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1. Introduction and notation

In 1987 Matter defined the ideal of (p, o)-absolutely continuous linear operators in order to analyze super-reflexive
Banach spaces, establishing many of its fundamental properties in [1]. In the nineties, Lépez Molina and Sanchez Pérez
studied the factorization properties and the trace duality for these operators in a series of papers, introducing the class of
tensor norms that represent these operator ideals (see [2-4]). Roughly speaking, the class of (p, o )-absolutely continuous
operators can be considered as an “interpolated” ideal between the p-summing operators and the continuous operators,
preserving some of the characteristic properties of the first class.Let 1 < p < coand0 < ¢ < 1.Alinear operator T between
Banach spaces X and Y is (p, o)-absolutely continuous if there is a positive constant C such that for alln € N, (x,-):’:1 C X,
we have

1-0o 1-o

n p

n p p
DITCI™e ) =Csup (Do (1 1 Iall) ) (1.1)
i=1

§eByx \ i1

The smallest constant C such that the inequality (1.1) holds is called the (p, o)-absolutely continuous norm of T, and is
denoted by 7, » (T). It is in fact a norm on the space $, , (X, Y) of all (p, o')-absolutely continuous linear operators from
X into Y, that becomes a Banach space. In particular, we have that £, o (X, Y) coincides with IT, (X, Y), the well known
operator ideal of p-summing operators introduced by Pietsch in [5] (see also [6,7]).

The aim of this paper is to study the multilinear version of this class of operators and its tensor product representation,
and to provide some applications in the setting of the factorization theory of bilinear maps. For more details concerning
the nonlinear theory of absolutely summing operators and recent developments and applications we refer to [8-16].
Regarding compactness, we show that as in the case of the p-summing operators the (p, o)-absolutely continuous operators
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are always completely continuous, allowing some direct applications for giving sufficient conditions for compactness
of multilinear maps on reflexive Banach spaces under weaker summability requirements. Other application is given by
proving that (p; p1, p2; o)-absolutely continuous bilinear maps defined on products of Banach function spaces satisfy also a
concavity type property. This allows to prove a factorization theorem for operators between Banach function spaces through
interpolation spaces.

The paper is divided in five sections. After the introductory one, in Section 2 we extend to multilinear mappings

the concept of (p, o)-absolutely continuous linear operators, for which the resulting vector space ocgsy(p;p] ____ pm) of the
(p; P1, - - ., Pm; 0)-absolutely continuous multilinear operators is a normed (Banach) multi-ideal. Continuing the work of

Matter [17], in the third section we establish a domination theorem for such operators and we give the factorization theorem
for the (p, o)-absolutely continuous linear operators and its multilinear version.

In Section 4, we present a reasonable crossnorm f, , on X; ® --- @ X, ® Y that satisfies that the topological dual of
the corresponding normed tensor product is isometric to the space of Y*-valued (p; p1, ..., pm; 0)-absolutely continuous
multilinear operators on X; x - - - X X;; . We generalize in this way the result for the linear case that can be found in [2].

Finally, Section 5 is devoted to show some applications. Under adequate requirements we show that the summability
property for multilinear operators that is considered in the definition of £7, (., ,implies compactness, providing in this
way sufficient conditions for assuring such property for multilinear maps. We finish the paper by showing the factorization
theorem for linear operators between Banach function spaces mentioned above.

The notation used in the paper is in general standard. Letm € NandX;, (j = 1, ..., m), Y be Banach spaces over K, (either
R or C). We will denote by £ (X1, ..., X;;; Y) the Banach space of all continuous m-linear mappings from X; x - - - x X;; into
Y, under the norm
ITh=sup [T&'....x"M|

XjEBXj ,1<j<m

where Bx; denotes the closed unit ball of X;(1 < j < m).IfY = K, we write £ (X, ..., Xp).Inthecase X; = --- =Xy =X,
we will simply write £ ("X;Y).

Let now X be a Banach space and 1 < p < co. We write p* for the real number satisfying 1/p + 1/p* = 1. We denote by
E; (X) the space of all sequences (x,'):’=1 in X with the norm

|, = (Z ||x,-||P>
i=1

and by Zg,w (X) the space of all sequences (x;)[.; in X with the norm
1
p

[, = sup ( |<xi,s>|")
1

1§ NI+ <1

i=

where X* denotes the topological dual of X.
Let £, (X) be the Banach space of all absolutely p-summable sequences (x;)7>, in X with the norm

oo, = (Sower)
i=1

We denote by Z;‘; (X) the Banach space of all weakly p-summable sequences (x;);2; in X with the norm
ledEil,, = sup [EENE],-
’ 1€ llx+ <1

If p = oo we are restricted to the case of bounded sequences and in £, (X) we use the sup norm.
We denote by £7 (X1, ..., Xm; Y), the space of all m-linear mappings of finite type, which is generated by the mappings
of the special form

@ @x,®y: (x' .. x") X (x) .k (™) y
for some non-zero x]?“ € Xj* (1<j<m)andyeY.
Definition 1.1. An ideal of multilinear mappings (or multi-ideal) is a subclass M of all continuous multilinear mappings

between Banach spaces such that for all m € N and Banach spaces X1, ..., X;; and Y, the components M (X1, ..., Xy; Y) ==
LK1, ..., Xm; Y) N M satisfy:

(i) M(Xq,...,Xn; Y)is alinear subspace of £(Xy, ..., Xn; Y) which contains the m-linear mappings of finite type.
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(ii) Theideal property: IfT € M(Gy, ..., Gn; F), u; € L(Xj; G) forj =1,...,mandv € L(F;Y), thenvoTo(uy, ..., Un)
isin M(Xq1, ..., Xm; Y).
If ||| 5 : M — RT satisfies
(i) MK, ... Xm; V), -1l 40) is @ normed (Banach) space for all Banach spaces Xi, ..., Xy and Y and all m,

(i) [T K™ - K:T"(x',....x") =x'...x"|| = 1forallm,
(i) fT € M(Gy,...,Gn;F), yj € L(X;,G) forj = 1,...,mand v € L(F,Y), then [[voTo (uy,...,unlly, <
NIl T g gl - - - lumll , then (M, ||.]] 4 ) is called a normed (Banach) multi-ideal.
Definition 1.2. Let M be a multi-ideal and operator ideals 1, ..., /n, an m-linear mapping A € £L(Xy, ..., Xm; Y) is said
to be of type M o (A1, ..., Ap), insymbolsA € M o (A1, ..., An) X1, ..., Xn; Y),if there are Banach spaces G1, ..., Gp,
linear operators u; € 4;(Xj;G)),1 < j < m, and a continuous m-linear mapping M € M(G;, ..., Gp;Y) such that
A= Mo (uq,,...,Uy). The proof that M o (A1, ..., #Ap) is an ideal of m-linear mappings can be found in [11, Theorem
2.2.2].

The definition of absolutely summing m-linear functionals is due to Pietsch [ 14]. In [12], Matos presented a definition for
vector-valued mappings.

Definition 1.3. Let 1 < p, py, ..., pm < 00, With % < % +o 4 1#' An m-linear operator T € £L(X1, . .., Xm; Y) is said to
be absolutely (p; p1, ..., pm)-summing if there is a constant C > 0 such that for any X ey x’,} € X; we have
1 n
Ha@h””wl1u<crmauﬁ
foreveryn,m e Nandj = 1, ..., m. The vector space of these mappings is indicated by L (p:p,,....pm) K1, - -, X3 Y) and
the smallest C satisfying the inequality above, by [IT|| ., 1) This defines a norm on &L y:py,....pm) K15 - - > X3 Y).
This definition is equivalent to say that (T(x}, . ) belongs to £,(Y) for every (x’) 2, € E"’ (X).

The next results can be found in [11,12], and will be used in the sequel.
Proposition 1.4. Let 1 < p, pq, ..., P < 00, With % = i ot Ii andT € £ (X1, ..., Xm: Y). The following statements
are equivalent:

(a) T is absolutely (p; p1, . .., Pm)-Summing.
(b) There is a constant C > 0 and regular Borel probability measures j; on BX}_* (with the weak star topology) so that for all

(x',....X™) € Xy X -+ X Xp, the inequality
1
m Pj
IT (=] / 60" di(gp) | (12)
j By
is valid.
(c) (Factorization Theorem) There exist Banach spaces Gy, . . ., Gy, an m-linear mapping S € £ (Gy, ..., Gy; Y) and operators

uj € My, (X, G),j = 1,...,m, such that
T=So(u,...,uUpy)
Moreover, we have

IT

inf {C > 0 : for all C verifying the inequality (1.2)}

||°Casw(p;p1,4...pm)

m
inf ISI ] [ gy () : T = So(us, ... um)

j=1
Proposition 1.5. et 1 <p <qg<ooand1<p; < qj < 00,j=1,..., mbesuch that
=1 D P =9 q

Then

DCas,(p;p] ,,,,, pm) X1, .., Xmy Y) C DCas,(q;q] ,,,,, qm) X, oo X Y) .
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2. (p; P15 - - - s Pm; 0)-absolutely continuous multilinear operators
In this section we extend the definition of class of (p, o)-absolutely continuous linear operators to the case of multilinear

operators and we show that the inclusion between a couple of multi-ideals of the class with different parameters works as
one would expect.

Let1<p,pi,...,pn <oowith > <L 4... 4 Land0 <o < 1.Forall (), C X, (1 <j < m) we put
n 1-0o o 157} 11;7]”
8o (L) = sup S (’(PJ(’@‘ ¥ )
¢j€3xj* i=1
It is clear that
[ o = e (@i, foral DL, € X, (1 =i < m). Y

1-0"

Definition 2.1. A mapping T € L(X1, ..., Xm; Y) is (p; P1, - - - Dms o)-absolutely continuous if there is a constant C > 0
such that forany ¥,, ..., x, € X;, (1 <j < m) we have

m
H (T (<, .. .,x}”))?:]‘ =<8y (22)
2 i1
We denote this class of mappings by £7; ., (X1, ..., Xn; Y) which is a normed space with the norm
”T”Ji&'s ooy = inf{C > 0 : for all C verifying the inequality (2.2)} .
(B3P P
. . . — 0
It is obvious that [|T|| < ||T||°Cgs,(p;p1....<pm) foral T € L5 (p, py 1o X3 Y). For o = 0, we have Ly (.,
(X],...,Xm;Y) :cﬁas.(p;pl ,,,,, Pm) (X],...,Xm;Y).
The next proposition asserts that (£ @:p Y II.1 ¢o ) is a Banach multi-ideal. The proof is straightforward
(PiP1s - Pm as, (p;py,--..pm)

and will be omitted.

Proposition 2.2. (i) Every m-linear mapping of finite type is (p; p1, . . . , Pm; 0 )-absolutely continuous.
() I T € Ly ppyoopm Koo Xm3 Y), R € £(Y,2) and uj € £ (E;, X;),j = 1,....,mthenRo T o (uy,...,up) is
(p; p1, - - ., Pm; 0)-absolutely continuous and

m
< .
IRoT o oo stim)llg < IRNNTlg H lui]| -
]:

(iii) ||T’” (K™ —> KT (x!, .., x™) = X! ...x’””xa = 1forallm.
as,(p;pq.--.Pm)
. - ) ;
(iv) (GCGS.’(F;pl qqqq om) X1, .., Xy Y), ||'||£Zs.(p;p1,m.pm)) is a Banach space.

We can establish the following comparison between the classes of (p;pi, ..., pm; 0)-absolutely continuous and
absolutely (p; p1, - . . , Pm)-summing m-linear operators.

Proposition 2.3. Let 1 < p;,p < 00,j = 1,..., msuch that :—) = ﬁ +--~+iand0§o < 1. Then

o(fasq(%;% ,,,, %) (X],...,Xm;Y) Cngs,(p;p] ,,,, pm) (X],...,Xm;Y).
Consequently,
Las,:p1pm) X150, X3 Y) C °Cgs,(p;p1 ,,,,, pm)(xlv o Xmy Y).

Proof. It is immediate by the inequality (2.1) and Proposition 1.5. O

Proposition 2.4. (Inclusion Theorem).
1 1 1

letp<qp<q(l<jsm.lf -4+ b — 0 < b4+ - — 1 then

X1, .., X3 Y) C LY X1y s Xy Y).

o
as, (p;p1,.--.Pm) as,(q;q1,--.qm)
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Proof. By the monotonicity of the £;-norms we may assume
1 1 1 1 1 1
D1 qm q

=11
=

Pn P @

Considering 1 < r, 1 < oo with 1 + %

Now select a multilinear mapping T in £, om) Xy, ..

as, (p;p1se-es

=T (..., 1" rﬂJ’,wehave

1

K|

b
[Tx!, oAl =T (%], ...

An application of Hélder’s inequality reveals that

(;’!T(x?,..,’x?q)ulqa)llg

< |IT
- ” ||”£(a’s,(p;p1v----pm A
=1
= |IT
” ”“c{ﬂis»(ﬂlplv--upm)
m
< T [T
- ” ”Igs,(p:p]..u.pm) .
j=1
= |IT
I, (2
Since 1_7" -1 = 1‘7" we end up with
1 m\\"
] " <
HU@”“W»ML%—“MMme
o .
HenceT € °Cas.(q;q1 ----- qm) (X1’ T Xm’ Y) and ||T||°£gs,(q:q1.,..<qm)

3. Domination and factorization theorems

3.1. Pietsch domination theorem

1 _ 1 ; ; [T S |
+q7__p}_ (1§j§m)1tfollowsthatr1+ to =

198 \ =

()
V=1

1
T

S XmY)and X, ... X € X;, forj = 1, .., m. Then, with

n P FTU
(Soimat.omn ™)
i=1

1—
bj :

p
a) 1-o J

1-o .
|«

> (Af; e
i=1

o ()

< Il e - b

as,(p;pq.---.Pm)

In the case of (p, o)-absolutely continuous linear maps it is possible to obtain a domination theorem as the one that holds
for p-summing operators (see [1]). It can be also extended to the multilinear case. For the proof of this domination theorem
we use the full general Pietsch domination theorem recently presented by Pellegrino et al. in [13].

Let X1, ..
also Ky, ..

L Xn,Yand Eq, ..

Ri:KixEix - xExG —[0,+00),j=1,...,¢t
S:HXE; X+ XE xGy x--+-%x G — [0, +00)

satisfy

(1) Foreachx' € Ejand b € G, with (j, I) € {1,...,t} x {1,.

..... ., x*, b) is continuous.
(2) The following inequalities hold:

{Rﬂ¢xt.“,%,mw)gnmﬂ¢xh.“,ﬁ,w)

1 k 1 t 1
S(f,x',....,x0qb,...,a:b) > 0q...005(f, x",

., Ex be (arbitrary) non-void sets, J¢ be a family of mappings from X; x - - -
., K; be compact Hausdorff topological spaces, Gy, . .

X Xn to Y. Let
., G; be Banach spaces and suppose that the maps

.., k} the mapping (Rj),1. _wp : K; — [0, +00) defined by

k 1 t
X bt Y,

forevery ¢ € K;,x' € Ej(withl=1,...,k),0 <nj,e; <1,P € Giwithj=1,...,tandf € K.
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Definition 3.1. If0 < q1,...,q;, q < oo,with% = %—l—'u—e—;—[,amappingf : X1 X -+ X Xy —> Y in # is said to be
Ry, ..., R;-S-abstract (qq, .. ., q;)-summing if there is a constant C > 0 so that
1 1
n q g
ZS(f,xil,...,x,,bl],... bi)* <C1_[sup ZRj(qb,xl,..., ,,b’)qf ,
i=1 1 9€K \isq
forallxi, ..., x eES,b’,...,b"neGj,neNancl(s,j)e{l,...,k}><{1,...,t}.

Theorem 3.2 ([13]).Amap f € #H isRq, ..., R.-S-abstract (q, ..., q;)-summing if and only if there is a constant C > 0 and
regular Borel probability measures p; on K; such that

t
S(F.x', ... x5 b, b <C /
jl:! K;

J

1

Ri(¢, X", ..., X~ bf)‘deMj(¢)) J ,

forallx' € E;,1€{1,...,k}and b € Gjwithj=1,...,t

Theorem 3.3. Let 1 < p,pi,...,pm < o0 with 1 = % + o+ zﬁ and 0 < o < 1. An m-linear operator T €
L X, ..., Xm; Y) is (p; p1s - - -, Dm; 0)-absolutely continuous if and only if there is a constant C > 0 and regular Borel
probability measures (i; on ij*, 1 < j < m, (with the weak star topology) so that for all (bl, ey b’“) € X1 X -+ X Xy
the inequality
1-0
L i
1-0o 1—
[T’ ... bM< Cl_[ / (le@) " 167) ™" duste) (3.1)
is valid.
The infimum of all these possible C is equal to ||T|| o prom’
as,(p;p1,....bm

Proof. Note that by choosing the parameters

t=m

Ej:K,jzl,...,l<

G=X.j=1,...,m

K=Byx.j=1,....m
H=LX1, ... X3 Y)
g=—Lg="j=1...m

T 1-0'V T 1-0 T T

S(T,x', ..., % b', ..., b™) = |T(b',....,b")|

Ri(@.x'. ... X ) = [p®)| =1....m
we can easily conclude thatT Xix---xXy — Yis(p; p1, ..., Pm; 0)-absolutely continuous ifand only if TisRy, ..., Rp-
S-abstract (£, ..., {#o)-summing. Theorem 3.2 tells us that T is Ry, . .., Rpp-S-abstract (£, ..., {#&)-summing if and
only if there isa C > 0 and there are regular Borel probability measures y;onKj,j = 1, ..., m, such that
1-0
pj g
ST b < c]‘[ [ Rt )

BX*

fre'..om =] / (1] I91°) ™ duo)

and we obtain the inequality in the statement of the theorem. O



E. Dahia et al. / ]. Math. Anal. Appl. 397 (2013) 205-224 211

3.2. Pietsch factorization theorem

Now we give the Pietsch factorization theorem for the (p, o )-absolutely continuous linear operators and its multilinear
version for (p; p1, . .., Pm; 0 )-absolutely continuous multilinear operators. We start by proving the result for the linear case.
Although this result is essentially already known (it was proved by Matter, see [ 17, Theorem B]), we write a new direct proof
that highlights the role of the spaces C(Bx+) and P (1), where n € (C(Bx*))*.

Let X be a Banach space,p > 1,0 < o < 1 and let n be a regular Borel probability measure on By+ (with the weak star
topology). We denote by iy the isometric embedding X — C(Bxx) given by ix(x) = (x, .).

For f € ix(X) C C(Bx*), we define the seminorm,

n
Ifllpo = inf ankn;;(x).( /B Lfkl"dn>
k=1 X*

Let S be the closed subspace of ix(X) given by S = {f €ixX), Ifllpe = 0}. We write L, 5 () for the quotient space
ix(X)/S with the norm [|[f]ll,, = IIfll,, . where [f] is the equivalence class of f € ix(X); notice that the value of the
norm is the same for all g € ix(X) belonging to the class of f. In [17] the role of the space L, ,(#) is in fact played by the
real interpolation space (ix Xy, Lp(n))FU » where ix (X), is the quotient space of ix(X) by the kernel of the inclusion in
L,(n) with the natural quotient norm. IfX = C(Bx+), (C(Bx+)), is obtained from C(Bx+) by identifying functions which
coincide n-almost everywhere, and ((C(Bx+))y, Ly(1))1—0,1 turns out to be the Lorentz space L%’l(n). Consider now the
map J, » : ix(X) = L, »(n) given by the composition of the projection on the quotient ix (X), and the identification of the
elements of this space with classes of functions of L, , ().

1-o

P

F =) fo (i Cix(X)

k=1

Lemma 3.4. The canonical map J, » : ix(X) — L, +(n) is (p, o')-absolutely continuous, and 7ty 5 (Jp.s) < 1.

Proof. Let §, : C(Bxx) — K, f +— f(w) be Dirac’s delta associated with w € Bxx. Since [|§,,|| = 1, we may write for every
(fidg=1 C ix(X)
1-0 1-0
n b P n o P
S UGl ™) = ([ U Py
k=1 By k=1
1o 1-o
n op P n 1 P p
< sup D IR @] = sup (Uil 1¢fer )1 7) T
weByx | k=1 DBy x)* | k=1

ThenJyo € Pp.o (ix(X), Lo (M) and 7,5 (Jp0) < 1. O

Note that the same computations show that the operator J, ,, when considered from C(Bx+) to L, (1), is also (p, 0)-
absolutely continuous and 7, , < 1 also in this case. We write]p’a for such an operator.

Theorem 3.5. For every operator T : X — Y, the following statements are equivalent.

(i) T is (p, o )-absolutely continuous. -
(ii) There exist a regular Borel probability measure . on By+, a (closed) subspace X, » of L, (i) and an operator T : X,  — Y
such that the following diagram commutes

T

X — Y _
ix | 1T
. Ip.o

ixX) 25 X,
n N

jp,a

CBx) — Lo

Proof. (i)==(ii)If T is (p, o )-absolutely continuous, the domination theorem (see [ 1, Theorem 4.1]) provides a regular Borel
probability measure p on By for which

1-o
p

ITx]| < 7y (T). [IX]|17 . (/ |(x, x*) [P du> forallx € X.
BX*

This informs us that if we denote the range of J, , o ix by M and consider it to be a normed subspace of L, , (1), the map
M — Y : ], 5 oix(x) — Txis a well-defined operator. It is continuous for the L, , (u)-topology with norm < m,, ,(T), since
ITx|| < 7p.o (T). (X, ) lp,» » VX € X. Let X, , be the closure of M in L, ; (1). Then the natural extension of our map to X, ; is

the operator T we are looking for.
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(ii)==(i) From T o Jpe oix = T and the previous lemma we get T is (p, 0')-absolutely continuous and mp ,(T) <
IT] - 750 Upo) - llixll = T ©

Theorem 3.6 (Multilinear Version). Let 1 < p, p1, ..., Pm < 0O With 11, = ﬁ 44 ﬁ and0 < o < 1. Then
T e OC‘G’S’(p;pl ’’’’ om) X1 ooy X3 Y)
ifand only if there exist Banach spaces Gy, . . ., Gy, (pj, 0 )-absolutely continuous linear operators u; € £L(X;, G;) and an m-linear

mapping S € L(Gq, ..., Gn; Y) so that
T=So(uy,...,uUp).

Moreover,
m
ITleg ., . =inf1lS] ]_[np}_ﬂ () : T =So(us, ..., un)
A(DiP] sees i
(i€ Lo piprom) = L0 (Ppios - - s Ppy.o) holds isometrically.)

Proof. For the “if” part, if T has such a factorization, we have
m
e ] = 5 G (6 um ()| < IS T s 000
j=1

forall (x',...,x™ € Xy X -+ X Xm.
We know that (see [1, Theorem 4.1]), foreachj =1, ..., m, thereis yu; € C(ij*)*, such that

1 = 1;7]0
i i —0 ino\ 1—-o
o () =y ) | (1l 1)
¢
)
Now we have
;T.U
m n : 1-0 ino %
Irec o] < 11 [ ) [T | [ (16000 1617) ™
=1 =1\ Bys
i
Therefore T is (p; p1, . . ., pm; 0 )-absolutely continuous and
m
Il <IS] jl;[np,_g () -
To prove the “only if” part, take T € OC;’Sq(p:p]’_mpm) (X1, - ..., Xm; Y). Then, there exist regular Borel probability measures

Wi € C(ij*)*, (1 <j < m)suchthatforall (x',...,x™) € X; X -+ X Xp,

m i —0 ino % o
T L L P | (V2 (I @)™ 1¥17) ™ duagton) 7

We now consider the operator u : X; — L, »(1;) which is given by u (¥) = [{¥, .)] and notice that we have

1-o

pj
06| = 1], < 405, [ 1ol dis | foralid exandt<j<m

XF
J

with [¥]lp,.0 = inf(Y gy 1% N5y, |6 @)Pdi) 7% = 30, % (R C Xi)-
i

Let G; be the closure in Ly, ,(u;) of the range of uJ‘? and let u; : X; — G; be the induced operator. Note that uJ‘? is
(pj, o)-absolutely continuous (see [1, Theorem 4.1]). By Lemma 3.4 the operator u; is (p;, o)-absolutely continuous with
7Tp‘ - (Uj) <1

X

Let So be the operator defined on u9(X;) x - -+ x u? (X) by

So(d (x'), ... ud (x™) =T, ..., x™).
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We prove that the mapping Sy is well defined and continuous, so we have

. )
—0
oo )y D] <7 T /(ﬂ¢ 1) aw |
Fixj = 1and & > 0.Then there exists (x});_, C X; such thatx' = 31, x} and
lpla
Z YCH] e (/ | (¥ )] ]dMJ) e+ [aeh], .
where i; is the isometric embedding X; — C (Bx*) given by i1 (x) = ). So we have
n
I50 (8 (7)., ()] = &)<u?<j£jx;) ..... )H
k=1
n
< Z IS0 (u9 (x¢) .- uy (xM)
i=1
n ﬁ
4 p
sW@me;%M~Aﬁ%)VW
- 1
1-0
bj
m 1 —0 P]
XFI/(M¢ 1) aw
j=2
Xj*
5
n 1 —0 pj
< WThey,, o (e + 100, )] / (16 )1 1)) " duy
j=2 BX*
We can write the same domination result for j = 2, with this new domination, to obtain
I50 (8 () oo D] < 1Ty, (e, L) (e 1)
1;70
m 1 Y pj
<TT| [ (ol 141°) ™ ag
=3 By
J

By induction, we get

m
50 68 6) oo, 6D = 07, TT (e L)

Jj=1
Since this is true for all ¢ > 0, we obtain

ISo (ud (x1) ... ud (x™)|| < ITleg, o % 1”})1 P P Hpm,a.

It follows that Sy is continuous on u‘l’ X)) x---x um(Xm) and has a unique extension S to u?(Xl) X+ XUl (X)) = Gy x- -

with [ISI| < [ITllzg,

P:p1 b))

Finally, note thatT = S o (uy, ..., u;,;) where u; € Ppj.0 (X, G, (1 <j<m),S € L(Gy,...,Gy;Y)and

m
ISI ] Ty (W) < Tl
j=1

as,(p;pq,---,pm)

This completes the proof. O
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Proposition 2.2 can be directly deduced from the factorization theorem.

Remark 3.7. Since &, P isa Banach operator ideal (1 < j < m), (see[1]), the space £,
is a Banach multi-ideal (see Theorem 2.2.2 in [11]).

a5, (P:p10esp) = Lo(Pposes Poma)

Example 3.8. Regarding Proposition 2.3 and Theorem 3.6, let us show with some examples the difference between
absolutely summing and absolutely continuous multilinear operators.

() LetmeN,m>2,p> 1,0 <o < 1suchthat p* < % and p > m. Consider the m-linear mapping

1 /i=1"

Silp x--xlp =L, S(x‘,...,x’”)=(xi1xl-2...x'4“)f>o

where ¥ = (x’) >, € Z%,j =1,...,m. Consideralsou € L({p, C )deﬁned by u(e;) = ( )Pe,,where (e;)2, is the

unit vector basis of £,+. The m-linear operator T € £ (Ep*, e by 6%) givenbyT =So(u,...,u)is (E; Dy...,D;0)-
absolutely continuous but it is not absolutely (%; D, ..., p)-summing. In order to see this, note that by L6pez Molina and
Sanchez-Pérez [2, Example. 1.9] we have u € £, , (£, £ 2 ). It is easy to see that S is well-defined and continuous.
Then by Theorem 3.6 we have

TEOCJ (p ’p;a)(zp*,..,,fp*;Z%),

On the other hand, || (eni; Hp = 1 for every n € N but

n m 1
el = ) = o] = ) - o

i=1
This implies that

T L2 (e,,*, o s e%) .

(b) A bit more elaborated example of this kind can be given in the setting of the Hilbert spaces. Let L? be a Hilbert space
(L2[0, 1] or £2),and L' the corresponding L'-space. For the case,p = 2and 0 < ¢ < ooitis known that the ideal of (2, o)-
absolutely continuous operators between a couple Hilbert spaces coincide with the one of é—approximable operators
(see 15.5 in [7] for the definition, and Proposition 5.1 in [1] for the result). It is also known that forall 1 < r < oo,
r-summing operators and 2-approximable operators (Hilbert-Schmidt operators) coincide on Hilbert spaces (see
Theorem 22.1.8 in [7]). This allows to construct an e;asy example of a bilinear map T : [? x > — L! which is

1.
(1; 2, 2; 0)-absolutely continuous but is not (;—; 1=, =5

T(x', x*) == u(x") - u(x?), where u is a (2, o')-absolutely continuous that is not a T=--summing operator and “-" is the

pointwise product of elements in L. Take n couples (x}, xf) (xn, n) of elements of L2 Then, using Holder’s inequality
and taking into account that u is (2, o)-absolutely continuous, we obtain

n ; 1—0 n e 1-0
(Z e )| ) (Z ||u<x:>.u<x%>||;r)
i=1 i=1

n e 1-0
- (Z (e 1462, )
i=1
1-0o 1-0o
n 2 2 n 2 2
< (Z(Hu(xﬁ)\b)‘") -(Zuruufwlz)w)
i=1 i=1
<C. 520((?‘ ). 520((?‘ 1)

and so T is (1; 2, 2; o)-absolutely continuous. However, since u is not
functions in L? such that

n 2
lignz ||u(x,-)||L12’ = oo but sup Z (u), x*)|
i=1

*
X*€B2 =1

2 : : 00
T=--summing, there is a sequence (x;)72; of

2
-0 < o0.

Therefore, the inequality

(Z 1T Gxio )17 )
i=1

1-o

n X -0
= (Z ) - w7 )
i=1
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(Z (||u(x,.)||p)12”>1_u

i=1

1-o 1-o

C- sup <Z|<u(xi),x*>|1fg> - sup (ZK”(XI')’X*H]E(T)
P —

X*EBLZ x* €B;

IA

i=

does not hold for every n for any C, and so the bilinear map is not (+; -, —%-)-summing.

4. Connection with tensor products

In this section we introduce a reasonable crossnorm (see [18, p.127]) on X; ® --- ® X;» ® Y in such way that the

topological dual of this normed space is isometric to (£J, P10 P X1y ooy Xy YO, LN o ( )). Our aim is to show
L(DiP1seees as,(P;pqsees pm

that the representation of our multi-ideal as a dual of a topological tensor product holds exactly for this tensor norm. Let

UEXI® - @Xn®Y.For1<p,p1,....,pm,T <00,0<0 < lwith% = ﬁ—k--—l—iand%ﬁ-% = 1, we consider

m
Bro W) = inf [ [ 80 (D) 0D,
j=1
where the infimum is taken over all representations of u of the form
n
u:X:X,-1 ®- - QX" QY
i=1
withx{ eX,yieY,i=1,...,nj=1,...,mandn,me€N.

Proposition 4.1. B, , is a reasonable crossnorm and € < B, ,, where € denotes the injective tensornormonX; ® - - - X ® Y.

Proof. Letu',u” € X; ® --- ® X, ® Y, and let ¢ > 0. Choose representations of u’ and u” of the form

n

n//

u/=Zx§1®~-®x§m®y,f, u//:Zx;n@H_@X;/m@y;/

i=1 i=1
such that

m . ’ ’ m i " v
oo @)+ = [ [ 850 (LD [ 0D, and Bro@)+e = [ T80 D0 - 0N
j=1 j=1

we can write v/, u” in the following way

n/
u/=§:zi/1®"'®zi/m®ti/’ u”=§:ziﬁ®"'®ziﬁm®ti//
i=1

with
1-0
. SU)+e) b
z :M}(?, j=1,....mi=1,...,n,
Spjo ((Xi])?:l)
m si ,
T80 (611)
tl/ =]_—ny:’ i=1,...,n,,
(ﬂp,a(u/)+8) P
" e
j s +e) o,
z{”:uxf“ j=1...omi=1..1"

Misn! [
8pjo <(Xi i:l)
L Misn!
l_[] Spjo ((Xi )le)
]:

" /! :
' = ——————=y, i=1,...,n".

(Bpo (W) +6) 7
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It follows that
1-o

o (L) = (Bro@)+2) 7 and || = (Brow) +e)7

1
;

By (@) = (Bpo @) +£) P and H(t” H < (Bpo () +£)7 .
Thus

Hap,g<(z“ Lo @] = Bro@) e < Bro) + o) +e,

Ha,a«z”’) 0@ S B @ e = B @)+ o) + e

The last two inequalities implies that
BpoW +u") < BpoW) + Bpo') +e, Ve>0.

Hence the triangular inequality is proved for B, ;. It is easy to see that 8, , (Au) = |A| By o (u) forallu e X1 ® - - - @ Xn QY
and A € K.
Letu=)" x® - ®@x"®y € X; ® - ®Xn ® Y. By H6lder’s inequality and (2.1) we get

e = sup[ D GG GG by € By, ¥ € By*}
i=1
< Sup ($1(x) ... dm(xM)._, ||(v,, L

m

[

j=1

=< l_[ pjo((xl)z 1)”0’11 1”
=1

IA

n
N H (yi)izl Hr
="

3

Since this holds for every representation of u, we obtain e€(u) < B, ,(u). Thus B, - (u) = 0imply u = 0. Hence B, is a
normonX; ® --- X, Y.
It is clear that

Bro®' @ @x"@y) < x|+ ||x™] Iyl

forevery¥ € X;,j=1,...,mandy €Y.
Let ¢ € X* with ¢ 7&0 j=1,...,mlety e Y*andletu=)Y" X' ® - ®x" ®y;.
Then an appllcatlon of Holder's mequallty yields

91 ® - @I @YW =

n
¢1®~--®¢m®w(Zx2®-~-®x?1®y,->‘
i=1

< D e - gV )]
i=1

P\
) I i, |,

m n
<T1(> |
j=1
1-o
P\ b

1-o

[ooiall,

< llgall - llgml ||w||]"[ Z

j=1 i=1

o)
||¢; ||

< llgall - llpmll ||w||]_[8pﬂ((>8) Lo oy, -

From which it follows that

91 @ @ @YW < Pl - - - lPmll 1V Bp.o (W).

A
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Therefore 1 ® - - - ® ¢ ® 1 is bounded and satisfies
[$1®@-- @I @Y < llpall -~ - lgmll ¥
and we have shown that 8, , is a reasonable crossnorm. [0

In particular, note that when m = 1, the norm B, , is reduced to the norm d, , on X; ® Y was introduced by Lopez
Molina and Sanchez Pérez in [2]. In what follows we consider the tensor product of linear operators in connection with the
reasonable crossnorm B, ,. We show that the reasonable crossnorm f, , is actually a tensor norm [18, p. 127].

Proposition 4.2. Let X;, Y;, X, Y be Banach spaces, and T € £L(X,Y), Tj € £(X;,Y;), =1, ..., m). Then there is a unique
continuous linear operator IR
Ti ®pps ** @ppy T ®pypo T from (Xi® -+ - ®Xn®X., Bp.o) into (V1® - ®Ym®Y, By.o) such that

T1®pyy ®ppy TnRppe T @ - @X"®@%) = (T1X) @ -+ ® (Tx™) ® (Tx)

forevery X e Xj,G=1,...,m)and x € X. Moreover

m
ITi ®pys @y Tn®py, T = IT1 @ @ T @ Tl = ITI] [ |75] -

Proof. By [18, p.7] there is a unique linear operator
TR Ty ®T: (X1 Q- ®Xn®X) > V1Q - ®YnQY)
such that
T1® QTp®TH' ® - QX" ®%) = (Tix) ® - - @ (Tx™) & (Tx)
for every x/ €Xj,j=1,...,mandx € X. Wemay supposeT; #0,j=1,...,mandT # 0.Letu € X; ® - - - ® X ® X such
that )
u:ZX}@-“@X{"@Xn

hence the sum
n

Do (Mix)) @ @ (Tux") @ (Tx)

i=1
is arepresentationof T/ ® --- @ T,  T(w) inY1 ® --- ® Y, ® Y. Then, forevery 1 < p,p1,...,pm, T < 00,0 <0 < 1
with:—):%—i—---—i—iand%—i—%:l,wehave

Bro 1@+ @Tn @TW) < [ [ 850 (XD | (T4 |,
j=1

< ITNTT I T T 8o (D) |G, -

j=1 j=1
Since this holds for every representation of u, we obtain

Bro 1@+ @Tn @Tw) < ITI [ [ T] Br.o w)-

=1
So that the linear operator

T1® ®Tn®T: (X1 ®  ®Xn®X,Bpo) > (V1® - QYn®Y, Byo)

is continuous and we have |[T{ ® - - @ T,,  T|| < ||T|| ]_[ HT}”

On the other hand, as 3, , is an reasonable crossnorm we get that

I7x]| H [T%] = Bpo (Tix) ® -+ @ (Tnx™ ® (Tx))
j=1

IA

IT®  @Ta®T| Bpo (X' ® - @X" @)

m

j=1
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Thus

m
Im® @@l = ITI]]|7]
j=1

and therefore |[T; ® - - @ T, Q T|| = ||IT|| ﬁ ||T1||
=1

Now taking the unique continuous extension of the operator Ty ® - - - ® T;;; ® T to the completions of X; ® - - - @ X;, @ X
andY; ® --- ® Y, ® Y which we denote by

T ®/3p,a T ®ﬂp,a T ®/3p,a T
we obtain a unique linear operator from (X;® - - - ®Xn®X, .o ) into (Y1® - - - ®Yn®Y, By, ) with the norm

m
ITi @0 -+ ®pys Tn @, T = ITIT [T O
j=1

Following the idea of [12, Theorem 3.7] we prove the following result.

Theorem 4.3. The space (L7 o) Ky oo s X3 YO L |l o , )) is isometrically isomorphicto (X1 ® -+ @ Xy ®

as,(p:p1s--, as, (p:p-ees

Y, Bp.o)* through the mapping ¥ defined by
YO - @x"Ry) =T, ....x"©),

foreveryT € £5 (o X1y ooy X3 Y¥) X eX,j=1,...,mandy €Y.
Proof. It is easy to see that the correspondence ¥ defined as above is linear. It remains to show the surjectivity and that
”W(T)||(Xl®“‘®xm®vvﬁp~a)* = ”T”"Cgs.(p;mw.pm)
forall T in (QC;’S’(F;p]"_..pm) X1, .o Xy Y9).
Wetake T € Ly () 5y (X1, ..., Xin3 Y™), and let

n
U=) X ® AN QNEXI® - ®Xn®Y,
i=1

where m € N, (), C X;, (), C Y,j=1,..., m. Hence, by Holder’s inequality it follows that

¥ ()W) = i}T(xR,.-.,x{”)(vf)’
< et L lool,
< ITheg ﬁapjo(<>é,i>?_1> l@ial, -
So :
W< Tl BraW).

Since u is arbitrary it follows that

||‘I’(T)||(x1®m®xm®v,ﬁp,g)* =< ”T”"Cgs.(p;p],m.pm).

In order to establish the reverse inequality, let ¢ € X; ® -+ @ X ® Y, Bp»)* and define the m-linear mapping
TedLXy,...,Xm; Y¥) by
T(',....,x"y) =¢(x' ®--- ®x"®Y).
m

Let (x},...,x,. P, CXy X+ xXn Foreache > 0,choose (y)iL; C Y, |lyill =1,j=1, ..., msuch that

n

> HT(x},...,x;")H% < 8+Z|T(x},...,x}")(y,»)|% = (%).
i=1

i=1
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With a convenient choice of ; € K, [A;] = 1,i =1, ..., n we can write
() = s+ZM¢(x ® @ en|™ P e o o)

n

_pr _
YNl @ @x @y ® - @ X" @)

i=1

:8—|—

1 b
+ ¢(Z}»i|¢(xil®"'®xf"®yi)|l" 1X,~1®-~-®le®}/i)
i=1

IA

n o
8+”¢”ﬂp,a(Z)Li|¢(xil®"'®xlm®yl')|l_g @@ ®yl>

IA

e+ ol ]"[apja(oé)

‘(Af @@t ey y)

(
2

r

1

_ s+||¢||]‘[apjg((x'), ) Z|¢(x;®...®x?1®yi)|(]p{,l)r)
1

1
;

<e+ ||¢||1‘[8pﬂ<(>d>, .

2T x,r”>||<1—”a-l>f>
=1

Since ¢ is arbitrary and (£ — 1)r = £, these inequalities imply
1-o
£ o m .
(me,,..., x| ) < 18I ] 8no (GDIZD)
j=1
showing that

T € Ly ipropm Kts oo X3 Y*)

and
ITleg, o < 181 = 1¥ Mo exer. o - O

Now we are ready to introduce a new formula of the tensor norm B, ; in such way that we characterize the space of
(p; p1, . .., Pm; 0)-absolutely continuous multilinear forms.

letueX; ® - @Xn®Y.For1 <p,p1,...,Ppm T < 00,0 <0 < 1With% = i+---+iand}+]’7" =1, we
consider

m
Vp.o ) = inf [ )R | [ T ne (GDIZD 00,
j=1
taking the infimum over all representations of u of the form
n
u= Z/\,—xi] ® X' ®Y;

with (), C X;, W), C Y, (A, CK,j=1,...,mandn,m € N.

Proposition 4.4. We have v, , (1) = By, (W) forallu e X; ® --- @ X QY.

Proof. We note first that every representation of u of the form )\, Aix] ® - - - ® X" ® y; can be writtenas > |, x/ ® -+ - ®
X" ® (Aiy;) and hence

Bp.o (U) < Hap,g<(>é) L) 0w,
j=1

51_[ pja((xl) 1)”()‘) IH ”0" 1”

from which it follows that B, , (u) < vy, (1).



220 E. Dahia et al. / ]. Math. Anal. Appl. 397 (2013) 205-224

On the other hand, let Y /', x] ® - - ® X" ® y; be a representation of u. We can write uas > . ; Aix! ® -+ ® X" ® z,
where A; = ||y;]| and ||z;|| < 1foreveryi=1,...,n. Then

o @) < [y [, [ 8o (D)
j=1

and hence v, » (u) < Bpo(w). O

Remark 4.5. Making F = K, in Theorem 4.3 we obtain that for every family of Banach spaces Xi, ..., Xp,, the space of
(p; p1, - - ., pm; 0)-absolutely continuous multilinear forms

o
( a5, (pip1,pm) K1+« o5 Xm) ”-”’Cgs,(p:pl,m.pm)>
is isometricto (X1 ® - -+ ® Xm @ K, Vp »)*.

We recall that by the universal property of tensor products [19, Theorem 1.6.2], there is an algebraic isomorphism
between the m-linear mapping from X; X --- x X into Y and the linear mapping from X; ® - -- ® X, into Y. To each
m-linear mapping T corresponds the linear mapping T such that

T ®- - ®@x") =T, ...,x™

forevery¥ € X;,j=1,...,m.
In Proposition 4.1 if we take Y = K, then we identify X; ® --- ® X, ® K with X; ® -+ - ® Xp,, and in this case the
corresponding tensor norm will be denoted by v, , and can be described as follows:

vpo () = inf [ )Ly |, [ 8o (D)
j=1

where the infimum is taken over all representations of u € X; ® -+ ® X, of the formu = Y, Aix] ® --- @ x" with
()"i)?:] CcK, (X{)?zl C X,J = 1, cee, M.

The next theorem and its proof are similar to Theorem 4.3.
Theorem 4.6. (‘,C;'s.(p;m’_mpm) X1, ..y Xm) ”.”°Cgs,<p;p1.m,pm)) is isometrically isomorphic to (X; ® - - - ® X, Vp,o)* through the

~

mapping T — T.
A consequence of Remark 4.5 and Theorem 4.6 we see that (X1 ® - - - ® X K, B 5)* isisometricto (X1 ®- - - ®@Xm, Vp,o)*.

5. Some applications

5.1. Compactness and (p; p1, - . ., Pm; 0 )-absolutely continuous multilinear operators on reflexive Banach spaces

Compactness of multilinear maps is in general a property that is not easy to characterize, and it is nowadays not very
well known. In what follows we prove that under certain summability conditions we can ensure that the multilinear map
is compact, obtaining in this way some sufficient automatic conditions for compactness of multilinear maps. We relax the
requirements that are necessary for the case of p-summing multilinear maps by using Theorem 3.5 and the factorization
theorem for the class of (p; p1, . . ., pm; 0)-absolutely continuous multilinear operators that we have proved (Theorem 3.6).

Proposition5.1. Let 0 < 0 < 1,1 < p < oo and X be a Banach space. The inclusion/quotient map i : X — L, () is
completely continuous.

Proof. Take a sequence (x,) in X converging weakly to zero. Then for each x* € X* we have that ({(x,;, x*)), converges to 0.
But this means that the sequence ({x,, -)), converges pointwise to 0. Consider the functions |{(x;, -)|P||Xx|| 1{7. Clearly, they

converge to 0 too, and its sequence is order bounded in L' (1) by the n-integrable function sup,, ||, || = XBy« - The Dominated

Convergence Theorem gives that
. _po_
lim |(xn, )P 1% ]| =7 dp = 0.
n By

Therefore, since

o vo
mmwmms/|mwwwﬁm
BX*

Lp.o

we obtain that || [y, -}] ||, , —» 0. The result is proved. O
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Corollary 5.2. Let Y a Banach space,0 < o < 1and1 < p,p1, ..., Ppm < 00 With % = i 4+t Ii and let X1, ..., Xm be
reflexive Banach spaces. If T € DCgs,(p;pl!_mpm) X1, ..., Xm; Y), then T is compact.

Proof. It is a consequence of Theorem 3.6 and the previous proposition. O

As a consequence of the factorization properties of compact bilinear maps that can be found in [15,16], we obtain the
following.

Corollary 5.3. Let Z be a Banach space, 0 < o < 1and 1 < p,q,r < oo with 1 = % + 1 and let X, Y be reflexive Banach
spaces. If T € DC;‘sy(p; on X, Y5 2), then T factorizes through a (closed) subspace of co by means of a compact bilinear map and a
compact linear map.

For the proof, see Theorems 3 and 5 and Corollary 6 in [16].

Corollary 5.4. Let X, Y be reflexive Banach spaces and T € GC;’s’(p;q’r) (X,Y;co). Then T can be written as T(x,y) = (bn(X, ¥))n
for a norm null sequence (b,),, of continuous bilinear forms.

Proof. It is a consequence of Proposition 8 in [16]. O

It is known that certain multi-ideals satisfy the following property: an m-linear map belongs to a certain multi-ideal if
it factorizes through m linear maps that belong to the corresponding linear ideal (see [20,21]). This happens for the case of
compact multilinear maps. This means that we can apply our results in the case of operators that are defined on reflexive
spaces. As a consequence of the main result in [22] and Theorem 3.6, we obtain the following corollary (see also [20]).

Corollary 5.5. Let Y be a Banach space,0 < o < 1,1 < p,p1, ..., Pm < 00 With zl) = ﬁ +oF i and let Xy, ..., Xn be
reflexive Banach spaces. If T € OCZS’(p;pl“_”pm) X1, ..., Xm; Y), then T is weak-to-norm continuous on bounded sets.
5.2. Absolutely continuous bilinear maps on Banach function spaces

Further domination requirements for the transpose of the p-summing operators provide the well-known class of the
(p, q9)-dominated operators. In the interpolated case of the (p, o)-absolutely continuous operators the same construction
provides also the class of the (p, o, q, v)-dominated operators, which is also well-known, specially regarding its domination
and factorization properties [2] as well as their tensor product representation (see [4]).

Consider a couple of indexes 1 < pq, p, < oo such that i + é < 1.Anoperator T : X — Y is said to be (py, o, p2, 0)-

dominated if T can be dominated as
(TG, y*) < CIXI 15101 ly*|” 15209017, € >0
for every x € E and y* € Y*, whereS; : X — Gy and S, : Y* — G, are p;-summing and p,-summing operators on

Banach spaces Gy and G, respectively. Now define r by % + % = % In [2] the authors also prove the following
result: T is (py, o, p2, 0 )-dominated if and only if there exist C > 0 such that for every finite sequence x1, ..., X, € X and
Vi, ..., yney®

HAT G- 7))y | < COpy.o (GDI=y) = 8pp0 ().

This kind of domination is in fact the same thing that characterizes that Br, the bilinear operator associated to T, is
(r(1 — o0); p1, p2; 0)-absolutely continuous. This provides the domination (see [2, Theorem 2.4])
1-o

T , * < C , * o o -0 d . *, sk \ 1 —0 * Ud —o ,
(TG0.y")| < (/ (16} 1) m) (/ (167 y) Iy dma) )

where 7, and n;, are regular Borel probability measures on the corresponding unit balls.

After Theorem 3.5, we can find the following factorization scheme for the (pq, o, p,, 0)-dominated operators (we use
the same notation as that in Theorem 3.5). Consider a (py, o, p2, 0 )-dominated operator T : X — Y. Then there are regular
Borel probability measures n; and 1, on B+ and By, respectively, such that T factorizes as

X 5 v

il AT
M, — S
and T* factorizes as

o Doxr

i¢ATT~*

M, — S,
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where S; C L,, »(171) and S, C Ly, (1) are the subspaces appearing in Theorem 3.5. In fact, our multilinear factorization
result Theorem 3.6 gives that the bilinear form By associated to T factorizes as

XXxY* =S xS — R.

In the case of operators defined between Banach lattices, and as a consequence of our results, more can be said on
the factorization schemes for (py, o, p2, 0)-dominated operators. In order to do this, let us introduce now some notions
regarding Banach function spaces. Let (§2, X, ) be a o-finite measure space. Let L°(x) be the space of all (equivalence
classes of) C-valued X -measurable functions modulo p-null functions. We consider a Banach function space X (u) < L%(u)
in the sense of [23, p. 28], i.e. a Banach ideal of locally integrable functions containing all the characteristic functions of sets
of finite measure (see also this text or [24] for the definition of order continuity and the Fatou property and the main results
regarding this class of Banach lattices). We write X for short if the measure is clear in the context, and X (u)’ for the Kéthe
dual of X, i.e. the elements of the dual space that can be represented as integrals of measurable functions. Assume that the
Banach function space X (u) is also p-convex. In this case, it is well-known that the p-th power space of X that is defined as

Xy = {f € L°Go) : IfI? € X(w)}

with the quasi-norm ”f”X[p] = |||f|]/p||f<(m, is a Banach function space with a norm that is equivalent to ”f”X[p] (see
Proposition 2.23 in [24] and the same book for the definitions and main results on p-th powers). As in the case of the
spaces L, , that we have defined in the previous sections, we can define the interpolation space (X(u), L?(v)),, where
v is absolutely continuous with respect to i and X(u) <> LP(v) is the corresponding inclusion/quotient map. Then the
expression

I llpr o= inf > 111 ( / de) '
i=1

n
is well defined for f € X, where the infimum is defined over all decompositions in X as ) _ f; = f, is a seminorm on X. We
i=1
write (X(u), IP(v)), for the corresponding quotient space and i : X(u) — (X(u), [P (v)), for the inclusion/quotient map.
Let X (1) be a Banach function space, let E be a Banach space and let T : X(u) — E be an operator. Let 1 < p < oo and
let0 < o < 1. We say that T is p,-concave (see [25, Definition 3.1)) if there is a constant C > 0 such that for every finite
sequence of functions f1, .. ., f, € X(w), it holds

[T 2 =€ (Dlﬁl”nﬁn“)l"a)
i=1

These operators are characterized as the ones that allow a domination by means of an interpolation formula as follows (see
Theorem 3.4 in [25]). Suppose that X (1) is order continuous. An operator T : X(u) — E is p,-concave if and only if there is
a nonnegative element ¢ € (X(u)p))’ such that for every f € X(u),

1-o

1-o

TGN < (/ Lfl"wdu> T

A (p, o)-absolutely continuous operator is always p, -concave. This can be proved easily using Proposition 1.d.9 in [23]
(see Example 3.3 in [25]). This result can be extended to the case of bilinear maps using the same inequalities. Let 1/p =
1/p1+1/p,and0 < o < 1suchthat % > 1.1t can be easily shown that every (py, o, p», 0)-dominated operator satisfies
that there is a constant C > 0 such that forevery fi, ..., f; € X(u) and gj, ..., g € Y*(v),

1 1-0 1 1—0
n n . e p1 n : py \ P2
A0 N = SN (T R 1 R > (g1 g 1)
-e i=1 « i=1 o
We will say that such an operator satisfies a (p1, o, p2, 0)-concave domination.
Theorem 5.6. Let T : X(iu) — Y (v) be an operator between the order continuous Banach function space X (j1) and the Banach

function space with the Fatou property Y (v) such that its Kéthe dual is order continuous. Assume also that X (w) is p;-convex and
Y (v) is p5-concave for 1 < p < oo. Let 0 < o < 1. The following statements are equivalent.

(i) The operator T satisfies a (p1, o, p2, 0)-concave domination.
(ii) There is a couple of functions f' € X () and g € Y (u) such that for all f € X (i) and g* € Y*(v),

(T, g%)] < ( f Lfl”‘f’du) ST ( / |g*|p2gdv) g,
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(iii) There is a factorization for T as

E ! F

i i

X P (fol))e ——— (Y, 172 (g01))g)*

Consequently, each operator as above satisfying that the associated bilinear form is (p; p1, p2; o )-absolutely continuous factorizes
as in (iii).

Proof. For the equivalence between (i) and (ii) it can be used the same argument based in Ky Fan's Lemma that proves
Theorem 1 of [26]; for obtaining the right inequalities from the ones given in (i), see also the proof of Theorem 3.4 of [25]
that leads to the linear version of our result. Notice that the assumptions of X being p;-convex and Y being p;-concave (and
so Y* is p,-convex) is necessary for proving it. So are the requirements on the order continuity and the Fatou property, that
allows to ensure that X* = Y, Y* =Y"andY” =Y.

Let us prove (ii) = (iii). Clearly, the assumptions on T allows to extend the bilinear form @ (f, g) := (T(f), g) as

X(w) x Y'() = X, "1 (fow))s x (Y, L2 (gov))s — R
with a continuous bilinear form

@ (X, L (for))s x (Y', 1 (g01))s — R.
Therefore we can define the map

Tg o (X, P (for))o — ((Y', L7 (gov))o)"
by

(Tp(0),¥) = (x,¥).
We have that

1Y — (Y, [7(gov))o
and so

i (Y, P2 (gov)); — (Y™

Since Y’ is order continuous, (Y')* = Y” and the Fatou property of Y gives Y” = Y. Consequently, the factorization is
obtained for T := T;. The converse implication is obvious. O

Remark 5.7. More applications in this setting can be obtained regarding the positive version of the (p, o)-absolutely
continuous operators and their multilinear extensions. For example, boundedness properties for the associated bilinear form
of an operator as the ones provided by the (p, o)-absolutely continuous operators for the integration map associated to a
vector measure provide information about the containment of an interpolated space into the space of integrable functions
with respect to m (see [27]). The same technique that we have shown above should provide also the corresponding result
for the multilinear case.
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