be its dual space with dual norm | o ||*. Let R > 1 be an integer,
and for each integer n>1, 1 <k <R, xlj.n € X*, with ”X;:,n”* < 1. We assume that for each k, X;:,n — x;: in the weak-*
topology. Necessarily, each x;; € X* and [|x;[|* < 1.

Let Y be another normed linear space with norm | o |y, continuously embedded, and hence, identified with a subspace
of X. We assume that the unit ball

B={geY:|gly =1}

is compact in X. Let V; € --- €V, C V41 C--- be a sequence of subsets of Y.

Theorem 7.1. Let f € Y, and we assume that there exists v,, € Vy, such that

|Valy = min{|gly : g € Vn, X ,(8) =x,(f), k=1,---, R} <c|fly. (7.5)

Then X} (vn) — x;(f) asn — oo.

This theorem easily follows from the following lemma. If § > 0, and K C X is a compact set, we say that a subset A of K
is 8 separated if

min | f1 — f2[ = 6.
f1,f2€A
fi#f2
Since K is compact, such a set is necessarily finite.

Lemma 7.1. Let X be a separable Banach space, {y;,}>>_, be a sequence in the unit ball of X* converging to y* € X* in the weak-"
topology. If K C X is a compact set, then

lim sup |y}, (f) — y*(f)|=0.
m—>oof€K
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i

°° N oy o

1.0 .
0.3 0.0 -0.5

00945 05 0.0 05 1.0 05 ;610

Fig. 1. Test functions f,5(x, —0.96) and f»5(x, y) from Eq. (8.1).

Proof. Let € > 0. We consider the set A to be the maximal €/3 separated subset of K. If

foe K\ |JifeX:lg—fll<e/3),

geA

then we may add fp to A to obtain a larger €/3 separated subset of K. Therefore,

K| JtfexX:lg—fll<e/3) (7.6)

geA
In view of the weak-* convergence, we obtain an integer N > 1 such that
sup  |yp(8) —y* (@)l <€/3.
m>N, geA
Let f € K. In view of (4.22), we obtain g € A such that

If—gll <e€/3.
Using the fact that ||y} [I* <1, |ly*||* <1, we obtain for m >N,

Y () =Y DI = 1ym(f) = ym(@1 +1ym(8@) — ¥y (@I + 1y (@) =y (NI = If —gll+€/3+1f —gll <e.
This completes the proof. O

Proof of Theorem 2.3. We apply Theorem 7.1 with the following choices. The space X is defined as follows. We consider
the space of all functions f € LP for which Li(f) is well defined, with the norm

R
1£1= " I1Le(Hllp-

k=1
Then X is the closure of the space of all diffusion polynomials in the sense of this norm. The functionals are defined by

Xen(f) = diLie()(xn), %, (f) = ckLi(f) (x0),

where the constants are chosen to bring the linear functionals into the unit ball of X*. These will depend only on L and X,
not on the individual points x,. O

8. Numerical simulations

In this section we present numerical simulations of Birkhoff interpolation. By noting the one-to-one correspondence
between even trigonometric polynomials and algebraic polynomials of the same degree, we focus on interpolation on [—1, 1]
and [—1, 1]2. To show that this method works for a general basis, we also include examples of interpolation on the sphere S?
using real spherical harmonics. Examples of both 1D and 2D interpolation are included, but we emphasize 2D interpolation
due to its challenging nature. In two dimensions, we restrict ourselves to interpolating on subsets of [—1,1]% and S%. In
particular, we look at interpolating the function (see Fig. 1)

1 1 1
1+ R(x%2+y—0.3)2 + 1+ R(x+y—0.4)2 + 1+ R(x+ y2 —0.5)2
1
+ 9
14+ R(x2 + y2 —0.25)2

frRx, y) =

(8.1)



166 S. Chandrasekaran et al. / Journal of Computational Physics 365 (2018) 149-172

10

=
o
[N

Rel Error
=
S

10 20 30 40 50 60
Interpolation Points

Fig. 2. Interpolation error of f5(x, —0.96) using MSN 1D Birkhoff interpolation for various s values. Function and derivative values are given at n equally
spaced points. Error has been normalized by maximum function value. Single precision. (For interpretation of the colors in the figures, the reader is referred
to the web version of this article.)
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Fig. 3. Interpolation error of f,5(x, —0.96) using MSN 1D Birkhoff interpolation for various s values. Function and derivative values are given at n equally
spaced points. Error has been normalized by maximum function value.

with Runge functions on two parabolas, one line, and one circle in [—1, 1]%. Here, the R parameter controls the difficulty of
the interpolation, with larger R values corresponding to more difficult interpolation problems. Most of the tests use R = 25,
although some examples (Figs. 17 and 18) use R =9 in order to show we can obtain small errors in 2D interpolation: error
on the order of 10~8 using double precision. In one dimension, we interpolate f5(x, —0.96). On the sphere, we look at
interpolating the function

1

5 (8.2)
1+ (cos7x+cos7y + cos7z)

gix,y,2) =

where we restrict g to S2. Unless stated otherwise, the examples are computed using double precision and the derivative
information consists of directional derivatives along the coordinate axes. There does not appear to be any standard software
packages for Birkhoff interpolation when the point distribution is arbitrary, so we are not able to compare our method with
others.

For p =2, MSN Birkhoff interpolation reduces to solving

min ||Dsall2, (83)
Va=f

where Dj; is a diagonal positive-definite matrix with condition number O (n®), V is a Chebyshev-Vandermonde matrix, a is
the vector containing the Chebyshev interpolation coefficients, and f is the vector containing the function and derivative
values. Here, s takes the role of 8 in the previous discussion. The D matrix allows us to control the sth derivative of our
approximation. Solving this linear system takes great care and we present details below.

In the one dimensional case, we interpolate f,5(x, —0.96) on [—1, 1] using both single precision and double precision
on equally-spaced points. Results for function and derivative information at equally spaced points are presented in Figs. 2
and 3. We obtain similar results in Figs. 4 and 5 when we interlace the function and derivative information. In the 2D
interpolation below, the point (—0.96, —0.96) was the point with the largest error on the 21 x 21 tensor grid for s =8, and
this is why we chose to the 1D function to be f;5(x, —0.96). In both single and double precision the interpolation error
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Fig. 4. Interpolation error of fy5(x, —0.96) using MSN 1D Birkhoff interpolation for various s values. Function values are given at n equally spaced points
while derivative values are given at n — 1 points in between. Error has been normalized by maximum function value. Single precision.
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Fig. 5. Interpolation error of fy5(x, —0.96) using MSN 1D Birkhoff interpolation for various s values. Function values are given at n equally spaced points
while derivative values are given at n — 1 points in between. Error has been normalized by maximum function value.
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Fig. 6. Interpolation error of f,5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function and derivative values are given on n x n tensor
grid. Error has been normalized by the maximum function value. Single precision.

approaches machine epsilon with an appropriately chosen s-value and increasing points. The error is computed by taking
the difference between the function and the approximation on 10n equally spaced points, normalized by the maximum

function value. The mesh norm is

2
- ; (84)
minjj [cos~1(x;) — cos—! (x;)]

and the interpolation order is taken to be m.
We showcase the true power of MSN Birkhoff interpolation by using a variety of point distributions in two dimensions.

In particular, the interpolation of f;5(x, y) is performed on a tensor grid (Figs. 6 and 7), on a tensor grid intersected with
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Fig. 7. Interpolation error of fy5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function and derivative values are given on n x n tensor
grid. Error has been normalized by the maximum function value.
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Fig. 8. Interpolation error of f,5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function and derivative values are given on n x n tensor
grid that has been intersected with an annulus (inner radius 0.5 and outer radius 1). Error has been normalized by the maximum function value.
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Fig. 9. Interpolation error of f5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function and derivative values are given on an (n, 8n)
annular grid: inner radius 0.5, outer radius 1, n equally spaced points in the radial direction, and 8n equally spaced points in the angular direction. Error

has been normalized by the maximum function value.

an annulus (Fig. 8), and on an annular grid (Fig. 9). The maximum error is computed by taking the maximum difference
on a 10n x 10n grid for an n x n interpolation grid. When we interpolate with function and derivative values interlaced,
we also see convergence, whether the directional derivatives are parallel to the coordinate axes (Figs. 10 and 11) or not
(Figs. 12 and 13). Furthermore, MSN Birkhoff interpolation can use a variety of bases. Figs. 14 and Fig. 15 show results for
interpolation on S? using real spherical harmonics. Additionally, we present results in Fig. 16 for when points are clustered
near the north and south poles, requiring interpolation points to have polar angle 6 € [0, Z]U [ZT”, m]. We see a general
trend of decreasing error in these regions. By interpolating fo(x, y) on tensor grids on [—1, 1]? (Figs. 17 and 18), we see that
for easier 2D problems we still find that the error decreases as we increase the interpolation points. The interpolation order
for two-dimensional problems is computed similar to the one-dimensional case. An archived version of this paper includes
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Fig. 10. Interpolation error of f»s(x,y) using MSN 2D Birkhoff interpolation for various s values. Function values are given at n x n tensor grid while
derivative values are given at (n — 1) x (n — 1) tensor grid in between. Error has been normalized by maximum function value. Single precision.
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Fig. 11. Interpolation error of f5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function values are given at n x n tensor grid, while
derivative values are given at (n — 1) x (n — 1) tensor grid in between. Error has been normalized by maximum function value.
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Fig. 12. Interpolation error of f,5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function values are given at n x n tensor grid, while
derivative values are given at (n — 1) x (n — 1) tensor grid in between. Directional derivatives are not parallel to the coordinate axes and are in the

. I 1 1 3 . . . . ..
directions (ﬁ ﬁ) and (ﬁ — ﬁ) Error has been normalized by maximum function value. Single precision.

the same data presented here in table form to allow for other people to easily compare their results with ours [32]. The
difficulty in obtaining low interpolation error is due to the long run time required for the dense matrix computations. Future
work will be devoted to investigating and implementing fast algorithms arising from the structured equations.

Larger s values give greater derivative control and, by looking at the error plots, generally more accurate results; however,
large s values lead to high condition numbers, so care must be taken to arrive at an accurate solution. We use a variant of
the complete orthogonal decomposition of [33] because the ill-conditioning in our method results primarily from a diagonal

matrix. From Eq. (8.3), this is equivalent to solving
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Fig. 13. Interpolation error of fy5(x, y) using MSN 2D Birkhoff interpolation for various s values. Function values are given at n x n tensor grid, while
derivative values are given at (n — 1) x (n — 1) tensor grid in between. Directional derivatives are not parallel to the coordinate axes and are in the

directions (% %) and (% —%) Error has been normalized by maximum function value.
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Fig. 14. Interpolation error of g(x, y,z) using MSN 2D Birkhoff interpolation for various s values on S?. Function and derivative values are given on a
scattered grid with minimum separation approximately 7 /d, where d is the Theta Divisions. Error has been normalized by the maximum function value.
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Fig. 15. Interpolation error of g(x, yz) using MSN 2D Birkhoff interpolation for various s values on S2. Function and derivative values are given on a
scattered grid with minimum separation approximately 7 /d, where d is the Theta Divisions. Error has been normalized by the maximum function value.

min ||x||2 (8.5)

VD7 x=f
and setting a = D;1x. Thus, the main computational cost is an LQ factorization of VD;l. Large s values may render
standard pivoted LQ algorithms (especially those based on Q R Factorization with Column Pivoting) useless. Thus, the best
algorithm may be to implement a Rank-Revealing LQ factorization based on [34]; we implement a poor man’s version that
is sufficient for our work here.
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Fig. 16. Interpolation error of g(x, y,z) using MSN 2D Birkhoff interpolation for various s values on S?. Function and derivative values are given on a
scattered grid with minimum separation approximately 7 /d, where d is the Theta Divisions, with the restriction that the polar angle 6 € [0, Z]U [ZT”,JT].
Error has been normalized by the maximum function value.
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Fig. 17. Interpolation error of fg(x, y) using MSN 2D Birkhoff interpolation for various s values. Function and derivative values are given on n x n tensor
grid. Error has been normalized by the maximum function value. Single precision.
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Fig. 18. Interpolation error of fq(x, y) using MSN 2D Birkhoff interpolation for various s values. Function and derivative values are given on n x n tensor
grid. Error has been normalized by the maximum function value.

Specifically, we use the following algorithm:

. Compute V = P1L1Q1 using an LQ factorization based on QRCP.

. Determine permutation IT such that Qle‘ll"[ has decreasing column norms.

. Compute the singular value decomposition: Q1 Ds‘ll'l =UZXV*; only U is used.
. Compute U*Q1D; 1 = P51, Q5.

. Solve L1z=Pjf.

. Solve Ly = P5U*z.

. Seta=D;'I1Q;y.

9O U A WN



172 S. Chandrasekaran et al. / Journal of Computational Physics 365 (2018) 149-172

The main cost of the algorithm is 2 pivoted LQ factorizations and 1 SVD, and this algorithm is used for both 1D and 2D
problems. We now look at the important feature: in Step 3, we compute the SVD of Q1DS‘11'[, so that U*Q1DS‘1 M~ xVv*
to machine precision. This ensures that our LQ factorization in Step 4 is accurate. In essence, U is a preconditioner for
numerical stability. This algorithm appears to give results independent of s, so our results depend only on the condition
number in V, not VD;l, and is similar to what was used in [12,19]. Now, the underlying condition number of V does
appear to be the limiting factor in the accuracy of the approximations; the 1D results (Figs. 2-5) seem to show this as well
as Figs. 6 and 17 in the 2D case, both of which use single precision and which appear to have the “U”-error shape that is
expected when rounding errors start to dominate computations.

We have not shown this method to be numerically stable; however, all of the numerical examples are solved using the
same algorithm in both single and double precision. The one-dimensional data indicate that we approach machine epsilon
in both single and double precision, while the two-dimensional data show that increasing data points generally leads to
decreased error.

9. Conclusions

We proved a general Birkhoff interpolation result: with minimal restrictions it is possible to interpolate function and
derivative information with diffusion polynomials of degree N* ~ n~!, where # is the minimum separation distance be-
tween points. This extends previous work related to function interpolation [12] and is needed for numerical approximations
arising in the solution of partial differential equations [19]. One and two dimensional numerical examples were presented
to demonstrate the abilities of this method with indifference to interpolation location.
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