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Abstract

We consider a class of first-order impulsive functional differential equations, where the functional
dependence is not necessarily a Lipschitzian function. The new maximum principle improves and
extends previous results and uniqueness of solution between a lower and an upper solution for a
particular nonlinear problem is presented. We give conditions for existence of extremal solutions in
an interval delimited by a lower and an upper solution.
© 2005 Elsevier Inc. All rights reserved.
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1. Preliminaries

Impulsive functional differential equations have been considered, for example, in [15]
and Refs. [3-8] therein and, recently, in [4,6,7,10,22,23]. Some particular nonimpulsive
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functional problems have been studied in [13,16—18]. General references about impulsive
ordinary differential equations are [11,21] and the bases of the monotone iterative tech-
nique and the method of the lower and upper solutions for ordinary differential equations
are exposed in [9].

Usually, it is easier to obtain existence results when the nonlinearities involved are Lip-
schitzian. The most classical condition guaranteeing existence and uniqueness for ordinary
differential equations is the famous Picard-Lipschitz theorem. But, of course, when the
nonlinearity is non-Lipschitzian, it is possible to find conditions which guarantee exis-
tence [1].

However the study of non-Lipschitzian nonlinearities is important. For instance, in [5],
we can find a generalization of the Poincaré method to non-Lipschitzian dynamics. Also,
for example, see [2,3,8,12,14,19,20].

As far as we know, in the treatment of impulsive functional differential equations, it has
been always supposed that the functional dependence in the equation is given by mappings
or operators satisfying a Lipschitz condition. Now we present more general results, show-
ing applications to examples where functions providing the functional dependence are not
necessarily Lipschitzian.

Here we consider the problem

W ()= f(t,u@), [Yrurl)), teint(Jy), k=1,2,...,p+1,

u(t) = I(geuklt)), k=1,...,p, )
u(0) =u(T),
where J =[0,T],0=t <t <---<tp<tpp1 =T, i=t—1, el fork=1,...,p+1,

foru:[0,T] - R, u € C(J), the function uy : Jy — R defined by
up() =u(t), € r-1,u%l, up(tx—1) =u(tl ),

issuch that uy € C(Jy); Y : C(Jx) = C(Jr)iscontinuous,k =1,..., p+ 1,¢r: C(Jr) —
C(Jr), Ix : R — R continuous, k =1,2, ..., p and

f:JxRxR—R

continuous in J' x R x R, where J" = J \ {11, ...,1,} and such that there exist the limits
limt_)tk— f, x,y)= f(tx,x,y), limt_"/;r f,x,y),forkeN, 1 <k<p,x,yeR.

Note that the impulses at the instants #; depend on u(t), for ¢ € (f¢—1, tx]. In particular,
[Pxurl(ty) = u(ty), for k =1,..., p, but, in general, we have functional dependence for
the impulses.

Definition 1. A solution of (1) is a function u € PC'(J) satisfying the conditions in (1).

We remark that
PC(J) ={u:J — R: uis continuous in J \ {t1, ..., 1,};
and 3u(0"), u(T7), u(rf) u(ty) =u@), k=1,..., p},
PC' () ={uePCW): uisClin J\ {t,...,1p};
and 3u'(01), u'(T7),u' (1), u' (1), k=1,..., p}
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are complete spaces under the norms

lullpecry = supf{lu@®)]: t € T}, lullper gy = lullpeey + I lpec).-

Remark 1. PC(J) and ]_[,’:11 C(Jy) are equivalent Banach spaces, taking the supremum
norm in C (Jg).

Firstly, we prove a maximum principle and then we study existence and uniqueness
of solution for a quasi-linear problem related to (1), this makes it possible to develop the
monotone iterative technique for (1) and approximate the extremal solutions of this prob-
lem between a lower and an upper solutions.

2. Maximum principle
Denote by 0 the function 0(¢) =0, forall ¢ € J, and Ji = [tx—1, tx], fork=1,..., p+1.

Theorem 1. Let u € PCI(J), M >0, N >0, such that
u'(t) + Mu(t) + N[y (max{ug, 0D1(t) =20, 1€ (te—1,t), k=1,...,p+1,
ut) >0, k=1,...,p, )
u(0) = u(T),

where the following condition is verified for allk =1, ..., p+ 1:

b
N/[wk(max{w,0})](s)eM(Sflk*1)ds< max {w(s)eM(Sft"*l)},

S€[tk—1,b]
fora <b e Ji, and w € C(Jy) with {naxb]{w(s)eM(S*t"*‘)} >0. 3)
SE| k-1,

Then, u >0on J.

Proof. We prove that the continuous functions
u(t), if 1 € (tk—1, 1],
u(ty ), ift=t1,

uk(t)Z{

verify that uy >0on Ji,fork=2,..., p+ 1. Let vg(t) = ux (t)eM %1 t € Ji, and note
that vy has the same sign than uy on Ji. Also,
(1) = uj ()M =0 4 Muy ()M -0
> — N[y (max{ug, 0}) ] ()eM =0 1 e J, )
and v (fx—1) = u(t,:l) >0, fork=2,...,p+ 1. To prove that vy > 0 on J; (with k €

{2,..., p+1}), suppose that there exists 7o € (#x—1, t] such that vi (tp) = min,_, ;] vk <O.
Now, let & € [#x—1, tp) such that

vk(§) = max  w(s) = 0.
S€[tg—1,10]
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Integrating (4) between & and 7y and using (3), we obtain that
0]
—vk(€) > v (t0) — vk (§) = —N / i (max{ug, 0}) (s)e™ =1 ds
&

>~ max {ug()eMTH = - max we(s) = —we (),
SE[tr—1,t0] s€ltk—1,t0]

and this is absurd. So that vy > O on Ji,andu > 0on Ji, fork =2,..., p+ 1. This implies
that u(7T) > 0 but u(0) > u(T) > 0 so that, repeating the reasoning for k = 1, we obtain
thatu >0onJ. O

Corollary 1. Let M > 0, N > 0, 6; continuous functions for k =1, ..., p + 1, verifying
Ok : [tk—1, ti] — [tk—1, te], Ok (2) <t, t € Ji, and u € PC'(J) such that
u'(t) + Mu(t) + N max{ug, 0}(0(t)) >0, t€t_1,%), k=1,...,p+1,
ut) >0, k=1,...,p,
u(0) = u(T),

and

T
N/eM@—@k(mdsgL k=1,....p+1. )
Tk—1

Thenu >0on J.

Proof. This is easily deduced from Theorem 1 with [y w](#) = w (O (¢)), t € Jy and k =
I,...,p+ 1. To prove (3), consider k € {1,..., p+ 1}, a < b € Ji, and w € C(J;) with
maxy;,_, pyw = 0, then

b
N/(max{w,0})(9k(s))eM(s—tk71)ds

b
:Nfmax{w(ek(s))eM(gk(S)—fk—l)e—M(ek(S)—tk—l)’O}EM(S—tk—l)dS
a

173

< max {w(s)eM(‘Y_tk‘l)}N/eM(‘Y_g"(S))ds
S€[tx—1,b]

Tk—1
< max {w(s)eM(‘Y_t"‘l)},
S€[tg—1,b]

where we have used that 6x(t) <t,fort € Jr. O
The new estimate (5) provides a specific condition adapted to each particular delay

function and improves, for the case of impulsive delayed equations, the one given in [4].
Compare (5) with condition (iii) obtained in [18, Theorem 2.4] for the nonimpulsive case.
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Leto =max{ty —tx—1, k=1,...,p+1}.

Corollary 2. Let M > 0, N >0, and u € PC'(J) such that (2) holds and

[xlfkw](t)g[max]w, forteJr, weC(Jy), k=1,2,...,p+1, (6)
te—1,t

N Mo

— —1)<1. 7
e =1 @

Thenu >0on J.

Proof. Itis evident that (3) is valid. Fora < b € Ji, and w € C(Ji) withmaxp;, , pjw =0,
we can easily prove that

b
N/[Wk(max{w,0})](s)eM(S*lk—1)ds

b

<N max (max{w(r), 0})eM(S—l‘k71)ds
re€ltg—1,s]
a

b

<N max {w(r)eM(r_t’H)}/< max e_M(r_”‘*')>eM(s_”‘*‘)ds
reltg—1,b] reltk—1,s]
a

Tk
<N max {w(r)eM(r—tk_l)}/eM(s—tk_l)dS
relty—1,b]
fr—1

N
— _(eM(lk—lk—l) _ 1) max {w(s)eM(S—tk—l)}

M s€ltg—1,b]

N u M(s— -
< —(eM? —1) max {w(s)eMC %DV < max {w(s)eME—H-1]
= M( )semfl,bl{ (<) }\semﬂ,b]{ ) }

fork=1,...,p+1. O

Compare this estimate (7) with %(eM T _ 1) < 1. This last one was obtained in
[17, Theorem 5] for a nonimpulsive problem in [0, T'].
If we suppose condition (H>) in [4], i.e., existence of L > 0 with

[vk(w)]() < L[max] w, forte i, weC(J),
Ie—1,t

andall k =1,..., p+ 1, we would have obtained the estimate %(e"""7 —1) <1, that is
sharper than condition N LoeM? < 1, given in [4, Lemma 3.2].

Corollary 3. Let M > 0, N >0, and u € PC'(J) such that conditions in (2) are verified,
and suppose that the following conditions hold:
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t

[wkw](t)gfw(s)ds, forte Jy, weC(Jy), k=1,2,...,p+1,
Tk—1
N
e
Thenu >0on J.

eMG—Ma—l)gl. (8)

Proof. Letk e {l,...,p+1},a <b e Jy and w € C(Ji) with maxp, , , w = 0, then, by
hypotheses,

b
N/ Vi (max{w, 0})](s)eM(S =1 g

N
<N/fmax{w(r),O}dreM(s_’k*‘)ds

a fr—1
b s
<N max {w(r)eM(r—lk_l)}f / e_M(r_tk_l)dreM(S_tk_l)dS
relti—1,b]
a fx—1
3
N
<N ax {w(r)eM(r—tk_l)} /(eM(S—tk—l)_l)dS
M relti_y,b]
tk—1
. eMUB—t-) _ My — ) — 1

M

_ N
o e

< max {w(s)eM(s*t"*‘) 1,
s€[ty_1,b]

and (3) holds. O

Example 1. Let ry > 0, [Yyx](t) =rr — ‘/rlf — (x())2, for x € C(Jy), —r < x(t) < 1y,
teJr,k=1,2,..., p+ 1 and suppose that No < 1.
Leta <b e J, we C(Jy), w € [—rg, ri], with max,_, »yw = 0, and analyze the ex-

pression ry — r,f — (max{w(s), 0})2, for s € [a, b]. If s €[a, b] is such that w(s) <O,

then ry — \/r,f — (max{w(s),0)2 =r; — \/>2 =0and, if s € [a, b] verifies ry > w(s) >
then 0 < rx — w(s) < rx + w(s), which implies that (ry — w(s))? < rZ — (w(s))?, so that

k—\/rk max w(s) 0}) =ry— r,g—(w(s))zgw(s).
This leads to
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[I/Ik (max{w, 0})](s)eM(S—l‘k—1)
= (rk - \/r,f — (max{w(s), 0})2)6M(S—tk71)

M (s—ty_ .
. { w(s)e G=t—1)  §f w(s) =0 < max {u)(S)eM(Sitkil)},
0, ifw(s) <0  seltk-1.b]

for s € [a, b], therefore

b
N/[I//k(max{w,0})](s)eM(S—fk71)ds

b

<N max {w(s)eM(“”‘*l)}ds
s€(ty_1,b]
a

<Nt —tx—1) max {w(s)eME-1}
s€[tr_1,b]

< No max {w(s)eM(s_"‘*])}S max {w(s)eM(s_t"*‘)}.
s€[tk—1,b] s€lte—1,b]

If % was a Lipschitzian function in [—ry, r], there would exist L > 0 such that

2 2
sup| /72 — (x(0)” +y/r2 — (y(0))?| < L sup () y0).
tedi tedi
for every x, y € C(Ji), with —ry < x (), y() <rg, t € Ji.
Taking x,(t) =ry — 1/n,n € N, and y(t) = ry, for all t € Ji,

IR 1 1
||[wkxn]—wky]ﬂ=,/r,§—(rk——) T <L-, WneN,
n n n n

which implies the contradiction 2nry — 1 < L% VneN.
So that, we have obtained a very general maximum principle that can be applied in cases
where the functional dependence is not given by a Lipschitzian function.

Example 2. Let My € R, [Yrx](t) = x(t) + eMk — M= for x € C(Jy), t € Jx and
k=1,2,..., p+ 1. Suppose that N(eMk + Dt — tx—1) < 1, for all k. We prove that
again vy verifies condition (3) in Theorem 1. Consider a < b € J; and w € C(J;) with
max;,_, pjw = 0. Using that

74+ Mk — M2z < (eM" + l)z, forz >0,

we have, for s € [a, b], that
[V (max{w, 0}) J(s)eM -
_ { (w(s) + Mk — Mi—w)) M=t - if y(s) >0,
0, ifw(s) <0

< { (Mt + 1w (s)eME—1=0 if w(s) >0,
~ o, ifw(s) <0
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< (eM +1) max {w(s)eM(‘Y_tk—l)}
S€[tg—1,b]
and, in consequence,

b

N/[lﬂk(maX{w,0})](s)gM(~Y—fk—1)ds

SN(eM + 1)tk — ty—1) max {w(s)eM -0}
s€[tk—1,b]

M(s—tr—1) }

N

max {w(s)e
s€[tg—1,b]

If ¢ was a Lipschitzian function, there would exist L > 0 such that

sup|x(t) — MO _ () eM"fy(’)| <L sup|x(t) — y(t)|.
tedi tedi

For x,,(t) = —n 4+ My, n e N and y(t) = My, t € Ji, we get
IlWkxn] — [yl = sup|—n + My — " — My + 1| < Ln, VneN,

tedy
or |-n—e"+1|=¢€"+n—1< Ln, Vn € N, which leads to the contradiction ¢* — 1 <
(L —1n, VneN.

Remark 2. If [, w](#) <0, Vw € C(J), w = 0, then condition (3) in Theorem 1 is triv-
ially valid.

3. Quasi-linear problem associated to (1)

Let M >0, N >0, b € PC(J) and consider the problem

uw' (t) + Mu(t) + N[Yrui ) =b(t), t€ 1, tx), k=1,...,p+1,
u(t,j'):ck, k=1,...,p, 9
u(0) =u(T).

Definition 2. A solution of (9) is a function u € PC'(J) satisfying conditions in (9).

Definition 3. A function « € PC'(J) is a lower solution for problem (9) if
o (1) + Ma(t) + N[y l(t) < b(t), te€te—1,t), k=1,....,p+1,
atH <k, k=1,...,p,
a(0) <a(T).

Analogously, 8 € PC'(J) is an upper solution for (9) if it verifies similar conditions for
the inequalities reversed.
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For two functions y;, yo € PC(J), we say that y; < y» if y1(¢) < »(t), for ¢ € J, that
is, if (y1)r < (32)k on Ji, fork=1,..., p + 1. In these conditions, we denote [y, y2] :=
{ue PC(J): y1 Su <y}

For o, B € PC(J), ¢ < B, we introduce the maps g : C(Jy) > C(Jy), k=1,...,p+1,
given by

(1), ifw) <o),
[qxw](t) = max{o (1), minfw (1), () }} = w(@), i) <w(r) < (@),
Br(®), ifw() > (1),
for w € C(Jy), t € Ji, where oy (t) = a(t), t € (tr—1, tx], ax(tr—1) = a(t,:]), and analo-

gously for B.

Theorem 2. If «, B € PC'(J) are, respectively, lower and upper solutions for (9) with
o < B, and Yy satisfy, forallk=1,...,p+ 1, (3), and

Yx maps bounded sets into bounded sets, (10)
Y (max{w — i, 0}) > Y (g (w)) — Yu(aw)  on Jg, for w € C(Jy), a1
Vi (max{B — w, 0}) > Yi(Bi) — v (qr(w))  on Ji, for w e C(J), (12)
Yi(max{f — g, 0}) =y (f) — ¥u(g) on Ji, for f.g € C(Jx), f.g € lou, Brl,
(13)

then there exists exactly one solution to (9) in [«, B].

Proof. Firstly, we prove that problem (9) has, at most, one solution in [, 8]. Suppose that
ui,uy € [a, B] are solutions to (9) and consider m| = uj — uz, my = uy — u; € PC'(J).
Then, by (13), for t € (ty—1, %), k=1, ..., p+ 1, we obtain
m'y(t) + Mm1 (1) + N[y (max{(m1)r, 0})] ()
= (1) + Muy (t) — u5(1) — Muz(r) + N[y (max{(u1)x — (u2)x, 0})] (1)
=b(1) = N[y @) ](®) = b(0) + N[ (u2)r ] (1)
+ N[y (max{ @i — (u2)x. 0})](1) >0,
m1(0) =u1(0) —u2(0) = ui(T) — uz2(T) =m(T),
and, fork=1,2,..., p, ml(t,j) =u (t,j) — uz(t,j) = ¢, — ¢ = 0. Analogously, we prove
that
m5(t) + Mma(1) + N[y (max{ma, 0))](1) >0, 1€ (o1 t), k=1,....p+1,
my(0)=my(T),  ma(t})=0, k=1,2,....p.
By Theorem 1, we can affirm that u; = u> on J. Note that, if hypothesis (13) is true for

f, g € C(Jy), then we are in conditions to prove uniqueness of solution of (9) and not only
uniqueness in [«, B].
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To prove existence of solution of (9) in [«, 8], we consider the auxiliary problem
w'@t) + Mu(t) + NYrqeuelt) = b(t), tet-1,%), k=1,....,p+1,
utHh=c, k=1,...,p, (14)
u(0) =u(T).
We prove that every solution of (14) belongs to [«, 8], and that there exists a solution
of (14). Thus, (14) has a solution u € [«, B8], and therefore it is a solution of (9), since
qrur =ug, forallk=1,..., p+ 1. Let us prove that every solution u# of (14) is in [«, B].
Setm; =u —a € PC'(J) and my = B —u € PC'(J). By (11) and (12), we obtain, for
k=1,....,p+1landt € (tx_1, 1),
my (1) + Mm(t) + N[y (max{(m)x., 0})] (1)
=u'(t) + Mu(t) — o' (t) — Ma(t) + N[y (max{ux — o, 0})](t) > b(r)
— N[Yrqru](t) — b(1) + N[yrax](t) + N[ v (max{ug — i, 0})] (1) >0,
m5(t) + Mma (1) + N[y (max{ (m2)x, 0})] (1) > 0,
m1(0) =u(0) —a(0) = u(T) —a(T) =m(T),
m2(0) = B(0) —u(0) = B(T) — u(T) =mo(T),
and, fork=1,2,..., p,

() =u(if) — i) > e — =0,
my(47) = B(t") —u(t) >
From application of Theorem 1 we get m; > 0, and m» > 0, thatis, « < u < 8.

Now, we prove existence of solution for problem (14). Consider the operators
T :C(Jx) > C(Jr), k=1,..., p+1, given by

cr —cp=0.

t
[Tew]() = cx—re” MO0 / {b(s) = NIyrqrwl(s) }eM =" ds, (15)
Tk—1
for t € Ji. Since v and gx are continuous, we can prove that the operators T} are contin-

uous. Also, Ty is completely continuous, for all k. Indeed, let k € {1,2,..., p + 1}, and
S C C(Jr) abounded set (||u|| < ry, foru € S). Then for w € S, t € J,

t
|(Tew) ()] < Jex—1]e M1 4 / ([6()] + N|[Yrgrwl(s)])eM S ds

Tk—1
t

<lek—1]+ (161 + N Ry) / M0G0 g
Tk—1

— e M{—ti-1)

M
1 — e Mt—ti-1)
<lexrl+ (Ib] + N R ) —————— = b,

1
<ler—1l+ (161 + N R)
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where we have used that 1, maps bounded sets into bounded sets:

lgrwll < max{llecll, 18} = I¥egrwll < R,

and, also, since T w given by (15) verifies equation
u'(t) + Mu(t) = b(t) — N[Ykqewl(®), 1€ (tk—1, 1),

then

[(Trw) ()| = |b(t) — N[Yeqrw](®) — M(Trw) (1)
< bl + Nlywgrwl + M8, < ||bll + NRe + M8y,  t € Ji,

so that T is completely continuous. On the other hand, let u € C(J;) and A € (0, 1), such
that u = ATru. Then ||u|| = [|ATru|| < ||Txull < §k. Applying Schaefer’s theorem, we ob-
tain existence of a fixed point u; € C(Ji) for Ty (uy € CY(J)). Note that the initial value
for the equation in [0, #1] (relative to operator 77) is chosen once we have proved existence
of us, ..., upy1 (fixed points for 13, ..., Tp41, respectively) as co = up41(T). Thus, we
have obtained that function u € PC! (J) givenby u(t) = ur(t),fort € (tx—1, e, k=2,...,
p+ 1 and u(t) = u;(t), for t € [0, #1], is a solution to (14). Since every solution of (14)
belongs to [«, 8], then u is a solution to (9) in [«, B] (in fact, u is the unique solution to (9)
in this functional interval). O

Conditions in Theorem 2 are quite restrictive but, on the other hand, we have to take
into account that it guarantees uniqueness of solution for a nonlinear functional problem
where the functional dependence is not necessarily Lipschitzian, under the assumption of
existence of appropriate upper and lower solutions. The comparison result and the exis-
tence and uniqueness result for the quasilinear problem (9) are very useful to develop the
monotone method for problem (1). Anyway, our results are interesting by themselves. The
maximum principle (Theorem 1) extends previous results and allows a general formula-
tion and the existence and uniqueness theorem (Theorem 2) makes reference to equations
given by an operator not necessarily linear nor Lipschitzian in presence of upper and lower
solutions and it is valid without specifying any fixed expression for .

Remark 3. Note that if

i (max{w — ., 0}) > Yk (w) — () on Jy, for w € C(Jp),
Vi (max{Bx — w,0}) > v (Br) — Yx(w) on Ji, forw € C(Jp),

hold, then every solution of (9) is in [«, B8] and, therefore, is a solution of (14).

2
2

Proposition 1. Observe that, for everyk=1,2,..., p + 1,
max{w —ay, 0} > qr(w) —ax  on Jy, for w e C(Jy),
and

max{Br — w, 0} > Br — qx(w) on Ji, forw € C(Jy).
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Proof. If w e C(Jy),and t € Ji,

{ , if w(t) < ag(?),
w(t) —or(t), ifw()>ar(t)

< {Olk(t) —ai (1), if w(t) <o),

gr(w)(@) —ag (@), ifw) > ()
Similarly, it can be proved the second assertion. O

max{w — ag, 0}(t) =

= (qr(w) — o) (1).

Proposition 2. If vy is nondecreasing and

Vi(f —8) 2V f —ykg onJi, for f,g € C(Jx), [, g € lak, Bkl
then hypotheses (11)—(13) hold.

Proof. Let w € C(J), then, by hypotheses and Proposition 1,
Y (max{w — o, 0}) > ¥ (qx (w) — o) = V(g (w)) — Y (o)  on Ji,
Y (max{Br — w, 0}) = Vi (Br — qx(w)) = ¥ (Bx) — ¥ (qx(w))  on Jg,
and, for f, g € C(Jy), f, g € lak, Brl,

Y (max{f — g.0}) = ¥i(f — g) = ¥ (f) — Yx(g) on Jj.
In consequence, (11)—(13) hold. O

Example 3. Observe that a function ¥ in the hypotheses of Proposition 2 is not necessarily
Lipschitzian. For instance, take ¥« (f) = /| f|, f € C(Jk).
If0< f <g,then

V() =VIfl=VF<vg=VIgl=vr(g) on

so that v is nondecreasing for nonnegative functions.
Now, let f, g € C(Jx), f, g = 0 on J, and calculate

[V (f — @] =VIf —gl®).
If £(1) > g(t) >0, then 2/ F(Dg() =2/ (g(1))2 =2 g(¢) and, thus,
(VIO =V30)’ = f() + () =2/ FD)g(0) < (1) + (1) = 28(0)
—f—s=(fO—gD).
Since, in this case, </ f (t) — +/g(t) = 0, it is obtained that

[vi(f =] =V1f =gl =V ) —gt) >/ 1) — /g
= [vk(H]®) = [¥r(®)]®).
IfOo< f(r) < g(t), then
[vi(f =] =V1f —gl() =g@t) — f(t) >0

> O] =/ [s@] =[v(H]®) = [¥r(@)]@).
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Nevertheless, ¥ is not a Lipschitzian function. If there existed L > 0 with

I (f) — v < LILf —gll, forall f,geC(Jy), f.g=>0,
=

then, taking ¢ = 0, |[Yx () < L|f|l, for all f € C(Jy), f = 0. In particular, for
fn(t) =1/n constant in Ji, n € N, we obtain that /1/n < L(1/n), n € N, and we get
the contradiction n < L2, Vn € N.

Remark 4. Conditions (10)—(13) in Theorem 2 and conditions in Proposition 2 are verified
in the cases where functions 1 involve a delayed argument,

[rw](t) = w(0k (1)), fort e Jg,
where 6 : Jp — Ji is continuous and 6 (¢) < ¢, for all ¢ € J;, a maximum function

[Yrw](t) = max w, forte Jg,
[tk—1.t]

or an integral
t
[Yrw](®) = / w(s)ds, fort e Jy.
Th—1

This fact is exposed in the following corollaries.

Corollary 4. Let « < B € PC'(J) be, respectively, lower and upper solutions of
w' () +Mu(t) + Nu@r()) =b(), te(tr_1,t), k=1,...,p+1,
utH=ck, k=1,....p, (16)
u(0) =u(T),

where M >0, N >0, b € PC(J), 0 : Jy — Ji continuous, with 6, (¢t) < t fort € Ji. Sup-
pose that (5) holds. Then, there exists exactly one solution to (16) in [«, B].

Proof. The functionals defined by [Yrw](r) = w(bi(t)), t € Ji, verify hypotheses
(10)—(13) in Theorem 2. Indeed, v are continuous, (10) is verified, and (11)—(13) hold by
Proposition 2 since v are nondecreasing and, for f, g € C(Jy), s € Ji,

[Vi(f — @)]) = f(6k(5)) — g(6 () = [¥r ()] (s) — [¥r()]().
Finally, validity of condition (3) is obtained from (5). O

Corollary 5. If « < B € PC'(J) are, respectively, lower and upper solutions to
u'(t) + Mu(r) + Nmaxy,  qur=>b), te(tr_1,4), k=1,...,p+1,
utHh=ck, k=1,...,p, a7
u(0) =u(T),

where M >0, N >0, b € PC(J), and (7) holds, then problem (17) has exactly one solu-
tion in [a, B).
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Proof. We can apply Theorem 2 again, since, for [y, w](t) = max;,_, qw, w € C(Jy),
t € Ji, conditions (3) and (10) hold, and the validity of (11)—(13) comes from Proposition 2,
since Yy is nondecreasing fork =1, ..., p+ 1 and, for f, g € C(Jy), and s € Jg,
[Vi(f —g)](s)= max (f—g)(r)=> ,Jnax f(r) = max g(r)
=154

reltg—1,s] relty—1,s]

(VD] = [vn(@]). O

Corollary 6. If « < 8 € PC'(J) are, respectively, lower and upper solutions for problem
w' (1) + Mu(t) + th;H up(s)ds=>b(t), te@-1,t), k=1,...,p+1,
ut ) =c, k=1,....p, (18)
u(0) =u(T),

where M >0, N >0, b € PC(J), and estimate (8) holds, then problem (18) has a unique
solution in [, B].

Proof. Taking [y w](?) = ffi—l w(s)ds,w e C(Jy),t € Jy, itis evident that conditions (3)
and (10)—(13) in Theorem 2 hold, since 1 is nondecreasing fork =1,..., p+ 1, and
N S N
[intf =910 = [ (¢ =owdr= [ rnar= [ swrar
th—1 Tk—1 k-1

= [v(H]) = [Ye(@]®),
for f, g€ C(Jr),s € Jy,andeveryk=1,...,p+1. O

Remark 5. The maximum principle Theorem 1 is valid replacing max{u, 0} by uy in (2)
and max{w, 0} by w in condition (3). Using this information and considering the following
hypotheses, forall k =1,2,..., p+ 1,

Yi(f —8) 2V f —Yrg onJy, forf, g € C(Jp), (19)
[[kwl(s)| < Rlw(s)|, Yw e C(Jy), Vs € Ji, for some R > 0, (20)

we can prove that problem (9) has a unique solution. Moreover, the unique solution belongs
to the functional interval [«, B8], where «, 8 are well-ordered lower and upper solutions, re-
spectively. To prove existence of solution, we can proceed similarly to Theorem 2, applying
Schaefer’s theorem to operators

t
(Fewl() = ey~ MO1-0 1 / (b(s) — N[gawl(s)}eM 60 ds,
Tk—1
forwe C(Jy),t € Jy,and k=1,..., p+ 1, and considering C(J;) furnished with the
norm [|wl| , = sup, j, lw(t)|e=PU=%=1 where p > 0 is such that

1 — e~ M+p)(tx—tk—1)
NR Y <1, Vk=12,....,p+1.
0
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4. Monotone method
In order to obtain the existence of solution of (1), we give some definitions and results.

Definition 4. A function o € PC'(J) is a lower solution of (1) if

o (1) < f(t,a@), [Yral®)), teint(Jy), k=1,2,...,p+1,
at)) < (ko). k=1,...,p, 21
a(0) < a(T).

We can define an upper solution 8 € PC'(J) in the same terms, but with the inequalities
reversed.

Theorem 3. Let o, B € PC'(J) be, respectively, lower and upper solutions for (1) with
o < B and suppose that there exist M > 0, N > 0 such that, forallk=1,2,...,p+1,

ft,x@), Wix1®) = f (2, y@), [y 1(©))
> —M(x(1) = y(0) = N([ywx1(0) — [Yry] @),

fort e Jx, x,y € C(Jy) such that ay <y < x < B on Jy, (22)
with Yy satisfying (3) and (10)—(13). Suppose also that
Li([xx1(10) = I ([ory) ), forx >y e C(Q), andk=1,....p (23)

(it is true, for instance, if all Iy and ¢y are nondecreasing). Then there exist monotone
sequences {on} 1 p, {Bn} | v uniformly, where ag = «, Bo = B, and p, y are the extremal
solutions to (1) in the functional interval [c, B].

Proof. For a fixed n € [«, B], consider the problem
u'(t) + Mu(t) + N[Yur](t) = by(t), te(t—1.t), k=1,....,p+1,

u(th) = I(pemd @), k=1,....p, 24
u(0) =u(T),
where by, (1) = f(z,n@), [Yinkl@)) + Mn@) + N[Ywnel(@), for 1 € (tk—1,t), k =
1,..., p+1, which has a unique solution u, € [, 8], using Theorem 2, since «, 8 are, re-
spectively, lower and upper solutions of (24). Indeed, using the properties of ¢, 8 and (22),
we obtain, fork=1,...,p+1,and t € (#—1, %),

o (1) + Ma(t) + N[yrar](1)
< f(t (), [Yraw] () + Ma(t) + N[yrou (1)
< [t @), W) @) + Mn(@) + N[yl (1) = by (1),
and, analogously,
B (1) + MB(t) + N[y (1) = by (0).
Besides, fork=1,..., p,
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a(th) < (ko] (1) < I (I (tr),
B(t5) = L (Iok Bl (1) = I (Ipxmi] (1))

At this moment, it is possible to define A:[a, B] — [a, B], by An=u,. To check the
nondecreasing character of A, take 11,72 € PC(J) such that o < 1y <12 < B, by (13)
and (22), we obtain that m = An, — An; satisfies the following properties:

m'(t) + Mm(t) + N[ (max{my, 0})] (1)
= (An2) (1) + M Any (1) — (A1) (1) — MAni (1)
+ N [max{(An)i — (An)i, 0}] ()
= (.m0, [¥r )i | () + Mna(1) + N[ 2k | (1) = N[¥a (An2)e ] ()
— ft.m @), [YemDi](©) — Mni(t) — N[y ] (@) + N[ (An)e] @)
+ Ny [max{(An)k — (AnDr, 0}](1) =0, 1€ (@1, t), k=1,...,p+1,
m(n") = L([$x )] 1)) — Le([$x ] 1)) =0, k=1,..., p,

and m(0) =m(T). Then An; < Ana, due to the application of Theorem 1.

Define the sequences {«, }, {8} such that og = «, Bo = B, an+1 = A, and B, 1 = AB,,
for n > 1, then {«y,} is nondecreasing, {$,} is nonincreasing, and o« = o9 < o] < -+ <
ap < B < -+ < B < Po = B. By a classical reasoning, it can be proved that {«,} 1 p,
{Bn} | v uniformly on J, where p, y € [, B] are the extremal solutions of (1) in [«, 8],
that is, every solution u of (1) in [«, B] verifiesthat p <u <y onJ. O

Remark 6. Taking into account Remark 5, a similar result can be obtained with the obvious
changes in condition (3) and replacing conditions (10)—(13) by (19)—(20).

Theorem 3 allows different types of functional dependence, including delay, maximum
and integral functions, as stated in the following corollaries.

Corollary 7. Let a, B € PC'(J), a < B be, respectively, lower and upper solutions of

W(t)=ft,u@®),u®)), tem—1,t),k=1....p+1,

u(t) = I(lpru ), k=1,...,p, (25)

u(0) =u(T),
where f:[0,T] x R? = R, and 6y : Jy — Ji with 0x(t) < t, t € Jy. Suppose that there
exist M > 0, N > 0 such that, foreveryk=1,2,...,p+1,

F(t,x@), x(6c(®)) = (2, y(), y(6c(D)))
> —M(x(t) — (1) = N(x(6: () — y(6:(D))),
forte i, x,y € C(Jp), ax <y <x < PronJy, (26)

and assume that (5) and (23) are also valid. Then there exist monotone sequences {cy},
{Bn} with ag = o, By = B, uniformly convergent to the extremal solutions of (25) in [, B].
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Corollary 8. Let a, B € PC'(J), a < B be, respectively, lower and upper solutions to

u/(t):f(tvu(t)9maxxe[lkfl,t]uk(s))v te(l‘kfl,lk), k=177p+1a
u(t) = L(pru @), k=1,....p, 27
u(0) =u(T),

where f:[0, T] x R?> — R. Suppose that there exist M > 0, N > 0 such that, for every
k=1,2,...,p+1,

f(t,x(t), max x) — f(t,y(t), max y)
[tk—1.7] [tk—1.1]

>—M(x(t) — y(1)) — N([max X — max y),

tr—1,1] [tk—1.1]
forte Jy, x,y € C(Jp), o <y <x < By on Jg, (28)
and (7), (23) are valid. Then, it is possible to construct monotone sequences {c,}, {fn},

with ag = o, By = B, uniformly convergent to the extremal solutions of (27) in [, B].

Corollary 9. Let « < B € PC'(J) be, respectively, lower and upper solutions to

W)= f(tu@), [} ws)ds), te@r.n), k=1,....p+1,

u(t)) = L)), k=1,...,p, 29
u(0) = u(T),

where f:[0,T] x R? — R. Suppose that there exist M > 0, N > 0 such that, for every
k=1,2,...,p+1,

t t

f(t,x(t), /x(S)dS>—f(t,y(t),/y(S)dS)

th—1 Tk—1
t t
> —M(x(t) — y(t)) — N( f x(s)ds — f y(s) ds),
Tk—1 Tk—1
forte Ji, x,y e C(Jp), o <y <x < i on Ji, (30)

verifying also (8), (23). Then there exist monotone sequences {a,}, {Bn}, with ap = «,
Bo = B, uniformly convergent to the extremal solutions of (29) in [«, B].
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