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numerical simulations of transitional and turbulent flows. The discrete adjoint equations
adopt the same stencil and temporal scheme as the forward discretization, and expressions

ﬁi{,ﬁﬁ;kes are derived that relate the discrete adjoint variables to their continuous counterpart. The
Discrete adjoint key ingredients of the forward algorithm can be retained in the adjoint, including the com-
Fraction-step algorithm putation of the cell geometry, the approximate factorization method, and the parallelization
Generalized coordinates strategy. The accuracy, efficiency, and stability of the adjoint solver are also commensurate
Data assimilation with the forward model. In addition, a novel symmetric projector is proposed to guarantee

Taylor-Couette flow that the outcome of the adjoint algorithm is divergence free. The implementation of the

algorithm in double precision satisfies the forward-adjoint relation up to eight significant
figures, and further validation is performed using circular Couette flow. The forward and
adjoint growth rates of instability modes from linear theory are accurately reproduced. In
addition, an adjoint-variational data-assimilation algorithm (4DVar) is adopted to recon-
struct the initial condition of circular Couette flows from limited measurements, obtained
from an independent simulation. When the flow is comprised of saturated wavy vortices,
wall measurements are sufficient to reconstruct an initial condition that latches onto the
target state after a short time. For the more challenging turbulent case, coarse-grained ve-
locity data are used to estimate the initial condition.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

The chaotic nature of transitional and turbulent flows render them sensitive to initial conditions. As a result, attempts to
complement experiments measurements using numerical simulations are fraught with difficulty: small changes in the initial
state of the simulations will lead to divergence of the numerical and experimental state at long times. This divergence rate
can be characterized by a Lyapunov exponent, which was shown to scale with the Reynolds number in turbulent channel
flow [2]. In circular Couette flow, both experiments [3] and direct numerical simulations [4] demonstrated that the wave-
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lengths of turbulent Taylor vortices depend on flow history—a difference that leads to up to 20% variation in torque. Even
in the transition regime, a small change in free-stream turbulence intensity can qualitatively change turbulence onset in
boundary layer flows from orderly breakdown via Tollmien-Schlichting waves to bypass transition [5-7]. Adjoint-variational
data assimilation techniques attempt to address this challenge by constructing accurate initial conditions for numerical sim-
ulations, by incorporating measurements. In this work, we derive the discrete-adjoint of a widely-adopted algorithm for
solution of the Navier-Stokes equations in generalized curvilinear coordinates. We demonstrate the accuracy of the adjoint
model and apply it in a data assimilation problem, where the data are obtained from independent simulations as surrogate
for experiments.

1.1. Data assimilation techniques

Three classes of data assimilation have been applied to flow problems: adjoint-variational methods (4DVar), Kalman
smoother approach, and ensemble-variational techniques. In all three, the main task is to minimize a cost function, which
is proportional to the difference between the true measurements and their estimation from the numerical model. The
performance of the three approaches was compared in detail by Mons et al. [8], who demonstrated that 4DVar is most
accurate; its only shortcoming is the requirement of developing an adjoint to the forward numerical model. Once the adjoint
algorithm is available, 4DVar achieves the largest error reduction given the same computational cost. Another advantage is
the physical interpretation of the adjoint variable, namely it is first-order sensitivity of the cost function with respect to
change in the initial condition.

Two derivations of the adjoint model can be contrasted: the continuous and discrete approaches. The first approach starts
with the continuous forward equations, from which the continuous adjoint equations are derived prior to discretization. The
first application in fluid mechanics can perhaps be attributed to Pironneau [9], who derived the continuous adjoint of
Stokes equations. The extension to inviscid compressible flows and Reynolds-averaged-Navier-Stokes (RANS) equations was
proposed by Jameson et al. [10,11]. The utility of adjoint methods has spanned a wide range of applications, including flow
control [12-14] and state estimation [15,8]. In the later context, Bewley and Protas derived the continuous adjoint of the full
incompressible Navier-Stokes equations and used it to reconstruct the initial condition of turbulent channel flow [15]; Foures
et al. [16] used a similar approach to reconstruct the Reynolds stress. It should be noted, however, that the continuous
adjoint algorithm only provides an approximate of the cost function, because the discretization of the continuous adjoint
equations might not be consistent with that of the forward schemes [17]. Furthermore, the continuous adjoint equations are
only well-posed for certain boundary conditions [18]. Recently Vishnampet et al. demonstrated on the aeroacoustic control
of a mixing layer that the continuous adjoint suffers from exponential error growth in time [13].

In the second approach, the equations of the forward model are first discretized and then the adjoint of the discrete
form is derived, thus providing an exact gradient of the cost function. The boundary conditions for the discrete adjoint
equations are straightforward to derive and implement, compared to those of the continuous variant. Since the first appli-
cation for quasi-one-dimensional compressible Euler equations [19], this approach has been developed for more complex
problems. For example, Mani & Mavriplis derived the discrete adjoint of unsteady compressible Euler equations with de-
forming meshes [20]; Nielsen et al. extended the formulation to three-dimensional unsteady compressible RANS equations
on overset grids [21]; de Pando et al. developed adjoint operators for the linearized Navier-Stokes solvers which are gen-
erated by an efficient algorithm that they proposed [22]. Most recently, Vishnampet et al. derived the discrete adjoint of
the full compressible Navier-Stokes equations, and demonstrated its robustness in a turbulent flow problem [13]. Previous
efforts have not, however, derived the discrete adjoint of the full incompressible Navier-Stokes equations in generalized
coordinates.

Automatic differentiation (AD) is another approach to generate an adjoint solver [23]. However, the computer algorithm
generated by AD is not sufficiently efficient to apply in large-scale simulations. In addition, Gronskis et al. reported unre-
solved issues associated with message passing and parallel reduction operations when automatic differentiation is applied
to parallel programs [24]. By contrast, each term in derived discrete adjoint algorithm has its counterpart in discrete forward
model, which means that the efficiency of adjoint simulation should be close to the forward one and that the parallelization
strategy and scalability of the adjoint solver remain unchanged.

In §2, we introduce the adjoint-variational data assimilation algorithm. The continuous formulation is briefly summarized,
followed by the forward Navier-Stokes model and the detailed derivation of its discrete adjoint and its boundary conditions.
The symmetric operator that is proposed to project the output of the discrete adjoint algorithm onto a divergence-free
field is presented. At the end of §2, the gradient-based optimization algorithm is introduced, and the procedures of the
data assimilation algorithm are summarized. In §3, the adjoint algorithm is validated and applied for data assimilation in
saturated and turbulent circular Couette flows. Finally, conclusions from this work are provided in §4.

2. Discrete-adjoint Navier-Stokes algorithm for data assimilation in generalized coordinates
Adjoint-variational data assimilation, or flow estimation, is formulated as a constrained optimization problem. The un-

known parameter is the initial condition, u°. The constraint is that the velocity field, u, must satisfy the forward numerical
model, u™*! = m(u™), which advances the state from time step n to n+ 1. Under the constraint, the initial condition must
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also reproduce the observation data { y"}nN:O. A cost function is thus defined as the difference between the observations and
their estimation from the reconstructed initial condition,

N
1
J@ =3 S 1y" —ha", p"lip, (1)
n=0
where p" is the pressure field at the n-th time step, h is the observation operator, and | - ||p represents evaluation over

the observation space. In adjoint-variational data assimilation, the adjoint model is invoked to evaluate the gradient of the
cost function. In order to ease the mathematical and physical interpretation of the algorithm, the continuous adjoint is
introduced first, followed by derivation of the discrete adjoint algorithm that guarantees accurate evaluation of the gradient
of the cost function.

2.1. Continuous form of adjoint variational data assimilation

The evolution of unsteady incompressible flows are governed by the continuity and momentum equations,
V-u=0 (2)

ou 1

— 4+ V- (uu)=-Vp+ —Viu. 3

or (uu) P+ os 3)
These equations are also referred to as the forward model in variational techniques, and u, p as the forward variables.
Minimization of the cost function under equality constraints (2)-(3) is equivalent to unconstrained minimization of the
Lagrangian function,

ou

1

L=] - uf, +-V(uu)+Vp——V2u —<pT,V-u>. (4)
at Re

The Lagrangian multipliers u’ and p' are the adjoint velocity and adjoint pressure, respectively., and the inner product is

defined as integration over the whole computational domain and time horizon,
te
o= [ [ freda. (5)
ts V

where t; and t. represent the start and end of the assimilation window. The first-order optimality condition requires the
derivatives of L with respect to both adjoint and forward variables to be zero; the first generates the continuous forward
equations (2)-(3), and the latter leads to their adjoints,

d
v.ut=21 (6)
ap
ou’ 1 aJ
— —u-vu' —u.- vuHhT =vp' + —v2ul + =, 7
Y ( ) p+Re +8u (7)

where t' =t, —t. A few remarks are in order in relation to the adjoint equations: Firstly, if the pressure field contributes to
the observations, the adjoint velocity field is not divergence free. Secondly, the adjoint momentum equations are marched
backwards in time, from t =t, (or tT =t;) to t = ¢, (or t' =t.), and in backward time adjoint diffusion is well behaved.
Thirdly, the adjoint momentum equations include the forward advection velocity, which is reversed in direction, and are
forced by the derivatives of the cost function. Lastly, evaluation of the adjoint advection term requires the time history of
the forward field u. One option is to march forward equations from t =t to t =t. and store u at every time step. The
associated storage cost can be restrictive for large problems since it scales with the number of grid points and time steps.
An alternative is the checkpointing scheme [25]: In this approach, the forward velocities are stored at large intervals, called
checkpoints, and forward simulations are performed between checkpoints to generate the required u fields during adjoint
marching.
Note that starting from the non-conservative form of the forward momentum equations (3), and adopting the same
definition of the Lagrangian function (4), the adjoint momentum equations (7) take a different form,
ou'

1 3]
 _uvut+ut vyt =vpl + — vt L
att - (Vi Pret 2o * ou

The third term on the left-hand side now behaves as a source. Equations (8) and (7) are in fact linked by the transformation
t—pf f
D' =Dnc—u-u.

(8)
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Fig. 1. A computational cell in generalized coordinates.

With the forward and adjoint equations, the general procedures of the adjoint variational approach can be outlined as:
(i) Establish a guess of the initial condition u°, advance the forward equations (2)-(3) and store the forward fields. (ii)
Compute the adjoint evolution (6)-(7) and evaluate the gradient of the cost function. (iii) Apply a projector to the adjoint
field in order to ensure that the search for the initial condition yields a solenoidal state. (iv) Implement a gradient-based
algorithm to update the next initial condition. Although there are many ways to discretize the adjoint equations (6) and (7),
only the discrete adjoint provides the exact gradient of the cost function. In the next subsections, the discrete forward and
adjoint equations are derived, followed by a detailed presentation of steps (iii) and (iv) in the above procedure.

2.2. Discrete Navier-Stokes equations

The incompressible Navier-Stokes equations are solved using a fractional-step algorithm with a local volume flux formu-
lation on a structured and staggered grid [1]. Details of the algorithm are not reproduced here; only the key elements are
presented in order to provide the context for the derivation of the discrete adjoint. In the fractional step approach, instead
of equations (2)-(3), a momentum equation for an intermediate velocity i is solved first,

iu—u"
At

1 A
=—(@V-@w'"-aV- @u' ") - vp"+ Evz (b1u™ + byil) . 9)

As a result, it does not satisfy the divergence-free constraint. Here the weighting coefficients a1, ay, b1, b, depend on the
numerical scheme adopted (a; = 3/2,a; = 1/2 for Adams-Bashforth, a; = 1,a; = 0 for forward Euler, and by = by = 1/2
for Crank-Nicolson). In (9) the pressure gradient is also included, which is referred to as the Ap-form of the equation.
Subsequently, an elliptic equation for pressure increment ¢"*! = p"™1 — p" is solved with the source term proportional to
the divergence of the intermediate velocity,

A

V-u
Vit = 10
é N (10)

Finally, this pressure increment is used to project the intermediate velocity onto a divergence-free field,

un+1 —u

N — _V¢I‘l+1 (1-1)

and update the pressure field p"*! = p" + ¢"*1.
In order to faciliate the application in generalized coordinate, the volume fluxes u9, q =&, n, z, are adopted as the state
variables, and are related to the velocities using the transformation,

u=S:u’ +S,u" +S,u? (12)
S9.8, =81 (13)

where S, is the covariant basis, and S7 is the reciprocal (contravariant) basis. For a computational cell (Fig. 1), the east,
west, north, south, front and back faces are denoted e, w,n, s, f and b, respectively. The volume of a primary cell is V}, and
the volume of a staggered cell is Vg (the dashed and dashed-dot squares in Fig. 2).

With the transformation (12) and all the implicit components moved to the left-hand side, equation (9) can be written
as,
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Fig. 2. Staggered grid arrangement. Solid lines are the faces of primary computational cells, and pressure is evaluated at the cell center (the triangular
mark). The dashed square and solid circles are the faces and center of a ué computational cell. The dashed-dot square and cross marks correspond to a u”

cell. All the solid circles and cross marks in this figure form a stencil for advancing ufj ©
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where H, R, D¢y, D are the advection, pressure gradient, explicit diffusion and implicit diffusion operators (see equation

(18)~(21) and [1] for details). Fig. 2 presents a stencil for computing all these terms. Similar expressions can be written for
1" and @i%. The elliptic equation for pressure increment (10) is discretized as,

Ree@)"™  Rew®™ | Ryn@®™'  Rys@)™!

Vee Ve w Vi Vs (1)
L Ray @™ Rep@)™! e — iy iy — 0 4+ — i
Vz’f Vb - At ’
and its solution is followed by the projection step and pressure update,

R At

@)™ — @)" = ——Re ()", (16)
Ve

pn+1 — pn +¢n+l. (17)

In the following expressions (18)-(21), (i, j, k) represents the center of a ué computational cell (as shown in Fig. 2). The
advection term is given by,

Hel) =S [(uéumsm)w%’j’k — @Sy WS, .
- (unumsm)iyj_%yk + (uzumsm),"j!kﬁ_% - (uzumsm),',j,k_%:l

where m represents summation over &, 7 and z. The diffusion terms are split into explicit and implicit parts,

Vlg (D + D ox) = V:Ze : ZI: (s’ : (Vu n (Vu)T)l) (19)

where [ refers to the center of six faces of the uf-momentum cell, and §' is the normal vector of each face. The velocity
graident Vu; j is expressed in terms of fluxes according to,
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Fig. 3. Grid configuration for the discrete adjoint equations. The definition of lines and symbols are the same as in Fig. 2. (a) Stencil for advancing uft,
where (i, j, k) mark the center of a u cell. The green circle is the location to evaluate the sample term in the adjoint diffusion operator (37)-(39). The ufn
component (38) at this location is computed by averaging the four nearby locations marked by the green cross marks. (b) Stencil for solving the adjoint
Poisson equation (30), where (i, j, k) represents the center of a pressure cell. (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)
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Detailed expressions for the implicit and explicit diffusion terms were provided by Rosenfeld et al. [26]. Due to the splitting,
the momentum equation for @t (14) can be solved by approximate factorization method [1]. The pressure gradient term is,

_gh m Z m gz
Sj 1Sm3j_%uj_% +S,<+%Sm’k+%uk+% Sk

—1
2 2

&
Reijk(P)=—S; - [(Sgp)w%,j,k - (Sép)p%,]‘,k + 6" 1k 1)

— ") i1k D) agr — (Szp)i,j,k—%:l'

For circular Couette flow, periodic boundary conditions are enforced in the azimuthal and axial directions, and no-slip
boundary conditions are imposed at both walls (see §2.4 for details). The pressure Poisson equation (21) is solved using
Fourier Transform in the periodic directions, and a tri-diagonal inversion in the wall-normal coordinate. Other options such
as Fourier-cosine transformation and multigrid method for non-periodic configurations are also available in the forward
implementation [27-29].

2.3. Discrete adjoint equations

For simplicity, the difference between the left- and right-hand sides in equations (14)-(17) are represented by F1 through
F4 in the following derivation. The discrete Lagrangian is defined as,

L=J = (@ @) - (@™, ) - (@, @3)
~{h, Fa),

where q =&, n, z. The definition of the inner product is similar to (5), except that the volume and time integrals are replaced
with vector product over the grid cells and instantaneous fields, respectively,

(m.a")= Ni > ke (23)

n=01i,j,k

(22)

In this manner, the adjoint variables directly represent the sensitivity of the Lagrangian function to the constraints and the
initial condition.
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It is important to note that the continuous and discrete adjoint variables are not identical, but they can be related to
one another by comparing their respective definitions in the continuous (4) and discrete Lagrangian (22). For clarity, we
introduce subscript ¢ to mark the continuous adjoint variables uI and pI.

uf = vse -ul — Acpl - pl o) (24)
uf = v,s, - ul — Aepl, —pl o) (25)
ul? =S, -ul — At(p! ; —p! ) (26)

The continuous adjoint pressure pz appears in (24)-(26) because it is associated with mass conservation, whereas the
discrete adjoint pressure is associated with the Poisson equation. These relations are important in instances when an initial
condition to the adjoint simulation is provided, for example from adjoint linear-stability theory [30]. In this particular
example, the continuous variable must be recast in terms of the discrete adjoint variable prior to marching. This connection
will be used in §3 where, for validation of our algorithm, we reproduce the growth rates of forward and adjoint stability
modes that are predicted using linear theory of circular Couette flow.

By setting the derivative of L with respect to each of the forward variables to zero, we obtain the following discrete
adjoint equations,

R, @01 = RL (611 + R n (@)™ = RY ;071 + R! (@)™

— RLy (@) = At (RE@)™ ! 4 Ry @My 4+ L@y ) — (o 7
(1= bpAD @O — @™ = (@l — 6™, (28)
W)™ =(1 = by AtD]) @)
+ at(aH] (@ @) - aH] (@™, @) )
+ At(a1 D] oy @) — azD] , (@"0)"1) (29)
+ (b1 +by) AtD] @')" + a(ig)n ,
(pH" = (p")™" — AtRL @) — AR @™)" — AtRL @) — %. (30)

The terms HY, RT, DZX and DT are the adjoints to the forward counterparts (H, R, Dexy and D). The time discretization
schemes in (29) are the same as in the forward equations. The procedure for deriving the discrete adjoint operators is
demonstrated by a simple example, using the inviscid Burgers equation, in Appendix A. Due to the symmetry in the discrete
forward operators, only about one ninth of the adjoint terms need to be derived explicitly, and the others terms can be
easily deduced by change of indices.

First we consider a cell with indices (i, j, k), centered around a u® node, and provide expressions for H; and D; The

stencil is shown in Fig. 3(a). The adjoint advection term, H; has three contributions,
Hl = —H] @ u?) — H] ;@™ u) - H] ;@ u) (31)

and each arises due to one of the three forward advection operators, Hg, Hy and H,. The first contribution is

e te g
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3o g g
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the second is,
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and the third part H;3 can be derived by switching n with z, j with k, and g with y in H;Z:
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The adjoint of the forward diffusion terms (19) can be expressed as,
p! + D}, =-D!+ D}, -~ pf+ D!~ D' - D], (35)

where the splitting of the terms into explicit and implicit treatments is chosen to mirror that in the forward terms (19).
The term DT,V is given by,
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The square brackets [...]; j ) indicate that the enclosed quantity is evaluated at the location (i, j, k). Due to the control-
volume form, the term may need to be evaluated from averaging over faces, and hence («, 8, ) are introduced to take
the appropriate values of (i, j, k), respectively. Consider the term in the first brackets as an example, which is expressed for

simplicity using the shorthand [uf™C,];_1. When m =&, since ufé is stored at the i — 1 node (green circle in Fig. 3(a)), the
term [ufCyliq is directly computed at that location,

W Celicr =ul® [ Cio. (37)
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When m = 7, since u' is not stored at the i — 1 node, [u"Cy];_1 is evaluated from the nearby u nodes (four green cross
marks in Fig. 3),

1
e 1. 2,y n
[u C“““‘4(%fgﬂgqfan%+”>;~ Ciog.i-4

T T (38)
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vl Gy Gy )
Similarly, the [ut?Cyli_q is also calculated from the nearby u'? nodes,
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The term DZ has a similar form to (36), with i replaced by i + 1 and « replaced by o — 1. The term DI is given by,
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And the term DE can be derived by replacing j by j+ 1 and g8 by 8 — 1 in (40). The D; term is derived by interchanging
j with k and then 8 with y in DZ, similar to the relation between equation (33) and (34). Finally, D]; is obtained by the

same exchange of indices in DI.

Next, we provide expressions for Rl. The stencil for computing these terms is shown in Fig. 3(b). The indices (i, j, k) in
(41)~(43) denote the location of a pressure node (triangular in Fig. 3(b)), which is also the cell center for the solution of the
adjoint pressure equations (27) and (30).
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2 2

The term Ri,(uT”) can be obtained by switching & with 5, i with j, and o with g in (41). Similarly, RI(uTZ) can be derived
by interchanging & with z, i with k, and o with y in (41). The adjoint Laplacian on the left-hand side of equation (27)
involves six adjoint gradient operators of pressure, which are slightly different from the adjoint gradient of fluxes (41). For
example,
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which is similarly the adjoint of R v (¢). Other operators, R};Yn&pT), R;r%s(dff), R;n(dﬁ) and R;n(¢T), are available by applying
the exchange of indices that was described after (41) to equations (42) and (43). Note that in Cartesian coordinates, the
Laplacian operator is self-adjoint, which in general does not hold in curvilinear coordinates.

From expressions (31)-(43), the discrete adjoint equations use the same stencil as the forward ones (Fig. 2). Furthermore,
the coefficients of the adjoint and forward terms have similar forms, which ensures that the floating-point operations are
of the same orders of magnitude. The skeleton of the forward solver, including the parallelization strategy, could therefore
be easily adapted and adopted for the adjoint. In terms of stability, the Lyapunov exponents are exactly the same for the
forward and adjoint systems. In other words, a time step At for which the forward solver is stable is also appropriate for
the herein derived discrete adjoint model.

2.4. Boundary and initial conditions

At boundaries, some of the cells in the computational stencil are outside the physical domain, or are ‘ghost’ cells (see
Fig. 4). Fluxes at these cells are determined from the boundary conditions. If periodicity is applied in the forward model,
the adjoint boundary condition should also be periodic in the same direction, as shown in Appendix A. Here we derive the
discrete adjoint of the no-slip boundary condition,

u=uy (44)

which is commonly adopted in simulations of wall-bounded flows. Note that u,, can have a wall-normal component, which
represents blowing or suction. Without loss of generality, the wall-normal direction is assumed to be the 1 coordinate. Then
the discrete boundary conditions can be expressed as,

ISs,olug =2(S¢12|uw -Sf/z - ISs,1IU§ , ul=uy, 8],

n n

z z z (45)
|Sz,0|u0 = 2|Sz,l/2|uw ’51/2 - |Sz,1|U1 ,  Ug =1Uy,

and used for computing the right-hand side of the discrete momentum equation (14). The last condition in (45) is due to
continuity. The subscripts correspond to the indices in the wall-normal direction (see Fig. 4).

Since the discrete forward equations are only valid at physical control volumes, the adjoint variables in the Lagrangian
function (22) are not defined at ghost cells. However, to evaluate the adjoint advection and diffusion terms in (29), values
of 47 at ghost cells are required and are derived from the forward boundary conditions. Consider the diffusion term D¢ in
(19) as an example. The terms in D¢ that correspond to derivatives in the wall-normal direction are denoted as Ag(ué),

Ag j(u®) = aj“§+1 + bj”? + Cj”iv (46)

and the adjoint counterpart A;i(fffE ) is
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Fig. 4. Interior cells (——) and ghost cells (- = -) near a solid boundary (1 = 1) of wall-bounded flows.
T ntey _ Tt TatE TatE
A ;@) =ajiip, +biiy +ciiy . (47)
Based on the forward-adjoint relation, the coefficients in (47) are an( =Cjt1, bj. =b; and C;r. =aj_1, when none of the terms

in (46), (47) are evaluated at ghost cells. However, at j =1 the derivative of ﬁ];”&AgJ (ué) with respect to u‘% is,

~TE £
a A N
(U4 s.; (u%)) =uF <b1 _ e Be ) (48)
ouj

due to the forward boundary condition (45). In order to render the expression of A;j(ﬁTs) (47) valid at j =1, we can define

the ﬁgs at the ghost cell as,

N c1 |1Se.1]
aff = _ & Beal e (49)
T 1S ol
¢ 1860
As a result, the coefficient of ﬁ];é in (47) is consistent with (48). The boundary conditions for n and z components can

be derived in the same manner. Since the coefficients of fluxes at ghost cells are different in forward advection, implicit
diffusion and explicit diffusion terms, the no-slip adjoint boundary conditions for evaluating their adjoints in (29) are
distinct.

The starting condition for the discrete adjoint algorithm at t =t,, or t| =t;, is directly available from setting the deriva-
tive of the Lagrangian (22) with respect to u?N and p"M to zero,

oy = 8t 8L
AN apN

In general, J is a quadratic function in the instantaneous field (u9)" and p". Therefore, the derivatives in (50), and similarly
the source terms 8 J/3(ué)", 8J/3p™ in adjoint momentum equations (29)-(30), can be obtained analytically.

Ultimately we seek the gradient of the cost function with respect to initial velocity field, u. The gradient is computed by
the chain rule,

D) _ 8] dn® g0’
au®  JuNo gud ou0

Note that the last equality is because the derivative of cost function with respect to initial flux is equal to the adjoint flux
at the initial time. The derivative du9/9u® can be obtained analytically from the relation between velocity and flux (12).

With the discrete adjoint operators and the associated boundary and initial conditions, at every time step the adjoint
Poisson equation (27) is solved first to evaluate the adjoint pseudo pressure ¢'. Its solution adopts the same numerical
algorithm as the forward one, but with different coefficients of the adjoint pseudo pressure. Then the “adjoint projection”
step is performed (28); note that the projected field is not u'?. Finally the adjoint flux and adjoint pressure at the next step,
in reverse time, are updated using the adjoint momentum equation (29) and the relation between pi™tD and p™ (30),
which requires the forward flux field at that time instant. The updated adjoint flux uf9®+D as well as the gradient of the
cost function (51), are thus not divergence free. In §2.5, we provide a symmetric operator to project the final outcome of
the adjoint marching algorithm onto a divergence-free field.

(50)

(51)

2.5. Symmetric projection onto divergence-free field

As remarked in the previous section, the final output of the adjoint equations (27-30) is not divergence free. As a result,
the gradient of the cost function (51) and the updated initial condition based on this gradient are not guaranteed to be
solenoidal. Yet it is important to enforce a divergence-free constraint on the initial condition of the forward flow field, i.e.
the velocity u?,
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Vijk

where D, s is the divergence operator for the flux, S is the discrete operator transforming velocity to flux, and D;, is the
divergence operator for the velocity. We therefore introduce a projection operator P which satisfies the following conditions:

1. V u°, D;,Pu® =0;
2. If D;j,u® =0, Pugl =ub;

3. The projection operator must be symmetric, PT =P.

The last criterion is essentially a requirement that the projection is self adjoint. With this condition, it can be introduced
at the start of forward marching and at the end of the adjoint evolution, while maintaining the accuracy of the discrete
forward-adjoint duality. This property will be beneficial in the gradient-based optimization procedure (see §2.6 below).
Under the above three conditions, the projector is unique,

P=I1-D], (D;yD],) 'Djy. (53)

Note that this projection operator is different from the one adopted in the fractional-step algorithm (15-16) because in
those equations the discrete Laplacian V2 is not (D;, D) and the gradient is not D], .

With the projector P, any velocity field u®  can be projected onto a solenoidal field by computing u® =Pu® . In orthog-
onal coordinates, S is a diagonal matrix, which renders the projector (53) as efficient to implement as the projection step in
the forward equations (15-16). Therefore, the projector is equivalent to solving the following equations, where (i, j, k) refers
to the center of the primary pressure cell,

P din ) | SR & 2+ Pi _ it |gn ’
Vi Vip i+3 Vier Vi i-3 Vi Vin it
_(¢f—1 _ﬁ> s 2+<ﬂ_—¢"“) s 2—<—¢"1 —ﬂ) s ’
Vier Vi) |73 Vi Vigr/ k2 Vier Vi) [k (54)
=(u°7 -Sé). - (uof -S$>, L+ (uof -S”), = <u07 -S”>. :
i+ i—3 Itz =2
), ),
k+5 k=3
WO 0 <¢’i,j,k B ¢>i+1,j,k> s . (55)
i+ its Viik  Vigjk/ | 2

The equations for updating the other components are similar to (55).
In generalized coordinates, the term D,-VDiTv in the projector (53) comprises a 5 x 5 x 5 stencil. In lieu of solving the

associated elliptic equation and projecting the velocity onto a solenoidal field, u® = Pu®", we can solve the equation,
D!, u’ =0 (56)

using conjugate gradient method with u% as the initial guess. The connection to the projector (53) can be explained by
considering that the vector space U® comprised of all possible initial velocity fields can be written as the direct sum of the
kernel and the row space of D;y,

U° =ker(D;,) ® rowsp(Dj,). (57)

For any velocity field u% e U°, the decomposition (57) is unique. The projector P in (53) removes the components within
rowsp(D;jy) and retains those within ker(D;,) unchanged. As for the solution of the conjugate gradient procedure, it can be
written as,

u’=u" —span{(D},Di)u’ , (D],D;y)’u’, (D}, D;)°u’",...}. (58)
All the search directions are within the column space of DL, or the row space of D;,. Since the search directions are
conjugate with respect to DiTvDiV, they form an orthogonal basis for rowsp(D;,) as long as sufficient iterations are performed.

Therefore, the solution (58) contains only the components of u®  in ker(D;,), and is equivalent to Pu®" .
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Fig. 5. Schematic of circular Couette flow configuration.
2.6. Gradient-based optimization

With the gradient of the cost function (51) and the projection operator (53), an efficient gradient-based optimization
algorithm can be adopted to minimize the cost function. Here the limited-memory formulation of quasi-Newton BFGS
method (L-BFGS) is adopted [31] due to its applicability and wide use in large-scale non-linear optimization problems. The
L-BFGS method was originally proposed for unconstrained optimization and, therefore, we modify it slightly to enforce the
divergence-free constrain. The basic idea is to update the initial condition using,

ul,, =P (ul +ondy), (59)

where subscript k identifies the k-th iterate of the optimization procedure, and d, = —ByP(V J). The term By is a rank-two
approximation of the inverse of the Hessian matrix of the cost function. The step size o, is updated through the line search
routine CVSRCH [32], which enforces the strong Wolfe condition and uses cubic interpolation to compute «. Therefore, it
might require more than one forward-adjoint loop to obtain ¢, at each L-BFGS iteration. Another possible choice of ¢ is to
calculate the optimal step size in the linear sense [33,34]. This choice was also tested. The convergence history of the cost
function is comparable with line search, but additional computational cost is required to compute the optimal step size.

The symmetric projector features twice in (59), after the adjoint simulation and before the forward simulation. In the
first instance, P(V J) ensures that we are searching in solenoidal space. The second projection, Pdj, is also necessary because
multiplication of the search direction by By can become non-solenoidal. The symmetric property, PT = P, guarantees that
the action of P at the end of the adjoint evolution is the adjoint of its action at the start of the forward evolution.

Combining the forward and adjoint solvers with the optimization algorithm gives the following minimization procedure
for the cost function:

1. Start with a first guess of the initial condition u° , and compute its projection onto a divergence-free space u® =Pu® .

. March the forward equations with u® from n=0 to n =N and store the forward flux fields at every time step.

3. Solve discrete adjoint equations from n = N to n =0 to obtain the adjoint flux at the initial time, which is equal to the
gradient of the cost function.

4. Update the next guess of the initial condition using (59), and repeat steps 2-4 until convergence or until a set maximum
number of iterations is reached.

N

3. A case study: data assimilation of circular Couette flow

In order to assess the performance of our algorithm, we applied it to reconstruction of circular Couette flow from limited
observations. The circular Couette configuration (Fig. 5) is characterized by the ratio of the inner and outer radii x =r;/ro
and the aspect ratio I' = L/d, where d is the gap width d =r, — r;. We consider a stationary outer cylinder, and therefore
the Reynolds number is defined as Re = v;d/v, where v; is the tangential speed of the inner cylinder. The laminar state is
only comprised of an azimuthal velocity,

Uign=(Ar+B/r)eg, A:—r—i—l_xz, B:Tivi—l_xz.

Computational parameters for the two test cases examined herein are summarized in Table 1.

(60)

3.1. Validation of forward and adjoint codes

In order to validate the implementation of the forward and adjoint models, we compute the evolution of small-amplitude
linear instability waves and their adjoints using the full nonlinear Naviers-Stokes and adjoint operators and compare the
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Table 1
Computation setup of two test cases.
Test cases  Re X r Grid AYmin AYmax At
Case 1 400 0.714 2w 128 x 64 x 128 0.007 0.024 0.02
Case 2 3200 0.617 458 256 x 128 x 256 0.004 0.012 0.005
(@) 197 [ L, ®) 101
=105 t =107
) K
10° 107
0 40 80 0 20 40
t it
Fig. 6. Time evolution of (a) forward perturbation energy and (b) adjoint energy. (- — —) Prediction of linear theory; (——) numerical simulation.
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Fig. 7. Validation of the forward-adjoint relation: relative error € between the gradients obtained from the adjoint algorithm and from finite difference
approximation plotted versus the perturbation ||Au?|.

instability growth rates to linear stability theory. The initial condition of the simulations is a superposition of the laminar
base state and a small-amplitude perturbation,

Uign is given in (60). The perturbation has the form, v/, = aRe{V je!km0+kz2)} where ¥; is the eigenmode of the linear
stability equations (given in Appendix B), a is the modal amplitude, and kp, and k, are the azimuthal and axial wavenumbers.
The simulation setup corresponds to the first test case in Table 1, and we select the most unstable mode at wavenumber
(kz, km) = (3, 1) for validation. The perturbation energy density,

1 1 p
E®) = / 5 (v/ez + 24 sz) rdrdfdz (62)

14

is shown in Fig. 6(a) as a function of time. In the early stage of the modal evolution, E amplifies exponentially at the rate
that is predicted by linear theory to within 0.2%, which serves to validate the forward model [35]—additional validations
were performed for unstable and stable modes with different values of k; and k, with similar agreement. Beyond the linear
stage in Fig. 6(a), the perturbation amplitude becomes appreciable, and nonlinear effects lead to energy exchanges with
higher harmonics and the mean flow, and a saturated state is ultimately established.

The implementation of the discrete adjoint can be validated in a similar manner, by comparing the exponential growth
rate of the adjoint mode from the simulations with the prediction by linear theory (Appendix B). Note that the continuous
adjoint eigenmode obtained from the adjoint stability equations (B.14)-(B.17) should be transformed into discrete adjoint
fluxes according to the relation between continuous and discrete adjoints (24)-(26). Since the adjoint operator is linear, the
adjoint energy density,

1 1
ET(t) =v / 3 (VZZ + v];z + viz) rdrdfdz (63)
v
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Fig. 8. (a) Time evolution of the total energy in the data-acquisition simulation. The gray region corresponds to the data-acquisition interval. (b) Energy
spectra E(k;, ky) of the true saturated flow, normalized by its infinity norm.

grows exponentially at all times and does not saturate (Fig. 6(b)). The evolution of ET agrees well with linear theory, and
the error in the growth rate is less than 0.2%.

The forward-adjoint duality relation was validated by comparing the gradient of the cost function obtained from the
adjoint algorithm, V J4, and from a finite difference approximation when the forward field is perturbed slightly, V Jr. The
relative error between these two gradients is defined as €:

_A g, _J@au)—j@® [VIa= VIl
- 0’ JF_ 0 E) -_— -
ou Au IVJal

The norm in (64) is L-2 over all the grid points and the three components of the velocity field. As shown in Fig. 7, the
relative difference decreases with |Au®|| — 0 down to square root of machine precision. This result is independent of
the number of grid points and the parameters of the flow configuration. If Au® is decreased further, the finite difference
approximation becomes contaminated by round-off errors and not sufficiently accurate for validating the forward-adjoint
relation—see Appendix C. Note that the accuracy of the forward-adjoint relation is unaffected by truncation errors when
the discrete adjoint formulation is adopted. In contrast, in the continuous-adjoint approach, the error in the forward-adjoint
relation is dominated by the truncation terms of the discretization scheme.

Via

(64)

3.2. Test case 1: wavy vortex flow

The first test case for data assimilation corresponds to a saturated wavy vortex flow, that was previously examined using
direct numerical simulations by Ostilla et al.[36]. In order to reach the saturated state, the initial condition is a superposition
of the laminar base flow and four unstable modes with different wavenumber pairs, (k;, k) = (3,0), (3, 1), (4,0), (4, 1). The
amplitude of each of the modes is 1% of v;. After sufficiently long time, the saturated state is reached and the integrated
kinetic energy becomes constant (Fig. 8(a)), and the energy spectra of the saturated state are shown in Fig. 8(b). As a result
of nonlinear modal interaction, the harmonic (k;, k) = (3, 0) becomes the most dominant, which contains about 81.4% of
the perturbation energy. The harmonic (k;, kn) = (3, 2) is the second most dominant, containing about 5.4% of the energy.
Despite the finite energy in wavy traveling vortices, and the flow being unsteady, the integrated energy is constant in the
saturated state. Note that there are other possible states for the same Re and y, depending on the specific geometry of
the circular Couette cell (e.g. axial extent end effects), initial condition and flow history. For example, starting from a lower
Reynolds number and gradually increasing the velocity of the cylinder would lead to axisymmetric Taylor vorticies.

Data were acquired from this reference simulation during the saturated state, over the time interval t € [t, te], where
te — ts = 20 convective time units. The observed quantity is the wall shear stress 7, on both cylinders,

av v
rW:v(—O—ﬂ). (65)

ar Tw

The flood contours in Fig. 9 show the observation on the outer cylinder at t =t and t,, which capture the wavy Taylor
vortices.

The objective of the data assimilation is to predict the flow state at t;. The starting guess of the algorithm was a
purely laminar flow without any perturbations, which would yield a constant wall stresses. According to Fig. 10, after 100
L-BFGS iterations (105 forward-adjoint loops), the cost function is decreased by three orders of magnitude relative to its
initial value. Note that the value of cost function is always decaying from one iteration to the next, due to the accurate
evaluation of the gradient from the discrete adjoint. The estimated shear stress on the outer cylinder due to the predicted
initial condition is compared to the observation data in Fig. 9 (lines and color contours, respectively). At the initial time,
the laminar solution has been replaced with a flow field that captures the shape of wavy Taylor vortices (Fig. 9(a)), and
is in close agreement with the observations at t = t, (Fig. 9(b)). The improvement in the wall stresses with time can be
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Fig. 9. Wall shear stress t,, at the outer cylinder (normalized by the averaged value over the outer cylinder). (a) t =t5; (b) t =t.. Color contours are the
true wall shear stress and lines contours denote the estimation.
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Fig. 10. Value of the cost function (normalized by the value at the first guess) versus number of L-BFGS iterations.
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Fig. 11. Energy spectra E(k;, ky) of the estimated state at (a) t =ts and (b) t =t,, normalized by its infinity norm.

explained by considering the energy spectra in Fig. 11. Panel (a) shows that the estimated initial condition has a wider band
of wavenumber components. Although the erroneous energy within high-wavenumber modes increases the estimation error
of the initial state, the majority of these modes are stable and decay very quickly with time. As a result, they have little
impact on the cost function and are not eliminated by the optimization algorithm. The erroneous modes vanish by the end
of the assimilation window, the spectra at t =t, (panel b) converges towards the true state (cf. Fig. 8) and, naturally, the
estimation of the wall shear stress also improves.

Comparisons between the true and assimilated mean-velocity profiles and also mode shapes is provided in Fig. 12. At
t =t, the true mean azimuthal velocity is strongly distorted in the bulk region and the near-wall profile is much steeper
than the laminar state. The mean of the estimated state is close to the true profile only within a region very close to the
wall where the observations are recorded. In the bulk region, however, the estimation is less accurate and lies between the
laminar and the true profiles. At t =t, the mean of the estimated state becomes a more accurate representation of the true
state. Fig. 12(b) shows the most energetic non-axisymmetric mode whose wavenumbers are (k;, k;,) = (3, 2). The estimated
mode shape at t =t can be regarded as a superposition of different modes with the same wavenumbers, and most of them
cannot hold except the one in the true flow field. The mode shape is estimated most accurately at t = t.. Visualizations
of the true and estimated instantaneous fields are shown in Fig. 13(a) and (b) respectively. The contours of vy and the
streamlines are all very similar, which confirms that the data assimilation algorithm has converged onto the true state.
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Fig. 12. Wall-normal profiles of the true and estimated states, where 1’ =r —r;. (a) Mean azimuthal velocity (averaged over azimuthal and axial directions);
(b) Radial component of (k, k) = (3,2) mode. (- = —) Laminar flow which is also the first guess of flow state; (= - =) true state; (——) estimated state
at t =t,; (=) estimated state at t =t,.

Fig. 13. Visualizations of (a) true and (b) estimated instantaneous velocity fields at t =t,. The flood contour is vg, and streamlines are v, and v, compo-
nents.

Although the estimation is accurate by the end of the assimilation window, a more challenging task is to improve the
accuracy of the estimated initial condition. One possible approach is to incorporate time-dependent weights in the cost
function,

N

1 1
J=52 51" —h@")G expGiitn — ), (66)
n=0

where A is a parameter that can be chosen to more heavily weight earlier (A < 0) or later (A > 0) observations. When
tp = ts in (66) the weight is unity, and when t; =t. the weight exp(A(te — t5)) represents the relative importance of the
observation at t =t, compared with t =t;. Five different weights were tested, exp(A(te — ts)) = {0.01, 0.1, 1, 10, 100}; note
that exp(A(te — ts)) =1 corresponds to the uniform weighting, or the original definition of the cost function. The errors in
the estimated initial velocity fields, after 100 L-BFGS iterations, are reported in Fig. 14. When higher weights are applied
to earlier observations (black solid lines), the estimation errors within approximately 20% of the assimilation window are
significantly reduced, although the errors at later times are very slightly increased. The improved performance is directly
tied to eliminating the erroneous energy in high-wavenumber modes, which affect the early portion of the observations. It
can be anticipated that there exists an optimal value of A < 0, because an arbitrarily large negative value will not yield an
accurate solution. In that extreme limit, only data at t =t are important and the estimated initial state is only updated
(relative to the initial guess) in the very-near-wall region but not in the bulk, thus leading to high estimation errors at later
times.

3.3. Test case 2: turbulent Taylor-Couette flow
In the first test case, although multiple saturated states were possible at the same flow parameters, these states are

stable. As such, any initial condition within the basin of attraction of the target state will converge onto it. For turbulent
circular Couette flow, multiple statistically stationary states can exist for the same flow parameters, and depend for example



444 M. Wang et al. / Journal of Computational Physics 396 (2019) 427-450

0.12
o1
f 0.08
=
0.06
0.04 :
0 5 10 15 20
t

Fig. 14. Root-mean-squared error of instantaneous velocity field estimated using different weights. (===) Uniform weights for all observations, exp(i(t, —
ts)) =1; (—) exp(A(te —ts)) = 0.1; (===) exp(i(te — t5)) = 0.01; (- = =) exp(A(te —t5)) =10; (= = =) exp(A(te — t5)) = 100.
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Fig. 15. Wall-normal profiles of root-mean-square error (67) between the true and estimated flow states: (a) Azimuthal, (b) radial and (c) axial components.
(= = -) Spline interpolation of observed velocity field at t =t;, also the first guess of the state estimation algorithm; (= = =) outcome of advancing the
interpolated initial condition until t =t,; (——) estimated flow state at t = t,; (=) estimated flow state at t =t,.

on the flow startup process. Converging onto a particular one is less straightforward in the turbulent regime. And even
when there is a unique statistically stationary state, the instantaneous fields are very sensitive to initial conditions due to
the chaotic nature of turbulence. In this section we aim to reconstruct these instantaneous turbulent fields from limited
measurements.

Previous efforts to reconstruct fully resolved turbulent flow fields using data assimilation are limited and have gener-
ally focused on channel flow only, e.g. Bewley et al. [15]. The present test case is the first attempt to reconstruct fully
resolved turbulent flow in curvilinear coordinates. Similar to case 1, a data acquisition simulation is first performed where
observations are recorded and subsequently used for state estimation using the data-assimilation algorithm.

The flow parameters of this turbulent circular Couette flow configuration are similar to the simulations by Bilson &
Bremhorst [4], and are summarized in Table 1. The data acquisition computation was performed starting from an initial
state that is a superposition of a constant-angular-momentum profile and white noise with amplitude equal to 30% of local
velocity. The simulation was then advanced until a statistically stationary state was established. Observations were stored
during a time interval t, — ts = 2.5, which is approximately one fourth of the period of rotation of the inner cylinder. Since
the dynamics are chaotic, the assimilation window should not exceed the time scale associated with the leading Lyapunov
exponent of the true state. Otherwise, small errors in the observations or in the adjoint field will grow exponentially with
the length of the window and render the optimization algorithm very difficult, even impossible, to converge. When the
assimilation window is too long, the cycling scheme can be adopted [37]. Specifically, a long window can be split into
several shorter overlapped one, and adjoint-based approach can be applied within each window. In terms of the choice of
observations, it was demonstrated by previous studies that wall shear-stress measurements are not sufficient to accurately
predict the turbulent state [15,38]. Therefore, in the present test case we use sub-sampled velocities as observations; these
are intended to represent limited-resolution experimental measurements that we will augment using data assimilation. The
observations are recorded at every eighth grid points, yielding 32 x 16 x 32 observation locations. They are also sub-sampled
in time at Atops = 10AtcEp.

The data assimilation algorithm was applied to reconstruct the full-resolution initial state using the low-resolution ob-
servations. The first guess of the initial condition was a three-dimensional spline interpolation of the observed velocity
field at t =ts. After 100 L-BFGS iterations (103 forward-adjoint loops), the cost function was decreased by three orders of
magnitude relative to its initial value. The root-mean-square error between the true and estimate flow states,
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Fig. 16. Top view of vortical structures at t = t,, visualized using the 1, vortex-identification criterion with threshold A, = —3.94. (a) True flow field;
(b) flow field generated by advancing the interpolated initial condition with the forward model; (c) estimated vortices by evolving the data-assimilated
initial condition.
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Fig. 17. Root-mean-square error of instantaneous velocity field. (— - —) Interpolation of observation data in space and time; (- - -) initial condition

interpolated and advanced forward using the Navier-Stokes equations; (——) estimated initial condition from data assimilation is evolved in time. For
simplicity ts is represented as t =0 here.
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is plotted in Fig. 15. The estimated initial state achieves approximately 50% error reduction compared to the interpolated
initial condition. At t =t,, the data-assimilated state is one order of magnitude more accurate than advancing the interpo-
lated initial condition using the forward model. In addition, the smooth error distribution of the assimilated field at t =t,
demonstrates that the estimated field has improved accuracy throughout the domain, at and away from observation points.

A comparison of the vortical structures at t =t, is provided in Fig. 16. The structures are visualized using the A, vortex
identification criterion, defined as the intermediate eigenvalue of the tensor SjSk; + QikS2j, where S;; and ;; are the sym-
metric and anti-symmetric parts of the velocity gradient tensor [39]. Panel (a) visualizes the vortices of the true flow field.
Most vortices are attached to the inner cylinder, and elongated along the azimuthal direction. Comparatively, appreciably
less vortical structures are generated by advancing the interpolated initial state, as shown in panel (b). In panel (c), the
estimated vortices from data assimilation are nearly identical to the true state in (a), which demonstrates the accuracy of
our data-assimilation algorithm for augmenting under-resolved spatio-temporal measurements of turbulence. From a prac-
tical standpoint, these results are relevant to experiments where it is desirable for example to obtain accurate estimates of
vorticity from coarse-scale observations of velocity.

Fig. 17 compares the time evolution of error in the flow fields from three simulations: In the first, the state is simply in-
terpolated in space and time from the observations without use of the forward model; the error therefore remains constant
throughout time since it is only incurred by the interpolation of the measurements. In the second, only the initial condition
is interpolated, projected onto divergence-free space, and advanced using the Navier-Stokes equations; after a transient, the
error starts to diverge due to the stochasticity of turbulence. Finally, in the third case, the estimated initial condition using
the discrete-adjoint data-assimilation algorithm is evolved; the error decays with time and is appreciably smaller than the
error in the first two cases.
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4. Conclusions

The discrete adjoint of a fractional-step implementation of the incompressible Navier-Stokes equations in curvilinear
coordinates was derived and implemented. The forward model uses volume fluxes for conservation, and hence the discrete
adjoint algorithm is in terms of adjoint fluxes. Since each term in the discrete adjoint equations has its counterparts in the
forward equations, the adjoint algorithm is as efficient as the forward one and retains the same computational performance
and parallel implementation. The relation between the discrete adjoint variables and the well-established continuous adjoint
was derived. In addition, a symmetric operator was proposed to project the outcome of the adjoint onto a solenoidal
field. The implementations of forward and adjoint equations were validated by comparing their predictions of the growth
rates of small-amplitude instability waves to linear stability theory. Furthermore, the forward-adjoint duality relation was
demonstrated to be satisfied up to eight significant figures.

A discrete-adjoint data assimilation algorithm was proposed to predict the initial flow state from observations, by mini-
mizing a cost function which is the difference between the observations and their estimates from the forward model. The
gradient of the cost function is computed using the forward-adjoint loop. The minimization of the cost function is performed
using L-BFGS, which is slightly modified using the projection operator in order to ensure that search directions and the es-
timated initial flow state are divergence-free. The data-assimilation algorithm was applied to reconstruct the initial state of
(a) saturated wavy vortices and (b) turbulent circular Couette flows. In the first case, the measurements were the wall shear
stresses on both cylinders. Even though multiple saturated states exist, the observations were sufficient for the algorithm
to converge onto the correct state. The reconstruction quality of mean flow, energy spectra, and shapes of dominant modes
were all satisfactory.

The turbulent configuration is to date the first application of adjoint-based data assimilation to the reconstruction of fully
resolved turbulence in curvilinear coordinates. The observations were low-resolution data at 1/5120 the spatio-temporal
resolution of direct numerical simulations, and the data assimilation algorithm achieved more than 50% error reduction
within the assimilation window, and its accuracy is uniform throughout the flow field.

The two test cases thus demonstrate the fidelity of the discrete adjoint and the data-assimilation algorithms, their ac-
curate estimation of the gradient of the cost function, and robustness in state estimation of turbulent flows. Future efforts
will include applications of data assimilation to transitional flows. In that context, the onset of turbulence is very sensitive
to small-amplitude initial disturbances that can be challenging to measure experimentally, and data assimilation can be
adopted to infer the environmental state from observations.
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Appendix A. Derivation of discrete adjoint equations: a simple example

A simple example of deriving discrete adjoint equations is provided in this appendix. Consider the inviscid Burgers
equation, discretized by forward Euler and upwind scheme,
n+1 _ .n m2/9 _ (0 )2
i u’ N /2 = Wj_°/2
At AXx
The periodic boundary condition is applied at j =1 such that

u

=0 1<j<Ny,0<n=<N-1 (A1)

up = up, (A.2)

In order to derive the adjoint equations, we define the Lagrangian function,

N—1 N. n+1 n ny2 n 2
X u,m —u” whHe/2—-@"_))*/2
_ T(n+1) J J J j—1
L=J=2_2u ( YRR AX (A3)
n=0 j=1

The adjoint velocity u];("H) is also interpreted as Lagrangian multiplier. Take the derivative of L with respect to u’} (when

1<j<Ny—land1<n<N-1)

aL 9] ey (=1 Y] T in 1
— =L |4 -+ u' — ut —1; A4
gut  Buf |: J At T ax) Tl ax ) Y A (A4)
. . f+1) | T(n+1) n . T(n+1) :
Note that the resulting expression depends on uj Uy and uj. When j = Ny, the uj,qy ~ term in (A.4) should be
F(n+1)

eliminated because u is not defined in (A.3). Instead, the uz("ﬂ) term should be included on account of the boundary

condition (A.2),

Ny+1
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oL ] foeny (=1 UN forny [ TUN in 1
= —|u —+ = u —= Uy — A5
quy — ouf [ Nx At T ax)TH Ax | TN (A>)
In order to render (A.5) consistent with (A.4), we can define umﬂ) to satisfy the adjoint periodic boundary condition,
UL(:’E) _ u’{(nﬂ) (A.6)

Now (A.4) is also valid at j = Ny. By setting (A.4) to zero, we get the discrete adjoint equations,
ujn — u];(n-H) + u?u}i(nﬂ) _ u?u;(ﬁ’]) = 9J 1<j<Ny,1<n<N-1 (A.7)
At Ax st T J=M B=n= :

So far the only ingredient left for solving (A.7) is the “initial” condition at n = N. This is resolved by evaluating the derivative
of (A.3)atn=N,

L 8] v 1

— _ A8
au aul T At (A.8)
J J
and setting (A.8) to zero. The derived adjoint “initial” condition is,
N _ . 0]
uj = At—au’." (A9)
J
Finally, the gradient of the cost function V J is equal to the derivative at n =0,
10
U R Y e T AT Y A Y
— L =4+ L u' = A10
Note that the definition of uj.o in (A.10) is the same as setting n =0 in (A.7). Therefore, starting from (A.9) and marching

0

the adjoint equations (A.7) backward in time to get u j » We can compute the gradient through the expression (A.10).

Appendix B. Forward and adjoint linear stability equations for circular Coutte flow
The linear stability equations for circular Couette flow and their continuous adjoint are provided in this appendix. We
start from the incompressible Navier-Stokes equations in cylindrical coordinate,

10(rvy) 10vyg v,

- —-——+—=0 B.1
r or + r 06 + 0z (B.1)
oVr ovy Vg OV, vf) vy

R V,—— - — Z _ =

ot TV T e T TV (82)
ap N 1 /9 (13@vy) N 10%v, 2 dvy N a%v, ’
ar  Re\or \r or r2 962  r? 96 972

A Vg Vg dVg  VyVg A

ot "V T e r %%z T (B3)
19p 1 (3 [(13(rvy) 19%vg 2 0v,  0%vg :
rod Re\or\r or r2 902 1?2 96 972

v, v, Vg AV, vz

— tVr—t ——— +V:— =

at ar r o6 9z (B.4)
ap N 1 /13 ravz N 1 82v2+82v2 :
9z  Re\ror\' or r2 9602 922

and decompose the velocity field into base flow and perturbation.
ve=v., vg=Vo(M+vy, v,=v,, p=P@)+p (B.5)

We assume that the perturbation is infinitesimal, so the non-linear terms in (B.1)-(B.4) can be ignored. Note that the base
flow is only a function of r and that the flow is periodic in azimuthal and axial directions, consequently, the perturbation
takes the form,

V= 0j(nekertind=o0 j_r g 7 (B.6)
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Then the equations for the mode shape ¥;(r) can be derived,

. 1 1 arv . 2. 2Vg .
—iwV;, =Ze (rvr) — KV, —ikm =g | + 270 Vo
ar r2 r

rooor (B.7)
Vo, 3P
—ikp—vVy — —
r ar
N 1 /0 /10 2, dv Vo \ .
—iwvy =Ze (8_ (— (;V6)> K2 + ikm — ) ) - <d—0+_0> Vr
e ‘r/ r r / r r (B.8)
ik L — ik E
r r
. 1 1 0 Y N . Vo, A
—iwV, = — rﬁ - kzvz - lkm—gvz —ik;p (B.9)
Re \ r or ar r
8 o
= — (rvr) +1]<m O ik, b, (B.10)

where k% = l<§ + k% /r2. Solving this system of equations is an eigenvalue problem, where @ is the eigenvalue and q =
[Vr, Vg, V2, P17 is the eigenvector or eigenmode. For clarity, equations (B.7)-(B.10) can be written in a matrix form,

Lq=—iwBq (B.11)

in which L is the r.h.s. operator of (B.7)-(B.10) and B = diag{1, 1, 1, 0}. For each wavenumber pair and Reynolds number, a
spectrum of eigen-pairs (w, q) can be obtained, and the mode with largest imaginary part of w is the most unstable. These
eigenmodes are used in §3.1 for validating the implementation of the forward equations and in §3.2 for generating saturated
wavy vortices.

The adjoint operator LT is defined by:

To To
/ @)L rdr= / Liqhqrdr (B.12)

where H denotes the Hermitian transpose, and q' = [\71, \7;, \7; P17 is the adjoint eigenmode. From (B.11) and (B.12), we
derive the adjoint problem,

L'q'=iw'Biq" (B.13)

where w' = w* and BT = B. A detailed expression of all the terms is provided as follows,

ot
ot (2 (100D g 2 (Y VY
v = e(&r(r ar ¢ lm29 ar T )V

(B.14)
1% apt
+ ikm— o T il
r or
N 1 o (10(rv 2V
inVZJ == (8r< (8r0)> +lkar> + —0 o
(B.15)
Vo v . B
+ ikm—gvz — lkmp—
r r
o] = 1 (19 rav1 K290 + ik —2 97 — ik (B.16)
27 Re\rar\ or moyz b '
19 T
0:?—(rvz)+1km . —i—lkzvz (B.17)

For a given Reynolds number and wavenumber pair, every forward eigen-pair (e, q) has its adjoint counterpart (', q"). The
adjoint modes are used for validating the implementation of discrete adjoint Navier-Stokes equations in §3.1.
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Appendix C. Accuracy of the forward-adjoint relation

In §3.1, the forward-adjoint relation was validated by comparing the gradients of the cost function obtained from the
adjoint algorithm V J4 and a finite-difference approximation V Jf, and reporting the relative error €:

3] J (W +au) — j (%) IVJa =Vl
Via=—251 V= 4 D e=—cA T
ou Au IV Jal
This appendix provides a theoretical analysis of the highest accuracy of the forward-adjoint relation that can be validated
in this manner.
When V Jf is evaluated, round-off errors will be introduced to both the numerator and denominator. The difference
between the two gradients can then be written as,

J+Au®) — J(@®) +8,J@® aJ
AuO(1 4+ 8) B W(l +93) (€2)

where 81, 82, 83 are round-off errors. If the forward and adjoint algorithms are implemented in double precision, these errors
should be of the order of machine precision. Expanding | (u0 + Auo) using Taylor series, we obtain

(1)

0y 1 0] AqyO o 1_0%) 0y2 0 0
J () + B au® + 30 (au)? — J () + 81 @)
0 — 5 (1+383). (C3)
AuO(1+6) ou
After some algebra, the leading terms in the above expression are,
1 02] o 1) (u%

290 Mt a0 (€4

When the perturbation Au® is not too small, the first term in (C.4) dominates, so the difference of the two gradients will
monotonically decrease with Au®. However, when the perturbation is smaller than a critical value,

92]
0y _
(M) = 281J(u°)/a(u0)2, (C5)

the second term in (C.4) becomes more dominant. As a result, the difference of the two gradients will monotonically increase
when Au® is further reduced, and the critical value (Au®). o /87 is half of machine precision. Since our implementation
is double precision, the critical perturbation (Au®). is near single precision. And if the cost function value, gradient and
the second-order derivatives are around O (1), the smallest relative error € in (C.1) should be approximately 10~8. Both the
critical perturbation and smallest relative error agree well with our validation results in Fig. 7.

In summary, only accuracy up to the square root of machine precision can be validated using the finite-difference ap-
proximation of the gradient. The error of the forward-adjoint relation in our implementation satisfies this criterion.
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