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Abstract

Recently, new economic order/production quantitydel® have shifted away from
focusing only on economic issues and towards coesbactonomic-environmental concerns
because of sustainable development goals. Despise shift, only a few works have
addressed sustainable Economic Production Qua(EBQ). The theoretical sustainable
EOQ and EPQ models are basic models that ignorey meal-life conditions such as the
possibility of stock-out in inventory systems. st paper, we develop four new sustainable
economic production quantity models that considéier@nt shortage situations. To find
optimal values of inventory system variables, wiwvesdour independent profit maximization
problems for four different situations. These pregubmodels includelzasic modeln which
shortages are not allowed, and when shortagesllareed, thelost sale full backordering
and partial backorderingmodels can be selected by operations managers diageon the
manufacturer's motivation to improve service lev#l&e have also proposed an algorithm for
determining optimum values of the decision variabfer these sustainable economic
production quantity models. Finally, the formulataddels are explained with some different
examples and the obtained results have been adadywkdiscussed. These results show that
the sustainable economic production quantity with @drbackorderingmodel is a general
and more realistic model that can be used in maalyaases with a reasonable profit amount,
compared with the three other proposed models.

Keywords. Sustainable Economic Production Quantity Modelsoréage, Backordering,
Inventory Management, Sustainable Development,anmental Considerations

1. Introduction

For more than a century, the act of determinirdgpquantity (or lot sizing) for a firm’s
requirements has been a primary consideration.afly as 1913 Harris developed a simple
model for determining order quantity based on b&sionomic considerations (including
holding and ordering costs) that was called an Booo Order Quantity (EOQ) model. Two
years later, Harris (1915) presented a similar rhtulet determines Economic Production
Quantity (EPQ) and, in 1918, Taft proposed a sinidamula for EPQ. Over the years, many
models have been developed based on Harris’ mastieywbut most of them merely
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customized the initial EOQ model by adding otheoremmic considerations and did not
address non-economic considerations.

Now, because of the importance of environmentalidssand comprehensive relations
between industrial development and environmentahagament, sustainable development
and the concept of sustainability receives muchenadtention (Kannan, 2017). The current
rise in global warming has motivated both consunagrd producers to be more concerned
about controlling emissions and protecting the emment. Supply chains are focusing on
their environmental performance in addition to cetimy on cost and service (Khan et al.,
2012).

As will be seen in the literature review sectioregton 2), some works seek to determine
sustainable EOQ and fewer works attempt to determsirstainable EPQ. No work considers
shortage issues, so we address this research dhis paper. Our research question is: how
can we formulate a sustainable EPQ problem consglehortage issues? To answer this
guestion in this work, we model and solve four austble EPQ models for different shortage
situations while considering environmental paramsete

This article consists of 6 other sections. In Secf (literature review), we review previous
related researches and studies. In Section 3 weédgrdhe motivation of our study and
describe the problem. Section 4 introduces thetioogused throughout the paper, describes
the developed inventory models, and proposes thenom solution for each model.
Numerical examples are presented in Section Slustite the theoretical results. Results
from these examples are analyzed and interpretethanresults and discussion sections
(Section 6 and 7). We describe the managerial cafpins of our research in the Implication
section (Section 8). Finally, we present our cosidns and further research in Section 9.

2. Literature Review

In recent years, a few works have examined sudt#ityaissues in EOQ models. Inman
(2002) presented a number of primary propositi@nset research guidelines in the field of
environmentally conscious operations managementbd3a-Povoa (2009) performed an
overview of sustainability at the supply chain lees an emerging area that needs to be
studied in a systematic way. Turkay (2008) devealopelot-sizing model by considering
business’ carbon footprint in the model and analyZive different approaches: Carbon Tax,
Carbon Offsets, Direct Accounting, Cap & Trade, @idect Cap. Direct accounting is a
careful approach because sustainability issuetramslated into costs and modeled as a part
of the total cost function, but other approachesusomore on governmental policies
(Bouchery et al., 2010). Bonney and Jaber (201byide a short list of some of the
environmental costs and they propose a respons®@(@ model. Wahab et al. (2011) focused
especially on transportation emission costs; tineprporated environmental issues in order
to establish an optimal strategy by calculatingedixand variable carbon emission costs.
Bouchery et al. (2010) prepared a basic sustainabl&zing model. They also presented a
multi-objective EOQ model that minimizes the castl @nvironmental damages (Bouchery et
al., 2012). Absi et al. (2012) presented a modelsiagle-item multi-sourcing lot-sizing
problems with fixed and variable carbon emissioostlsat each sourcing mode includes
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source location and transportation models. At #raestime, Heuvel et al. (2012) modeled a
bi-objective sustainable lot-sizing problem for mirzing costs of lot-sizing and to minimize

emissions from the steps of setup, production,iavehtory. Abdallah et al. (2012) prepared
a closed-loop model that considers waste dispasst| and they proposed a framework for
product recovery using carbon credit allocationd ading. Csutora et al. (2012) analyzed
the effects of introducing carbon emissions in thedel as an endogenous variable by
employing a comparative static analysis. They ssiggethat carbon costs may significantly
modify the EOQ ordering policy. Glock et al. (20J#esented a supply chain including a
single supplier and single manufacturer and stutteteoffs between demand, sustainability,
costs, and profit. Chen et al. (2013) studied ffects of parameters of carbon emission in lot
sizing models in supply chain management (SCM)sirmived the effect of carbon emissions
in their work. Oslo (2013) analyzed a retailerimfjalecision on inventory replenishment and
investment for carbon emission reduction. He used20Q model considering Cap & Trade,
carbon cap, and carbon tax approaches. Digiesil.e2@13) prepared an EOQ model

considering environmental aspects with demand taio¢y. Andriolo et al. (2013) discussed

a “Sustainable Inventory Management Framework” tdantifies associated sub-problems,
decision variables, and the sources of sustainatiéevement. They also explained that
material transportation and waste have a majoriroévironmental sustainability. Jawad et
al (2014) proposed a new sustainable EOQ model avitextended energy analysis (EEA)
approach that considers capital, environment, ahdrlas the factors of sustainability. Gurtu
et al. (2014) studied the effect of emissions dmghges in fuel price in a two-echelon supply
chain, and they analyzed how these costs can afifeentory policies of the chain members.

In the recent years, Battini et al. (2014) propoaedew model with the direct accounting
approach to calculate a sustainable economic oriemtity (called S-EOQ) which
considered on one hand, the ordering, holding wéntory, and obsolescence costs, and on
the other hand, emissions of obsolescence, trafagjpor, and holding of inventory costs.
Digiesi et al. (2015) examined sustainability issaed effects in spare parts logistics. They
incorporated repair/replacement costs, such ag@iog cost, in their sustainable EOQ
model. Hovelaque and Bironneau (2015) proposedva swestainable EOQ model with a
variable demand that depends upon the price gbribduct. Andriolo et al. (2014) prepared a
comprehensive survey on EOQ literature and predlittat future important challenges in lot
sizing problems are expected for both sustainatentory and manufacturing models.
Hammami et al. (2015) integrated carbon emissiorsther production-inventory costs in a
multi-echelon system with fixed due dates. Theideiaonsiders production, transportation,
and holding of inventory emission costs with carltames and direct cap approaches.
Massaro et al. (2015) prepared a cost-benefit atialu model which considers economic,
environmental, and social aspects using a lifeecyrialysis (LCA) approach. Kazemi et al.
(2016) developed an EOQ model for a retailer cargid environmental issues and
imperfect quality of products. Scheel (2016) pragaba framework called Sustainable Wealth
based on Innovation and Technology (SWIT) that ergd sustainable value sharing in a
community. He argues that it is possible to movgohd the sustainability mandate and
create sustainable wealth.



An important issue that is neglected in previouslists of sustainable inventory models is
shortage. Depending on the shortage choices oft@ydar company — whether it is allowed
or not allowed — it can be determined which sustali® inventory model should be applied.
No previous studies on sustainable inventory mobats considered the inventory shortage
issue. To bridge the major research gap in thia,arethe current paper we concentrate on
developing sustainable EPQ models with differerdrstye choices. Considering shortage
issues in a sustainable EPQ problem makes the moale realistic and more applicable to
real world conditions. Any company that faces dédfe shortage situations must have a
suitable plan in place. Consequences accompanyshist, full backordering or partial
backordering, for companies with both sustainalblaan-sustainable inventory systems. In
the next section, to cover this research gap, wscriee the problem and explain the
motivation of this study.

3. Motivation of study and Problem Description

As reviewed above, no considerable work has beawnaglished on Sustainable
Economic Production Quantity (SEPQ) models, esfigcidthin the context of shortage.
Gunasekaran et al.’s (2014) research shows trew gffevious studies, which integrate both
economic and environmental aspects with a direab@atting approach, have translated these
concerns to a tangible indicator such as profitgbil In this paper, we apply a direct
accounting approach that translates environmerssies of an inventory system into
economic parameters which can be used in developévg sustainable EPQ models. We
consider ordering, holding of inventory, obsolesgeremission of inventory obsolescence,
and holding costs, just as in the "sustainable EQ@el" presented by Battini et al. (2014).
However, we have considered "emission of produttimstead of their "emission of
transportation” approach, and we have added new foostions such as lost sales and
backordering costs to the models. In this paper,pnapose four new models based on
different shortage situations. These modelsBasic SEPQSEPQ with lost saleSEPQ with
full backordering and finallySEPQ with partial backorderingNVe used the approaches of
San José et al. (2009) and Pentico et al. (2009ntmleling the SEPQ problem with partial
backordering.

Figure (1) shows the graph of shortage and backogién an EPQ problerwith “first
inffirst out” (FIFO) backorder filling; it assumesat at first backorders, and then new orders
are addressed.
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Figure 1. Graph of Backorder Case for EPQ with FIFO backofiling (D W Pentico, M J Drake, C Toews.
The deterministic EPQ with partial backorderingn@w approach, Omega, 2009, 37: 624-636.

4. Formulation of the sustainable EPQ models
For formulating our new models, the following natas are used.

Parameters

D: Annual demand rate (unit/year)

P: Maximum annual rate of production (unitge
s Price of a product unit ($/unit)

s Scrap price per unit ($/unit)

C,:  Unit production cost ($/unit)
Cs: Setup cost ($/setup)

Ci Cost of holding a unit of inventory inimé unit ($/unit)

Ch: Backordering cost of a product unit inradiunit ($/unit)

Cq: Goodwill loss of an unsatisfied demand (fftu

C: Lost sale cost per uni€(= (s - G) + Cg) ($/unit)

b Backordered portion of stock-outs (pergent

a: Obsolescence rate of inventory (percent)

b: Required space for each unit of prodoab{c meters per unit)
a The weight of an obsolete inventory (p&n unit)

Cei  The average emission cost of carbon for itorgrholding ($/n)

Ceoc Average disposal, waste collection, and emissiost of carbon for inventory
obsolescence ($/ton)

Cep: The emission cost of carbon for manufactugagh unit ($/unit)

Decision Variables
T: The inventory cycle or time between twosecutive orders (time)
F: The fraction of period length with posdiinventory level (percent)

Dependent Variables

; Production quantity (unit/year)

The highest quantity of inventory (uné#y)

The annual average level of inventonyit{year)

The highest quantity of shortage (uniuye

The highest quantity of backordered (ueity

The annual average quantity of backordéBed S (unit/year)

II(T,F): Total profit function (denoted byllszpg_pasic(T) for the basic SEPQ
model,IT5 (T, F) for the SEPQ model with full backordering;s(T,F) for the lost
sale SEPQ model, and Qyppo (T, F) for the SEPQ-PBO model) ($/year)
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TS: Function of total sales ($/year)

TC: Function of total cost ($/year)

CFy: Cost function of production ($/year)

CFes  Cost function of "emission of production”y&r)

CFs: Set up cost function ($/year)

CF: Inventory holding cost function ($/year)

CFe:  Cost function of "emission of inventory hioig" ($/year)
CFos The function of obsolescence cost of inven{@fyear)
CFes  Cost function of "emission of inventory olestence" ($/year)
CFy Backordering cost function ($/year)

CFy: Goodwill loss cost function ($/year)

The main assumptions in the models developmenepsoare:

(1) Single product: the company produces only one type of product.

(2) Single period: all of the periods are similar and thus, we ordgdto model the problem
in one period to find the optimal values of deaisi@riables.

(3) Single transportation mode: All products transport to the customers by only typee of
transportation mode.

(4) Deter ministic demand: The demand rate is deterministic.

(5) Finite production rate: The production rate is finite and the total produticapacity is
given.

4.1. Modéling of the Basic SEPQ

At first, for modeling of the basic SEPQ model with shortage, we define a total profit
(Isgpo-pasic) function as below:

Usepq-pasic(T) = TS — CFp - CFpyp - CFs - CF; = CFg; — CFops — CEy (1)
= 5D = €D = Cop D = Z = CiI — Cogbl — a(s — )1 — aalC,

Where,from Pentico et al. (2009),

-2

In this work, we use three environmental paramdtedetermine cost functions of emission
of inventory holding CFj), emission of inventory obsolescendeF{, and emission of
production CFey). These three parameters are the average emissiinof carbon for
inventory holding Cej), average disposal, waste collection, and emissast of carbon for
inventory obsolescenc€{y), and the emission cost of carbon for manufactueach product
unit (Cep). The optimal inventory cycle of the basic SEPQ mocah be derived while
maximizing the following annual profit function:

Cs D D
Msgpo-pasic(T) = SD = CuD — Cep D == = €DT/2(1=2) = CbDT/2(1-2) = (3)
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a(s - s9DT/2 (1~ 2) - aaCe,DT/2 (1 - 2)

To simplify the notation, we define

D
G =GA- 7) (4)
Cei = Cei(1 — ) (5)
s"=(s—-s")(1- g) (6)
Ceo = Ceo(1 — %) (7)

So the profit function shown in Equation (3) chasmgs below:

Cs C/DT C,bDT . DT DT
HSEPQ—BasiC =sD — CpD - Cep D — ? - 5 - > —as 7 — aaCeo 7 (8)

To find Tsgpo—pasic: We must first prove the concavity of the profinétion.

Theorem 1. The profit function shown in Equation (8) is conea
Proof. Taking the first and the second derivativeltf:p,_pq4sic With respect td yields:

il ¢, D _, ' 7 !

— =0~ 5 [+ bCl + as” + aaCy] ¥
d’n  -2c¢,

=<y

d2T T3

Since the second order derivative is always negathe profit function is strictly concave.

Since the profit function is concave, setting tingt fderivative equal to zero gives the optimal
value of period length as below.

2C,
T* , = |—
SEPQ—Basic Dw (10)

where
w = C/+bC,; +as" + aaC,, (11)

Maximizing profit function, presented in EquatioB),(is equivalent to minimizing the
following cost function. It should be noted thatthe following equation, production and
emission cost are not included because both aspéertient from the period length.

aaC,,DT

5 (12)

C
TCSEPQ—Basic == ?S + Ci’ DT/Z + Ce’lbDT/Z + aS"DT/Z +
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Substituting Equation (10) into Equation (12), aileme algebra, we have

TCsgpo-pasic = \/ZDCS(C{ +bC., + as" + aaCly) = \/2DCyw (13)

Therefore, the maximum profit is

Usgpo-pasic = (S — Cp = Cp )D —2DCw (14)

4.2. Modeling of the SEPQ with lost sales

In this section we analyze the SEPQ model wheostatpes are fully lost sales. In this
condition, the profit function is as below:

,5(T,F) = TS— CFp — CF,, — CF, — CF; — CFy; — CF,ys — CF,, — CF, (15)
C _ _ - _
=sD —CyD —Cpp D — 75 — C;I — Cobl — a(s — s — aalC,o — C;D(1 — F)

Where, from Pentico et al. (2009),

T = DTF? D
) ( B F) (16)
Substitutingl into the profit function (Equation (15)) we have:
Cs DTF? D DTF? D (17)
I1,5(T,F) =sD —C,D —Cgp D —T Ci > (1 _F> — C,ib > (1 _F)
. DTF? D DTF? D
—a(s—s) > ( —F>—aa > (1—F>C30—CQD(1—F)
Substituting Equations (4) to (7) and then Equafidr) into Equation (17) yields:
C; wDTF?
1,5(T,F) = (s — C, — Cp)DF — T3 " C,D(1—F) (18)

To find 77,5(T, F), we must first prove the concavity of the profib€tion shown in Equation
(18).

Theorem 2. The profit function shown in Equation (18) is cawe.
Proof. See Appendix A.

Because of concavity of the profit function showrEiquation (18), to find the optimal policy
of this system, taking the partial derivative pbfit function with respect to period length
gives:

oll  C; wDF?

— = 19
oT T? 2 (19)
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Setting this derivative to zero, we have

T—1 2Gs 20
~ F.|wD (20)

SubstitutingT into the profit function (Equation (18)) we obtain

Is(F) = IIs(T(F),F) = (S -Gy — Cep)DF wDF\/Z C D(1 F)
\/; (21)
= [(C, = Cep)D — \/2C,wD]F — CyD

Now, IT;s(F) is a linear function with respect to the varialle The maximum profit is
determined taking into account the slope of thetiomIT,;(F). Thus, we have:

(i) If (C, = Cep)D = /2C;swD, then the maximum profit is obtained whEk=1. This
profit is given by
T =11,5(F*) = [(C; — Cep)D — \/2CswD] = C4D (22)
In this case, the optimal inventory cycle is

T = 26 23
= =D (23)

(i) If (¢, —C.p)D < /2C;wD, then the maximum profit is obtained whier=0 and the

optimal inventory cycle is T* =o. It means no inventories are carried and there are
always lost sales.

4.3. Modeling of the SEPQ with full backordering
In this case, the shown profit function in Equat{@) changes to the following equation.

My(T,F) = TS — CFp — CF,y, — CF, — CF; — CFy — CFops — CF,y — CF, (25)

Calculating the costs included in the profit fuoati(25), we have that/Z;(T,F) is a
function of T andF. Thus, we have:

Mp(T,F) = sD = CuD = Cop D — = = C;I = Coibl — a(s — s — aalCeo — C,B (26)

Where, from Pentico et al. (2009),

_ DTF?; D
r=— (1 _ §> (27)
B= DT(IZ_ F) (1-D/P) (28)



Substituting Equations (27) and (28) into Equat{@6), Equation (29) can be written as
below:

S i 2 eib 2
(T, F) = (5 — Gy — Cop)D) — S5 — S2TP2 (1 D) _ CatlIF (4 _ D) _

;N DTF? D DTF? D CpDT(1-F)? D (29)
(1) - ot 2 (1) - S (1)
According to Equation (11) we finally have:
2 —_m2
M, (T, F) _ (S _ Cp _ Cep)D _ % _ a)DZTF _ CbDT(zl F) (1 _ g) (30)

Maximizing the objective function presented in Eipma (30) is similar to minimizing the
following function.

711(T,F)=$+(/12F2—2/]3F +/13)T (31)

Where the new parameteYs A,, andA; are:

A =C, >0 (32)
D D

2, =w—+(1——>CbD/2>0 (33)
2 TP

Ay = (1 _F> C,D/2 >0 (34)

Theorem 3. The function of cost shown in Equation (31) is\ean

Proof. The function of cost shown in Equation (31) is eéka@s same as the functions
proposed by Taleizadeh (2014a, 2014b) and, withesaimanges in the notations, the
convexity is not affected. So, according to theserka;, one can easily prove that the
objective function shown in Equation (31) is convex

After convexity proof of the cost function, settitige first partial derivatives ofz (T, F) with

respect to-F andT equal to zero, we obtain the optimal values ofisiec variables. So we
have:

9T F) - (24F -21,)T =0 (35)

Then

F:ﬂ_s_@ (36)

P w+(1—%)cb

Also we have:
0 F A
%) . _T_;+(/12F2 = 24F + 1) (37)

So the optimum length of period is:
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T = e
| AF? = 203F + A5

) C, (38)
D
%4_(1_?# F2 — (1 —%)CbDF+ (1 _%)CbD/Z

Substituting Equation (36) to this relation, we, géter some algebra:

2Cs(w + Cy (1 - %))

W (1 —%) C,D

T = (39)

Finally, the maximum profifl; (T, F) is calculated by substituting Equations (36) &) {n
Equation (30).

4.4. Modédling of the SEPQ with partial backlogging
The function of profit of this case is as below.

IIppo(T, F) (40)
= TS — CFp - CFyy - CF,~ CF; = CFy — CFops — CF,y - CF, — CF,
S

=sD[(1—-F)B + F] —DCP[(I —F)B+F] — CepD[(l —F)B + F] —C?
— CGI — Ceibl — a(s — s)[—aalC,, — C,B — C;D(1 — B)(1 — F)

Where, from Pentico et al. (2009),

_  DTF? D
r==—(1-3) (41)
B = M(l — BD/P) (42)

Substituting Equations (41) and (42) into Equa(@o) yields:

ppo(T,F) = D(s = C, — Cop)[(1 = F)B + F] —%_%Tﬂ(l _2) _

M(l — g) —a(s— S')DTZ—FZ(I — g) — aaCy, DTZFZ (1 — 2) — (43)

2
(1-2)-¢pa-pa-r

CpBDT(1—F)?
2

For more simplification, let:

6 =ca-5) @9

11



Substituting Equation (44) and Equations (4) toif@ Equation (43) we get:

ppo(T,F) = (s — Cy — Cop)DIF + B(1 — F)] — % - (Ci+Ceib+"‘25 + aaCeo) nrp2 _

! _m)2
SR — D1~ B)(A - F) (45)
Then, according to Equation (11), we have:
ppo(T,F) = (s = Gy = Cep)DIF + f(1 = F)] - % - tzTFZ - CbﬁDTz(l_F)z _

In the next step, we must find the optimal values T and F by maximizing
functionIlpg (T, F). For determining the optimum values of decisiomialdes, first we
should prove the concavity of the profit function.

Theorem 4. The profit function shown in Equation (46) is cawe.

Proof. The profit function shown in Equation (46) is ettacas same as the function
proposed by Pentico et al. (2009); some chang#wimotations do not affect the convexity.
Thus, according to this work, one can easily prtva the objective function shown in
Equation (46) is concave.

Because of the concavity of Equation (46), itsiphderivatives with respect to the decision
variables can be derived and used to determinegtmal values. So we have:

2 =D(s—Cy+Cy — Cep)(1 — ) — wDTF + DBC,T(L — F) 47)
Also, we know:

G =(s—C)+C, (48)
Finally, setting Equation (47) equal to zero yields

P _ﬁ)ff;_fé’é)gf —e (49)
Also we have:

on _ G wDF? _GpD( - F)? — 0 (50)
oT T? 2 2

Equation (50) is reduced to:

% = DF?w + C)BD(1 = F)?> = 0 (51)

Finally, we have:

12



2C,
T = 52
ijFz +C;BD(1 — F)? (52)

Substituting Equation (49) into Equation (52), vietain, after some algebra:

e 2@+ Gp) =P - o)
- C; BwD C;wp (53)

F* value could be calculated by substituting Equa(&8) into Equation (49). The maximum
profit My, (T, F) can be determined by substituting results of Bqnat(49) and (53) in
Equation (46).

4.5. A solution algorithm for optimality, partial backordering case

The profit function shown in Equation (31) is expdhe same as the profit function of
San José et al. (2009) with some changes in caeftsc of decision variables. They
developed a procedure to obtain the optimal invgnpmlicy which we adapted for our
partial backordering model (proposed in section).3[#us, based on San José et al. (2009),
the following solution algorithm can be used toedetine the independent and dependent
decision variables:

Step 1. Calculate the values = (18)%(C; — C,,)°D* - 20CsD and & = C;,.

- If A > 0, the optimal policy iF*=1, T* = \/% and the maximum profit igl" =
ppo (T, F*) = (s — C, — Cop)D — \/2CswD. Go to Step 4.

-1f A=0, go to Step 2.

-1f A<0, go to Step 3.

Step 2.

2Cq
wD

Ippo(T*, F*) = (s — C, — Cop)D — \/2C;swD. Go to Step 4.

- If & > 0, the optimal policy isF*=1, T* = and the maximum profit ig7" =

- If & = 0, then = 0 and the maximum profit is achieved at any pofrthe inventory cycle,
with valuelI" = Ippo (T*,F*) = —C4D. Go to Step 4.

Step 3.
- If & > 0, the optimal policy T*, F*) is obtained from Equations (49) and (53) and the
maximum profit/7 = [Tgo(T*,F*) is calculated from Equation (46). Go to Step 4.

- If £ = 0, then the optimal policy i8* = 0 andT* = c andl* = -Cy4D. Note that in this case,
no inventory is carried and there are always laktss Go to Step 4.

13



Step 4.

Finally, determine total demand per cycle and maximinventory level using®T and
I” = F' DT (1-D/P), respectively. Moreover, the maximum levels of cktout and
backordered can be determined usthg (1 - F)DT (1-8D/P) andB = g S, respectively.
Finally, determine the production quantity usipg= DT [(1- F )+ F].

5. Numerical examples

For better illustration of applying the optimalligges for the SEPQ inventory models
(with shortage) and to see how the solution proeeguoposed for this system works, we
will present some numerical examples. The objeativehis section is to show how we can
solve various SEPQ problems (with shortage) by risotihat are presented in this paper. To
design and define these numerical examples morgraety and to ensure that the example
demonstrates applicability, we will pursue an leanpetrochemical company as a case study.
The production and inventory systems of this corgpame similar to our developed models
that have considered different shortage situatibfwyever, in this section the numerical
examples do not utilize real input data becausesexurity purposes and the lack of
appropriate data for some parameters. The lachmiopriate data is a limitation of our study
that we will reveal later in the conclusion sectidfach of these examples can help readers to
understand how to select and how to use any opaposed models.

Example 1. A production system with these parameters is given:

Demand and production rates are 40 units/year 80duhits/year, and the price of new and
scrapped products are 10 $/unit and 5 $/unit, misedy. Production cost of a product unit
and obsolescence rate are 7 $/unit and 10%. Fixed setup cost, inventory holding,
backlogging, and goodwill costs are respectivel&ider, 2.5 $/unit, 3 $/unit, 1 $/unit. The
required space for each item and weight of each &ee 1.7 rfunit and 2 ton/unit. The
average emission cost of carbon for hold inventamgrage disposal, and waste collection,
for inventory obsolescence, and for manufacturiacheunit and partial backordering rate are
0.55 $/mi, 13 $/ton, and 0.3 $/unit, 0.45 respectively.Gpe (s - G,) + Cg = 4 $/unit. First,
we must calculate values 6f, C.j, s" andC e, from Equations (4) to (7) as below:

C' = 2.5(1-40/100)=1.5
Clei = 0.55(1-40/100)=0.33
Ceo= 13(1-40/100)=7.8
s"= (10-5)(1-40/100)=3

Then, from Equation (11) we get=1.5+ 1.7 *0.33 + 0.1 (3) + 0.1 * 2 * 7.8 = 30$/unit
and from Equation (44) we gel,= 3(1-0.45*40/100)=2.46%/unit. Next, we apply our
proposed solution algorithm for determining theimpim solution.

In the first step, we calculate the values of taelmmeterd and &, which are:
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A = (1H)%(C; — C.p)°D? - 2wCsD = (0.55)(3.7(40)-2*3.921*20*40 = 6625.96-6273.6 =
352.36 and & = C,[3 = 2.46*0.45 = 1.107. AA > 0, then the optimum solution (T*, F*) is

— * 2Co — 2x20 — H S * * *Y)
F*=1 and T* = /E = /3_921*40 = 0.50. The maximum profit is IT" = IIpgo(T*, F*) =

(S —-Cp— Cep)D —J2C,wD = (2.7) * 40 — V2 %= 20 * 3.921 x40 = 108 — 79.206 =
28.794 $/year.

Next, the values of the dependent variables are:

- DT =20.2 units,

- I' =F' DT (1-D/P)=12.12 units

- (1-F)DT (1DIP) =0,

- B '=pS=0,

- Q =[F +j(1- F)]DT =20.2 units

Example 2. Now, we assume that all parameters values areagitoiExample lparameters
but we modify the paramet@ and choose a nefy = 0.50. Applying the procedure again,
first from Equation (34) we get,= 3(1-0. 5*40/100)=2.45/unit.

Step 1. We obtain the valued = (18)%(C, — C,,)°’D* - 2wCsD = (0.5§(3.7)(40)-
2*3.921*20*40 = 5476-6273.6 =-797.6 anfl=C;B =2.4*0.5 = 1.2. A€\<0, we go to
Step 2.

Step 2. Asé&>0, the optimal policyT*, F*) is obtained from Equations (49) and (53), and the
maximum profitl* = Mpgo(T*, F*) is calculated from Equation (46). Thus, we have

= 0.601

. [2%20(3.921+24%05) (1-0.5)2(4- 0.3)?
~ | 24%05%403.921 2.4 % 0.5 * 3.921

and
_ (1-05)(4-0.3) + 0.5 % 2.4 % 0.601

0.601(3.921 + 0.5 * 2.4)
In addition, from Equation (46) we get the totadfitrlIszp_pso = $ 29.259 per year.
Finally, we have:

F* = 0.836

- Demand of a cycle = 0.601*40 = 24.33 units,

- I*=40*0.836*0.601*(1-40/100) = 12.049 units,

- S*=(1-0.836)*40*0.601*(1- 0.5*40/100) = 3.164its,
- B*=0.5*3.161 = 1.580 units,

- Q*=0.601*40(0.836+0.164*0.5) = 22.057 units.

Example 3. We assume that all parameters values in this exaangl similar texample 1
parameters, but no@ = 1. In this case, we are in the full backorder8§PQ model. The
optimal policy is given by Equations (36) and (3Bfus, we have
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(1—%)617 0.6 %3

F* = = = 0.315
w+(1—%)Cb 3.921+ 0.6 %3
and
D
- 2Cs(w + Cp (1 - ﬁ)) Jz x20(3.921 + 3 * 0.6) j4o £5721 _ o
- = = = 0.9 year.
w (1 _ 2) C,D 3.921 % 0.6 * 3 * 40 40 % 7.058

P
From Equation (30), the maximum profit/i§; = 63.572 $/year.
Example 4. Finally, we assume that all parameters values iandas to Example 1 but

suppose thap = 0. In this case, we are in the lost sale SEP@emdhe optimal policy
depends on the values (€, —C.p)D = (3.7) x40 = 148, and

J2CwD =/2(20)(3.921)40 = 79.206.  As (C; — C.p)D > \/2C;wD, then the optimal

S x s [2Cs _ 2%20 .
policy is given by =1, and T* = wa /3921*40 = 0.505. Also, from Equation (22), the

maximum profit is

IT' 15 = [(C, = Cep)D — \[2C;0D]| — CyD = 148 — 79.206 — 40 = 28.794 $/year.

6. Results

Table 1 briefly shows the results of these exampiethis research, Total profit function is
the target function of optimizing all four proposemdels. For this reason we concentrate on
analyzing the total profit amount of each modetha various situations that were stated in
our examples.

Table 1. Summary of examples results

Example Related Model B T* F* | Total Profit
($/year)
1 SEPQ-PB(finally used Basic SEPQnodel”) | 0.45 0.5 1 28.794
2 SEPQ-PBO 0.5 | 0.601| 0.836 29.259
3 SEPQ-full backordering 1 0.315 0.9 63.572
4 SEPQ-lost sale 0 0.505 1 28.794

The optimum values df, TandF" in models that presented in these examples angrsho
Figure 2 and the total profit of different modete aompared with each other in Figure 3.

As mentioned before, the maximum profit for the EPBasic model is
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Msg0g-pasic = (S — Cp — Cep )D — /2DCsw = (10 — 7 — 0.3) * 40 — V2 40 * 20 * 3.921 =
108 — 79.206 = $ 28.794 per year.
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Figure 2. Optimum values o, T*and F* in different models
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Figure 3. Total profit of different models

7. Discussions
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In this section, we discuss the results obtainechfnumerical examples. As can be seen in
Example 1, ifp = 0.45, the optimal policy coincides for bddasic SEPQand SEPQ-PBO
models, and the total profifl¢) is the same (28.794 yiar. However, as shown in Example
2, if B = 0.50, theSEPQ-PBOmModel has a better result, because its pFofit Mpgo(T*,F*)

= 29.259 $fear is higher than one of the Basic SEPQ models. ,Adsocan be seen in
Example 4, the total profit of tfteEPQ-lost salemodel and th&asic SEPQnodel is equal
(both are 28.794 $éan. But the total profit of th6EPQ-lost salesodel is lower than the
SEPQ-PBOmodel with 29.259 $ annual profit, because wih= 0, there will be no
backorders and all of the orders will be lost.

In Example 3, af = 1, all orders will be saved and backordered.thigrreason we used the
SEPQ-full backorderingnodel to determine decision variabldsafidF). Finally, as Figure 3
shows, the amount of this model's total profitatcalated as 63.572 $/year. It is obvious that
when we can save all orders faced with shortag8ERQ-full backorderingnodel), we can
obtain more profit than the partial backorderingecéwith 29.259 $kear total profit). But in
the real world, because all companies participata competitive context (many customers
are not loyal enough to restrict their businessomty one company), th&EPQ-partial
backorderingmodel SEPQ-PBQ is a realistic model that considers both econoamd
environmental aspects.

As Figure 3 shows, the total profit amouniS#PQ-full backorderingnodel is more than the
SEPQ-PBOmodel and, in the next level, tiBasic SEPQand SEPQ-lost salenodels. In
reality, full backordering is not possible in maognditions. Thus, th6EPQ-PBOmodel,
based on the premise that "only a portion of ordelisbe backlogged,” may be used when
backordering is possible to gain more profit. Feg@& shows that the inventory cycle (T)
value in SEPQ-PBOmodel isgreater than other models. Based on an illustratibthe
inventory level in the partial backordering casdrigure 1 (and illustrated in Figure 2), the
time between two consecutive orde (n the SEPQ-PBOmodel is longer than other
models. However, the fraction of period length wibsitive inventory levelK) in SEPQ-
PBO model is less than other models. In the other w8 Q-PBOmodel is a sustainable
EPQ model considering shortage issues; it gainsoredle total profit amount with the
highestT value and the lowe$t value than any of our proposed models based ogities
parameters values of this case.

8. Implications

This research has several practical and manag@pications. Many previous related works
focus on sustainable EOQ problem, but in this payemodel a sustainable EPQ problem
applicable for researchers and practitioners whaokwo manufacturing and production
contexts to use. Another important feature of oroppsed models is sustainability. We
consider environmental parameters, such as emisdigmoduction, emission of inventory
obsolescence, and emission of inventory holdingoun model’s formulation. Actually, a
sustainable EPQ model is a more realistic and resble inventory model than other models
that ignore sustainability issues because of itsctlior indirect effects on the firm’s long-
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term profitability. An additional managerial impditon of our research is adding inventory
shortage possibility as a real and practical dinoen® the sustainable EPQ problem. In the
real world, any firm can face four different sitioats in relation with inventory shortage
issue: no shortage (basic model), lost sale, fagkbrdering, and partial backordering. In this
paper, we cover all possible shortage situationsldseloping four different SEPQ models.
These models can be useful for operations managersare interested in determining levels
of suitable economic production quantity with rebto different shortage situations. In other
words, our developed models may be applicable fmrations managers and researchers
who are interested in modeling and solving EPQ lprabconsideringsustainability and
inventoryshortageissues as two of main dimensions that can be rinot@d/entory models
development based on real world conditions.

9. Conclusions

In this paper, we have developed four sustain&€ models that consider different
inventory shortage situations in a production syst©ur proposed models are thasic
SEPQ model, thelost sale SEPQthe SEPQ with full backorderingand theSEPQwith
partial backordering The direct accounting approach is applied, staguability issues are
included by considering inventory emissions costshsas cost of inventory obsolescence
emission, cost of inventory holding emission, andt®f production emission, in addition to
more common costs of inventory systems under thi&apbackordering case.

These new models may be useful for companies gakivironmentally conscious
production systems because of their applicable atdightforwvard computational
procedures. Our proposed sustainable EPQ (SEPQEelIshadver all of main shortage
situations with regard to both economic and envirental considerations. These four models
are tested, explained, and compared with four el@snpVe demonstrate the SEPQ-patrtial
backordering model has a good generality with neasle profit amount with the highegt
value and the lowedf value compared with the three other proposed msoddie main
limitation of our study is sustainable cost estiorat In this paper, because we employ the
direct accounting approach, a cost estimation girenmental parameters of sustainability is
a critical task to run the proposed models. Unfuataly, one of the major barriers of this
research expansion in many countries and compasigee lack of appropriate data with
which to determine environmental parameters (SWEICH Ceo and Cep). However, other
practitioners or researchers may provide thesenpateas. Also, these models can be
improved in several ways. Other sustainability apphes, such as Cap & Trade or Carbon
Offsets, can be used in the model. In this workdseelop four models in a deterministic
environment, but with further research, these nwdahy be extended by considering
stochastic demand. Moreover, many classical invgradontrol models can be developed by
adding sustainability issues and parameters.
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Appendix A. Proofing the profit function of lost sale case
According to Equation (18) we know:

D
,4(T,F) = (s — Cy — Cop)DF — = —————C,D(1 — F)
So,

oms _C, wDF* 9d°m, _ 2C

T T2 2 9T TS

o7
o> =(s=C, = G;) D-wDFT+ G, D

S
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In order to show the concavity of the proposed iprafnction we should show that
aznl-_s azﬂLS
2
[T, F].H. T <owhere,H = 0T OTOF |~ 54 e have:
F 0°m, 9%
OFT 0°F
_2G -wDF || T [ 2C T 2C
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